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Abstract

:

In this paper, the author considers the twisted Catalan numbers and the twisted Catalan-Daehee numbers, which are arisen from p-adic fermionic integrals and p-adic invariant integrals, respectively. We give some explicit identities and properties for those twisted numbers and polynomials by using p-adic integrals or generating functions.
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1. Introduction


The Catalan numbers were first introduced by the Mongolian mathematician Ming Antu in 1730, even though they were named after the French-Belgian mathematician Eugène Charles Catalan (1814–1894). The Catalan numbers   C n   are given [1,2,3,4] by the generating function


   ∑  n = 0  ∞   C n   t n  =  ∑  n = 0  ∞   1  n + 1      2 n  n    t n  .  








We note that


      1 − 4 t      = 1 − 2  ∑  m = 0  ∞     2 m  m    1  m + 1    t  m + 1            = 1 − 2  ∑  m = 0  ∞   C m   t  m + 1   .     



(1)




They satisfy the recurrence relations


      C 0  = 1 ,    C n  =  ∑  m = 0   n − 1    C m   C  n − 1 − m   ,   ( n ≥ 1 )  .     



(2)




The Catalan numbers form a sequence of positive integers


     1 ,   1 ,   2 ,   5 ,   14 ,   42 ,   132 ,   429 ,   1430 ,   4862 ,    16 , 796  ,    58 , 786  ,    208 , 012  ,   ⋯     



(3)




which is asymptotic to    4 n  /   n  3 2    π    , as n tends to ∞, and appears in various counting problems. For example,   C n   is the number of Dyck words of length   2 n  , the number of balanced n pairs of parentheses, the number of mountain ranges you can form with n upstrokes and downstrokes that all stay above the original line, the number of diagonal-avoiding paths of length   2 n   from the upper left corner to the lower right corner in a grid of   n × n   squares, and the number of ways in which   n + 1   factors can be completely parenthesized. It is also the number of ways an   ( n + 2 )  -gon can be cut into n triangles, the number of permutations of   { 1 , 2 , ⋯ , n }   that avoid the pattern 123, the number of ways to tile a stair step shape of height n with n rectangles, etc. (see [3,4]). For the rest of this section, we recall the necessary facts that are needed throughout the paper.



Let p be a fixed odd prime number. Throughout this paper,   Z p  ,   Q p   and   C p   will denote the ring of p-adic integers, the field of p-adic rational numbers and the completion of the algebraic closure of   Q p  . The p-adic norm is normalized as     | p |  p  =  1 p   . Let   f ( x )   be a continuous   C p  -valued function on   Z p  . Then the fermionic p-adic integral on   Z p   is defined [1,2,5,6,7] by


      I  − 1    ( f )      =  ∫  Z p   f  ( x )  d  μ  − 1    ( x )           =  lim  N → ∞    ∑  x = 0    p N  − 1   f  ( x )    ( − 1 )  x  .     



(4)




From (4), we note that


      I  − 1    (  f 1  )  = −  I  − 1    ( f )  + 2 f  ( 0 )  ,   where    f 1   ( x )  = f  ( x + 1 )  .     



(5)




Remarkably, in [2], Dolgy et al. represented Catalan numbers by the fermionic p-adic integral on   Z p   as follows:


      ∫  Z p     ( 1 − 4 t )   x 2   d  μ  − 1    ( x )      =  2  1 +   1 − 4 t              =  ∑  n = 0  ∞   1  n + 1      2 n  n    t n  =  ∑  n = 0  ∞   C n   t n  .     








where   t ∈  C p    with     | t |  p  <  p  −  1  p − 1      .



On the other hand, for any uniformly differentiable function   f :  Z p  →  C p   , the p-adic invariant integral    I 1   ( f )    is given [7,8] by


      I 1   ( f )      =  ∫  Z p   f  ( x )  d μ  ( x )  =  lim  N → ∞    1  p N    ∑  x = 0    p N  − 1   f  ( x )  .     



(6)




From (6), we can derive the following integral equation:


      I 1   (  f 1  )  =  I 1   ( f )  +  f ′   ( 0 )  ,   where    f ′   ( 0 )  =   d f ( x )   d x    |  x = 0   .     



(7)




Motivated by the relation in (7), Kim-Kim [6] applied   f  ( x )  =   ( 1 − 4 t )   x 2     on the p-adic invariant integral on   Z p  ,


      ∫  Z p     ( 1 − 4 t )   x 2   d μ  ( x )  =    1 2  log  ( 1 − 4 t )      1 − 4 t   − 1   ,     



(8)




for     | t |  p  <  p  −  1  p − 1      . Using (8), the authors defined the Catalan-Daehee numbers by the generating function


      ∑  n = 0  ∞   d n   t n  =    1 2  log  ( 1 − 4 t )      1 − 4 t   − 1   .     



(9)




By (1) and (9), Dolgy et al. [1] connected the Catalan numbers and the Catalan-Daehee numbers as follows:


   d n  =      1 ,     if   n = 0 ,          4 n   n + 1    −   ∑  m = 0   n − 1       4  n − m − 1    n − m     C m  ,     if   n ≥ 1 .       











For   n ∈ N  , let   T p   be the p-adic locally constant space defined by


      T p  =  ⋃  n ≥ 1    C  p n   =  lim  n → ∞    C  p n   ,     








where    C  p n   =  { w |  w  p n   = 1 }    is the cyclic group of order   p n  .



Catalan-Daehee numbers and polynomials were introduced in [6] and considered the family of linear differential equations arising from the generating function of those numbers in order to derive some explicit identities involving Catalan-Daehee numbers and Catalan numbers. In [7], several properties and identities associated with Catalan-Daehee numbers and polynomials were derived by utilizing umbral calculus techniques. Dolgy et al. gave some new identities for those numbers and polynomials derived from p-adic Volkenborn integrals on   Z p   in [1]. Later, Kim et al. studied Catalan numbers and Catalan-Daehee numbers in various ways, (see [1,2,6,7,9,10]).



The purpose of this paper is to construct a new type of numbers and polynomials, the twisted Catalan numbers and polynomials and the twisted Catalan-Daehee numbers and polynomials, and to investigate some properties and identities of these polynomials. We note that the twisted numbers are considered by Kim, as an analogue of Bernoulli numbers and their applications in [11]. Later, several twisted numbers and polynomials are treated in the literatures (see [12,13,14]).




2. Twisted Catalan Numbers


In this section, we assume that   t ∈  C p    with     | t |  p  <  p  −  1  p − 1      . For   w ∈  T p   , let us take   f  ( x )  =  w x    ( 1 − 4 t )   x 2     in (5). Then, we have


      ∫  Z p    w x    ( 1 − 4 t )   x 2   d  μ  − 1    ( x )      =  2  w   1 − 4 t   + 1            =  2  1 −  w 2  + 4  w 2  t    ( 1 − w   1 − 4 t   )  .     



(10)




Motivated from (10), we consider the twisted Catalan numbers which are given by the generating function to be


      2  1 −  w 2  + 4  w 2  t    ( 1 − w   1 − 4 t   )  =  ∑  n = 0  ∞   C  n , w    t n  .     



(11)




By (10) and (11), specially   w = 1  , we can recover the Catalan numbers in (1),


      1  2 t    ( 1 −   1 − 4 t   )  =  ∑  n = 0  ∞   C n   t n  .     








From (10) or (11), we derive the following:


     2  1 −  w 2  + 4  w 2  t       ( 1 − w   1 − 4 t   )  =  2  1 −  w 2  + 4  w 2  t    1 + w  ∑  l = 0  ∞     2 l  l    1  2 l − 1    t l            =  2  1 −  w 2      1  1 +   4  w 2    1 −  w 2    t     1 + w  ∑  l = 0  ∞     2 l  l    1  2 l − 1    t l            =  2  1 −  w 2      ∑  m = 0  ∞      4  w 2    1 −  w 2     m    ( − 1 )  m   t m    1 + w  ∑  l = 0  ∞     2 l  l    1  2 l − 1    t l            =  2  1 −  w 2     ∑  m = 0  ∞      4  w 2    1 −  w 2     m    ( − 1 )  m   t m  +   2 w   1 −  w 2     ∑  n = 0  ∞   ∑  l = 0  n     2 l  l      ( − 1 )   n − l    2 l − 1       4  w 2    1 −  w 2      n − l    t n           =  ∑  n = 0  ∞    2  1 −  w 2       −   4  w 2    1 −  w 2     n  + w  ∑  l = 0  n     2 l  l      ( − 1 )   n − l    2 l − 1       4  w 2    1 −  w 2      n − l      t n  .     



(12)




Therefore, by (11) and (12), we obtain the following.



Theorem 1.

For   w ∈  T p    and   n ≥ 0  , we have


      C  n , w      =  2  1 −  w 2       −   4  w 2    1 −  w 2     n  + w  ∑  l = 0  ∞     2 l  l      ( − 1 )   n − l    2 l − 1       4  w 2    1 −  w 2      n − l             =   2 w   1 −  w 2     ∑  l = 1  n     2 l  l      ( − 1 )   n − l    2 l − 1       4  w 2    1 −  w 2      n − l   +  2  1 −  w 2      −   4  w 2    1 −  w 2     n  .      













For example,


     C  0 , w      =  2  1 + w   ,       C  1 , w      =  2  1 −  w 2     w   4  w 2    1 −  w 2    −   4  w 2    1 −  w 2    + 2 w           =  2  1 −  w 2      2 w − 2  w 2    1 + w   =   4 w    ( 1 + w )  2   ,       C  2 , w      =  2  1 −  w 2     − w     4  w 2    1 −  w 2     2  − 2 w   4  w 2    1 −  w 2    +  w 3  6 +     4  w 2    1 −  w 2     2            =  2  1 −  w 2       ( 1 − w )   ( 6  w 2  + 2 w )     ( 1 + w )  2   =   12  w 2  + 4 w    ( 1 + w )  3   ,       C  3 , w      =  2  1 −  w 2       −   4  w 2    1 −  w 2     3  + w     4  w 2    1 −  w 2     3  + 2 w     4  w 2    1 −  w 2     3  + 4 w           =  2  1 −  w 2      4  ( 1 − w )   ( 5  w 3  + 4  w 2  + w )     ( 1 + w )  3   =   8 ( 5  w 3  + 4  w 2  + w )    ( 1 + w )  4   ,       C  4 , w      =   70  w 4  + 94  w 3  + 50  w 2  + 10 w    ( 1 + w )  5   ,         ⋯    



(13)




Note that


      lim  w → 1    C  0 , w       = 1 =  C 0  ,   lim  w → 1    C  1 , w   = 1 =  C 1  ,   lim  w → 1    C  2 , w   = 2 =  C 2  ,        lim  w → 1    C  3 , w       = 5 =  C 3  ,   lim  w → 1    C  4 , w   = 14 =  C 4  ,         ⋯       lim  w → 1    C  n , w       =  lim  w → 1    2  1 − w      −   4  w 2    1 −  w 2     n  + w  ∑  l = 0  ∞     2 l  l      ( − 1 )   n − l    2 l − 1       4  w 2    1 −  w 2      n − l             =    2 n  n    1  n + 1   =  C n  ,    ( n ≥ 0 )  .     












3. Twisted Catalan-Daehee Numbers


Motivated by Dolgy et al. in [1], we consider the twisted Catalan-Daehee numbers by the p-aidc invariant integral on   Z p   for the function   f  ( x )  =  w x    ( 1 − 4 t )   x 2    ,


      ∫  Z p    w x    ( 1 − 4 t )   x 2   d μ  ( x )  =    1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1   =  ∑  n = 0  ∞   d  n , w    t n  ,     



(14)




where   t ∈  C p    with     | t |  p  <  p  −  1  p − 1       and   w ∈  T p   .



Remark 1.

When we apply the function   f  ( x )  =  w x    ( 1 − 4 t )   x 2     to the p-adic invariant integral on    Z p  ,   then by (6), we have


       ∫  Z p    w x    ( 1 − 4 t )   x 2   d μ  ( x )  =   log w +  1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1   .      








Since   w ∈  T p   , we have    w  p n   = 1   for some   n ∈ N  , which implies that   log w =  1  p n   log  w  p n   =  1  p n   log 1 = 0  . So we defined the generating function for the twisted Catalan-Daehee numbers as (14).





From (9) and (11), we derive the following


       1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1      =  1 2  log  ( 1 − 4 t )    w   1 − 4 t   + 1    w 2   ( 1 − 4 t )  − 1            =  1 4  log  ( 1 − 4 t )    2 ( 1 − w   1 − 4 t   − 2 )   1 −  w 2  + 4  w 2  t            =  1 4  log  ( 1 − 4 t )    2 ( 1 − w   1 − 4 t   )   1 −  w 2  + 4  w 2  t   − log  ( 1 − 4 t )   1  1 −  w 2  + 4  w 2  t            =  1 4  log  ( 1 − 4 t )   ∑  m = 0  ∞   C  m , w    t m  −   log  ( 1 − 4 t )    1 −  w 2     1  1 +   4  w 2    1 −  w 2    t            = −  1 4    ∑  l = 0  ∞     4  l + 1    t  l + 1     l + 1      ∑  m = 0  ∞   C  m , w    t m   +  1  1 −  w 2     ∑  l = 0  ∞    4  l + 1    l + 1    t  l + 1    ∑  m = 0  ∞      − 4  w 2    1 −  w 2     m   t m           = −  1 4   ∑  n = 1  ∞    ∑  m = 0   n − 1     4  n − m    n − m    C  m , w     t n  +  1  1 −  w 2     ∑  n = 1  ∞   ∑  m = 0   n − 1     4  n − m    n − m     ( − 1 )  m      4  w 2    1 −  w 2     m   t n  .     



(15)




Therefore, by (11) and (15), we obtain a relation between the twisted Catalan-Daehee numbers and the twisted Catalan numbers.



Theorem 2.

For   w ∈  T p   \  { 1 }     and   n ≥ 0  , we have


       d  n , w   =  ∑  m = 0   n − 1      −  4  n − m − 1     n − m    C  m , w   +    ( − 1 )  m   1 −  w 2      4  n − m    n − m       4  w 2    1 −  w 2     m   .      













For example, we have


     d  0 , w      = 0 ,       d  1 , w      = −  2  w − 1   ,   d  2 , w   = −   4 w − 1    ( w − 1 )  2   ,       d  3 , w      = −   46  w 2  − 50 w + 16    ( w − 1 )  3   ,   d  4 , w   = −   44  w 3  − 76  w 2  + 50 w − 12    ( w − 1 )  4   ,          ⋯ .     











We define the twisted Catalan-Daehee polynomials by the p-adic invariant integral on   Z p  .


      ∫  Z p    w y    ( 1 − 4 t )    x + y  2   d μ  ( y )      =    1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1     ( 1 − 4 t )   x 2            =  ∑  n = 0  ∞   d  n , w    ( x )   t n  .     



(16)







Now, we want to give relations between the twisted Catalan-Daehee polynomials and the twisted Bernoulli polynomials. The twisted Bernoulli polynomials are defined by the generating function


      t  w  e t  − 1    e  t x   =  ∑  n = 0  ∞   B  n , w    ( x )    t n   n !   .     








When   x = 0  ,    B  n , w   =  B  n , w    ( 0 )    are the twisted Bernoulli numbers, which are defined and studied by Kim in [11].



For   w ∈  T p    and     | t |  p  <  p  −  1  p − 1      , we have


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =  ∫  Z p    w y    ( 1 − 4 t )    x + y  2   d μ  ( y )           =  ∑  m = 0  ∞   1  2 m   m !   log ( 1 − 4 t )  m   ∫  Z p    w y    ( x + y )  m  d μ  ( y )           =  ∑  m = 0  ∞   2  − m    B  m , w    ( x )   ∑  n = m  ∞   S 1   ( n , m )     ( − 4 t )  n   n !            =  ∑  n = 0  ∞    ∑  m = 0  n   2  − m    B  m , w    ( x )   S 1   ( n , m )     ( − 4 )  n   n !     t n  .     



(17)




Therefore, by (17), we obtain the following.



Theorem 3.

For   w ∈  T p    and   n ≥ 0  , we have


       d  n , w    ( x )  =    ( − 1 )  n   n !    ∑  m = 0  n   2  2 n − m    B  m , w    ( x )   S 1   ( n , m )  ,      











where    S 1   ( n , m )    is the Stirling numbers of the first kind.





Replacing t by    1 4   ( 1 −  e  2 t   )    in (16), we have


      ∑  m = 0  ∞   B  m , w    ( x )    t m   m !       =  ∑  n = 0  ∞      ( − 1 )  n   d  n , w    ( x )    4 n     (  e  2 t   − 1 )  n           =  ∑  n = 0  ∞      ( − 1 )  n   d  n , w    ( x )    4 n    ∑  m = n  ∞   S 2   ( m , n )     2 m   t m    m !            =  ∑  m = 0  n    ∑  n = 0  m     ( − 1 )  n   2  m − 2 n   n !  S 2   ( m , n )   d  n , w    ( x )      t m   m !   .     



(18)




From (18), we obtain the inversion formula of the Theorem 3.



Theorem 4.

For   w ∈  T p    and   n ≥ 0  , we have


       B  n , w    ( x )  =  ∑  m = 0  n     ( − 1 )  m   2  n − 2 m   m !  S 2   ( n , m )   d  m , w    ( x )   ,      











where    S 2   ( n , m )    is the Stirling numbers of the second kind.





Alternatively,    d  n , w    ( x )    can be expressed as follows:


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =  ∫  Z p    w y    ( 1 − 4 t )    x + y  2   d μ  ( y )           =  ∑  n = 0  ∞    ( − 4 )  n   ∫  Z p    w y      x + y  2   n  d μ  ( y )    t n   n !            =  ∑  n = 0  ∞    ( − 4 )  n   ∫  Z p    w y      x + y  2  n   d μ  ( y )   t n  .     



(19)




By (17) and (19), we have the following



Corollary 1.

For   w ∈  T p    and   n ≥ 0  , we have


       ∫  Z p    w y      x + y  2  n   d μ  ( y )      =   ( − 1 )  n     d  n , w    ( x )    4 n            =  1  n !    ∑  m = 0  ∞   2  − m    B  m , w    ( x )   S 1   ( n , m )  .      













For   λ ∈  Z p   ,     | t |  p  <  p  −  1  p − 1       and   w ∈  T p   , the twisted  λ -Daehee polynomials    D  n , w    ( x | λ )    are defined by the generating function


       λ log  ( 1 + t )    w   ( 1 + t )  λ  − 1     ( 1 + t )  x  =  ∑  n = 0  ∞   D  n , w    ( x | λ )    t n   n !   .     



(20)




Thus, by (7), we obtain


      ∫  Z p    w y    ( 1 + t )   λ y + x   d μ  ( y )      =   λ log  ( 1 + t )    w   ( 1 + t )  λ  − 1     ( 1 + t )  x           =  ∑  n = 0  ∞   D  n , w    ( x | λ )    t n   n !   .     



(21)




In particular, the twisted  λ -Daehee numbers    D  n , w    ( λ )  =  D  n , w    ( 0 | λ )    are given by


      λ log  ( 1 + t )    w   ( 1 + t )  λ  − 1      =  ∑  n = 0  ∞   D  n , w    ( λ )    t n   n !            =  ∫  Z p    w y    ( 1 + t )   λ y   d μ  ( y )  .     








We note that    D  0 , w    ( λ )  = 0  . In particularly,   w = 1  ,    D  n , λ   =  D  n , 1    ( λ )    is the nth  λ -Daehee numbers in [1].



From (14) and (20), we have


      ∑  n = 0  ∞   d  n , w    t n      =    1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1            =  ∑  n = 0  ∞   D  n , w      1 2      ( − 4 )  n    t n   n !   .     



(22)




By (22), we have


      n !   d  n , w   =   ( − 4 )  n   D  n , w      1 2    ,   ( n ≥ 0 )  .     








From (1) and (16), we have


      ∑  n = 0  ∞   d  n , w    t n      =    1 2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1    ( w   1 − 4 t   + 1 )           =    log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1       1 + w  2  − w  ∑  m = 0  ∞   C m   t  m + 1             =     1 + w  2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1   −   w log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1    ∑  m = 0  ∞   C m   t  m + 1            =  ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2        1 + w  2      t n   n !   −   ∑  l = 0  ∞    ( − 4 )  l   D  l ,  w 2     ( w )    t l   l !     ∑  m = 0  ∞   C m   t  m + 1          =  ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2        1 + w  2      t n   n !   −  ∑  n = 1  ∞    ∑  m = 0   n − 1     ( − 4 )   n − m − 1      D  n − m − 1 ,  w 2     ( w )    ( n − m − 1 ) !    C m    t n           =  ∑  n = 1  ∞      ( − 4 )  n   n !    D  n ,  w 2        1 + w  2    −  ∑  m = 0   n − 1     ( − 4 )   n − m − 1      D  n − m − 1 ,  w 2     ( w )    ( n − m − 1 ) !    C m    t n  .     











Theorem 5.

For   w ∈  T p    and   n ≥ 1  , we have


      d  n , w      =    ( − 4 )  n   n !    D  n ,  w 2        1 + w  2    −  ∑  m = 0   n − 1     ( − 4 )   n − m − 1      D  n − m − 1 ,  w 2     ( w )    n ! ( n − m − 1 ) !    C m  .      













Alternatively, (14) can be represented.


      ∑  n = 0  ∞   d  n , w    t n      =    1 2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1    ( w   1 − 4 t   + 1 )           =   1 + w  2   ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2     ( 1 )    t n   n !   − w   ∑  l = 0  ∞    ( − 4 )  l   D  l ,  w 2     ( 1 )    t l   l !      ∑  m = 0  ∞   C m   t  m + 1             =   1 + w  2   ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2     ( 1 )    t n   n !   − w  ∑  n = 1  ∞    ∑  m = 0   n − 1      ( − 4 )   n − m − 1    ( n − m − 1 ) !    D  n − m − 1 ,  w 2     ( 1 )   C m    t n         =  ∑  n = 1  ∞     1 + w  2     ( − 4 )  n   n !    D  n ,  w 2     ( 1 )  − w  ∑  m = 0   n − 1      ( − 4 )   n − m − 1    ( n − m − 1 ) !    D  n − m − 1 ,  w 2     ( 1 )   C m    t n  .     



(23)




Therefore, by (23), we obtain the following.



Theorem 6.

For   w ∈  T p    and   n ≥ 1  , we have


      d  n , w      =    ( − 4 )  n   n !     1 + w  2   D  n ,  w 2     ( 1 )  − w  ∑  m = 0   n − 1      ( − 4 )   n − m − 1    ( n − m − 1 ) !    D  n − m − 1 ,  w 2     ( 1 )   C m  .      













Using (16) and (21), we observe the following


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =  ∫  Z p    w y    ( 1 − 4 t )    x + y  2   d μ  ( y )           =  ∑  n = 0  ∞   D  n , w      x 2  |  1 2      ( − 4 )  n    t n   n !   .     



(24)




From (24), we have


     n !  d  n , w    ( x )  =   ( − 4 )  n   D  n , w      x 2  |  1 2    ,   ( n ≥ 0 )      



(25)




and it follows that


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =  ∫  Z p    w y    ( 1 − 4 t )    x + y  2   d μ  ( y )           =  ∑  n = 0  ∞   ∫  Z p     ( − 4 )  n   w y      x + y  2  n   d μ  ( y )   t n  .     



(26)




By (26), we have


      d  n , w    ( x )  =   ( − 4 )  n   ∫  Z p    w y      x + y  2  n   d μ  ( y )  .     



(27)




We note that


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =    1 2  log  ( 1 − 4 t )    w   1 − 4 t   − 1     ( 1 − 4 t )   x 2            =   ∑  l = 0  ∞   d  l , w    t l     ∑  m = 0  ∞     x 2  m     ( − 4 )  m   t m            =  ∑  n = 0  ∞    ∑  m = 0  n     x 2  m     ( − 4 )  m   d  n − m , w     t n  .     



(28)




From (28), we obtain another expression for the twisted Catalan-Daehee polynomials.


      d  n , w    ( x )  =  ∑  m = 0  n     x 2  m     ( − 4 )  m   d  n − m , w   .     



(29)




Therefore, by (25), (27) and (29), we have the following.



Theorem 7.

For   w ∈  T p    and   n ≥ 0  , we have


       d  n , w    ( x )      =  ∑  m = 0  n     x 2  m     ( − 4 )  m   d  n − m , w            =    ( − 4 )  n   n !    D  n , w      x 2  |  1 2             =  ∫  Z p     ( − 4 )  n   w y      x + y  2  n   d μ  ( y )  .      













For the case of twisted Catalan-Daehee polynomials, we can connect to the twisted  λ -Daehee polynomials as follows;


      ∑  n = 0  ∞   d  n , w    ( x )   t n      =    1 2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1    ( w   1 − 4 t   + 1 )    ( 1 − 4 t )   x 2            =    1 2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1     ( 1 − 4 t )    x + 1  2   +    1 2  log  ( 1 − 4 t )     w 2   ( 1 − 4 t )  − 1     ( 1 − 4 t )   x 2            =  ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2      x + 1 |  w 2      t n   n !   +  ∑  n = 0  ∞    ( − 4 )  n   D  n ,  w 2      x |  1 2      t n   n !          =  ∑  n = 0  ∞     ( − 4 )  n   D  n ,  w 2      x + 1 |  w 2    +   ( − 4 )  n   D  n ,  w 2      x |  1 2       t n   n !   .     



(30)




Thus by (30), we have the following.



Theorem 8.

For   w ∈  T p    and   n ≥ 0  , we have


       d  n , w    ( x )      =    ( − 4 )  n   n !     D  n ,  w 2      x + 1 |  w 2    +  D  n ,  w 2      x |  1 2     .      














4. Conclusions


To summarize, by means of p-adic integrals on   Z p  , we introduced a new type of numbers and polynomials, the twisted Catalan numbers and polynomials and the twisted Catalan-Daehee numbers and polynomials, and obtained several explicit expressions and identities related to them. In Section 2, the twisted Catalan numbers were introduced with the help of a fermionic p-adic integral on   Z p  . We derived explicit expressions of the twisted Catalan numbers, as a rational function in w in Theorem 1. We also obtained a relation between the twisted Catalan-Daehee numbers and the twisted Catalan numbers on Theorem 2. In Section 3, we introduced the twisted Catalan-Daehee numbers and polynomials and obtained several explicit expressions and identities related to them. In more detail, we expressed the twisted Catalan-Daehee polynomials in terms of the twisted Bernoulli polynomials and Stirling numbers of the first kind in Theorem 3. We also derived an identity involving the twisted Bernoulli numbers, twisted Catalan-Daehee numbers and Stirling numbers of the second kind in Theorem 4. After that, we obtained the explicit expressions for the twisted Catalan-Daehee polynomials, which involve the twisted  λ -Daehee numbers and Catalan numbers in Theorems 5 and 6. In addition, in Theorems 7 and 8, we showed the relationships between the twisted Catalan-Daehee polynomials and the twisted  λ -Daehee polynomials.



To conclude, there are various methods for studying special polynomials and numbers, including: generating functions, symmetric identities, computational algorithms, combinatorial methods, umbral calculus, differential equations, probability theory, integral representations, including the Riemann integral, contour integral and p-adic integrals, and analytic number theory, (see [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20]). For the further study on the twisted Catalan numbers and the twisted Catalan-Daehee numbers, we could extend our works to use differential equations, degenerate version or higher order concepts on those numbers and polynomials. In [20], Kucukoglu et al. constructed generating functions for new classes of Catalan-type numbers and polynomials. Using these functions and their functional equations, they gave various new identities and relations involving these numbers and polynomials, and other classes of special numbers, polynomials, and functions. Some infinite series representations, including the Catalan-type numbers and combinatorial numbers, were investigated. Moreover, some recurrence relations and computational algorithms for these numbers and polynomials were provided. By implementing these algorithms in the Python programming language, they illustrated the Catalan-type numbers and polynomials with their plots under the special conditions. They also gave some derivative formulas for these polynomials. Applying the Riemann integral, contour integral, Volkenborn integral, and fermionic p-adic integral to these polynomials. It is one of future projects to continue to study the twisted Catalan numbers and the twisted Catalan-Daehee numbers along the line of the direction of Catalan-type paper.
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