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Abstract: In this article, we introduce a new inertial multi-step regularized generalized Popov’s
extra-gradient method to solve the hierarchical variational inequality problem (HVIP). We extend the
previous Lipschitzian and strongly monotone mapping to a hemicontinuous, generalized Lipschitzian
and strongly monotone mapping. We also obtain a strong convergence theorem about the new
Popov’s algorithm. Furthermore, we utilize some numerical experiments to highlight the feasibility
and effectiveness of our method.
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1. Introduction

Let H be a real Hilbert space, and C be a nonempty, closed, and convex subset of .
The variational inequality problem is a fundamental nonlinear problem, which plays a
significant role in engineering, economy, and control fields [1-8]. Specifically, it is to find a
point ¥ € C such that

(Ay,w—y) >0, YweC(, (1)

where A : H — H is a mapping. We define VI(A,C) as the solution set of (1). In recent
years, plenty of scholars have studied the hierarchical variational inequality problem
(HVIP), which plays an important role in physical and practical issues, and so on. HVIP is
to find a point w* € VI(A, C) such that
(Fw*,z —w*) >0, VzeVI(ACQC), (2)

where mapping A : C — H is Lipschitzian and monotone, and mapping F : H — H is
Lipschitzian and strongly monotone.

In order to study HVIP, many scholars proposed different iterative methods. The
simplest iteration method is the projection algorithm,

Wy 1 = Pe(wy, — MAwy,), (3)

where A > 0, and mapping A is L-Lipschitzian and strongly monotone. However, if we
want to establish the convergence of this algorithm, we should control the condition of A
strictly. If A does not satisfy the strongly monotone condition, we will not obtain a strong
convergence result, or even a weak convergence result. To weaken the conditions of A,
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Korpelevich [9] proposed the extra-gradient algorithm in which A is a Lipschitzian and
monotone mapping. The algorithm is as follows:

{ zn = Pc(wy, — AAwy,),
w1 = Pe(wy, — AAzy),

where A > 0. Afterwards, Popov [10] presented the following algorithm:

{ wy11 = Pe(wy, — AAzy),
Zp+1 = PC(wn+1 - /\Azn)/

where A € (0, @) . Through observation, it is not difficult to find that Popov’s method

only needs to compute the value of z, under the action of operator A at each iteration,
but does not need to know the value of w, under the action of operator A. Therefore,
compared with the extra-gradient method, the computation of Popov is reduced. How-
ever, Popov’s method still requires two projections on C. If the spatial structure of C is
intricate, then Popov’s method is also difficult to implement. In order to solve this problem,
Malitsky et al. [11] proposed the following algorithm, which converts one of the projections
on C into the projection on a half-space T",

T"={y € H: (wyp — Azy_1 —zn,y — z4) < 0},
Wyy1 = Prn(wy — AAzy), (4)
Zn4l = PC(wnJrl - AAZn)/

where A € (O, %) , mapping A is L-Lipschitzian and monotone. However, L is not always

easy to obtain. In 2019, Hieu et al. [12] proposed a new step size, whose calculation is
independent of the Lipschitz constant of A. The algorithm is as follows,

T"={weH: (wy—AnAzy_1 —zp,w —z) <0},
Wy4+1 = PTn (wn - /\nAZn);

Zut1 = Pe(Wut1 — Any14zn),

where H H
Anp1 = mln{/\n' |Azy—Az,_4]] }’ if Azy # Azyq,
s otherwise,

and they established the weak convergence of {w, }, {z,}, which generated by the above
algorithm.

The regularization method is an important method to solve VIP. Many scholars con-
ducted a lot of research on the regularization method. In 2020, Hieu et al. [13] proposed
regularization of Popov’s extra-gradient method (RPEGM) to solve HVIP ( 2). The proposed
algorithm is given as

T" = {y EH: <wn - /\n(Aanl + Dénpwn) —Zn, Y _Zn> < 0}/
Wy = Prown — Ay(Azy_1 + anFwy,)),
Zut1 = Pe[wnt1 — Ag1(Azn + a1 Fwy 1)),

where

Apsy = mm{/\n, (Azn—Azy 1T J7 if Az, # Az, _q,
1 otherwise.
In recent years, many scholars studied HVIP (2) with the inertial method. Jiang

et al. [14] proposed a new method (IRSEGM) for solving HVIP (2) with the hemicontinuous,
generalized Lipschitzian and strongly monotone mapping, which combines multi-step
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inertial and regularization methods. The algorithm is as follows, and a strong convergence
theorem is obtained when the parameters satisfy certain conditions:

min{N,n}

Uy = Wy + Z Xin (wnfiJrl - wnfi)/
i=1

zn = Pe [”n - )\n(Aun + ,BnF”n)]/ )
T"={weH: (uy — Ap(Aup + BnFuy) — zu,w — z,) < 0},
Wy = Profuy — Ay (Azy + BnFuy)],

where i i
: HlZn—1—"%2n H
Apin = mm{/\n, TAzn—Az, 1] }, if Az, # Az, 4,
1 otherwise,

lwn—ip1—wn il

. g; .
o = mm{ﬂéi, #}, ifwy i1 # Wy,
L .
An, otherwise,

N is a chosen positive integer, mapping A is L-Lipschitzian and monotone, and mapping F
is hemicontinuous, generalized Lipschitzian and strongly monotone.

In this article, motivated by the above results, we propose a new multi-step inertial
regularized generalized Popov’s extra-gradient method for the sake of accelerating the
convergence of sequences. On the basis of previous studies, we extend F in HVIP (2) to the
hemicontinuous and generalized Lipschitzian. Finally, we obtain the strong convergence
result of our new algorithm under the suitable conditions. The structure of our paper is as
follows. In the first part, we mainly give some of the research background. In the second
part, we introduce some important definitions and lemmas. In the third part, we present a
new method to deal with HVIP (2), combining the multi-step inertial regularization method
with Popov’s extra-gradient method in Hilbert space, and get a strong convergence theorem
for our algorithm involving mapping F as hemicontinuous, generalized Lipschitzian and
strongly monotone. In the last part, numerical examples are used to exhibit the validity of
our algorithm.

2. Preliminaries

In this part, we give some significant lemmas and definitions, which are important for
the rest of the proof.

We respectively use — to represent strong convergence and — to represent weak
convergence.

Definition 1 ([14,15]). Let A : H — H be a mapping.
(i) If mapping A satisfies

(Aw — Az,w—2z) >0, Yw,ze€ H.

then A is monotone.
(i) If for 5 > 0, mapping A satisfies

(Aw — Az,w —2) > y||lw —z||?>, VYw,z € H,

then A is y-strongly monotone.
(iti) If for L > 0, mapping A satisfies

|[Aw — Az|| < L||lw —z||, VYw,z€H,

then A is L-Lipschitzian.
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(iv) If for L > 0, mapping A satisfies
|Aw — Az|| < L(||w —z|| + 1), Vw,z € H,

then A is L-generalized Lipschitzian.
(v) A is hemicontinuous if

Yw,heH, t, > 0= A(w+t,h) = Aw as n — oo.

Remark 1. According to the definition of Lipschitzian and generalized Lipschitzian, it is not
difficult to find that the generalized Lipschitzian is broader than Lipschitzian. In fact, the generalized
Lipschitzian is not even necessarily hemicontinuous. A specific example is as follows.

Example 1. Let g: R — R, and

w—1, w< —1,
@] @ VIZ@i? d<w<o,
8 ) w+/1-(w—-1)2, 0<w<1,

w+1, w > 1.

Through simple proofs, it is not difficult to show that g(w) is generalized Lipschitzian, but
it is clearly not Lipschitzian. Therefore, the algorithm proposed by us is valuable and meaningful.
Other examples can be found in the literature ([14,16]).

Lemma 1 ([16]). Supposing that the mapping A : ‘H — H is hemicontinous and strongly
monotone in VIP (1), then VIP (1) has one and only one solution.

Lemma 2 ([17,18]). If for any w € H, there is one and only one element q € C that meets
llw—q| < ||lw—z|, foranyy € C, in that way we denote that ¢ = Pew, where H is a real Hilbert
space, C is a nonempty closed convex subset of the H, and we have

g=Pw<s (w—q,z—q) <0, VzeCl.
Lemma 3 ([19]). Let {by,} be a non-negative real sequence such that
b1 < (1 —xn)by + 16000 +64, n=12,...,

where {x,}, {0y} and {6, } meet the following criteria respectively:
(i) {x.} C(0,1);
(i) Yopq Kn = 00;
(iii) limsup oy, <0;
(i) Y0, 0] < oo.
Then, lim,, 00 by, = 0.

3. Main Results

In this part, we raise a new method to deal with HVIP (2), which combines the multi-
step inertia method with the regularization technique in Popov’s extra-gradient method.
Through a series of derivations and proofs, the main result of our paper is obtained. Next,
we assume that our algorithm satisfies the following conditions:

(Cq) Ais k-Lipschitzian on H and monotone on C .

(Cp) F is hemicontinuous, B-generalized Lipschitzian and vy-strongly monotone on H.

(C3) The solution set VI(A, C) is nonempty.

(C4) Let {a, } be a sequence of (0,00) and meet ) > ; ay =00, Y 7> 4 a2 < oo, limy 00
= 0.

Xn+1—&n
a2

n
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(Cs) Let {0, } be a sequence and satisfy {c;, } C (0,c0), lim; e %” =0, 10in <,
wherei =1,2,3,---, N (where N is a chosen positive integer).

Remark 2. In condition (Cy), we can take a, = n=F, where % <p<L

Now, we represent our new multi-step inertial regularized generalized Popov’s extra-
gradient method.

Lemma 4. The sequence {),,} generated by our Algorithm 1 is not increasing, and limy, o Ay >
min{A, £} > 0.

Algorithm 1: The multi-step inertial regularized generalized Popov’s extra-
gradient method.

Initialization: Given Ag, A1, a9 > 0, 1 € (0, V2 —1). Let wy, 29, ug be any three
members of H.
Step 1. Compute
wy = Pclug — Ao(Azo + aoFuo)],

uy = wy + 01,1 (wg — wo),
z1 = Pelu; — M (Azg + a1 Fuy)).
Step 2. Given the current iterate wy, z;;, and z,,_1, compute w,, ;1 as follows:
T"={weH: (uy — Ay(Azy_1 +ayFuy) — zy,w — z,) <0}
Wy = Profuy — Ap(Azp + anFuy)),
Step 3. Compute

min{N,n+1}

n+1 = Wn+ in+ n+2—i — Wnp+1—i),
Upi1l = Wyt + 0; 1 (Wng2 Wyt1-i)
i=1

Zyt1 = Peluni1r — A1 (Azn + a1 Fuygq)].

where 0 < 6;,, < 0;, for some 0; € H with

. 0 .

miny 6; #} fw,1_; 7 w,_;

0;n = { Y lwpsr—i—wn—ill 7 n1—i 7 Wnis
0;, otherwise,

: llzn—1—2zn]] :
Aps1 = mm{)\n, Az Az T 7 if Az, # Az, 4,
s otherwise.

Step 4. Set n := n + 1 and go to Step 1.

Proof. By definition of the sequence {A,}, it is obvious that the sequence {A,} is not
increasing. Since A is k-Lipschitz continuous with k > 0, we have

|Aw — Az|| < k||lw—z|, Yw,zeH
In the case of Az, # Az, _1, we have

illzn—1 — za| > il zn—1 — zal| _HK

||Azn *Azn—ln o kHZTl 7271—1” ok

Clearly, the lower bound of the sequence {A,} is min{Ay, £}. O
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By conditions (Cj)-(C3), we can easily see that (A + aF) is hemicontinous and
strongly monotone. Therefore, in the light of Lemma 1, it is easy to conclude that for
each « > 0, there is only one solution w, for the following variational problem (6).

where a > 0. In the same way, for every n € N, there is a unique member w,, € C that makes

On the other hand, according to Lemma 1, it is easy to find that when conditions

Find z € C, such that ((A+aF)z,w —z) >0, Vw e C,

((A+ anFlwy,, w—wy,) >0, YweC.

(C1)-(C3) are satisfied, there is a unique solution w* to HVIP (2).

Lemma 5 ([14]). For w, and w* above, we have the following:

(i)  Forally,v >0, |lw, —wy|| < @7, where T is a positive constant,

(i) {wy} is bounded, and ||wy||

T =

(1 &) 1w+ 2617+ 6

1
7
< gl Fw|| + o]

(iii) lim,_ o+ wy = w™.

Lemma 6. Foralln+1 > N,

N
1 = za? < (1 + foi,nH) 20541 = zull® + T,
i=1

B N N
where 0y 11 = Y21 07,11 T 2X0<i<j<N Oin+10jn+1 T Lizq Tin+1-

Proof. By the definition of u,, we deduce

IN

IN

41— za|?

N 2

(Wng1 — zn) + Y i1 (Wyo—i — Wga—i)
i=1

2

N

<|wn+1 —zn|| + Z Oint1llwn2-i — wn+1i”>
i=1

N

i1 = 2all* + Y 07 Wi 2 i — Wapa il
i=1

N
+2||wni1 — znll Y Oinra | Wnso—i — Wagr—ill
i1

+2 Y G101l Wngo—i — Wapr—ill | wpso—j — waia

1<i<j<N

N N
st = zull* + Y- 0f1 + wnn = 2al® Y i
i=1 i=1

N
+Y O +2 Y., Cinr1Tin
i—1 1<i<j<N

N
(1 + ZUi,n+1> w1 — ZnH2 + Ont1-
i=1
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Lemma 7. Let m and n be two arbitrary real numbers and a be an arbitrary positive real number,
then we have

(i) mn< %(amz + %nz),
(i) (m+n)? < (24 V2)m?+ /2n?.

Proof. (i) Since (n —am)? = n? — 2amn + a®>m? > 0, we get 2amn < n? + a*m?, so we

deduce 1
mn < = <am2 + 1n2).
2 a

Peculiarly, taking a = V/2, then we obtain mn < % (\/§m2 + %nz).
(ii) Taking a = 1 4 V2 in (i), we have

2mn < (14 V2)m? + (V2 — 1)n?,
then we deduce
(m+mn)? < (24 V2)m? + V2n?.
]

Theorem 1. Assuming that Algorithm 3.1 satisfies condition (Cq)—(Cs), then the sequence {w, }
produced by the algorithm strongly converges to the unique solution w* of HVIP (2).

Proof. According to Lemma 5, we have w,, — w*. So we just have to prove ||w,, — wy| —
0 to get w,, — w*, and the proof is as follows. Since

[[14n _wlanz

= lun = w1+ w1 — we [I* +2(un — w1, W1 — wa,),
from (7), we have

| wa, — Wnt1)?
= |lun — wa, ||2 = 2(Wp g1 — Un, Wa,, — Wyp1) — [[Un — wn+1||2
= |lun — wa, ||2 = 2(Wyg1 — Un, Way, — Wyp1) — [ (Wng1 — 2n) + (20 — tn)

= lun— wanHz = 2(Wp g1 — Un, Wa, — Wyi1) — [[Wng1 — Zn”2 — [Juy — Zn”2

I

—2(Wy11 — Zn, Zn — Un)
= lun— wan”Z — |lwy1 — Zn”z — llun _Zn||2

+2(upy — Ay (Azy 1 + anFuy) — 2y, Wy — Zn)

+2(up — An(Azp + ayFity) — Wy 41, Wa,, — Wyi1)

+2M,(Azy 1 + anFuy, wy 1 — zn) + 2A0 (Azn + anFily, Wa, — Wyi1)
= lun— wan”Z — |lwy 1 — Zn||2 — llun _Zn||2

+2(upy — Ay (Azy 1 + anFuy) — 2y, Wy — Zn)

+2(uy — A (Azp + ayFuy) — wyiq, Wa, — Wyi1)

+2A,{Az,, 1 — Azy + Azy + anFuy, w1 — zp)

+2A4 <Azn + anFuy, wy, — wn+1>

= |lun — wa, ||2 — lwpp1 — Zn”2 — |lun _Zn||2
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+2(uy — An(Azy_1 + anFuy) — zn, Wy — 2n)
+2(uy — Ap(Azp + anFuy) — Wyq, Wa,, — Wyt1)
+2A4{Azy + apFuy, wy, — z24) + 2A0(Azy 1 — Az, Wy11 — Zn)-
By the definition of w,;1 and T", we have
2(uy — Ay(Azy_1 4+ anFuy) — zp, wyq — zn) < 0. (8)

Similarly, by the definition of w,, 11, Lemma 2, and w,, € C C T", we also have
(un — A (Azy + ayFuy) — wyi1, Wa, — Wyy1) < 0. 9)
Combining (8) and (9), we obtain

| @a,, — Wy |?
< lun — wran2 — [Jwp g1 — ZnH2 — |lun — ZnHZ

+2Au{Azy + apFuy, wy, — 24) + 2A0(Azy 1 — Azp, Wyi1 — Zn).- (10)

Now let us think about 2A,, (Az,, 1 — Az, Wyi1 — zn) and 20, (Az, + ayFiy, Wa, — zn).
According to the definition of {1, } and Lemma 7, we have

2An(Azy_1 — Azy, Wyt1 — Zn)

< 2| Azy — Az ||||wngr — zal|
2A
< Pl o — 2l
n+1
A 1
< (Dol = 2P+ VEow - z?)
A 1
> /\nnfl |:\/§||(Zn — un) + (un - Zn—l)HZ + \/§||w}’l+1 - Z"||2:|
< 2L [ VB~ wlP + Vi — 1 l] 4 VBl 2P
/\n+1 \6
14+v2)A A
< Wby, o By, 2
/\}’l-‘rl )\Vl-‘rl
V2A
f Y2y -
n+1

. . 0;
Next, we consider 21, (Az,, + ayFuy,, wy, — zy). Since a, — 0 and t;”—:ll — 0 for each
n

i=1,2,---,N,let{y, &2, C3 be three positive real numbers and satisfy

2y —B&1 — G2 —¢3 >0,

N

Y Oin < E3Anttn, Vn > my.
i=1

From Lemma 4, it is not difficult to know that there is a constant ¢ that makes 0 < ¢ <
An < Aq. So with a;;, — 0 as n — oo, we obtain /\”é%ﬁ — 0. On the other hand, from Lemma
4, we have % — (1+ v/2)p. Since u € (0,v/2 — 1), without loss of generality, we
have
(VA A
An—}—l 61
Due to w,, € VI(A + a,F,C), zy, € C, we have

1

>0, Vn2>ny. (12)

(Awg, + anFwy,, Wy, —zn) < 0. (13)
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Combining the conditions (Cy) and (C,), we abtain
M (Azy + anFuy, Wy, — zn)
= 2A1’l <AZn Awan, w“” — ZTZ> + 2)\n<Awan + anFun, wlxn — Zn>
< n<Awan + oy Fuy, Wy, — Zn>
= 2/\n<A .+ anFwy,, Wa, — zn) + 2An {0y Fiiy — 0y Fwy,, Wa, — zZn)
< <oanun — apFwy,, Wa, — zn)
= ZAn<¢anun — 0 Fwe,, Wa, — Un) + 2An(anFity — 0y Fa,,, Uy — zn)
< =2Aa || Un — Wa, ||2 + 2An{ay Fuy — ayFwy,, Uy — zp)
< =27yl — Wa,, |* + 2Anan || Fuy — Foog, ||| — 2a|
< 2Aap Y |[un — Wa, ||2 + 2An0nB(|[tn — Wa, || + 1) ||ty — za |
= 2y |un — Wa, ||* + 24000 Bl ttn — Wa, || 1t — 2z |
+2A 00 B ttn — zn ||
1
< 2l = o, I+ 20 381 = 0, I 5 — )
1 ) A2a2‘32
o = _ AnlnpP
+ (252““71 Zn“ + 28,
A
= @ &l — e, 2 (252 2 ) g — 2 2
2202 B2
At (14)
)
Substituting (11) and (14) into (10), we deduce
W, — Wy
< lun — wa, ||2 = lwp1 — Zn”2 — |lun —Zn”2
+2An(Azy 1 — Azy, W1 — zn) + 2An (Azy + 2y Fity, Wy, — 2n)
V2A
< [1 - (2')/ - glﬁ)An“nHWn — Wy, ||2 - <1 - /\711” ||wn+l - ZHHZ
n+1
fr- QDA At 2
/\nJrl g
A /\2 22
2ty — 2 220 13)
n+1
Combining (12) and (15), for all n > 1y, we have
|wa,, — Wy |*
V2A
< 1= (27 = &) Anan] [Jun — wa,, | — <1 Y o [wnt1 = 2|
n+1
A /\2062 2
Ay gy 2 B (16)
Ant1 )
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From Lemma 6, without loss of generality, for all n > 1y, we obtain

||un+1 - ZnHz — Ontl
14+ X0 Gt

| tn 1 — ZnHZ — Ontl

w1 — ZHHZ >

- 1+ 3Anay
1 2 Tnt1
- lupaq — oz — L 17
1+§3An1xn” n1 — 2l 1+ G3Anay (17)

Analogous to the proof of Lemma 6, for all n > #(, we obtain
l[ttn — Wa, |I* < (14 E3Anttn) |[wn — wa, [|* + Tt (18)
Substituting (17) and (18) into (16),for all n > ny, we obtain

s, — w1

< L= 2y = &1B)Anta] | (1 + Eohntn) [0n = i, |2 411
V2Aup 1 2
1= _
< /\n+1 1 +§3)\nlxn ||uﬂ+1 Z”l”
A A2q2 B2 2\ [
4 nh ||un _2”71”2_’_ nD‘n/3 + 1= \/> nH On+1
Ant1 ¢ At 1+ C3Anay
< (1= 2y = &B)Anan] (1 + EsAnatn) [|wy — wa, ||
2\ 1 AZa2 B2
(1 Y2 i 1 — 2+ 252
/\n+1 1 +§3)\nlxn (:2
Anpt 2 Ot _
—Z,_ _ 1—(2y — A
+/\n+1 ||Mn Zn 1” + 1 “1‘63)\11“71 =+ [ ( Y ,Bgl)oln ”]Ui’l+1
= 1= 21— B — &) Antn — (27— BE1)EsAZAR | [|0n — g, |2
2\ 1 A2 B2
(1= \f n]/l ||un+1 —Zn||2‘|‘ n“n:B
/\n+1 1 + g?,/\nlxn 62
)\nﬂ 2 En_i,_l —
—Z,_ _ 1—(2y — A
+/\n+1 lun —zn—1” + 1+ Eatnan + (27 — BG1)anAn]T i1
< 1= (27 — BE1 — &) Auttn] w0 — wa, ||

I PURRELT) B S P
/\n+1 1+€3/\nlxn n

AR0f® | Tnia
&) 1+ &Anay

Al
/\n+1

+ llttn =z ||* + + T

According to limy e 0y, = 0,limy; 00 Ay = A, without loss generality, for n > ng, we
deduce 1 — {A,a; > 0. From Lemma 5 and Lemma 7, we obtain

Hwa,] — Way, HZ

Hwn"rl - w’xn+l ||2 + ||w‘xn+1 — Wy, Hz - 2<w”‘n+l - wn+1’w“n+l - w“n>

V

> |Jwps1 — oy |1? + | Way ;= Way I = 200011 — Way oy Wy — Wa |
lwn1 — Watyyq ||2 + ||wzxn+1 — Way, Hz — GoAnn ||y g1 — Wary 1 q H2

1 2
—mnwanﬂ — Wa,, ||

\Y]



Symmetry 2022, 14, 187 11 of 17

1
= (1 — gz)tnﬂén)||wn+1 — wtan ||2 + (1 — M) Hw1xn+1 — Wy, H2

1-— gZAnlxn ”w
(;:2/\”“” Xp41

1— &Antn (1 — an)?
5 2.
‘:2/\;10471 oy

I?

= (1 - ng”aﬂ)Hwnﬂ — Way ||2 — — Wy,

2
> (1= GaAnan) w1 — wa, || =
By rearranging the above inequalities, for n > 1y, we obtain

(1= E2Antn) |wp g1 — Wa |17
< 1= (27— B&1 — &3)Anan]||wn — W, ||2

\ﬁ)\ny 1 2 Anl 2
—(1- u -z + ——||un — zu—
( At 1+ G3Anay ” i " ” Ans1 ” " nl ”

)‘121"‘%1,82 + Oni1 1-— ‘:2/\n0‘n (lxn-',-l - Dén)z_rz
) 1+ C3Anay CoAntty ‘X%
< [1— (27— BG1 — G3)Anttn]||[wn — wa, ||2
\@/\n.u 1 2 Ant 2
- 1- Upr1 — Znl|* + Uy — Zy—
( )\l’l-i-l 1 4 63)\;10(" || n+1 n” /\}’H—l || n n 1||
1 — SAnan (anq1 — “n)z 2
5 .
CoAnty &y

+

2,202
)‘nanﬁ

2

Therefore, we have

+ +2G,41 +

||wn+1 - w‘xn+1 ||2
1— (27 — B&1 — G3)Anan Anpt
1— 62/\710(,1 (1 — gZAn[X”)AnJrl

1 \/iAnV 2
- 1- [ttn1 =zl
(1= GoAnan) (14 G3Anan) Ant1

1 Aol (&pi1—an)? 5
20 - T
1—@M%( o ”O* Eahntl
1— (29— By — &3)Ana
- ( 1—%2)tntxn)  lon — o P

Anit - 2}
T @ ap - E iy

1 V2 2
- 1- [tns1 — zall
(1 - CZAn“n)(l + §3An‘xn) /\n+l

ol (s
1—ZAunay )

IA

||wn_wtxn||2+ |t —Zn—1H2

+

(@ny1 — D‘n)z 2
52/\71“%

+ 20n+1> +

Adding 5 Aup1l

P B o roww oy ey | uns1 — zn||> both sides of this inequality, we de-

duce

An—}—ly
Apga[l = (27 — BG1 — 83) Aur1du 1]
1 — (27 — &1 — &3)Anan _ 2
< 1= Gohnttn [[wn — wa, ||

41 = zu|?

01 = a1 |12+
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Anpt _ 2}
BTy wrarweL L

_ 1 1_ \/i/\n,u
(1= G2Anan) (1 + C3Anan) Ans1

- Anat litass — zal?
Ang2[l — (27 — BC1 — C3)Ant+1&p+1] "

1 </\%“%/52
1—GAuay )

(@1 — “n)z 2

_|_
CoAn ‘X?z

+ 20’n+1) +

Since pu € (0, V2 — 1), we get

lim ! 1- \@/\n]/l
n—oo (1 — ég)\nﬂcn)(l + (:;3)\;10(71) Ant1

N )\n+1]’l
Mga[l = (27 — BG1 — &3) Aur1an11]
= 1-(V2+1)u

> 0.

So, without loss of generality, for all n > 1y, we have

1 1— \/E)\nﬂ
(1 - 52/\710‘71)(1 + §3An“n) /\n+1

N )‘n+1.u
Aol = (27 — BG1 — &3) Anr1@n 1]
> 0. (19)
From (19), for all n > ng, we have
A
2 n+1H4 2
w —w + u -z
|| n+1 Xp4+1 || An—l—Z[l — (2,)/ — /361 — 53)/\n+1“n+1] || n+1 7’1||
1— (27 — B&1 — G3)Antn . 2
> 1 _€2Anan ||w7l wl"n”
Anpt 2}
+ Uy — Zy—
1= (27— Bt — &) g~
1 A202 B2 (@1 — an)?
+ n*n + 20 ) + n—+ n TZ
1—GoAnay < ) s EoAnas
— (=g {llws — w2+ At s~ 201
(1 — (27 — B¢1 — C3)Anan]Auta
+Qn5n + €n,
where
_ 2y = BS1 =2 —G3)Anttn
on 1-— 62/\110511 ’
5, = (zxnﬂ — ocn)z 1—GHAnay 2
aZ (2y = BG1 — 82 — 83)6aAZ 7

1 ()\%w%ﬁz
En

= + 20, .
1- gZAnD‘n gZ n+1)
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Because g, = 2V B BBt > (00 B — &) — 23) Aty K g ty = 00, limy o0 ty =
0,50 Y 07 1 6n = 00, and limy, 0 G, = 0. It is easy to know thatlim, e 6, =0, Y1 €4 < 00.
So using Lemma 3, we can obtain

Anp
[1— (27 — B&1 — &3)An&n] Augt

lewn — wa,, |1 + [0 = 21> = 0.
Thus, we have
|wy — wa,, || — 0.

This finishes the proof. [

4. Numerical Examples

In the part, three numerical experiments are used to compare the effectiveness of
our proposed algorithm. Through the analysis of results, it is not difficult to find that the
efficiency of our algorithm proposed in our paper is higher. In the following three numerical
experiments, we demonstrate the advantages of our proposed algorithms by studying
the effects of one-step, two-step and three-step inertia on sequence convergence. All the
procedures are compiled in Matlab 9.0 and executed on PC Desktop Intel(R) Core(TM)
i5-1035G1 CPU @ 1.00 GHz 1.19 GHz, RAM 16.0 GB.

Example 2. Let C = [—2,5]. Denote mapping A : H — H as follows,
Aw = w+ sinw,

for each w € R, where H = R. By the definition of A, we can show that the operator A is
Lipschitzian and monotone. We use IRPEGM, 2-MIRPEGM and 3-MIRPEGM to denote the
one-step, two-step and three-step inertia reqularized Popov’s extra-gradient methods in this paper,
respectively. For IRPEGM, 2-MIRPEGM and 3-MIRPEGM, we take wy = zg = ug = 1, 0; = 0.1,
Oin = nl—z;for RPEGM, we take wy = zy = 1, and we take y = 0.3, a9 = Land a, = (n + 1)’%
for each method. Let F = I; through calculation, it is not difficult to deduce that VI(A,C)= {0}.
Therefore, HVIP (2) has one and only one solution: w* = 0. In this case, we set the algorithm
to stop when ||w, — w*|| < 107°, and for each algorithm, we take Ag = Ay =0.2, 0.1, and 0.05,
respectively. The numerical experimental results are represented in Figures 1-3.

10° w
—+— RPEGM
—&— IRPEGM
10t F —%— 2-MIRPEGM | +
—A— 3-MIRPEGM
-2 L 4
10
Y 10 E
' f=
=1
I
LIJ: 10-4 L 4
10° ¢ E
10° ¢ E
1077 1 1 1 L 1
0 10 20 30 40 50 60

Number of Iterations

Figure 1. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 2 with
A1 =0.2.
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—+— RPEGM
—Oo— IRPEGM
—%— 2-MIRPEGM | 5
—A—3-MIRPEGM

0 10 20 30 40 50 60 70 80
Number of Iterations

Figure 2. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 2 with
A =0.1.

—+—RPEGM
—O6— IRPEGM
10t F —%— 2-MIRPEGM | 5
—A—3-MIRPEGM
102 £ E
Y 10k ]
! i<
2
T: -4
w- 107 F E
10° £ E
10 ¢ E
10-7 I L
0 50 100 150

Number of Iterations

Figure 3. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 2 with
A1 = 0.05.

It is not difficult to find from Figures 1-3 that the number of steps required for sequence conver-
gence in our IRPEGM, 2-MIRPEGM and 3-MIRPEGM is about 15%, 30%, and 40% less than that
of RPEGM in [13], respectively. So, we can obtain that our algorithm is much broader, and much more
efficient.

Example 3. Let Q, K, and S € R%*®, where K is symmetric matrices, and S is diagonal matrices
with positive diagonal terms. We denote that M = QQT + K + S, then M is positive definite. Set
mapping A : R® — R® to be defined as

Aw = Mw + p, (20)
foreach w € R®, where p € R®. Let H = IR®, and set C to be defined as

C = {(w(l),w(Z),w(e’),‘ .. ,w(S))T cR: —2<wl) <5, j=1,2---,s} (1)
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According to the definition of mapping A, it is obvious that operator A is Lipschitzian and
monotone. Similarly, we use IRPEGM, 2-MIRPEGM, and 3-MIRPEGM to denote one-step, two-
step and three-step inertia regularized Popov’s extra-gradient algorithm, respectively. For IRPEGM,
2-MIRPEGM, and 3-MIRPEGM, we take 0;,, = 25, 0; = 0.2, wg = zp = ug = (1,1,1,--- ,1)T

for RPEGM, and take wy = zo = (1,1,1,--- , )T, u =03, 00 = 1, &y = (n + 1)_%]‘07’ each
method. Letting F = I, it is easy for us to obtain the solution set VI(A,C) = {(0,0,0,---,0)T};
therefore, for HVIP (2), there is a unique solution w*, and w* = (0,0,0, - - - ,O)T. In this case,
the algorithm stops when ||w, — w*|| < 1074, and we consider s = 10,20,30, respectively.
Throughout this experiment, p = (0,0, - - - ,0)T and the diagonal term of D is stochastically and
evenly created in (0,2), and all terms of Q and K are stochastically and equally created in (—2,2).
Then, we get Figures 4—6.

By looking at the features of Figures 4—6, we can easily see that our algorithm has obvious
advantages over RPEGM.

10° w
—+— RPEGM
—6&— IRPEGM
10 :q —*%— 2-MIRPEGM |
—A— 3-MIRPEGM

0 50 100 150 200 250 300
Number of Iterations

Figure 4. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 3 with s = 10.

10° ;
—+— RPEGM
—6— IRPEGM
10 —*%— 2-MIRPEGM | §
" —A— 3-MIRPEGM

10.5 1 1 1 1 1 1
0 50 100 150 200 250 300 350

Number of Iterations

Figure 5. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 3 with s = 20.



Symmetry 2022, 14, 187

16 of 17

10 T T

—+— RPEGM
s —&— IRPEGM
0 ]
1 —%— 2-MIRPEGM

—A— 3-MIRPEGM

-5 L L L L L L 1 1 1
10
0 50 100 150 200 250 300 350 400 450 500

Number of Iterations
Figure 6. Comparison of RPEGM, IRPEGM, 2-MIRPEGM and 3-MIRPEGM in Example 3 with s = 30.

Example 4. Set H,C, and A as in Example 2. By definition of A, we can show that the operator
A is Lipschitzian and monotone. We use IRPEGM to denote the one-step inertial reqularized
subgradient extra-gradient method, which is proposed by Jiang et al. [14]. For IRPEGM, IRSEGM,

we take wg = zg = ug = 1,61 = 0.1, 07, = nl—z, ap=1,0a,=(n+ 1)’%]‘0;’ each method. Let

w—1, w < —1,
Py = ] @~ VIZ@F12, A<w<o,
N w‘i’\/l*(ﬂ)*l)z; 0<w<l,

w—+1, w>1,

it is easy to verify that F is hemicontinuous, generalized Lipschitzian and strongly monotone
on H, but not Lipschitzian. Through calculation, it is not difficult to deduce that VI(A, C)= {0};
therefore, HVIP (2) has one and only one solution w* = 0. In this case, we set that the algorithm
stops when ||wy, — w*|| < 107°. The numerical experiment results are represented in Table 1.

Table 1. Numerical results of IRPEGM and IRSEGM as regards Example 4.

A IRPEGM IRSEGM

1

K Iter. Time [s] Iter. Time [s]
0.2 128 0.9596 167 1.2030

0.2 0.3 73 0.5893 99 0.8926
0.4 73 0.5891 167 1.2683
0.2 76 0.6052 188 1.3341

0.3 0.3 157 1.0814 184 1.3190
0.4 76 0.6191 184 1.3587

5. Conclusions

In the paper, we propose a new multi-step inertial regularized generalized Popov’s
extra-gradient method to solve the hierarchical variational inequality problem based on
previous studies. Compared with previous algorithms, our algorithm has the following
advantages. Firstly, compared with that of Hieu et al. [13], of the proposed algorithm, we
introduce the multi-step inertial method to accelerate the convergence of the sequence.
Secondly, we extend that F is Lipschitzian in [13] to hemicontinuous and generalized
Lipschitzian; therefore, it is clear that our algorithm is relatively broader. Thirdly, compared
with that of Jiang et al. [14], our algorithm only requires obtaining the value of z, under the
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action of A, with no need to discuss the behavior of w,, under the action of A, and therefore,
our algorithm is relatively simpler and more efficient.
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