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Abstract: A recent addition to the class of integral transforms is the quaternion quadratic-phase
Fourier transform (Q-QPFT), which generalizes various signal and image processing tools. However,
this transform is insufficient for addressing the quadratic-phase spectrum of non-stationary signals in
the quaternion domain. To address this problem, we, in this paper, study the (two sided) quaternion
windowed quadratic-phase Fourier transform (QWQPFT) and investigate the uncertainty principles
associated with the QWQPFT. We first propose the definition of QWQPFT and establish its relation
with quaternion Fourier transform (QFT); then, we investigate several properties of QWQPFT which
includes inversion and the Plancherel theorem. Moreover, we study different kinds of uncertainty
principles for QWQPFT such as Hardy’s uncertainty principle, Beurling’s uncertainty principle,
Donoho-Stark’s uncertainty principle, the logarithmic uncertainty principle, the local uncertainty
principle, and Pitt’s inequality.

Keywords: quaternion quadratic-phase Fourier transform; Inversion; Plancherel theorem; uncertainty
principle; Donoho-Stark

1. Introduction

Due to its applications in signal representation, image processing, and quantum
mechanics, the theory of parametric time-frequency analysis has attracted the attention in
the last few decades [1,2]. The windowed Fourier transform, linear canonical transform,
fractional Fourier transform, and Wigner distributions are some well known parametric
time-frequency analysis tools.

The quadratic-phase Fourier transform (QPFT), which is the neoteric and most im-
portant parametric time-frequency analysis tool introduced by Castro et al. [3], treats both
the stationary and non-stationary signals in a simple and insightful way. In the quadratic-
phase domain, most of the signals arising in communications like sonar and radar reveal
their characteristics better. With a slight modification in [3], the authors in [4] defined the
QPFT as

Qulfl(w) = [ ) Qulx w)dx 0
where Q,(x,w) is a quadratic-phase kernel represented by
Q;l (X, w) _ %efi(aszrbwarcwerderew) )

where a,b,c,d,e € R, b # 0 are the arbitrary real parameters and have great importance.
These can be better used in the analysis of non-transient signals that are involved in radar
and other communication systems. With its global kernel and extra degrees of freedom,
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the QPFT has become one of the efficient tools in solving several problems. To quote some
of these, we have science and engineering branches including harmonic analysis, image
processing, sampling, reproducing kernel Hilbert spaces, and many more [5]. Although
QPEFT is the generalization of well known integral transformations, it is inadequate in
localizing the quadratic-phase spectrum content of the non-stationary signals. Various
authors have come to rescue these shortcomings like Shah et al., who introduced short-time
quadratic phase Fourier transform [6], whereas Bhat and Dar [7] studied quadratic phase
wave packet transform (QPWPT), wherein they studied the properties of QPWPT and
established some of its uncertainty principles (UP).

In the quaternion setting, the generalization of integral transforms from real and
complex numbers is the need for the study of higher dimensions like: the quaternion
Fourier transform (QFT) [8], the quaternion windowed Fourier transform (QWEFT) [9],
the quaternion linear canonical transform (QLCT) [10], the fractional quaternion Fourier
transform (Fr-QFT) [11], and the quaternion offset linear canonical transform (QOLCT) [12].
Over time, quaternion algebra has proven to be a hot area of research with its applications
in image filtering, color image processing, and many more [13,14]. The quaternion Fourier
transform (QFT) and its generalizations play a great role in the representation of hyper-
complex signals in signal and image processing.

On the other hand, the uncertainty principle (UP) first proposed by German physicist
W. Heisenberg in 1927 plays a great role in numerous scientific fields such as quantum
physics, mathematics, signal processing, and information theory [15,16]. The UPs like
Heisenberg’s, Hardy’s, and Beurling’s related to QFT are discussed in [17-20], and the
further extension of UPs in the spectrums of QLCT and QOLCT is discussed in [21-24].
These UPs have numerous applications in the study of optical systems, signal recovery,
and many more [25,26]. Recently, Gupta and Verma introduced short-time quadratic
phase Fourier transform in quaternion setting and studied some of its associated UPs.
Later on, Bhat and Dar [27] introduced quaternion quadratic phase Fourier transform and
generalized it to the Gabor quaternion quadratic phase Fourier transform besides studying
logarithmic UP and Heisenberg’s UP. Thus, there is a need to study the other types of
uncertainty principles in a windowed quaternion quadratic phase domain. Thus, motivated
by this, we in this paper propose the novel integral transform coined as the two-sided
quaternion windowed quadratic-phase Fourier transform (QWQPFT), which provides a
unified treatment for several existing classes of signal processing tools. Therefore, it is
worthwhile to rigorously study the QWQPFT and associated UPs which can be productive
for signal processing theory and applications.

1.1. Paper Contributions

The contributions of this paper are summarized below:

¢ We introduce the novel integral transform coined as the two-sided quaternion win-
dowed quadratic-phase Fourier transform (QWQPFT);

*  We establish the basic relationship between the proposed transform (QWQPFT),
the quaternion Fourier transform (QFT) and quaternion quadratic phase Fourier
transform (Q-QPFT);

¢ To study the fundamental properties of the QWQPFT, like the inversion formula,
Plancherel formula, and boundedness;

e Toexamine several classes of uncertainty principles, such as the Hardy’s UP, Beurling’s
UP, Donoho-Stark’s UP, the logarithmic UP, and the local UP associated with the
proposed transform;

*  We explore Pitt’s Inequality associated with the QWQPFT.

1.2. Paper Outlines

The paper is organized as follows: In Section 2, we give a brief review of two-sided
QFT useful and Q-QPFT, useful in the succeeding sections. In Section 3, we introduce the
quaternion windowed quadratic phase Fourier transform and study some of its properties.
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In Section 4, we establish some different forms of uncertainty principles (UPs) for the
QWQPFT, which includes Hardy’s UP, Beurling’s UP, Donoho-Stark’s UP, the logarithmic
UP, the local UP, and Pitt’s inequality. Finally, conclusions are drawn in Section 5.

2. Preliminary

In this section, we give a brief review to the two-sided QFT useful and Q-QPFT, which
will be needed throughout the paper.

2.1. Quadratic-Phase Fourier Transform

In this subsection, we recall the fundamentals of quadratic-phase Fourier transform
(QPFT).

Definition 1 (QPFT [3,4]). For any real parameter set u = (a,b,c,d,e), the QPFT of f € L?(R)
is denoted by Q,,[f] and defined as

Qulfl(@) = [ F)Qu(x,w)dx ©
where Q,(x,w) is a quadratic-phase kernel and is given by
QV (x, w) — %efi(axz+bxw+cw2+dx+ew) ) @)

The inversion and Parseval’s formula for the QPFT are given by
x) = [ Qulfl ()2, (x w)dw, 5)

8y = (Qulf], Qulgl), Vf.g € L*(R). 6)

Theorem 1 (QPFT Plancherel [3,4]). For any signal f € L?(R), we have

1220y = 1QulAl 22y

2.2. Quaternion Algebra

In 1834, W. R. Hamilton introduced quaternion algebra by extension of the complex
number to an associative non-commutative 4D algebra, denoted by H in his honor where
every element of H has a Cartesian form given by

H = {qlq := [glo + ilglr + jlql2 + k[gls, [q]; € R,i = 0,1,2,3} @)

where i, j, k are imaginary units obeying Hamilton’s multiplication rules:
==k =-1, (8)
ij=—ji=k jk=—kj=1i, ki=—ik =j. )

Let [g]o and g = i[g]1 + j[g]2 + k[g]3 denote the real scalar part and the vector part of
quaternion number g = [q]o + i[q]1 + j[9]2 + k[g]3, respectively. Then, the real scalar part
has a cyclic multiplication symmetry

[pallo = [qlplo = [lpqlo,  Vq,p,1 € H, (10)

the conjugate of a quaternion ¢ is defined by 4 = [gq]o — i[g]1 — j[9]2 — k[g]3, and the norm
of g € His defined as

19l = /a7 = /a3 + 912 + 913 + 912 (11)
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It is easy to verify that

pqa=qp,  lqpl = lqllpl, Vq,p€H. (12)

In this paper, we will study the quaternion-valued signal f : R?> — H, f, which can be
expressed as f = fo+if; + jf2 + kfs, with f,; : R? — R for m = 0,1,2,3. The quaternion
inner product for quaternion valued signals f,g : R?> — H, as follows:

{f8) = |, f(x)8(x)dx (13)

where x = (x1,x2), f(x) = f(x1,x2), x = dx1dxp, and so on.
Hence, the natural norm is given by

1
= V<IT> = ([, 1f6)Pax)’ (14
and the quaternion module L?(R?, H), is given by
L*(R%, H) = {f: R?* - H, |f]|, < oo}. (15)
We now define the space of rapidly decreasing smooth quaternion function [10].

Definition 2. For a multi-index p = (B1,B2) € RT x RY, the Schwartz space in L*(R?,H), is
defined as

S(R%H) = {f € C*(R?, H);] sup (1 + |x|k)

xeR2

Bi+B
FPf()]] _
b1k

where C*®(R2, H) is the set of smooth functions from R? to H.

2.3. Quaternion Fourier Transform

Let us begin this part with the QFT. There are three different types of QFT: the left-sided
QFT, the two-sided QFT, and the right-sided QFT. Here, our focus will be on two-sided
QFT (in the rest of the paper, QFT means two-sided QFT).

Definition 3 (QFT [9]). The two-sided QFT of a quaternion signal f € L'(R?,H) is defined by

FEIfw) = [ e p(xe (16)

and corresponding inverse QFT is given by

1

f(x) = W /]RZ eixlwlfﬂ[f](w)eszwzdw (17)

where x = (x1,x2) and w = (wy, wy).

Lemma 1 (QFT Parseval [8]). The quaternion product of f,¢ € L'(R?,H) N L?(R?, H) and its
QFT are related by

(82w = (FHULFH18) L o (18)

In particular, if f = g, we obtain the quaternion version of the Plancherel formula; that is,

. (19)

2 o H
||fHL2(R2,H) - H]: [f] L2(R2,H)
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Lemma 2 ([24]). If1 < p < 2and letting % + % =1, forall f € LP(R?,H), then it holds

17y < @m)7 P II£,. (20)

2.4. Two-Sided Q-QPFT

In this subsection, we study the two-sided Q-QPFT (for simplicity of notation, we
write the Q-QPFT instead of the two-sided Q-QPFT). We recall the definition of Q-QPFT
and some of its properties.

Definition 4 (Q-QPFT [4,27]). Let us = (as, bs,cs,ds, es) for s = 1,2; then, the two-sided
Q-QPFT of signals f € L'(R?,H) is denoted by beﬂz [f] and defined as

Qo FIW) = [, Qs (31, 01) f(x) Qi (2, 02) X (1)
where w = (wy,w7) € R?, x = (x1,xp) € R?, ;,1 (x1,w1) and QLz(xz, wy) are quaternion
kernel signals given by

Q;ll (x]/ wl) — ./ %e—i(alx%-&-blxlwl-i-clw%-&-dlxl +€1w1) (22)

Q{zz (le w2) _ /%e—j(azx%+b2x2wz+c2w%+d2x2+e2wz) (23)

where as, bs, cs,ds,es € R,bs #0,ands =1,2.

Under some suitable conditions, the Q-QPFT above is invertible, and the inversion is
given in the following Lemma.

Lemma 3 (Q-QPFT Inversion [4,27]). Let (@]ﬁﬂl,y2
LY(R2,H) can be reconstructed back by the formula

[f] € LY(R? H), then every signal f €

109 = [, 9 Gt )@, f] () Q) (32, w2 )w. eh)

Theorem 2 (Q-QPFT Plancherel [4,27]). For any signal f € L?(R?,H), we have

2

. (25)

2
||fHL2(R2,H) = HQ]EILVZ [f] LZ(RZ,H)

3. Quaternionic Windowed Quadratic-Phase Fourier Transform

In this section, we shall formally introduce the notion of the two-sided quaternionic
windowed quadratic-phase Fourier transform (QWQPFT) and then establish some proper-
ties of the proposed transform.

Definition 5 (QWQPFT). Let s = (as, bs, cs,ds, es), be a matrix parameter such that as, bs,
cs, ds, es € R, bs # 0, for s = 1,2. The two-sided quaternion windowed quadratic-phase
Fourier transform of any quaternion valued signal f € L2(IR?,H), with respect window function
E € L2(R?,H) given by

el = [0l (w0 FOE—w) Qs (v wadx  (26)

where x = (x1,x2), w = (w1, wz), w = (uy,uy), the quaternion kernels Q;l(xl,wl), and

Q;Z (xo, wy) are given by Equations (22) and (23), respectively.
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Remark 1. By appropriately choosing parameters in

us = (as,bs, cs,ds, es),s = 1,2, the QWQPFT (26) includes many well-known linear transforms

as special cases:

e Forus=1(0,—-1,0,0,0),s = 1,2, the QWQPFT (26) boils down to the Quaternion Windowed
Fourier Transform [9].

*  Asa special case, when ys = (as,bs,c5,0,0),s = 1,2, the QWQPFT (26) can be viewed as
the Quaternion Windowed Linear Canonical Transform [28].

e For us = (cotf, —csch,coth,0,0),s = 1,2, the QWQPFT (26) leads to the two-sided
Quaternion Fractional Fourier Transform [29].

Remark 2. For fixed u, we can see that the relationship between the quaternion windowed quadratic-
phase Fourier transform and the quaternion quadratic-phase Fourier transform is given by,

ngl,yz [f] ( ) le,yz [f( )E(X - u)} (W) (27)

= Q) [0 (W)
where f(x) is a modified signal.
Now, we give the relationship between the proposed QWQPFT and the QFT.

Theorem 3. The QWQPFT (26) of a quaternion signal f € L?(R?,H) can be reduced to the QFT

(16) as
VE 1w, ) (28)
_ [0 i) 7m wawwm>
=1\/5,¢ 1 F[F](bw, u) 728 2
where
F(X) _ e*i([ﬁ){%%»d]xl)fE(x)efj(azx%+d2x2) (29)

and b = (bl, bz)

Proof. From Definition 5, we obtain

H
VE,“I/I],]/IZ [f] (W, u)
_ Zliefi(alx%qtblxlwl+clw%+d1x1+e1w1)f(x)m
Vs

(azx%+b2x2w2+c2w% +dyxp +ezw2) d

— bie i(clw%—i—elwl) / e—ixlblwl
2 R2

(efz(ﬂ1x1+d1 X )qu (x)efj(azx%ﬂizxz) ) e*szbzwz dx}

X

ﬁ%\

ZIN.

X

ij —j(czzu%-i-esz) )

X\ 558
Setting F(x) = l(”1x1+d1x1)f (x)e” j(023+432) \ve have from the above equation
Vg}llrﬂz [f] (W,u)

~

_ b] .e i(clw%Jrelwl)]_—H[F] (bw,u) \/?ej(czw%rezwz)
7T

N

where bw = (bywy, bywy). This leads to the desired result. [
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Prior to establishing the vital properties of the proposed QWQPFT, we present an
explicit example for lucid illustration of the proposed Definition 5:

Example 1. Consider a 2D Gaussian quaternionic function of the form f (x) = exp{ —(k1x2 4+ kpx3) },
for ky, ko are both positive real constants.
The QWQPFT of a f with respect to the rectangular window function

[1]

(x) = 1,  iflxq] <A x] <A A>0,
o 0, elsewhere,

is given by
H
V2 i f] (W, 1)
V ble = A
— =) J
= o P‘l (X],wl)f( )\_J(X—u)Q‘uz(Xz,ZUz)dX
\% bl /u1+A /u2+/\ a1x1+h1x1w1+c1w1+d1x1+elw1) klx%
u
N ](azxz+b2x2w2+czw2+d2x2+ezw2)—kzx%dx
_ \/blbz —1(c1w1+elw ) /u1+1/2 e,i((al7ik1)x%+b1x1wl+d1x1dx1
27T uy —A
up+A . .
% / 2 e—]((ﬂz—]kz)x§+bzxzwz+dzxzdxz  p—i(C2w+erwr) (30)
Up—A
For simplicity, we choose ky = —iay and ky = —jay, and we obtain from (30)
H
V2 i f1 (W, 1)
_ vV blbz 71(C1w%+€1w1) /ltl+)\ e*i(b1w1+d1)x1dx
= 1
7T U1 —A
up+A .
> / 2 e—](bzwz-i-dz)xzdxz > e—](Czw%+€2w2)
uzf/\
h (b +crwi+Dug+
_ blbze i(bywyuy Clwy uy+eqws) (e—i(blzul+d1)A B ei(b1w1+d1)/\>
27t (bywy + dq)
. . —j(bywytig+cowa+Duy+esws)
% (67](b2w2+d2)/\ _ e](bzu}2+d2))\) e 2
(bawa +da)
Properties of QWQPFT

In this subsection, we study some properties of the proposed QWQPFT which are
useful for signal processing. Some of these have been proved in [27], but we have made a
slight modification in the definition of QWQPFT so these properties will change accordingly.

Theorem 4. Let f,g € L2(R?,H) be two quaternion signals and Eq, Z, be the non zero window
functions; then, the QWQPFT satisfies the following properties:

1.  Linearity:

ngl,yz [af + Bgl(w,u) = avgyl.yz [fl(w,u) + ﬁvu - yz[ J(w,u) 31)

where o and B are in C.
2. Boundedness

b1y |2

VB, o] < P2 1Ay 2 s )

= H1-pH2
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3. Anti-linearity:
Vazy 62, F1 (W, 0) = VE o 1w 0@+ VE, L [fI(w, 0B (39)
where o and B are in C.
Proof. It follows from Definition 5 [or see [27]]. [
Theorem 5 (Inversion formula). Let & € L?(R?,H) be a quaternion window function; then,

every quaternion signal f € L?(R?,H) can be recovered back from the transformed signal
VEL [f](w,u) by the following formula:

= H1H2
34
|‘—‘||L2 R2,H) /]Rz /RZ ( )

% Qf, (31, 1) VE 1 L), 0) Qs (32, w02) E(x — widwdu

fx) =

Proof. Applying the Inverse QQPFT to (27), we obtain
fe) = fRE(x-w)
- Q}‘l M2 [ E/p1,H2 [f] (w, u)} (35)
— / Q (x1,w1)V Hm o L] (w,u)Q{lz(xz, wy)dw

Multiplying the above equation both sides from right by Z(x — u) and integrating
with respect to du, we obtain

109 [, 12(x = w) P

- 2 o Q@l(xl,wl)v§;,1,y2 [f](w,u) Q]uz(XZf wy)E(x — u)dwdu.

Equivalently, we have

fx) =

|‘—‘||L2 R2 H) ‘/Rz ‘/Rz

X Q’m(xl,ZlJ1)1)§yllH2 [f](w, u)QVZ(xz,wz)E( —u)dwdu
which completes the proof. [

Theorem 6 (QWQPFT Plancherel). Let V! = iy Lf | (W, @) be the quaternion windowed quadratic-

phase Fourier transform of a signal f € L*(R2,H) with respect to a window function function
5 e Lz(Rz,H), then we have

[VE,, Ll w )]

2EE) Hf”%Z(RZ,IHI)HE‘H%Z(RZ,H)- (36)

Proof. From Remark 2, we have

[V alA1] @7)

L2(R4H)

L2(R4H)
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Applying Theorem 2 to the R.H.S of (37) yields

- Hf(x)m(w) iz(Rz,H)
/Rz /RZ IF(X)P|E(x — u) [Pdxdu
[ tPax [ 12(y)Pay

2 =112
= fIze e 1272 R )

L2(R4,H)

where we have applied Fubini’s theorem in the second to last equation. This completes the
proof. O

4. Uncertainty Principles Associated with the Quaternion-QPFT

In this section, we investigate some different forms of UPs associated with QWQPFT
including Hardy’s UP, Beurling’s UP, logarithmic UPs, Donoho-Stark’s UP, and Local UP.
Let us begin with Hardy’s uncertainty principle for the quaternion quadratic-phase Fourier
transform (21). We first recall Hardy’s uncertainty principle for the QFT.

Lemma 4 (Hardy’s UP for the two-sided QFT [17]). Let a and B be positive constants.
For f € L*(R%,H), if

If(x)] < ce * gnd | FE[fl(w)| < ¢ e W, weR?
with some positive constants c,c’. Then, the following three cases can occur:
(1) ifaB > 1, then f(x) =0;
(2) ifap =1, then f(x) = Ke_”""‘z,for any constant K;
(3) ifap < 1, then there are many infinite such functions f (x).

Motivated and inspired by Hardy’s UP for the two-sided QFT, we establish Hardy’s
UP for the Q-QPFT.

Theorem 7 (Hardy’s UP for the QWQPFT). Let &, B be positive constants and & € L?(R?, H)
be a non zero window function. Then, for any signal f € L?(R?,H) satisfying

_ 2
If(x)] < Ce X, and ’ng,uz

[f}(%,u) < Cle P’ weR?

with some positive constants C, C', the following three cases can occur:

(1) ifap > 1, then f(x) =0;

(2) ifaB =1, then f(x) = ¢i(mxitdix) ‘E?:O”e’“'x‘zej(”zx%dzxz),for any constant K;
(3) ifaB < §, then there are many infinite such functions f(x).

Proof. Taking x = u in (29), we obtain

F(x) = e*i(a1x%+d1x1)f(x)E(O)ef](uzxgﬂizxz).

Clearly, F(x) € L?(R?,H) and |E(0)| is a positive quantity; therefore,
LFOIIIZ(0)]
E)]Ce

= C1€ﬂx\x|2.

[F(¥)]

IN
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From (28), we obtain

2r w
H H w
) (w)| o5 VR a1y )|
27 2
LT e Blwl
N

— Clele‘W‘z

IN

where C; = |£(0)|C and C} = \/ZTZC’.

Thus, by Lemma 4, the following three cases can occur:

(1) ifaB > i, then F(x) =0;

(2 ifap= 411' then F(x) = Ke_”“"'Z, for any constant K;

(3) ifap < i, then there are many infinite such functions F(x).

Equivalently, we have the following conclusions:

(1) ifaB > 1, then f(x) =0 for F(x) = 0;

() ifap = g, ityields f(x) = ¢i(mxitdin) ﬁe’“'x‘zej(”zx%dzxz), where K is a constant;
(3 ifap< %, then it is clear that there are many infinite such functions f(x),

which completes the proof. [

Now, using the relationship between the proposed transform (Q-QPFT) and QFT,
we obtain Beurling’s uncertainty principle for the Q-QPFT. First, we recall the Beurling’s
uncertainty principle for the QFT.

Lemma 5 (Beurling’s UP for the two-sided QFT [18]). Let f(x) € L?>(R%,H) andd > 0

such that H
/ / FOINFEAM] iwl oy < oo, (38)
Rr? JR? 1+|X|+|WD
then f(x) = P(x )e*k\xl , where k > 0 and P is a polynomial of degree < ‘12;2. In particular, f =0
when d < 2.

By applying Theorem 3 and Lemma 5, we extend the validity of Beurling’s UP for
the QWQPFT.

Theorem 8 (Beurling’s UP for the QWQPFT ). Let f(x) € L?(R?,H) and d > 0 satisfying

—
(=)

H VH w,u
/ / |‘ E p1,H2 A )’e\XHbW'dxdw < 0,
w2 Jre (1+ |x| + |bw]|)4

then f(x) = ¢i(mxi+din) %e’“x‘zej(”z"%*dzxz), where k > 0 and P(x) is a polynomial of

degree < % In particular, f = 0 when d < 2.
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Proof. Taking f = h(x, u) given in (29), we have from (38)

/ / |F H]:H | XY dxdw
R? JR? 1+|X\+|W|)

w
_/ / el ‘)\/m B H1H2 Kb'u)‘g\x\\w‘dxdw
R2 JR? (T+ [x] 4 |w])4

or EOIVE, AGW|
= Jo Je 5 1‘+xy|i|w|> X

|‘ = s f '“)‘

‘x”b“|d d
4 XAW < 00,
1 |x\ |bWD

_2n\/b172//|f x)[12(

By Lemma 5, we must have F(x) = P(x)e_k"‘|2.
Since F(x) = eii(”lx%”lxl)f(x)E(x - u)eij(”zx%”zxz), which implies

f(x) = ei(“lx%"rdlxl)%e’k‘x‘zej(“zx%dzxz). In particular, f = 0 on account F(x) = 0

SX—u

when d < 2, which completes the proof. O

In continuation, we establish Donoho-Stark’s uncertainty principle for the QWQPFT
by considering the relationship between the proposed transform (QWQPFT) and QFT. Let
us begin with the definition.

Definition 6 ([30]). A quaternion function f € L?(R? H) is said to be e—concentrated on a

measurable set [ C R?, if
. 5 1/2
d < .
(oo, r0Rax) < el

Lemma 6 (Donoho-Stark’s UP for the two-sided QFT [30,31]). Let f € L?(R?,H) with f # 0
be g1, —concentrated on Ly C R? and FH[f] be e 1, —concentrated on Ly C R2. Then,

L||La| > 270(1 —ep, —e1,)

Theorem 9 (Donoho-Stark’s UP for the QWQPFT). Assuming that non-zero quaternion func-

tion QP_‘llrl'Q [V: . [f]} in L2(R?,H) is a er, —concentrated on L; C R? and V& it [f] is
ey, —concentrated on Ly C R2. Then,
|Ly||La| > 27|b|(1 —er, —er,)* (39)
Proof. From (29), we have
F(x) = e—i(alx%+d1x1)fi’li(x)e—j(azx%+d2x2)' (40)

Inserting (35) in (40), we obtain

F(x) _ e—i(lllx%"rlel)@;]l/Hz [ng/m [f]} (x, u)e—j(azxg-s-dzxz)‘ (41)

Since Q,,, [VEM 1l f]} € L?(R? H) is e, —concentrated on L; C R?, it implies

F(x) € L2(R?,H) is sLl—concentrated onL; C R?

On the other hand, we have that Vp 5 1 [f] is &1, —concentrated on Ly C RZ?; thus, by (28),

we obtain FH (bw,u)is ey, —concentrated on Ly C R2, hence FH (w,u) is e, —concentrated
on % C RZ,
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Hence, by Lemma 6, we obtain

|L1| > 27T(1 _8L1 €L2)21

which completes the proof. [

Based on the relation with Quaternion Quadratic-phase Fourier, the logarithmic un-
certainty principle for the QWQPFT has been proved in [27]. Here, using a logarithmic
uncertainty principle for the QFT, we establish a new version of the logarithmic uncertainty
principle for the proposed QWQPFT.

Lemma 7 (Logarithmic uncertainty principle for the QFT [24]). For f € S(R?,H) [Schwartz
space],

/RZ ln|x||f(x)|2dx—|—/Rz In [wi | Z7£] (w dw > D/ (x) PPdx 42)

where D = In(27t%) — 2(1/2), ¥ = %(ln(l"(x))) and F(x) is a Gamma function.

Theorem 10 (Logarithmic UP for the QWQPFT). Let £ € S(R?,H) be a nonzero window
function and VE[f] be the quaternion window quadratic-phase Fourier transform of signal f €
S(R?,H). Then, we have the following logarithmic inequality

12122 g

2n) /IIXIIf Izdx+/ / In [wl[VE, ., [f)(w,u) Pdudw

1 2
> (27‘() ( 1n|b|)\|__4||L2 R?,H) Hf||L2(R2,H)' (43)

Proof. From (28), we have
/Rz / In|w||VE,, ,,, [f](w, u) Pdudw

- “" /RZ/RZ n ||| FH[F] (bw, u) Pdudw

N W /RZ /Rz ln’%“fH[F] (y,u)|*dudy
1
~ (an /Rz /Rz In |y||F*[F)(y, u) Pdudy
1 . ,
(27T)2 /RZ /Rz In |b‘ ‘]: [F] (y,u)l dudy.
Using Parseval’s formula for QFT yields

/]RZ /]Rz In|w]| |V§u1,y2 [f]1(w, u)|*dudw

e L, LI Z Py, w) Paudy - 225 [ (F(y) Paudy

In|b
ot o [ I ) Pty (')'|f||LszH||~||L2R2H) )

As f,E € S(R? H) implies F(y) € S(R? H). Thus, replacing f with F, in the logarith-
mic uncertainty principle for QFT, we have

/RZ ln|x||F(x)|2dx+./H%zln|w|‘}"H[ )‘ dw > D/ (x)[2dx, (45)
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multiplying and integrating both sides of (45), with B )2 and du, respectively. We obtain

1 2 1 H 2
@ 2/RZ /Rzln|x||F(x)| d><du+W/R2 /R21n|w|‘Jr F](w)[dwau

/RZ / (x)[*dxdu, (46)

which implies

||‘EH%2 R2H
e RO

1
> 27_[) DH‘—'HLZ IR2,H) HfHLZ(RZ,H)'

|w|“/TH ) dwdu

R2 JRR2

(47)

On inserting (44) into the (47), we obtain

-
W/ In |X||f |2dx+/ / 11’1|W||VH #1#2[ ](W,u)|2dudw

In |b| 1 2
+ (27’[)2 HfHLZ(RZH ”‘—‘”LZ R2,H) > (27_[) D”‘—‘”LZ R2,H) ||fHL2(R2,H)’

which simplifies to

1B g2 g
#/Rz 1r1|><||f(x)|2dx+/]R2 /R21n|w||V§M1M[f](w,u)|2dudw
1

> 7 (O = In BDIE T2 g ) 722

This completes the proof. 0

Theorem 11. Let A be a measurable set C R? x R? and VE  [f](w,u) be the quaternion

=H1H2
windowed quadratic-phase Fourier transform of any signal f € L*>(R?,H) with || f ||%2(R2,1HI) =
||EH%2(R2/H) = 1 such that
- 2
//A’VEMM [f] (w,u)’ dwdu > 1—e. (48)
2m(1—e€) .
Then, we have N m(A), where m(A) is Lebesgue measure of A.

Proof. From Definition 5, we obtain

VEulflww)| = | [ Q) (v wn) FOOR(x — ) Oy (2, w2)dx
Vblb/ x)Ex—u ‘dx (49)
RZ

By virtue of Holder’s inequality, we obtain

< Vb

L®(R2H) — 27T

[VE A 1w, w) 12z 10 2 e (50)
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On inserting (50) in (48), we obtain

//‘ i pia Lf ,u)‘Zdwdu

< m(A)|[VE,, A (w
Voibs

(A) T ||fHL2(R2H 2] 2 (IR2,H)

< m(A) Zb;bz,

1—¢

IA

u) HL""(R2,H)

IA

which completes the proof. [

Next, we prove Local UP for the QWQPFT which states that, for a non zero quaternion
signal f whose QWQPFT VL % 1,0 [ f] is concentrated on a measurable set A satisfying

0 < m(A) <1, theneither f =00r E =0.

Theorem 12 (Local UP for the QWQPFT). Let A be a measurable subset of R? x R? such that
0 < m(A) < 1. Then, for every f,& € L?(IR?,H), the following inequality holds

w,u)

ncy (51)

= 1 H
Iz 1) < — s |V E s
Proof. Theorem 11 together with (36) yields

2

TS —
H 2
- /RZ /Rz VE/VL}Q [f](w, u)‘ dwdu

—//‘ 5 10,0 Lf ] (W, 1) dwdu—l—// ‘ % i i Lf ,u)‘zdwdu

2
< m() A e 1 ey + VB L1000 e
Hence,
H 2
Vel [

> |V, ulw )|

LZ(RZXRZ,H) ( )HfHLz R2,H) ||‘—‘HL2 R2,H)"

Again, by virtue of (36), we obtain

2

[VEo L1, w) > (1= m(A) g ) 121

L2(ASH)

Equivalently, we have

w,u)

L2(AcH)

= 1 H
1112 ey 18| 2 e 11y < mHVayl,m [FI(
which completes the proof. [

Towards the end of this section, we explore Pitt’s inequality associated with the
QWAQPFT. First, we shall state the following Lemma.
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Lemma 8 (Pitt’s inequality of the QFT [31]). For f € S(R*,H),
—a| TH 2
[ Wl (w) P
o« 2
<A [ IXEF00 R, (52)

where Ay = 7% [T (224)T(22)], 0 < & < 2t and T is a Gamma function.

According to the above Lemma, we obtain Pitt’s inequality of the QWQPFT.
Theorem 13 (Pitt’s inequality of the QWQPFT). For f € S(R*, H),

/R2f /Rzr w _ame Ho [f] (w,u)[2dudw

b 14
< o A [ I L0 69)

where A, = 7 [F(ZQT_“)F(ZQ%)], 0 < a < 2tandT is a Gamma function.

Proof. From Theorem 3, we have

/RZf /th |W|7'X|V§m’y2 [f1(w, u)[dudw

b1b )
-1 1”22| /R /]R jw|~*| FE[f](bw, u) Pdudw.

Setting bw =y yields

2
/RZt /RZt w| | VE i L] (W, )| “dudw

= o Joo L7 R ) Pty

b B
/RZt/Rsz‘ | F2[F](y, u)|“dudy.

Now, by Lemma 8, we obtain
/R2t /RZt w| Vg i f1 (W, ) *dudw
|b|“ A / / |x|a|F(X)|2dudx
— (2m)? * IRt SRt :

Currently, using (29) yields

_ H 5
/]RZf /]th [wi “|VE,;¢1,;¢2 [f1(w,u)|[*dudw
_ P "
(271)2 lx/]RZt /]th| | f(x ':'(x_ u)|“dudx

(|2bnl;2 o [ X1 |2( LI |2du)d

bl 2
S T A /Rﬂ|x|“rf<x>| x

which completes the proof. [
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5. Conclusions

In the study, we have accomplished two major objectives: first, we have introduced
the definition of the quaternion windowed quadratic-phase Fourier transform (QWQPFT)
and established fundamental properties of the proposed transform, including the inver-
sion formula, linearity, boundedness, and Plancherel formula. Secondly, we investigated
some different forms of UPs associated with QWQPFT including Hardy’s UP, Beurling’s
UP, Donoho-Stark’s, logarithmic UP, and Local UP. In our future works, we shall study
Wigner distribution in the quaternion quadratic-phase domain and its relation with the
proposed QWQPFT.
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