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Abstract: In the process of intense laser–matter interactions, the transition dipole moment is a basic
physical quantity at the core, which is directly related to the internal structure of the solid and
dominates the optical properties of the solid in the intense laser field. Therefore, the reconstruction of
the transition dipole moment between solid energy bands is extremely important for clarifying the
ultrafast dynamics of carriers in the strong and ultrashort laser pulse. In this review, we introduce
recent works of reconstructing transition dipole moment in a solid, and the advantages and drawbacks
of different works are discussed.

Keywords: solid high-order harmonic; transition dipole moments; reconstruction

1. Introduction

With the rapid development of laser technology, the laser amplitude has reached the
Coulomb field strength that can be felt by the electrons in atoms. When such an intense laser
field interacts with the matter, a series of nonlinear optical processes are generated [1–5],
involving high-order harmonic generation (HHG) [6,7]. The coherent radiation frequency
emitted by this process is tens or even hundreds of times that of the driving laser field, which
can be used to produce coherent light sources in the bands of extreme ultraviolet (XUV)
and soft x-ray. Moreover, due to the large bandwidth of its emission spectrum, high-order
harmonic emission is also one of the main means to obtain optical pulses with attosecond
(10−18s) duration [8,9]. The ultrashort attosecond pulse can obtained by superimposing
harmonic within a certain energy range. The intensity of the attosecond pulse in the time

domain can be expressed as I(t)=
∣∣∣∫q aqeiqω0t

∣∣∣2, where aq=
∫

a(t)e−iqω0tdt, q is the order of
harmonics, and a(t) represents the time-dependent dipole acceleration of the system [10].
In 1993, Corkum et al. proposed a semi-classical “three-step model” to explain the HHG
phenomenon of atoms and molecules [11]. According to the generation mechanism of
HHG, it is known that the harmonic spectrum carries the structural properties and ultrafast
dynamics information of the material during the emission process, so it can be used to
detect the structural information on the sub-atomic space scale and the ultrafast dynamic
process on the sub-femtosecond and even attosecond time scales [12].

Before the first observation of the non-perturbative HHG of ZnO crystal in 2011 [13],
the research on HHG mainly focused on gas media [14–17]. However, the gaseous HHG
has some limitations. The low conversion efficiency makes it difficult to directly apply the
generated harmonic spectrum to observe and manipulate electronic processes. Compared
with gas media, solids have the characteristics of high electron density, multi-center pe-
riodic potential, and delocalized Bloch wave packets, where electrons ionized from one
atomic position in the periodic potential may recombine at any other position, resulting
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in HHG with much higher efficiency. Therefore, the solid HHG has boomed over the
past decade [18,19]. HHG has been observed in many solid materials, including MgO [20],
ZnO [21,22], GaAs [23,24], GaN [25], GaSe [26,27], SiO2 [28,29], ZnSe [30], MoS2 [31,32],
h-BN [33], graphene [34,35], and rare-gas solids of Ar and Kr [36]. Recently, HHG of
solid-state systems containing impurities has been studied both experimentally [37] and
theoretically [38,39]. Solid HHG has novel characteristics different from gaseous HHG. For
example, the harmonic spectrum has a multi-platform structure, the cutoff energy is linearly
related to the peak amplitude of the incident laser field, and there is a special correspon-
dence between the generated harmonic ellipticity and the incident laser pulse [13,40–42].
Solid HHG can also detect Berry curvature [43,44], band structure [45–47], and topological
effects [48,49].

Similar to the generation mechanism of gaseous HHG, Vamp et al. proposed a “three-
step model” of solid-HHG on the basis of the framework of energy band theory [50]:
(1) When irradiated by a laser pulse, electrons have the opportunity to transit from the
valence band to the conduction one and then generate electron–hole pairs; (2) electrons and
holes are driven by the laser electric field to do intraband Bloch oscillations in conduction
and valence bands, respectively, and generate intraband currents; (3) when the phase accu-
mulated during the propagation in bands satisfies the stationary phase condition, electrons
and holes will recombine and release high-energy photons with energy corresponding to
the instantaneous band gap, where the efficiency of the photons depends largely on the
transition dipole moment (TDM) between the different energy bands. From the above
generation mechanism of the solid HHG, it can be seen that the spectrum implies the spatial
configuration and electronic structure information of the target itself.

Yu et al. investigated the dependence of the harmonic emission of SiO2 crystals on
the TDM [29]. By comparing the shape of the TDM and the corresponding harmonic
spectrum obtained from the first-principles and the first-order k · p theory, they found
that the harmonic conversion efficiency and cut-off energy increase significantly when the
TDMs change greatly along a valley in the k direction of the crystal. Zhao et al. found that
there is a minimum structure in the harmonic spectrum of the MgO crystal [51], which
is similar to that of atoms and molecules. Further studies showed that it comes from the
minimum value of the TDM between the valence band and the conduction one. This HHG
minimum is also found in the works of Jiang et al. [52] and Tancogne-Dejean et al. [53]. The
above research further proves that the k-dependent TDM plays an important role in solid
HHG. Therefore, it is possible to reconstruct the solid TDM by the solid HHG.

According to the strong field approximation model [50,54], the solid interband harmonics
in the low ionization approximation can be described as Der(ω)=ω

∫
BZ d3kd(k)

∫ ∞
−∞ dte−iωt∫ t

−∞ dt
′
F(t

′
)d∗(κt′ ) × e−iS(k,t

′
,t)−(t−t

′
)/T2 + c.c., where the action S(k, t

′
, t)=

∫ t
t′ εcv(κτ)dτ,

and κt′ = k−A(t) + A(t
′
). εcv(κτ) represents the band gap, F(t

′
) is the laser pulse. d(k) is

TDM, and d∗(k) represents conjugate of TDM. It can be noticed that the interband current is
related to the laser field, the band gap, and TDM. In addition, Ref. [55] gives the formulas for
the HHG yield including TDM. They showed that the interband HHG yield is inversely pro-
portional to the band gap and proportional to the TDM. This indicates that a solid harmonic
spectrum is a potential tool for retrieving k-dependent or energy-dependent TDM.

In addition, due to the important role of TDM in light–matter interaction, many meth-
ods for measuring TDM modulus and direction have been developed experimentally. In
experiments, the TDM modulus of Eu3+: Y2SiO5 was measured by the single-frequency
hole-burning spectrum [56]. Through the transient absorption spectroscopy with polariza-
tion detection, combined with different techniques, for example, fluorescence spectroscopy
and Fourier transforms infrared spectroscopy, the direction of TDM in isotropic samples
can be obtained [57,58]. However, these methods cannot retrieve k-dependent or energy-
dependent TDM. In addition, relatively speaking, HHG is a powerful tool for retrieving
k-dependent or energy-dependent TDM.
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In the following, we will introduce some recent works on k-dependent TDM recon-
struction using the crystal harmonic spectrum from four aspects. These studies have
guiding significance for the experimental measurement of the k-dependent TDM.

2. Reconstruction of TDM by Using Continuous Harmonic Spectrum

In 2019, Zhao et al. first proposed a method for the all-optical reconstruction of TDM,
that is, using crystal harmonics under ultrashort laser pulses to reconstruct k-dependent
TDM [59]. On the basis of the energy band structure and the TDM from the valence
band and the conduction band, which was obtained by the first-principles calculation,
they investigated the HHG of a MgO crystal driven by an ultrashort monochromatic laser
field by solving the semiconductor Bloch equation (SBEs), and they demonstrated that
the TDM between the conduction band and the valence one of the MgO crystal can be
reconstructed by the supercontinuum harmonic generated by a single quantum trajectory.
Based on Keldysh ’s method, they gave a proportional relationship between the TDM and
the interband HHG yield produced by a single quantum trajectory:

Der(kr) ∝
∣∣∣∣dcv(kr)e−(tr−t

′
i )/T2

∣∣∣∣2 (1)

Here, tr and t
′
i represent recombination and ionization times, and kr is the crystal mo-

mentum where recombination occurs. According to the emission mechanism of interband
harmonics, the harmonic emission energy is equal to the band gap, which is determined by
the crystal momentum when electrons recombine with holes. Therefore, the correspondence
between the emitted energy and the momentum of crystal can be established, so that the
harmonic energy can correspond to the TDM. Figure 1a shows the ultrashort pulse electric
field that they adopted, and the corresponding laser parameters are depicted in the caption.
The harmonic spectrum generated by the laser field of Figure 1a is given in Figure 1c. It can
be seen that the harmonic spectrum of MgO is a continuous spectrum when driven by the
ultrashort pulse, and the minimum structure caused by TDM can be observed around 16 eV
in the harmonic spectrum. Figure 1b gives the corresponding time–frequency analysis
and the classical trajectory from the photon energy and the emission instant. It can be
observed that the quantum and classical trajectories are in good agreement, which proves
that the harmonics are emitted by a single quantum trajectory. Therefore, the TDM can be
reconstructed by Equation (1), and the reconstruction results are displayed in Figure 1d.
The black dotted line represents the target TDM which is calculated by VASP, and the
orange diamond is the TDM reconstructed by Equation (1). One can notice that the TDM
reconstructed by this method is in good agreement with the target TDM at most k points.

In 2022, based on the work of Zhao et al., Qiao et al. extended the reconstruction
of MgO crystal TDMs from two-band to three-band by using two-color laser pulses of
1700–5100 nm [60]. Figure 2a shows the total harmonic spectrum, interband, and intraband
harmonic spectra of the three-band model driven by a two-color pulse. It can be found
from the figure that the harmonics above the minimum band gap are mainly dominated by
interband harmonics, and the harmonics of both platforms are supercontinuum. Figure 2b
further exhibits the HHG spectra between different bands under the three-band model.
The first platform of the harmonic spectrum is mainly induced by the harmonic between
the valence and first conduction bands (VC1), and the harmonic between the valence
and the second conduction bands (VC2) dominates the second plateau. The harmonic
between the first conduction band and the second one (C1C2) has little effect on the two
harmonic platforms above the minimum band gap. This indicates that the harmonic
coupling between VC1 and VC2 is very small above the minimum band gap, and the
interband current between other bands has little impact on them. Therefore, according to
Equation (1), the harmonic spectra of the two platforms emitted from a single trajectory can
be applied to image the TDMs of VC1 and VC2, respectively. The corresponding results are
displayed in Figure 3. Through this scheme, the TDMs of VC1 and VC2 can be both well
reconstructed by the continuum harmonic spectra.
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Both of the above works use a few-cycle driving laser to generate the harmonic
of a single quantum trajectory to retrieve the TDMs between different energy bands.
This method has strict requirements for the laser pulse width, and it is less operable for
experiments. However, the reconstructed TDM is consistent with the real TDM at most k
points.

Figure 1. (a) The ultrashort laser field; (b) the time−frequency of the harmonic spectrum, the purple
solid line represents the relationship between the emission energy and the emission time obtained by
classical method; (c) the harmonic spectrum generated by the laser pulse in (a); (d) comparison of the
TDM (black dotted line) obtained by first-principles with the TDM (orange diamond) reconstructed
by the harmonic spectrum. The center wavelength of the laser is 1600 nm, the full width at half
maximum is 5 fs, the carrier phase is 0, and the peak intensity is 3.0 × 1013 W/cm2. They are reprinted
with permission from Ref. [59] © The Optical Society.

Figure 2. (a) The total harmonic spectrum of the three-band model (black solid line) and the HHG
obtained by intraband current (red dotted line) and interband polarization (blue dashed line); (b) total
interband HHG (blue solid line), harmonic spectrum between VC1 (red dashed line), harmonic
spectrum of VC2 (pink dotted line), and harmonic spectrum from C1C2 (green dash-dotted line).
Laser parameters: 1700–5100 nm, 2.1 × 1013 W/cm2−0.525 × 1013 W/cm2, the full width at half
maximum is 11.34 fs. They are reprinted with permission from Ref. [60] © The Optical Society.
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Figure 3. The reconstructed TDM (diamonds) of VC1 by (a) directly or (b) indirectly adopting the
harmonic spectra. The reconstructed TDM (diamonds) between VC2 by (c) directly or (d) indirectly
adopting the harmonic spectra. The blue circles are harmonic energy for mapping TDM. The black
solid lines represent TDMs of VC1 and VC2 obtained by the first-principles, and the red solid lines
are band gaps of VC1 and VC2 obtained by the first-principles. They are reprinted with permission
from Ref. [60] © The Optical Society.

3. Reconstruction of TDM by Using the Harmonic Spectrum from a Multicycle Pulse

In 2022, Wu et al. proposed a scheme for reconstructing TDM through the harmonic
spectra from multicycle pulses [61]. They studied the HHG of the crystals with symmetric
and asymmetric under multicycle pulses by the SBEs. They found that the phase of the
crystal TDM is relevant with the intensity ratio of the adjacent odd and even harmonics,
and the crystal TDM modulus correlates with the adjacent odd harmonics. Through
these relationships, they successfully imaged the TDMs of symmetric and asymmetric
crystals. In an optical period of the multicycle laser pulse, there are two main emissions
[D1(t), D2(t + T0/2)], which are generated by the ionized electrons near the instantaneous
maximum of the incident electric field. Therefore, the intensity of N-order HHG can be
expressed as:

IN = |D1(ω) + D2(ω)|2

∝
∣∣∣∣d∗(kr)d(k

′
i)F(t

′
i)e

(tr−t
′
i )/T2(1− ei(∆S−Nπ))

∣∣∣∣2 (2)

When the electron excitation occurs near the Γ point and happens at the moment
around the electric field peak, the TDM modulus of the symmetric crystal can be obtained
by the intensity ratio of the adjacent odd harmonics:

I2n−1

I2n+1
=

∣∣∣∣∣∣
d
(

kr
2n−1

)
d
(

kr
2n+1

)
∣∣∣∣∣∣
2

(3)

The results of the symmetric crystal obtained by Equation (3) are displayed in Figure 4b
as the pink solid point. Compared with the TDM of target (blue dash-dotted line), the
mapped TDM is consistent with the target TDM at most k points.



Symmetry 2022, 14, 2646 6 of 11

Figure 4. (a) The mapping relationship between harmonic order and lattice momentum. The red solid
point represents the sampling point extracted from the harmonic spectrum, and the black solid line is
the band gap of the symmetric crystal; (b) Target TDM (blue dash-dotted line) and reconstructed TDM
(pink solid point). Reprinted figure with permission from [61] Copyright (2022) by the American
Physical Society.

For asymmetric crystals, in addition to retrieving the TDM modulus, the phase of
the TDM cannot be ignored too. Based on the intensity ratio of the adjacent odd-even
harmonics, the phase of the TDM can be obtained by:

I2n

I2n+1
= tan2θ(k2n+1

r ) (4)

Then, after inserting Equation (4) into Equation (3), the TDM modulus of asymmetric
crystals can be obtained by:

I2n−1

I2n+1
=

∣∣∣∣∣∣
d
(

kr
2n−1

)
cos
[
θ(k2n−1

r )
]

d
(

kr
2n+1

)
cos
[
θ(k2n+1

r )
]
∣∣∣∣∣∣
2

(5)

The results of the asymmetric crystals reconstructed by Equations (4) and (5) are
exhibited in Figure 5a,b, respectively. In order to compare their results, they used three
different transition dipole phases. It can be found that, compared with the target, the
mapping result is consistent with the target at most k points.

Their work demonstrated that the reconstruction of TDM modulus and phase from sym-
metric and asymmetric crystals can be achieved by the harmonic spectra from the multicycle
laser field. They solved the limitation of the laser pulse width and verified the universality of
their scheme in a small range of the laser field strength. However, their result showed that the
TDM corresponding to the position with a smaller k is difficult to reconstruct.
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Figure 5. (a) The TDM modulus (blue solid line) of target and reconstructed TDM modulus (black
circle, pink square, and green diamond) under different transition dipole phases; (b) target transition
dipole phase (blue solid line, orange dotted line, and red dotted line) and mapped transition dipole
phase (black circle, pink square, and green diamond). Reprinted figure with permission from [61]
Copyright (2022) by the American Physical Society.

4. Reconstruction of TDM by Using the Polarization-Resolved HHG Excited by Band
Gap Resonance

In 2021, Uchida et al. imaged the TDM texture of 2D thin-layer bulk black phosphorus
based on polarization-resolved HHG excited by band gap resonance in the experiment [62].
In the range from mid-infrared to visible light, the absorption coefficient of the laser polar-
ization along the armchair (AC) direction of the black phosphorus crystal is larger than that
along the zigzag (ZZ) direction. Linear dichroism is the name for this absorption anisotropy,
and it can be adopted as a probe for the orientation of the black phosphorus crystal. When
the incident light resonates with the band gap, the band edge ki can create electron–hole
pairs selectively. The generated electron–hole pairs accelerate along the direction of the
driving field and then recombine. When the contribution of intraband current in the HHG
proceeding is much lower than that of the interband current, and when the recombination
occurs, the TDM determines the HHG polarization and HHG amplitude. At this time, the
interband current and the TDM satisfy the following approximate relationship:

d∗cv ∝ Der(ω)/α(θ, F0, ω, Ω)dcv(ki) · F0 (6)

Here, α(θ, F0, ω, Ω) depicts electron–hole recombination dynamics. The detailed de-
scription of α(θ, F0, ω, Ω) can be found in Ref. [62]. In a simple band structure, α can be
supposed to be nearly invariant with respect to the direction of kr where recombination oc-
curs, i.e., driving laser polarization angle θ. Therefore, by measuring the crystal orientation
dependence of the HHG yield and polarization, TDM between conduction and valence
bands d∗cv(k) can be completely reconstructed on the isoenergetic line. Figure 6 shows the
reconstructed TDM texture on the isoenergetic lines of the 3rd, 5th, 7th, and 9th harmonic
emission energies.

Although the above method cannot give the absolute value of TDM, it can evaluate
the relative amplitude and direction of the TDM on the isoenergetic line. In addition, their
scheme can be verified by experiments, which is very valuable.
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Figure 6. (a) The TDM texture obtained by the experiment. The Z point is set as the origin. The red,
orange, green, and blue solid lines represent the isoenergetic lines corresponding to the 3rd (0.8 eV),
5th (1.3 eV), 7th (1.8 eV), and 9th (2.3 eV) harmonic emission energies, respectively. The gray shadow
area represents the area where TDM cannot be obtained caused by the low signal-to-noise ratio;
(b) the TDM texture obtained by calculation. Reprinted figure with permission from [62] Copyright
(2022) by the American Physical Society.

5. Reconstruction by Using the Harmonic Spectrum and the TDM of a Reference Target

In 2020, Hoang et al. investigated the harmonic emission process of impurity-doped
materials under intense laser fields using the time-dependent Schrödinger equation, and
they found that there is a close relationship between harmonics and TDM [63]. Based on
this connection, they retrieved the TDM of impurity-doped materials through the harmonic
spectrum and the reference target TDM. When HHG from the impurity is dominant, the
HHG yield of the impurity-doped material can be regarded as the product of a return
electron “wave packet” and the TDM for electrons in the conduction bands returning to the
ground state of the impurity:

D(ω) ∝ |W(ω)d(ω)|2 (7)

Moreover, under the same laser parameters, “wave packets” of different targets are
almost identical as a function of the energy. The relation between the wave packet of the
reference system and the wave packet of the impurity-doped system can be expressed as:

|W(ω)|2 = C
∣∣∣Wre f (ω)

∣∣∣2 (8)

Here, C is an overall constant. When the HHG spectrum of the unknown impurity
target and the reference system irradiated by the same laser is obtained, the TDM of the
unknown impurity target can be extracted by the following formula:

|d(ω)|2 = C−1
∣∣∣dre f (ω)

∣∣∣2 D(ω)

Dre f (ω)
(9)

The corresponding results are given in Figure 7. It can be noticed that the TDMs
retrieved by the HHG spectra under different laser parameters are in good agreement
with the theoretical calculation of the TDM, and the position of the minimum value is also
well reproduced.

Their work is an initial attempt to extend the quantitative rescattering theory from gas
to solid. The advantage of their work is that they are not limited by laser parameters and
can achieve single-shot measurement in principle. However, their scheme was obtained
under ideal conditions for the impurity HHG dominant spectrum.
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Figure 7. The retrieved energy-dependent TDMs between the impurity ground state and conduction
band by using HHG with different laser parameters. The black solid point represents the target TDM.
Reprinted figure with permission from [63] Copyright (2022) by the American Physical Society.

6. Conclusions

We review the recent works on the reconstruction of k-dependent TDM in crystals,
all of which are achieved through the solid harmonic spectra. These works may have
some limitations, but they are of great significance for the development of HHG detection
technology. We expect more related research in the future. For example, expanding the
TDM reconstruction to multiple dimensions, all-optical mapping scheme in a single shot
measurement, and looking forward to the development of theoretical methods for the case
of correlated electrons. Moreover, these schemes proposed at present need to take effect
when interband harmonics play a major role. How to realize TDM reconstruction under
any mechanism still needs to be further solved.
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