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SO I SR

Abstract: Scientific progression has allowed researchers to develop novel and innovative ways to
deal with uncertainty in data, allowing for the development of more precise and accurate data repre-
sentation models. This paper aims to extend an already reported concept of Cubic Pythagorean fuzzy
set to Cubic Pythagorean Fuzzy Soft Set (Cpgg;) as it incorporates both interval-valued Pythagorean
fuzzy sets (IVPFS) and Pythagorean fuzzy sets (PFS) at the same time, providing a more targeted
approach to deal with uncertainty. This hybrid structure can better handle data in comparison to the
ones in the literature by having the characteristics of PFS and soft sets, leading to a more targeted
approach to handle attributes in decision-making studies. In this study, we defined various internals
and externals of Cprgs, set operators, aggregation operators, and developed an algorithm based on
distance measures for (Cprgs), which are applied in a disease diagnostic decision-making problem.

Keywords: fuzzy set theory; soft set; decision making; distance measures; similarity measures

1. Introduction

The terms vagueness and randomness have been used over time as an element in
probability theory. The terms indeterminacy and uncertainty gained significant attention
around the 1960s when they were characterized using different dimensions. This allowed
for the division of the concept of uncertainty into a multitude of factors; randomness,
considered to be vagueness before, is now only a small part of computing the uncertainty
of a system. The term vagueness nowadays refers to the deficiency or inadequacy of
information in a system. These deficiencies can be technological constraints, measurement
constraints, intuitionistic constraints, time-dependent variables, and functional biological
variables. Finding the optimal solution to a particular problem has become better due to
recent developments in information technology and decision sciences. Theoretically, facts
regarding likely selections are acquired in precise quantities, but aggregated statistics tend
to hide misinformation which leads to uncertain and inaccurate results. The decision maker
must re-evaluate the options based on various suggestive criteria such as intervals and
figures. However, due to the record’s various feedback effects, it is sometimes impossible
for one individual to take action. One explanation may be a lack of knowledge or a
contradiction. As a result, a series of statements are offered to consider the measurement
of the indicated unfavourable features in a scientific manner. Considering these factors,
in studies involving similarity measures or in mapping studies for the determination
of symmetry or pattern recognition of real systems, it is essential to determine these
uncertainties as these may have implications and may lead to unrealistic results when
considering numerous factors at the same time. In order to put these indeterministic factors
into computational and measurable boundaries, Zadeh [1] presented the idea of a fuzzy
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set (FS) in 1965. It deviates from classical set theory by assigning a membership degree
between [0, 1] to a given element in a set.

In classical set theory, scenarios are dealt with as exact solutions, which is not ideal
for most cases as some parameters are approximations that leave room for uncertainty
to hinder the final solution. FS theory allows for the computation of an approximation
solution. Zadeh [2] also presented the concept of interval-valued fuzzy sets (IVFS) in
1975. The FSs are based on the membership value, but some situations are still difficult to
address just by using the membership function. Here, interval-valued fuzzy is preferred to
determine the membership degree as the membership value is expressed in a fuzzy interval.
In 2012, Y.B. JUN [3] came up with a concept of a hybrid IVFS and FS structure to develop a
Cubic Set (CS) and its associated properties. Cubic sets can be applied to address the range
evaluation issue of an object at a particular event in time.

Atanassov [4] defined the term intuitionistic fuzzy set (IFS) in 1986. The membership
function, non-membership function, and hesitation margins are the three parameters that
define IFS, whereas the membership function is the only component that defines the FS.
In IFS, each element will be allocated both membership and non-membership values which
are more appropriate than others. The following factors can cause these:

1.  Decision makers (DMs) may lack precise or sufficient information about the problem.

2. DMs may be unable to explicitly discriminate the superiority of one alternative over
another [5]. In such cases, DMs may provide their assessments on alternatives to a
degree rather than with complete certainty [6].

Atanassov and Gargov [7] developed the concept of interval-valued intuitionistic
fuzzy set (IVIFS) in 1989, which is a further development of IFS. As a result, DMs may
find it more convenient to convey their judgements using IFS rather than exact numerical
values or linguistic variables [8,9], particularly IVIFSs. In reality, using membership and
non-membership degrees to communicate ideas allows DMs to quickly and properly
represent their judgments of decision difficulties. A significant amount of research has
been performed on IVIFES in the literature, with a focus on the basic theory of IVIFS, such
as the relations and operations of IVIFS [10], the correlation and correlation coefficients
of IVIFS [11,12], the topology of IVIFS [13], the relationships among the IVIFS, L-fuzzy
set, IFS, IVFS [14], and pattern recognition [15]. Gagandeep Kaur and Harish Garg [16,17]
presented the idea of a cubic intuitionistic fuzzy set (CIFS) in 2018, characterized by two
parts simultaneously, one of which expresses the membership and non-membership values
by an IVIFS and the other by an IFS.

After some modernization of fuzzy sets, a soft set (SS) was introduced by Molodtsov [18]
in 1999. The soft set theory defines the parameters along all elements of the universal set.
With the concept of fuzzy sets and soft sets, Maji et al. [19] established the notion of fuzzy
soft sets (FSS) in 2001. In everyday life, people are frequently confronted with challenges
that require the use of good judgment. However, in most circumstances, it becomes per-
plexing to define the best answer. Several solution-related parameters must be investigated
to achieve the best viable solution to these issues. In 2009, X.B. Yang et al. [20] developed a
hybrid of the interval-valued fuzzy soft set (IVFSS) and defined some operations. By using
interval-valued fuzzy soft set and fuzzy soft set, Muhiuddin et al. [21] introduced a new no-
tion called cubic soft set (CSS) in 2014. A structure of intuitionistic fuzzy soft sets (IFSS) [22]
was proposed by Maji et al. in 2004. Yungiang Yin et al. [23] investigated the operation fea-
tures and algebraic structure of IFSS in 2012. Yuncheng Jiang et al. proposed a combination
of IVFSS and IFSS in 2010 [24], which they refer to as interval-valued intuitionistic fuzzy
soft set (IVIFSS).

In 2018, by changing the function into a multi-attributive function, Florentin Smaran-
dache [25] expanded the soft set to the hypersoft set (HSS) and presented the hybrids Crisp,
Fuzzy (FHSS), Intuitionistic Fuzzy (IFHSS), Neutrosophic (NHSS), and Plithogenic Hyper-
soft Set (PHSS). Compared to SS and other current theories, HSS is the most appropriate to
address multi-attribute decision-making problems when considering the parameters” multi-
subattributes while managing to address ambiguous and uncertain information. Several
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HSS extensions have been developed in the literature and have been applied in decision-
making. In 2021, Amarendra babu and Siva Naga Malleswari [26] defined intuitionistic
fuzzy soft cubic relations and used some examples of intuitionistic fuzzy soft cubic.

Pythagorean Fuzzy Sets lack the ability to address individual parameters in a decision-
making problem with multiple parameters. Its combination with soft set theory helps to
address this issue. The combination of the hybrid structure with Cubic Fuzzy Set (CFS)
addresses interval values and membership and non-membership values simultaneously.
This hybrid model considers two different time zones used in an experiment simultaneously.
To elaborate further, consider an individual performing an experiment and observations
are made at two different intervals as one of the observations may have some uncertainty.
Let the observations be in the uncertain range of [0.3, 0.6] at time T1; the crisp value will
either agree with the interval (P-order) or disagree (R-order). This hybrid environment
greatly influences the precision of the process by enhancing the scope of the interval by
considering a membership value of a fuzzy nature that corresponds to the interval. A cubic
Pythagorean fuzzy soft set allows for a realm of possibilities of handling complex data
types and addressing a number of time-scale problems when proper operations are defined.

The structure is particularly useful when considering data where a fuzzy value in the
form of a membership and non-membership value are to be simultaneously considered
with the interval from which those values are extrapolated from. The soft set aspect of
the structure helps to address individual parameters in a cubic Pythagorean fuzzy format
which provides a more diverse and concise analysis. This structure is particularly useful
when considering data present in the form of medical tests. The test results of a patient are
presented in the form of membership value that needs to be in an interval for the patient
to be in a healthy condition. With the distance measures developed in the manuscript,
tentative testing can be performed for proof of concept, thereby making the structure
applicable in this area.

The paper is divided into the following five sections: Section 2 focuses on the prelimi-
nary definitions that are used for defining the novel concept in the paper. Section 3 presents
the concept of Cubic Pythagorean Fuzzy Soft Set alongside its fundamental operations.
Section 4 defines different distance measures with examples for the novel structure while
Section 6 presents the application of those distance measures in developing a decision-
making algorithm that is used to develop a decision-support system for medical diagnostic
purposes. The conclusion section presents the summary of the work alongside the future
directions that can be generated from the presented work.

2. Preliminaries

This section of the paper focuses on providing some basic definitions from the literature
that have been utilized for this research.

2.1. Fuzzy Set

Introduced by Zadeh [1], fuzzy set has become a necessary tool to hold errors and
vagueness in different areas.

Assume () to be a universal set. Then, the fuzzy set in () can be initiated by the
membership function /r in which every element of universal set maps with the membership
function whose value lies between 0 and 1.

I={®uw)Nen}

where (p(RN) € [0,1].
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2.2. Interval-Valued Fuzzy Set

Zadeh [2] also developed the concept of interval-valued fuzzy sets, alongside Grattan-
Guiness [27], Jahn [28], Sambuc [29], in the seventies, in the same year. An interval-valued
membership function defines an interval-valued fuzzy set (IVF).

Assume () to be a universal set. Then, the interval-valued fuzzy set can be initiated by
the 1},,; membership function which is the subinterval of [0, 1] in which every element of
universal set maps with the interval-valued degree membership.

A= {(R )N € Q)
where i}y, (R) C [0,1].

2.3. Cubic Set

Jun et al. [3] proposed a fascinating idea known as cubic set theory. Cubic set is the
hybrid of an Interval-Valued Fuzzy Set and Fuzzy Set.

A={(N,Ar(N),TEN)) X € O},
where Ap(R) is the IVF and I'r(X) is the FS.

2.4. Fuzzy Soft Set

By incorporating the notions of fuzzy sets [1], Maji et al. [30] proposed the concept of
fuzzy soft sets. Many intriguing applications of soft set theory have been expanded on by
certain researchers utilising this notion.

A pair (g, Z1) is said to be fuzzy soft set over ()

¢ = {(@, fp(@))|@ € By, fp(@) € F(Q)}
where
fol@) = {{R,ir(R)) [} € O}
tr(R) € [0,1]
where f,, : £ — F(Q)

2.5. Interval-Valued Fuzzy Soft Set

The extension of fuzzy soft sets was introduced by Maji et al. [30] to interval-valued
fuzzy soft sets. IVFSs were created on their own to address some of the issues with fuzzy
soft sets.

Suppose () to be a universal set, = to be an attributive set and &; C &. Then, the pair
(A, 1) is defined as an interval-valued fuzzy soft set with the mapping

A51—>p(0>

where P(Q) is the subsets of all interval-valued fuzzy elements.
A pair (A, E;) can be expressed as

(A, B1) = {{@, fp(@))|@ € &y, fp(@) € IVF(Q)}
where

fo(@) = {(X, iy (R)[R € O}

and
Hyr(R) € [0,1]

where iy, (R) = [ty p, 15, 0]
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Example 1. Assume that Q = {R1, Ry, R3} is a universal set, and E = {@1, @, @3, @4} is an
attributive set with respect to Y. Let By = {1, @y, @3} C E; then, an interval-valued fuzzy soft
set A can be defined as

A = {{@1,{(®1,0.1,0.2]), (%,,[0.3,0.7]), (X3, [0.2,0.6]) }),
(@2, {(R1,]0.2,0.6]), (X2, [0.1,0.8]), (N3,[0.2,0.5]) }),
(@3, {(N1,]0.1,0.3]), (X, [0.3,0.6]), (N3,[0.2,0.7]) }) }.

2.6. Cubic Soft Sets

Suppose () is a universal set, E is an attributive set and Z; C E. Then, the cubic soft
set can be expressed as

C={(a fo(@))|@ € &y, fp(@) € C(Q)}

where

fo(@) = {{R, (1L(R), (R)))|R € O}
where (L(R) is interval-valued fuzzy soft set and ¢(R) is the fuzzy soft set with (£ (R) € [0,1]
and (X) € [0,1], see [21].

Example 2. Assume that Q) = {Rq, Ry, N3} is a universal set, and & = {@, @, @3, @4} is an
attributive set with respect to Q). Let 1 = {@1, @, @3} C E; then, a cubic soft set C can be
defined as

C = {{@1, {(Ry,[0.1,0.2],0.3), (Ry, [0.3,0.7],0.4), (R, [0.2,0.6],0.7)}),
(@2, {(Rq,[0.2,0.6],0.4), (X, [0.1,0.8],0.9), (X3, [0.2,0.5],0.3)}),
(@3, {(Ry,[0.1,0.3],0.4), (Ry, [0.3,0.6],0.5), (N3,[0.2,0.7],0.8) }) }.

2.7. Intuitionistic Fuzzy Set

Atanassov [4] created the Intuitionistic Fuzzy Set (IFS), which generalises the Zadeh
fuzzy set [1]. Assume () to be an universal set; then, the intuitionistic fuzzy set can be
generated by the membership function 1, (X) C [0, 1] and the non membership function
ox(R) € [0,1] such as

x = {(R, 5 (N), o () [N € O}
where

0< (X)) +o (W) <1

Example 3. Assume that Q) = {Rq, Ry, N3} be a universal set, then the IFS x can be written as
x =1{(Xy,(0.2,0.6)), (R, (0.4,0.5)), (N3, (0.3,0.7)) }.

2.8. Pythagorean Fuzzy Set

The Pythagorean fuzzy set is the extension of intuitionistic fuzzy set. However, in some
problems, the sum of membership degree and non membership degree may be > 1, but the
square sum is < 1. So, Yager [31,32] presented the idea of a Pythagorean fuzzy set (PFS). A
comparison of PFS and IFS in Figure 1.

Assume () to be a universal set; then, the Pythagorean fuzzy set can be generated by
the membership function 15(X) C [0, 1] and the non-membership function o5(X) C [0, 1]
such as

6 ={R,1,(R),05(R))[R € O}

where
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0 < (1s(R)* + (a3 (W)? <1
and the degree of indeterminacy is

5 = /1= (1s(R))2 + (05(R))2.

Example 4. Let Q) = {Nq, Ny, N3} be a universal set; then, a Pythagorean fuzzy set & can be
written as follows:

5= {(Xy,(0.2,0.6)), (R, (0.4,0.9)), (X3, (0.3,0.7)) }

10 o (1s0)* + (e)* < 1

08 =

L (V) + o(N) <1

04 -

0.2 =

T T T 1 1
0.2 0.4 0.6 0.8 10

Figure 1. Comparison of IFS and PFS.

2.9. Pythagorean Fuzzy Soft Set

The Pythagorean fuzzy soft set (PFSs) is a helpful expansion of the Pythagorean fuzzy
set (PFS) for dealing with material that is imprecise or unclear [33]. Peng et al. [34] proposed
the concept of Pythagorean fuzzy soft set by combining Ss with PFS (PFSs).

Suppose (1 is a universal set, E is an attributive set and &; C E. Then, the pair (5, 1)
is called a Pythagorean fuzzy soft set, where its mapping is

f5 T — o0
where 6! is the Pythagorean fuzzy subsets of Q). A pair (5, Z;) can be defined as
§={{@, f5(@))|@ € &y, f(@) € 67}
where
f5(@) = {(R,15(R), o3 (R))[RX € O}
if it satisfies
0 < (15(R))? + (05(N))? < 1.

3. Cubic Pythagorean Fuzzy Soft Set

In this section, the cubic Pythagorean fuzzy soft set is introduced, which is a hybrid of
the cubic Pythagorean fuzzy set and soft set.
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Interval-Valued Pythagorean Fuzzy Soft Set

Suppose () is a universal set; then, the interval-valued Pythagorean fuzzy soft set can
be initiated by (L(R) C [0, 1], which is the membership function and ¢}(R) C [0,1] is the
non-membership function.

b ={{@, f5(@))|@ € &y, f5(@) € 57}
where 6 is the interval-valued Pythagorean fuzzy subset and
fi(@) = {(¥, 5(N), cf(R))[R € O}
where

and
ai(R) = [oF(R)

o5 (W]
if it satisfies 0 < (1Y (X)) +

(@) <1

and 75(N) = [\/1 — (k)2 = (cf(N))?2, \/1 — (4(R))2 = (¢}(R))?], which is called an
interval-valued Pythagorean fuzzy soft number.

Example 5. Assume Q) = {Rq, Ny, R3} be a set of agricultural sites and & = {@1, @,, @3, @4}
be the expected yield of those sites. Let E1 = {@1, @y, @3} C &; b can then be written as

X { (@1,{(Ry,(]0.3,0.8],]0.2,0.4])), (No, ([0.1,0.3],[0.2,0.3])), (X3, ([0.3,0.4],[0.2,0.9])) }), }
0= ,

) }
(@9, {(N1,(]0.2,0.4],[0.1,0.3])), (X2, ([0.4,0.5],[0.1,0.3])), (N3, ([0.1,0.5],[0.1,0.3])) })
(@3,{(®y,(]0.3,0.6],]0.2,0.5])), (Rp, ([0.4,0.7],]0.2,0.6])), (N3, ([0.3,0.9],[0.4,0.6])) })

4. Cubic Pythagorean Fuzzy Soft Set

Suppose () is a universal set, & is an attributive set and E; C &, then the cubic
Pythagorean fuzzy soft set can be generated as follows:

¢ ={{@, fs(@))|@ € &, f3(@) € C(Q)}
where C(Q) is the cubic Pythagorean fuzzy soft set,

fi(@) = {(R, (lk(R), (X)), (1e(R), 0=(R)))[R € O}
where (1(R), 0z(R)) is the Pythagorean fuzzy set and (:L(R), ¢/(R)) is the interval-valued
Pythagorean fuzzy set.

Example 6. Assume Q) = {RXq, Ry, N3} to be a set of agricultural sites and Z = {@1, @2, @3, @4 }
is the expected yield of those sites. Let E1 = {@1, @y, @3} C E; then, C can be written as

C = (@1, {(¥y, ([0.2,0.9],[0.2,0.4]), (0.9,0.3)), (Ry, ([0.1,0.3], [0.2,0.3]), (0.3,0.6)), (X3, ([0.3,0.4], [0.3,0.9]), (0.2,0.5)) }),
(@, {(Rq, (]0.2,0.4],[0.1,0.3]), (0.3,0.6)), (X, ([0.5,0.7], [0.1,0.3]), (0.7,0.6)), (X3, ([0.1,0.5],[0.1,0.3]), (0.2,0.4)) }),
(@3, {(R1, ([0.3,0.6],[0.2,0.5]), (0.3,0.8)), (R,, ([0.4,0.5], [0.5,0.6]), (0.3,0.7)), (X3, ([0.3,0.4], [0.4,0.6]), (0.4,0.9)) })}

4.1. Positive-Internal Cubic Pythagorean Fuzzy Soft Set
Suppose () is the universal set; then, the positive-internal of Cprg; in () is said to be

if L(N) <1z(R) < H(R) YR €O
Example 7. Suppose Q) = {Rq, Ry, N3} is the universal set; then, the positive-internal of the cubic
Pythagorean fuzzy soft set is
={{e@1,{(Ry,([02,0.9],0.2,0.4]), (0.9,0.3)), (X, ([0.1,0.3],[0.2,0.3]), (0.3,0.6)), (X3, ([0.1,0.4], [0.3,0.9]), (0.3,0.6)) }),
(@2,{(X1,(]0.2,0.4],[0.1,0.3]), (0.3,0.6)), (X2, ([0.5,0.7],]0.1,0.3]), (0.7,0.6)), (X3, ([0.1,0.5],[0.1,0.3]), (0.2,0.4)) }),

(@3, {(Ry,([0.3,0.6],[0.2,0.5]), (0.3,0.8)), (X, ([0.4,0.6],[0.5,0.6]), (0.6,0.7)), (X3, ([0.3,0.4], [0.4,0.6]), (0.4,0.9)) })}
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4.2. Negative-Internal of Cubic Pythagorean Fuzzy SoftSets

Suppose () is the universal set; then, the negative-internal of Cprg, in (2 is said to be
if cf(N) < oz(R) < dH(R) YR € O
Example 8. If QO = {Ny,N,, N3} is the universal set, then the negative-internal of the cubic
Pythagorean fuzzy soft set is

={{e@1,{(Ry,([02,0.9],0.2,0.4]), (0.9,0.3)), (X, ([0.1,0.3],[0.2,0.7]), (0.3,0.6)), (X3, ([0.3,0.4], [0.3,0.9]), (0.2,0.5)) }),
(@3, {(R1,(]0.2,0.4],[0.1,0.7]), (0.3,0.6)), (X, ([0.5,0.7], [0.1,0.7]), (0.7,0.6)), (X3, ([0.1,0.5],[0.1,0.5]), (0.2,0.4)) }),
(@3, {(Ry,([03,0.6],[0.2,0.5]), (0.3,0.4)), (X, ([0.4,0.5],[0.5,0.7]), (0.3,0.6)), (X3, ([0.3,0.4], [0.4,0.8]), (0.4,0.7)) )}

4.3. Internal Cubic Pythagorean Fuzzy Soft Set

If () is the universal set, then the Cprg; in ) is said to be the internal cubic Pythagorean
fuzzy soft set if it satisfies the properties of the positive-internal of Cprs; and negative-
internal of Cppg;.

Example 9. If Q) = {Xy, Ry, N3} is the universal set, then the internal cubic Pythagorean fuzzy
soft set is

C ={{@1, {(%,([0.2,0.5],0.5,0.6)), (0.4,0.5)), (X2, ([0.3,0.5], [0.4,0.7]), (0.4,0.6)), (N3, ([0.1,0.3],[0.2,0.9]), (0.2,0.9)) }),
(@5, {(Ry, ([0.1,0.7],[0.4,0.6]), (0.6,0.4)), (Rs, ([0.5,0.8],0.2,0.7]), (0.5,0.6)), (X3, ([0.2,0.4], [0.4,0.7]), (0.2,0.4)) }),
(@3, {(Rq,(]0.2,0.6],[0.2,0.7]), (0.3,0.4)), (Ry, ([0.3,0.5], [0.2,0.6]), (0.3,0.4)), (X3, ([0.1,0.6],[0.4,0.7]), (0.3,0.5)) })

Theorem 1

Let the universal setbe X = @ and the palr Cacl (i, 1), (1,0)) be a cubic Pythagorean
fuzzy soft set in N. If the pair Ca; = ((:f,0), (4, a)) is a positive internal, then the

complement Ca§ = ((i,01)¢, (1,0)¢) of Cay = ((i},01),(1,0)) is a positive internal cu-
bic Pythagorean fuzzy soft set in X.

Proof. Let the pair Ca; = ((i/,¢7),(1,0)) be a positive internal cubic picture fuzzy set
in R. Then, by 3.2, we have (£(R) < 1z(R) < H(R) VX € (); this implies that V R € Q,
(R)
‘(t

N~

1T—E(N) <1—1:(R) <1—1
Therefore, Ca§ = ((i!,0T)¢, (1,0)¢) is a positive internal cubic Pythagorean fuzzy soft
setinN. [

ng

4.4. Positive-External of Cubic Pythagorean Fuzzy Soft Set

Suppose () is the universal set; then, the positive-external of Cprs; in () is said to be
if 12(R) & [E(R), U(N)], VR €
Example 10. If Q = {X1, Ny, N3} is the universal set, then the positive-external of Cppgs is
={(w1,{(XNy,([0.2,0.5],[0.5,0.6]), (0.1,0.5)), (N, ([0.3,0.5], [0.4,0.7]), (0.2,0.6)), (N3, ([0.1,0.3],[0.2,0.9]), (0.4,0.9)) }),
(@5, {(Ry, ([0.1,0.7],[0.4,0.6]), (0.8,0.4)), (R,, ([0.5,0.8], [0.2,0.5]), (0.2,0.6)), (X3, ([0.2,0.4], [0.4,0.7]), (0.5,0.4))}),
(@3,{(N1,(]0.2,0.6],[0.7,0.8]), (0.7,0.4)), (X2, ([0.3,0.5],[0.2,0.6]), (0.1,0.4)), (N3, ([0.1,0.6],[0.4,0.7]), (0.7,0.5)) })

4.5. Negative-External of Cubic Pythagorean Fuzzy Soft Sets
If Q) is the universal set, then the negative-internal of Cprg; in Q2 is said to be

if 0z (N) ¢ [cE(R), cH(R)], VR € O
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Example 11. Suppose Q) = {Rq, Ry, N3} is the universal set; then, the negative-external of cubic
Pythagorean fuzzy soft set is

={{e@1,{(Ry, ([02,0.5],[0.5,0.6]), (0.4,0.7)), (X, ([0.3,0.5], [0.4,0.7]), (0.4,0.3)), (X3, ([0.1,0.3], [0.2,0.9]), (0.2,0.1)) }),
(@3, {(R1,(]0.1,0.7], [0.4,0.6]), (0.6,0.3)), (X, ([0.5,0.8],[0.2,0.7]), (0.5,0.1)), (X3, ([0.2,0.4], [0.4,0.7]), (0.2,0.3)) }),
(@3, {(Xy, ([0:2,0.6],[0.2,0.7]), (0.3,0.1)), (R, ([0.3,0.5],[0.2,0.6]), (0.3,0.8)), (X3, ([0.1,0.6], [0.4,0.7]), (0.3,0.9)) }),

4.6. External Cubic Pythagorean Fuzzy Soft Set

Suppose Q) is the universal set; then, the Cprgs in () is said to be the internal cubic
Pythagorean fuzzy soft set if it satisfies the properties of positive-internal of Cprg; and
negative-internal Cprg;.

Example 12. Suppose Q) = {Xq, Ny, N3} is the universal set; then, the external cubic Pythagorean
fuzzy soft set is
={(@1, {(%1, ([0.2,0.5],[0.5,0.6]), (0.1,0.7)), (X2, ([0.3,0.5], [0.4,0.7]), (0.2,0.3)), (Rs, ([0.1,0.3], [0.2,0.9]), (0.5,0.1)) }),

(@3, {(R1,([0.1,0.7], [0.4,0.6]), (0.8,0.3)), (X, ([0.5,0.8],[0.2,0.7]), (0.4,0.1)), (X3, ([0.2,0.4], [0.4,0.7]), (0.5,0.3)) }),

(@3, {(Xy, ([0:2,0.6],[0.2,0.7]), (0.7,0.1)), (Xy, ([0.3,0.5], [0.2,0.6]), (0.2,0.8)), (X3, ([0.1,0.6], [0.4,0.7]), (0.7,0.9)) }),

4.7. Theorem
The universal set be & = @ and the pair Ca; = {((i!,07), (1,0)) be a cubic Pythagorean
fuzzy soft set in N. If the pair Ca; = ((i!,¢!),(1,0)) is a positive external, then the

complement Ca§ = ((:},01)¢, (1, 0)¢) of Cay = ((:}, 1), (1,0)) is a positive external cu-

bic Pythagorean fuzzy soft set in X.

Proof. Let the pair Cay = ((!,0!), (1,0)) be a positive external cubic picture fuzzy set
in R. Then, by 3.5, we have z(R) ¢ [iL(R),[Z(R)], VR € Q; this implies that V X € Q
1T—1(R) ¢ [1— k() 1— U ()]

Therefore, Ca§ = ((:!,01)¢, (1,0)¢) is a positive external cubic Pythagorean fuzzy soft
setinN. [

4.8. Set Operators on Cubic Pythagorean Fuzzy Soft Set

We introduced some set operators in the cubic Pythagorean fuzzy soft set.

Let OO = {Nq, Ny, N3} be a Universal set, and E = {1, @2, @3, @4} be an attributive set
with respect to Q. Let &1 = {@1, @, @03} CE

Assume there are two cubic Pythagorean fuzzy soft sets

G = {{@, {R, ([tE(R), L (W)]), (12(R), oz(R)) }) }
BC = (@, {X, ([p(R), Az(R)]), (=(R), Ae(R))}) }
BC1 ={(@1, {(X1,(]0.2,05],[03,0.6]), (0.4,0.5)), (X, ([0.3,0.5],[0.4,0.7]), (0.2,0.6)), (R, ([0.1,0.3],[0.2,0.9]), (0.1,0.9)) }),
(@, {(Ry,([0.1,0.5],[0.4,0.6]), (0.1,0.4)), (R, ([0.5,0.7], [0.2,0.5]), (0.1,0.6)), (X3, ([0.2,0.4], [0.4,0.7]), (0.2,0.4))}),
(@3, {(%y,([0:2,0.6],[0.7,0.8]), (0.1,0.4)), (X2, ([0.3,0.5],[0.2,0.6)), (0.3,0.4)), (X3, ([0.1,0.6], [0.4,0.7)), (0.3,0.5))}),

and

BCyr ={(@1, {(Ry,(]0.2,0.6],[0.2,0.4]),(0.3,0.4)), (R, ([0.1,0.3],[0.2,0.3]), (0.3,0.6)), (X3, ([0.3,0.4], [0.2,0.5]), (0.2,05))}),
(@5, {(Ry,([0.2,0.4],0.1,0.3]), (0.3,0.6)), (R,, ([0.4,0.5],[0.1,0.3]), (0.3,0.6)), (X, ([0.1,0.5],[0.1,0.3]), (0.2,0.4)) }),

(@3, {(R1,(]0.3,0.6],[0.2,0.5]), (0.3,0.8)), (Ry, ([0.4,0.5], [0.2,0.6]), (0.3,0.7)), (X3, ([0.3,0.4], [0.4,0.6]), (0.3,0.6)) })}
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4.8.1. Addition
Con + Caz = {(@1, [{1— ﬁl(l S, (- T - <t}f>2>}%},[ﬁaﬁéaﬁ]>,<§m1 - @)

i= i= i=1

Example 13. Caj + Cap =
(@1, {(X1,(]0.3,0.7],[0.06,0.2]), (0.1,0.6)), (Ry, ([0.3,0.6], [0.08,0.2]), (0.06,0.8)), (X3, ([0.3,0.5], [0.04,0.5]), (0.02,0.9)) }),

(@, {(Ry, ([0.2,0.6],[0.04,0.2]), (0.03,0.7)), (X, ([0.6,0.8], [0.02,0.2]), (0.03,0.8)), (X3, ([0.2,0.6], [0.04,0.2]), (0.04,0.5)) }),
(@3, {(R1, ([0.4,0.8],[0.1,0.4]), (0.03,0.8)), (R,, ([0.5,0.7], [0.04,0.4]), (0.09,0.8)), (X3, ([0.3,0.7], [0.2,0.4]), (0.09,0.7)) })}
4.8.2. Multiplication
o Gaa = {(@y [T T4, (1= T1(1 = (0P, (1= 1= (@)}, (1 = 10 = @)1, T )

i=1 =1

Example 14. Cay X Cap =
(@1, { (R, ([0.04,0.3],[0.4,0.7]), (0.5,0.2)), (Rp, ([0.03,0.2], [0.4,0.7]), (0.4,0.4)), (N3, ([0.03,0.1],[0.3,0.9]), (0.2,0.5))}),

(@2, {(R1, ([0.02,0.2],[0.4,0.6]), (0.3,0.2)), (Rz, ([0.2,0.4], [0.2,0.6]), (0.3,0.4)), (X3, ([0.02,0.2], [0.4,0.7]), (0.3,0.2)) }),
(@3,{(Ry, ([0.06,0.4],0.7,0.9]), (0.3,0.3)), (X5, ([0.1,0.3],[0.3,0.8]), (0.4,0.3)), (X3, ([0.03,0.2], [0.5,0.8]), (0.4,0.3)) }) }

4.8.3. Union

BCIUBC, = <{<wi, (max{(l 1k}, min{ill, Y], lmax{ot, oL}, min{oll, o))
(max{lﬁ' le }/ min{gflf 052})>}>

Example 15. BC; U BC, =
{(@1, {(N, ([0-2,0.5],[0.3,0.4]), (0.4,04)), (Rz, ([0.3,0.3], [0.4,03]), (03,0.6) ), (N3, ([0.3,0.3], [02,0.5]), (0.2,0.5)) }),

(@5, {(Ry, (]0.2,0.4],[0.4,0.3]), (0.3,0.4)), (R,, ([0.5,0.5],[0.2,0.3]), (0.3,0.6)), (N3, ([0.2,0.4], [0.4,0.3]), (0.2,0.4)) }),
(@3,{(Ry,([0.3,0.6],[0.7,0.5]), (0.3,0.4)), (R,, ([0.4,0.5],[0.2,0.6]), (0.3,0.4)), (N3, ([0.3,0.4], [0.4,0.6]), (0.3,0.5)) }) }

4.8.4. Intersection

BC1NBC, = <{((Di, ([min{[é‘l,Lé‘z},mux{lg,lg I, [min{aé,vé},max{ag, oz, B
(min{lc”lflfz}rmﬂx{lfc'lr‘fc”z})>}>

Example 16. BC; N BC, =
{{@1,{(Xy, ([0.2,0.6],]0.2,0.6]), (0.3,0.5)), (X2, ([0.1,0.5],[0.2,0.7]), (0.2,0.6) ), (N3, ([0.1,0.4], [0.2,0.9]), (0.1,0.9)) }),

{{@2, {(Ry, ([0.1,0.5],0.1,0.6], (0.1,0.6)), (R, ([0.4,0.7], [0.1,0.5]), (0.1,0.6)), (X3, ([0.1,0.5],[0.1,0.7]), (0.2,0.4)) }),
{{@3, {(X, ([0.2,0.6],[0.2,0.8]), (0.1,0.8)), (Ra, ([0.3,0.5], [0.2,0.6]), (0.3,0.7)), (X3, ([0.1,0.6], [0.4,0.7]), (0.3,0.6)) }) }

4.8.5. Direct Sum

Cor & Gy = <{<wf, (LG5 7+ 057 = (GE)2(E )2, JUE)2 + ()2 = (H ()2, [0, o, oHlot);
(\/m,afltffz»})

Example 17. Caq @ Cay =
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{{@1, {(¥1,([0.3,0.7],[0.06,0.2]), (0.5,0.2)), (X2, ([0.3,0.6], [0.08,0.2]), (0.6,0.4)), (R3, ([0.3,0.5],[0.04,0.5]), (0.2,0.5)) }),
{{@2, {(R1, ([0.2,0.6],[0.04,0.2]), (0.3,0.2)), (Ry, ([0.6,0.8],[0.02,0.2]), (0.3,0.4)), (X3, ([0.2,0.6], [0.04,0.2]), (0.3,0.2)) }),
{{w3, {(Ry, ([0.4,0.8],[0.1,0.4]), (0.3,0.3)), (X2, ([0.5,0.8],[0.04,0.4]), (0.4,0.3)), (X3, ([0.3,0.7],[0.2,0.4]), (0.4,0.3)) }) }
4.8.6. Direct Product
Ca © Ga = ({ ekl A1, 14/ ()% + (05 2 = (0 P20 )2 1/ (08)% + (o2 — (ol 2(of])2));

Cl €27 701 7°C2

(tey165, 1/ 08 +0F, — 175210622))}>
Example 18. Ca; ® Cap =
{{@1, {(R1, (0.04,03], [0.4,0.7]), (0.1,0.6)), (Ra, ([0.03,0.2], [0.4,0.7]), (0.06,0.8)), (X3, ([0.03,0.1], [0.3,0.9]), (0.02,0.9))}),
{{@2, (X4, ([0.02,0.2], [0.4,0.6]), (0.03,0.7)), (X2, ([0.2,0.4],[0.2,0.6]), (0.03,0.8)), (X3, ([0.02,0.2], [0.4,0.7]), (0.04,0.5)) }),
{{@3, (N1, ([0.06,0.4],[0.7,0.9]), (0.03,0.8)), (N2, ([0.1,0.3],[0.3,0.8]), (0.09,0.5)), (N3, ([0.03,0.2],[0.5,0.8]), (0.09,0.7)) }) }

5. Distance Measures
Assume C(R) is the family of Cppg;, which is defined using X.

Definition 1. Cppss Cay, Cap and Cy; the distance measure is a real-valued function d : C(X) x
C(R) — [0,1] satisfying the following properties

1.0 < d(Cay, Cap) < 1;
2. d(Cay, Cay) = 0 if and only if Cay = Cay;

3.d(Cay, Cap) = d(Caz, Cay);

4. If Cay © Cay © 3, then d(Cay, Caz) < d(Cay, C3) and d(Caz, C3) < d(Cay, C3).

The distance measures for the Cprg, is defined as
1
q q

Fi(@;) (s Cul(N])) — FBy(@;)(t caz(N/’))z q+ Fi(@;) (s cal(N ))? FZ(‘DI)((;M(N'))Z +

q

q
+
q

Fy(@7) (08, (%)% — Ea(@;) (0l (R;))?

dg (Cay, Caz) =

Fi (@) (08, (%))* = B2 (@) (0, (8))?| +

q

+ | F1(@) (0ca; (%)) = B2 (@) (0ca, (8))?

Fi(@i) (tcay (R}))? = F2(@1) (1cay (R}))?

¢y
+

Fy(@7) (1, (%)) = B (@) (1, (R)))?
q

+
q

diN (G, Ca) = Fi (@) (06, (8))? = Ba(@) (06, (%)))?| + |Fi(@i) (08, (8))? = Ba(@i) (08, (8}))?

q

Fy (@;) (1o (R)))? = Fa(@;) (1ca, (R)))?| 4 | F1(@7) (0ca; (R}))? — B2 (@;) (0a, (R)))?

Assume that the weight of the element is w;(i = 1,2,3,...,n), where 0 < w; < 1 and

n
Y (w;)? = 1; then, we define the generalised weight distance measure between Cprss Caq
i=1
and Cu; as follows:
q q
+ |Fi (@) (1, (R}))* = B2 (@) (1, (R))?| +

F1 (@) (160, (%)) = F2(@1) (16, (R}))?

q
+

q

+ | Fu(@) (08, (%)) = Fa(@1) (0, (8)))?

(w;)?

™z

=
g
1
MA
=
1 B
[INxg!

Fi(@;) (0, (8)))? = B2 (@) (0k, (8}))?

g™ (Ca, Cuz) =
9

+ |Fi (@) (0ca, (N])) - FZ(wi)(UCaz(Nj))z

Fi(@1) (tcay (8)))? = Fa(@;) (16, (R}))?
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we also define the generalised Hausdorff distance measure for two Cprss of Ca1 and Cay
as follows:

q 1

q

F1 (@) (160, (%)) = B2 (@1) (1o, (87))?

q
Fi(@;) (1, (%)) = Fa(@1) (1, (7)) | +

1

q
g™ (Cay, Cag) =4 &

It

Fi (@) (08, (8)))* = F2(@) (0, (R}))?]

q
j m@w%mwfmm@umﬂ+
q q

Fi(@;) (1o, (8)))? = Fo (@) (1n, (8)))?

/| F1(@;) (ocay (Nj)) — B (@) (0¢a, (Nj))z

For g = 1, we have the following distance measures:

1. Hamming Distance

Fi (@) (160, (R)))? = F2(@1) (16, (%)) | +

Fi (@) (16, (%)) = Fa(@7) (1, (8)))? |+

47 (Car, Caz) = £ &

Fi (@) (08, (%)% = B2(@) (0, (R7))?| +

Fi(@;) (08, (%)% = B2(@;) (0, (R))?| +

Fy (@) (tcay (R)))? = Fa(@;) (1cay (R7))?

2. Normalised Hamming Distance

Jr

HWW@WWfMM%MMﬂ

b (LD,)(LCM(N])) FZ(@t)(lgaz (N]))

Jr

Fl(‘oz)(‘cal(N])) FZ(‘ot)(’caz(N]))z +

di (Clxlr CD‘Z) =gl

6mn

Trs
T

Fi (@) (0, (8))* — F2 (@) (08, ()| +

] Fi(@) (08, (8)))* — F2(@) (08, (8)))? |+

B (@) i (%)) = Fa@) sea () +
3. Weighted Hamming Distance

a(w»«mﬁ<uﬁ>-—5<w»uxM(Noﬂ\

Fr(@;) (160, (%)) = F2 (1) (16, (R7))?| +

Fy (@) (i, (%)))2 = Fa(@7) (t&, (%)) |+

1 m n
d§ (Ca1, Caz) =g 2 1 (w;)?
i=1j=1

(@) (08, (8%))* = B2 (@) (0, (8))?| +

Fi(@i) (ot (8)))? — F2(@1) (08, (%)) |+

B (@0 i 04 = Fa) s ()7 +
4. Hausdorff Hamming distance

H@W@WW*M@%MMﬂ

F1 (@) (160, (%)) = Fa(@1) (1o, (8}))? |,

F1 (@) (16, (%)) = Fa(@1) (1, (87))? |,

d(Cay, Cap) =¢ &b

i ms

izl

Fi(@) (0, (8)))* = Fa2(@) (0k, (8)))?|,

Fi (@) (08, (%)% = F2 (@) (08, (%)),

B (@) 1 (4 = Fa@3) e (8)
Here, we define some examples:
Assume that there are three Cppg;

BC1 ={{@1,{(Xy, ([0.2,0.5],0.2,0.8]), (0.6,0.4)), (Ry, ([0.3,0.5],[0.1,0.7]), (0.9,0.3)), (

,amw@m»—mm&mmﬂ

X, ([0.1,0.3],[0.2,0.9]), (0.9,0.2))}),
(@, {(Rq,(]0.1,0.3],0.1,0.9]), (0.4,0.4)), (X, ([0.5,0.6], [0.2,0.8]), (0.7,0.6)), (X3, ([0.2,0.4],[0.2,0.8]), (0.5,0.6)) })

(@3, {(Xy,([0:2,0.3],[0.1,0.8]), (0.7,0.4)), (X, ([0.3,0.5],[0.1,0.8]), (0.8,0.4)), (X3, ([0.1,0.2], [0.1,09]), (0.8,0.5)) })

and

IBCZ ={(@1,{(Ny, ([0-2,0.6],[0.3,0.7]), (0.5,0.6)), (X2, ([0.3,0.6], [0.2,0.7]), (0.9,0.7)), (X3, ([0.4,0.5],[0.2,0.7]), (0.8,0.5)) })

(@3, {(Xy, ([0.1,0.6],[0.1,0.8]), (0.3,0.4)), (R, ([0.2,0.5], [0.2,0.6]), (0.7,0.6)), (X3, ([0.1,0.4], [0.2,0.7]), (0.4,0.6)) })

(@3, {(R1,([0.2,0.4],[0.1,0.7]), (0.6,0.7)), (X2, ([0.3,0.5],[0.2,0.8]), (0.7,0.5)), (X3, ([0.1,0.5], [0.1,0.8]), (0.4,0.5)) }) }

Example 19. The hamming distance for Cppgs is
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0.11+0.05+0.15+0.11+ 0.2+ 0.11 +0.03 4 0.4 + 0.15 + 0.16 + 0.32 + 0.17 + 0.21 + 0.27+
(Cal, Ca) % 0.17 4+ 0.07 + 0.21 4+ 0.11 + 0.28 4+ 0.03 4+ 0.15 + 0.09 + 0.07 + 0.15 + 0.15 4+ 0.13 + 0.33+
0.03 +0.15+ 0.09 +- 0.07 + 0.15 + 0.13 + 0.33 + 0.03 + 0.15 + 0.09 + 0.21 + 0.17 + 0.48

= 0.298

Example 20. The normalised hamming distance for Cprgs is

0.11+0.05 + 0.15 + 0.11 + 0.2 + 0.11 + 0.03 + 0.4 + 0.15 + 0.16 -+ 0.32 + 0.17 + 0.21+
dSN(Cay, Can) = 27| 0274 0.17 4007 +0.21 + 011 +0.28 + 0.03 + 0.15 + 0.09 + 0.07 + 0.15 + 0.15 + 0.13+
0.33 +0.03 + 0.15 + 0.09 + 0.07 + 0.15 + 0.13 + 0.33 + 0.03 + 0.15 + 0.09 + 0.21 + 0.17 + 0.48

= 0.09926

Example 21. The weighted hamming distance for Cprgs in which w; = 0.2, wp = 0.3 and
w3 = 0.93

(0.2)2(0.11 +0.05 + 0.154 0.11 + 0.2 + +0.11 + 0.03 + 0.4 4+ 0.15+ 0.16 + 0.32 + 0.17 + 0.21)+
(Cocl, Cap) =4 (0.3)2(0.27 +0.17 + 0.07 4 0.21 + 0.11 + 0.28 + 0.03 + 0.15 + 0.09) +

(0.93)2(0.07 + 0.15 4 0.13 + 0.33 + 0.03 + 0.15 4 0.09 4 0.21 + 0.17 + 0.48)
where w1 = 0.2, wy, = 0.3 and w3 = 0.93

= 15(0.0868 + 0.1242 + 1.5747)

= 0.099206

Example 22. The Hausdorff Hamming distance of Cprg; is
d(Cay, Car) % 0.2+4+0.4+0.3240.274+0.28 +0.154 0.154+ 0.15+ 0.48

= 0.1333

For q = 2, the following distance measures are defined.

5. Euclidean Distance

1
2 2 5
(ﬁ(wnogﬂlwp) ~h@ ><CA2<Nv>)2) +(p1<@,.)(,ga1m) ~h@ ><@2< ,))2
GE _ | mon 2
dy"(Caq, Cap) = on Lk (Fr@n(eke, ()2 - B@i)(aky, 8 f>>2)2+ (R@el, 07 - @)Y, )2+
(1 @) rguy 04 = Bx@0) 1y (4)7) + (F@0) gy 04))% = (@) gy (0407
6. Normalised Euclidean Distance
2 2 3
(R@ kg, (402~ Br@) ek () -+ (@), 492 = Fal@i) (8, 4)2) "+
GNE _ 1 mon 2
i (G, Qo) =4 gz & B | (Ri@ied, 0472 —Fz(co»(véazmmz); (R@el, 042 - B@)(l, ) +

2
(A1 @) eguqy (4% = By @)1y (402 + (1 @3) g 04))% = (@) gy (047
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7. Weighted Euclidean Distance Measure

N

2 2
(@) 047 = Bx@i) el 047) -+ (R@ (L, 8 >>2—Fz<m><gﬂzm,->>2 +
GW — pomon o, L 2 2 2
d$"™ (Cay, Caz) o b 2o (Fr@) (e, 047 - B (e, 04) )2+( (@) 0, ()2 = B@)el, () );
(@) rguy 047 = B2@0) 1y 47+ (Fr@0) gy O4))% - Ba@i) gy 047

8. Hausdorff Euclidean Distance Measure

[N

2

2
7 @)k, (492 = Fa (@), ()2 [Fr (@) —Fzm-mg“zmmz\ ,
2 2
df (Con, Goz) =) s £ £ maxt |nioniel,, <N,>>2—Fz oy O 2\ @, 02 - B@)ed, 02
2
‘ﬁ(@,‘)(l@l( )2 - Fy (o )(‘Cl"z ‘ ‘ﬁ (Vgul( )2 *Fz(w,‘)((’gaz(“]‘))z‘
Example 23. The euclidean distance of Cprgs is
1
0.0121 + 0.0025 + 0.0225 + 0.0121 + 0.04 + 0.0121 + 0.0009+ 2

0.16 + 0.1024 + 0.0049 + 0.0225 + 0.0169 + 0.1089 + 0.0009-+
d$E (Car, Caz) =¢ 15
0.0225 + 0.0081 + 0.0441 + 0.0289 + 0.2304

= 0.2581

Example 24. The normalised euclidean distance measure of Cppgs is

1
0.0121 + 0.0025 + 0.0225 + 0.0121 + 0.04 4 0.0121 + 0.0009 + 0.16+ 2
0.1024 + 0.0289 + 0.0441 + 0.0729 + 0.0289 + 0.0049 + 0.0441 + 0.0121+
dgNF(Cay, Cag) =1 5
0.0784 + 0.0009 + 0.0225 + 0.0081 + 0.0049 + 0.0225 + 0.0169 + 0.1089+
0.0009 + 0.0225 + 0.0081 + 0.0441 + 0.0289 + 0.2304

= 0.14896

Example 25. The weighted euclidean distance measure of Cprgs in which wy = 0.2, wy = 0.3 and
w3 = 0.93

1
(0.2)2(0.0121 + 0.0025 4 0.0225 + 0.0121 + 0.04 + 0.0121 + 0.0009 + 0.16 + 0.1024-+ z

dGW (Ctx ; CtX ) =
2 1 2

&=

0.0009 + 0.0225 + 0.0081) + (0.93)2(0.0049 + 0.0225 + 0.0169 + 0.1089 + 0.0009+
0.0225 + 0.0081 + 0.0441 + 0.0289 + 0.2304)

= 0.025928

Example 26. The Hausdorff euclidean distance measure of Cppgs is

Nl—

di(Cay, Can) = 1178 <0.04 +0.16 + 0.1024 + 0.0729 + 0.0784 + 0.0225 + 0.0225 + 0.0225 + 0.2304)

= 0.2044

6. Development of a Decision-Support System Using Cubic Pythagorean Fuzzy
Soft Set

Based on the distance measures defined in the previous section, this section defines a
decision-making algorithm utilizing the pragmatic nature of the cubic Pythagorean fuzzy
soft set. The algorithm is systematically defined below:
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Step 1: Consider Ay, Ay, As, ..., A, tobe aset of “n” alternatives and C;,Cy,Cs, ..., C, to
be the “m” criteria for each alternative. The ratings of every alternative are represented
with the help of Cprss.

Nij = (C’DZ‘, Ai]', Eij)/ where

Cij = ([tiLj, tibjl], [0'1%, 0'5]) denotes the IVPFS and E;; = ((1;j,0ij)) denf)tes the PFS. Thus,
[tiL]., tlL]I] and Ljj represent the degree of membership of the alternative A;; i =1,2,...,n for
the criterion C]- ;1 =12,..., m~. Similarly, [(Tl-[]f, 0’5}] and 0jj represent the degree of non-
membership of the alternative A; for the criterion C;. The relation between the alternatives
and criteria can be initiated as follows:

hll hlz oo hlm

ha R . B

Step 2: Cprss are used to assign weights zi)jk; j=12,...,mk=1,2,...,p to various
criteria for a certain group. The weights can be initiated in matrix form as follows:

Z’(\Jll Zf)lz “ e Z’(\Jlk
w1 Wy <L Wy
W1 Dz - Dy

Step 3: In Step 3, calculate the distances between the alternative ratings and the applicable
criterion’s weights. The relation between the alternatives and the different groups in matrix
form can be created as follows:

Diy D1z ...Dy
Dy1 Dy ...Dy

Dy1 Dup ...Dy

where Dy is the distance of the alternative A; from the weights of the criteria Cj for belong-
ing to a certain group.

Step 4: If the distance between the alternatives is smaller, it means that the option is closer
to the relevant group. As a result, the alternatives can be ranked based on their lowest
distance from the reference set.

Distance measures have great significance in terms of determining the similarities
between two points or events expressed in data. Hamming Distance is primarily used
for the comparison of two binary strings of data of equal length. Its primary application
is the detection and correction of error in large scale computer networks. This has great
applications in coding theory as it provides a great way to measure two strings of data of
equal length. The limitation of this distance measure is it cannot deal with data when the
dimensions are not the same or the length of the string is not equal. For that purpose, the
Hausdorff distance is used in the literature with applications in medical image segmenta-
tion, designing decision support systems for applications in diagnostic systems, supply
chain management, and policy design. When considering multiple dimensions, Euclidean
distance is best as it can deal with parameters in multiple dimensions, making it ideal
for multi-attribute decision making. These distance measures when combined with fuzzy
concepts can address decision-making parameters while having the advantage of tackling
uncertainty as well.
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7. Developing a Medical Decision-Support System for Presenting a Tentative
Diagnosis Based Reference Symptomatic Set

The need for data-driven decision-support systems in the field of medicine has in-
creased over the years due to increased complexity and the abundance of available symp-
tomatic data. These decision-support systems help medical professionals confirm their
tentative diagnosis, and in turn decrease diagnostic error and save lives. For this purpose,
this section focuses on developing a medical decision-support system for presenting a
tentative diagnosis based reference symptomatic set. The proposed distance measures
based on Cprg; are utilized for this purpose. The very first component, IVPESs, of Cprss,
is utilised to show the progression of an infectious disease in its early stage, i.e., before
diagnosis; hence, the second component of PFSs is utilised to express the same disease after
the diagnosis.

Let Djsepse = {COVID-19, Influenza, MERS} be the set of diseases, Pytjents = {&, B, 7,0}
be the set of patients, let Tests = {CBC, LFT, TSH} be the set of tests, which is the universal
set and let Symptoms = {Headache, Nausea, Dietary Problems} be the set of symptoms,
which is the set of parameters.

We provide further characteristics of these parameters.

*  The symptom “Headache” can cause Headaches, Seizures, Vision Changes, Hearing
Changes, Drooping of the face.

¢ The symptom “nausea” can cause a new mole or a change in an existing mole. A sore
that does not heal, Jaundice (yellowing of the skin and whites of the eyes).

*  The symptom “Dietary Problems” can cause pain after eating, such as belly pain,
nausea and vomiting, and appetite changes.

Our aim is to make the best decision possible for each patient p;; i = 1,2, 3,4 from the
set of symptoms §;7=123 and tests T;; 1 = 1,2,3 for each disease di; k = 1,2, 3.

Step 1. In the first step, the P-T relation Pyjopts — Tests is given in the form of Cprgys, as
follows:

(81{T1([0.3,0.4],[0.1,0.9]), (0.4,0.9)},{T2([0.2,0.9],[0.3,0.4]), (0.9,0.4) },{ T5(]0.2,0.5], [0.3,0.8]), (0.7,0.6) } ),

1=

(82{T1([0:2,0.5],[0.4,0.8]), (0.3,0.8)}, { T2([0.2,0.4], [0.3,09]), (0.9,0.2) }, { T5[0.1,0.5], [0.4,0.6]), (0.4,0.6)}),
(83{T1([0.3,0.8],[0.2,0.3]), (0.9,0.2) }, { T2([0.5,0.7], [0.2,0.6]), (0.5,0.3) }, { T3(]0.4,0.7][0.2,0.6]), (0.8,0.2) })

(§1{T1([0.1,0.4],[0.2,0.7)), (0.3,0.8)}, { T2([0.1,0.5], [0.2,0.6]), (0.7,0.5) }, { T5([0.4,0.6], [0.2,0.6]), (0.3,0.7) }),

02 =1 (§{T1([0.5,0.7],[0.2,0.6]),(0.8,0.3)},{ T»([0.1,0.7],[0.2,0.7]),(0.7,0.3) }, { T3, ([0.3,0.5],[0.5,0.7]), (0.2,0.6) } ),

03 =¢ (8{T1([05,0.7],[0.2,0.6]), (0.5,0.3)}, { T2([0.2,0.6], [0.3,0.7]), (0.3,0.4) }, { T5([0.2,0.5], [0.1,0.4]), (0.7,0.1) }),

04 ={ (8{T1([0.1,0.6],(05,0.7]),(0.5,0.8)},{T2([0.3,0.5],[0.2,0.7]), (0.7,0.4) }, { T5(0.4,0.6],[0.2,0.5]), (0.8,0.3) }),

(8:{T1(]0.3,0.8],0.2,0.3]), (0.7,0.3)}, { T2([0.1,0.7], [0.2,0.4]), (0.8,0.2), { T5([0.3,0.8],[0.1,0.6]), (0.9,0.2) },

(83{T1([0.3,0.6],[0.4,0.5]),(0.3,0.8)},{T([0.4,0.5],[0.2,0.6]),(0.3,0.7) },{ T3, ([0.3,0.5],[0.5,0.7]), (0.2,0.6) })

(§1{T1([0.4,0.8],[0.2,0.5]), (0.4,0.7)}, { T>([0.2,0.8],[0.1,0.5]), (0.6,0.3), { T5([0.2,0.9],[0.1,0.3]), (0.8,0.3)},

(83{T1([0:2,0.7],[0.1,0.7]), (0.5,0.6) }, { T2([0.4,0.6],[0.2,0.7]), (0.1,0.8) }, { T3, ([0.2,0.4], [0.3,0.8), (0.9,0.4) })

(83{T1([0.2,0.6],[0.5,0.6]), (0.7,0.1) },{ T2, ([0.1,0.7],[0.2,0.7]), (0.3,0.4) },{ T5([0.2,0.5], [0.2,0.7]), (0.8,0.2) })

The matrix form of the Pptients — Tests relation Ppgjents — Tests is presented as follows:

XorT1 XiT2 Xea T3
XoaT1 XpaT2 XpaTs
XosT1 XpsT2 XpsTs
XosT1 XpsTo XpaTs
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where each entry x,.1, (i=1,2,3,4) & (I =1,2,3) denotes the Cprsy for the symptoms T
of the patients p;.

Step 2. The D-T relation Djgpps, — Tests is presented in the form of Cprsys, as follows:
(81,{T1([0.2,0.5],]0.3,0.8]), (0.2,0.7)}, { T2(]0.3,0.6], [0.2,0.5]), (0.7,0.4) }, { T5([0.1,0.4],[0.2,0.7]), (0.3,0.8) }),
d = (82,{T1([0.4,0.8],]0.3,0.4]), (0.8,0.6)}, {T2(]0.3,0.5],[0.2,0.6]), (0.6,0.1) }, { T5([0.1,0.6],[0.4,0.7]), (0.3,0.5) }),
(83,{T1(]0.1,0.6],[0.4,0.7]), (0.3,0.5)}, { T»([0.2,0.6], [0.7,0.8]), (0.1,0.4) }, { T5([0.3,0.5], [0.2,0.6]), (0.8,0.5)})
(8,{T1([02,0.5],0.3,0.8]), (0.4,0.6)}, { T2([0.4,0.7], [0.2,0.6]), (0.2,0.9) }, { T5([0.5,0.6], [0.4,0.6]), (0.1,0.5)}),
dy ={ (§,{T1([0.6,0.7],[0.3,0.4]),(0.9,0.4)}, { T»([0.1,0.5],[0.2,0.7]), (0.1,0.4)}, { T5([0.4,0.6], [0.5,0.8]), (0.6,0.3)}),
(83,{T1([0.1,0.6],[0.4,0.7]), (0.3,0.5) },{ T2([0.3,0.5],[0.1,0.6] ), (0.6,0.1) }, { T5([0.4,0.6], [0.1,0.7]), (0.6,0.8) } )
(8,{T1([0.1,0.7],0.5,0.6]), (0.8,0.5)}, { T2([0.3,0.8],[0.2,0.5)), (0.7,0.3), { T5([0.5,0.8], [0.4,0.6]), (0.8,0.4) }),

ds ={ (8,{T1([0.2,0.6],[0.7,0.8]), (0.1,0.4)}, { T2([0.5,0.7],[0.1,0.7]), (0.6,0.3) }, { T5([0.1,0.9], [0.3,0.4]), (0.2,0.9) }),

(83,{T1([0.4,0.8],[0.2,0.5]), (0.4,0.5) },{ T>([0.1,0.5],[0.2,0.7]), (0.3,0.9) },{ T5([0.3,0.5], [0.2,0.6]), (0.6,0.3) }

The matrix form of the above Djgps0 — Tests relation Digepses — Tests is presented as follows:

Wa, Ty Wa, T, Wi, T,4

|:wd1—|—1 Wa, T, wdﬂ—s]
Zz)'7i3T1 z301372 Zbd3T3

where @4, 1, (k=1,2,3) & (I =1, 2, 3) are used to denote weights in the form of Cprsys for
each Tests (T;) towards the Digppse (di)-

Step 3. The Normalised Euclidean distance is calculated to find the distance between
the Potients Pi and the Digeqse dk'

(Fu(@1) (tay (%)% = F2(@1) (160, (R7))?)? + (F1 (@) (1, (%))? = Fa(@1) (1, (8}))?)*+ :
(Fu(@) (0, (%)) = Fa(@1) (0, (%7))*) + (Fu(@1) (08, (%)) = Fa(@1) (0, (¥))?)*+

(Fu(@1) (tcay (%)% = F2 (@) (160, (R7))?)? + (F1(@7) (0, (R7))? = F2(@7) (0cay (R7))?)

given in Table 1.

dPNE(Cay, Can) =1 o

It
It

]

Table 1. The Normalised Euclidean Distance Measure was used to determine the distance values.

COVID-19 (d1) Influenza (d3) MERS (d3)
a(p1) 0.248834 0.315241 0.276466
B(p2) 0.139259 0.202290 0.261941
v(p3) 0.268221 0.271515 0.223328
6(04) 0.245311 0.280575 0.221784

The distance between the P,jopts p; and Digegse dy are calculated using the Normalised
Hamming Distance

Fy (@) (1L, (%)) mmmumﬂ+ n

Fi (@) (16, (%)) = Fa(@1) (1, (R}))

1
dgN (Car, Caz) = g +

Its

X

j=1

aww&w»fmm@MMW+

Fi (@) (0t (%))* — Ba(@;) (08, ()

1

F1 (@) (tcay (%)) = F2(@;) (16, (R}))?

+H@WWWW—mm@mmﬂ
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dH (Cay, Cay) =g

d(Cay, Cap) =

g~

Itz

given in Table 2.

Table 2. The Normalised Hamming Distance Measure was used to determine the distance values.

COVID-19 (dq) Influenze (d;) MERS (d3)
a(p1) 0.184449 0.237599 0.208339
B(p2) 0.102225 0.145189 0.188153
v(p3) 0.200005 0.184449 0.160375
6(p4) 0.175375 0.193894 0.157226

The distance between the Pjp,ss 0; and Diseqse dy are calculated using the Hausdorff
Hamming distance

Fi(@;) (16, (8)))?

= Fa(@;) (16, %))? |, | Fr(@1) (1l (%)% — B2 (@) (1, (R))?

’

F(@ )(Ucal(N])) Fz(wz)(%lxz(N]))Z R (‘Dl)(%al(N])) F2((D,)([7C,,¢2(N]))2

’

o

1=
3
AN
=

—.

Fi (@) (tcay (R}))* =

given in Table 3.

Fa(@;) (tcay (8)))?|, | FL(@1) (0cay (R}))* — Fz(@i)(Usz(Nj))z'

Table 3. The Hausdorff Hamming distance measure was used to determine the distance values.

COVID-19 (dq) Influenza (d;) MERS (d3)
a(p1) 0.207778 0.226111 0.245
B(p2) 0.107222 0.168333 0.232222
v(03) 0.196111 0.218889 0.161111
6(ps) 0.179444 0.246667 0.176667

The distances between the Ppjnts p; and the Dijgeps. dy are calculated by using Haus-
dorff Euclidean distance measure

[N

2

F1 (@) (160, (%)) = F2(@1) (1o, (R))?| | (1) (1, (7)) — Fa (@) (16, (%))?]

2

Tt
3
2
=

(@) (0, (%))* — F2(@) (0, (8))?| | Fu(@1) (08, (%)) — Fa(@1) (08, (8)))?

’

-

2
Fy (@) (1ay (8y))? =
given in Table 4.

Fa(@7) (tcay (R)))?| 5 |F1(@3) (0cay (R)))* — Fa(@3) (0ca, (X))

Table 4. The Hausdorff Euclidean distance measure was used to determine the distance values.

COVID-19 (dq) Influenza (d,) MERS (d3)
a(p1) 0.313165 0.421545 0.360085
Blp2) 0.183530 0.277779 0.344399
v(p3) 0.328549 0.378329 0.278548
6(p4) 0.285239 0.366394 0.280436

Step 4. In this step, different D;g,,5, are established based on the computed distance values
for the four P,tjpnts- The minimum distance value between the Pyjppis and the Digpps0s Shows
that which P, is suffering from the particular Djgps,.
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8. Discussion

Under the innovative idea of a Cprgs environment, the suggested distance measure-
ments for Cprgss can be utilized for the development of a medical decision-support system
for medical diagnosis provided it is trained with the aid of medical professionals from
symptomatic data. The distance between the patients and the diseases are first calculated
using the distance measure d$NE and the results are displayed in Table 1. Table 1 shows
that the smallest distance exists between the patient # and the disease COVID-19. As a
result, a is suffering from COVID-19 as predicted by the decision-support system. Similarly,
B is also suffering from COVID-19. The other patients y and J are suffering from Influenza.
Tables 2—4 are generated, on the other hand, when the other distances dlcN ,dH and dgl , are
used to calculate the distances between the patients and the diseases, respectively. When
comparing the data obtained using various distance measurements, the results reveal the
same thing. Table 5 lists the disorders in order of severity for the selected group of patients.

Table 5. Diseases that have been identified in the Patients.

a(p1) B(p2) 7(p3) 9(pa)
Table 1 COVID-19 COVID-19 Influenza Influenza
Table 2 COVID-19 COVID-19 Influenza Influenza
Table 3 COVID-19 COVID-19 Influenza Influenza
Table 4 COVID-19 COVID-19 Influenza Influenza

9. Conclusions

This study focuses on developing a novel Cubic Pythagorean Fuzzy Soft Set structure
and presents its set operators (addition, multiplication, union, intersection, direct sum,
direct product), and distance measures (Hamming, Normalised Hamming, Weighted
Hamming, Hausdorff Hamming, Euclidean, Normalised Euclidean, Weighted Euclidean,
Hausdorff Euclidean). The structure is superior to the ones in the literature as it addresses
the attribute data in decision making studies with the benefit of the tool of a cubic fuzzy
set. Furthermore, the concept was used to develop a decision-making algorithm that has
numerous applications as it has great potential for utilizing human intuition-based data.
One of those applications was the development of a decision-support system which is
presented for the diagnosis of infectious diseases from symptomatic data. In future, this
study can be conducted with different disease diagnostic labs by considering data of actual
patients and actual data can be used to verify the presented technique.
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