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Abstract: Free convection flow of non-Newtonian fluids over flat, heated surfaces is an important
natural phenomenon that also occurs in human-made engineering processes under various physical
and mechanical situations. In the current study, the free convection magnetohydrodynamic flow of
Jeffrey fluid with heat and mass transfer over an infinite vertical plate is examined. Mathematical
modeling is performed using Fourier’s and Fick’s laws, and heat and momentum equations have been
obtained. The non-dimensional partial differential equations for energy, mass, and velocity fields
are determined using the Laplace transform method in a symmetric manner. Later on, the Laplace
transform method is employed to evaluate the results for the temperature, concentration, and velocity
fields with the support of Mathcad software. The governing equations, as well as the initial and
boundary conditions, satisfy these results. The impacts of fractional and physical characteristics have
been shown by graphical illustrations. The obtained fractionalized results are generalized by a more
decaying nature. By taking the fractional parameter B,y — 1, the classical results with the ordinary
derivatives are also recovered, making this a good direction for symmetry analysis. The present work
also has applications with engineering relevance, such as heating and cooling processes in nuclear
reactors, the petrochemical sector, and hydraulic apparatus where the heat transfers through a flat
surface. Moreover, the magnetized fluid is also applicable for controlling flow velocity fluctuations.

Keywords: fractional Jeffrey fluid; MHD flow; constant proportional Caputo fractional derivative;
slip condition; Laplace transform

1. Introduction

In some complex situations, the impact of heat and mass transfer is an essential
component of the non-Newtonian fluid flow. There are numerous industrial applications
for modeling non-Newtonian fluid flow with heat and mass transport systems, including
the food perseveration process, formation of heat, designing of the carburetor automobile,
etc. A non-Newtonian fluid has an important role in industrial engineering, it gains
significant attention from the theorist of fluid mechanics, and several theoretical models
are constructed and then solved to address the engineering relevance. Yang and Du [1]
provide a creative study of non-Newtonian fluid with heat transfer analysis and boundary
layer flow. Aleem et al. [2] investigated a viscoelastic fluid with the pulsatile flow in heat
transfer. A viscous fluid of unsteady motion across a vertical plate is discussed by Waqas
etal. [3]. Ahmad et al. [4] used mathematical modeling to examine water-based Maxwell
hybrid nanofluids, utilizing the CF fractional derivative. Ayub et al. [5] analyzed viscous
flow with heat transfer analysis inside a rotating regime by Newtonian heating and the
influence of magnetic force.
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Jeffrey’s fluid is a non-Newtonian fluid with viscosity and elasticity. Because creep
resistance is present and it has high shear viscosity, it is classified as a shear-thinning fluid.
After the shear stress exceeds the elastic limit, it behaves in a similar manner as a Newtonian
fluid, as shown by Reddy et al. [6]. Retardation and relaxation times in the Jeffrey fluid
model are important for denoting the viscoelastic properties of polymeric materials, as
shown by Bajwa et al. [7]. Shafique et al. [8] reported that Jeffrey’s fluid is utilized in order
to develop a mathematical model of blood flow in small arteries. Peristalsis, a classification
of biological fluid movement, also uses it [9,10]. There are some additional Jeffrey fluid
efforts in [11-15].

The study of differential operators of any order is known as fractional calculus, and
the viscoelastic behavior of fluids is also described. The Caputo, Caputo-Fabrizio, and
Caputo constant proportionality techniques are the most common fractional differentiation
approaches [16-18]. For steady-state heat conduction, Hristov [19] employed the CF frac-
tional derivative. The results of Hristov [20] for transient flow with a space-time derivative
are studied. Hristov [21] investigated the Cattaneo constitutive equation, derived from the
CF (Caputo-Fabrizio) fractional derivative, to research non-singular leak memory used
for transient heat diffusion. Cruz et al. [22] addressed fractional variational calculus for
non-differentiable functions.

Shafique et al. [23] explored fluid mechanics for fractional calculus. They investigated
how fractional calculus and random differentiation may be employed to solve problems
involving time-dependent viscous diffusion. El-Nabulsi [24] discussed the construction
of integral Lagrangian oscillators, which are fractionally difficult on a path. The exact
results of the nonlinear, unsteady, and natural, free convection flow of a radiating fluid
with the heat were described by Ahmad et al. [25]. The examination of its collective trans-
mission was related to an inclined plane. Shah et al. [26] investigated analytical solutions
using the Caputo and Caputo-Fabrizio (CF) derivatives over a vertical surface, where a
viscous fluid is flowing in the time-fractional boundary layer. Jassim et al. [27] described
the analytical solutions of the Daftardar-Jafari and Sumudu decomposition methods to the
fractional differential equations system with the Caputo-Fabrizio (CF) fractional derivative.
Prasada et al. [28] discussed and compared the traditional model; the ZIKV transmission
dynamics fractional-order model provides significantly improved disease parameter es-
timation, analysis, and prediction. The modified Jeffrey fluid’s free convection flow was
accurately calculated using the Caputo—Fabrizio (CF) fractional model by Saqib et al. [29].
Ahmad et al. [30] described an unsteady Newtonian natural convection flow of a second-
grade fluid across a vertical plate with a CPC non-integer order derivative. Pavlovskii [31]
first proposed the Jeffrey fluid’s constitutive equation to better understand the behavior of
an aqueous polymer solution. Goud et al. [32] investigated the magnetohydrodynamic flow
of a micropolar fluid across a movable, vertical porous plate to assess the presence of heat
radiation. Biswas et al. [33] studied the unsteady magnetohydrodynamic free convection
flow of viscous Maxwell nanofluids over a stretched sheet. The Maxwell embodiment
has been used to singularize the non-Newtonian nanofluid. Casson fluid flow with free
convection and mass flow over a parallel plate with a constant magnetic field was studied
by Afikuzzaman et al. [34]. Oskolkov [35] investigated the initial and boundary problems
for penalized equations with a free surface condition in aqueous polymer solutions. Bara-
novskii [36] analyzed the problems of initial and boundary values for Kelvin—Voigt fluid
flow models with mixed boundary conditions.

The literature review indicates that all flow models are made with either ordinary or
fractional derivatives. The focus of this research work is to discuss the application of the
newly proposed hybrid fractional derivatives by Baleanu et al. [37] to the flow of Jeffrey’s
fluid. The constitutive equations for heat and mass fluxes use the generalized fractional
derivative previously mentioned, which is also known as the constant proportional Caputo
fractional derivative. This is a useful direction for symmetry analysis since by utilizing the
fractional parameter approaches to one, the ordinary derivative is obtained. The obtained
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results are also graphically explained by sketching several graphs of velocity, temperature,
and concentration fields for various parameter modifications of interest.

2. Problem Formulation

Consider a Jeffrey flow over a flat surface by considering the non-homogenous thermal
and concentration fields. The influence of the magnetic field of a constant magnitude is
also included for the momentum balance. For the Jeffrey fluid, the constitutive equations
are [31]

T=—-pl+5,
__H dA
5_14wu(A+A2ﬂ>’

d d

=5tV

where A and A; are Jeffrey fluid material properties, S is the extra stress tensor, and -pl is
the indeterminate portion of the stress. The definition of the Rivlin—Ericksen tensor is

A=L+LI, L=VV.

The velocity, temperature, and stress fields for unidirectional and one-dimensional
flow is given as

T="T(yt), V=u(ybi S=S(yf),

where the condition 5(77,0) = 0 is satisfied by the stress field and i represents the unit vector
along the x-axis. Hence, we get Sy, =Sy =S;; =S;; =Syx =Sy =Sz =0 and

__m 8y, o
S = 10 (1+A26t> 7

where the non-trivial tangential stress is Syy. Transversely to the flow, Bo is subjected to a
constant magnetic field. Here, the current density is j, the magnetic field strength overall is
B = (By + B,), the magnetic field that is generated (B; < B,) is By, and Lorentz’s force is
j x B. Ohm’s law and the Maxwell equations are presented as

VxB=uwupj, V-B=0, j=0(E+3xE), VXE:—aa—]f,

where the electrical conductivity = ¢, the magnetic permeability = y;,, and the electric
field is E. The induced magnetic field is ignored because it is supposed that the magnetic
Reynolds number is small. Consequently, the j x B force is reduced to j x B = —cB2u.
The y-axis is generally pointed out toward the plane of the surfaces, and the orientation of
the flat surface is chosen such that the plane of the flat surface is concise on the xy-plane.
The physical condition of the temperature and concentration are described by T, and C,,
respectively. Subsequently, for time ¢ > 0, the plate starts to move, and hence the does fluid
too. In this new situation, the physical conditions are described by temperature T and
concentration C;, and moreover, the slip effect at the boundary of the flow domain is also
considered. The flow diagram is shown in Figure 1. According to our supposition of the
governing equation of the flow model, we assume the following forms [29]

POU(E 1) = ﬂwaéu(é ) +pgBr(T — T,) + pgBe(C = Co) — eBgu(g, 1), (1)

0CpoiT(,t) = KOZT(, 1) — Q(T - To), )
9iC(&,t) = DIFC(g,t) — Kr(C = Cp), 3)
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subject to IBCs
U(E,0) = 0, T(F,0) = Ty, C(&,0) = Co, forall 0 < &, )
(o, t) — sg—”(g, Bl = Un(t), TOH) =T, CO,H=Cs, te[0,0), ()
20,
U(E,t) — 0, T(E,t) — Ty, C(&t) — Cy, as & — co. (6)

Dimensionalization is applied to get a better understanding of the intrinsic behavior of
the mathematical flow model. Moreover, this process also recovered the characteristic prop-
erties of the mathematical model; hence, the governing equations of the proposed model
are transformed into the dimensionless form. Inserting the following non-dimensional
variables

U Uk . uw , T-T, = C-GC,
v v’u_uo’g_Ts—To’(P_Cs—Co' @)
into Equations (1)-(6), we get the dimensionless model as follows
1 2
0l = I +A1(1+/\8T)8,7u—|—Gr9+Gm4)—FMu, (8)
9.0 — 20 — Eo
T —_ ﬁ 179 - 2 (9)
96— ~Pp—H (10)
= 539 — Ho,
with IBCs
u(y,0) =0, 6(n,0) =0, $(1,0) =0, forall 0 <y, (11)
u(0,7) — Spodyu(n, 7) =N(1), 0(0,7) =1, $(0,7) =1, T € [0,00), (12)
n=0
u(n,t) —0, 6(ny,t) — 0, ¢(,7) — 0, as § —> oo, (13)
where the heat generation is E = %"—;, chemical reaction is H = Ig—;:, unit step function is
N(#), Grashof number is Gr = W, mass Grashof number is Gm = M,
magnetic force is Fjy = V;leg , Prandtl number is Pr = ”TC”, and Schmidt number is Sc = %.

| Momentum boundary aver

Thermal boundary laver

Concentration boundary Iaver

Figure 1. The geometry of the problem.
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3. Ordinary Solution

This section discusses the Laplace transform technique and the solutions for concen-
tration, temperature, and velocity fields without a fractional derivative.

3.1. Calculation of Temperature
Using both sides of Equation (9), the Laplace transform, and we obtain

d*0(n,s) _
Equation (14) satisfies
_ 1 _
6(0,s) = > and 6(co,s) = 0. (15)

Equation (15) is used to solve Equation (14)
5 = e VPTTE (16)

Inverting the Laplace transform; see Appendix A, we obtain

o( ,T):1 erfe( 1 EvL\/ﬂ IVEPE 4 orfe( 1 E—\/ET e MVEPT| (17)
T 2 2Vt 2V 7

3.2. Calculation of Concentration
Taking both sides of the Laplace transform from Equation (10), we get

Po5) o

G —Sels +H)f(,) =0 (18)

Equation (18) satisfies
- 1 -
$(0,s) = v and ¢(oo,s) = 0. (19)
Equation (18) is solved using Equation (19)
Fln,s) = o VST, 0)

Taking the inverse Laplace transform from Equation (20); see Appendix A,

¢(n,7) = % [erfc(Z\/%—i- Jﬁ) ~e’7‘/@+erfc<2\/sj_c— \/ﬁ) -6’7\/@]. (21)

3.3. Calculation of Velocity
Laplace transform is applied to Equation (8), we obtain

da (s+Fy)(1+A) 14+ Aq - 14+ A -
— = — — . 22
dy? T T T P L B 1 22)
Equation (22) satisfies
_ oil _
1(0,s) = Sp=— = N(s) and ii(co,s) =0. (23)
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The solution of Equation (22), using Equations (16), (20) and (23), we get

(s+Fpp)(1+A7)

a(ns) = Nis)—o ' g 1+
T S T natian | Pr(s  E)(L+ As) — (s + Ean) (11 A1)
14 1+As
148, /Prs 1 E) \e Vo M o= /PrGry
L S/ EHHU A : ;
1+ M

FOM Bl M4 AS) — (5 Bu) (L A1)

[ ( 1+ Sp SC(S + H) ) ef\/@’l e~ Sc(s+H)r]]
X - .
S

+Fyp) (1+A S
15y R

(24)

Definition 1. The fractional derivative of order with a constant proportional Caputo 6 in (0,1)

is [31]

CPCDIF(t) = 5(11_5) /Ot (kl(é)f(r) +k0(5)f'(5)> (t—1)7%dT.
We see Equation (25) as k1(6) — 0 and ko(6) — 1.

Definition 2. Laplace transform of CPC fractional derivative [31]
CPC o ~ [k1(6) SFray 51
E(TTDIf(D)) = | =7 +ko|s°f(s) —ko(0)s"£(0).

4. Fractional Solution

(25)

(26)

This section identifies the concentration, temperature, and velocity field solutions to

the Laplace transform method and fractional derivative.

4.1. Fractional Thermal Diffusion

The thermal balance equation

0CpdiT = —3yq — Q(T — T,).

(27)

where g is the dimensionless thermal flux of heat conduction by applying Fourier’s law

g=—Kg CPCDfBﬂ, 0<p<1,

(28)

substituting Equation (28) into Equation (27) and using the dimensionless relation from

Equation (7), we get

90 _ cpcp[0%0

Pra—T = Dt ﬁ _PrHG, 0 < ﬁ S 1,

the solution of Equation (29) by using the Laplace transform method is
d*0 Pr(s +E)

iE " B T KB

(29)

(30)
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The solution to Equation (30) using Equation (15) is
1 - Pr(s+E) "
B(y,s) = —e VKL Ko@) (31)
s
4.2. Fractional Concentration
The concentration equation is
0;C = —9,] — Kr(C - C,), (32)

where | is the dimensionless molecular flux of concentration by applying Fick’s law

J]=-D, CPCD?[?;;], 0<y<1, (33)
substituting Equation (33) into Equation (32) and using the relation from Equation (7), we
get

<

The solution to Equation (34) by using the Laplace transform method is

d>¢(1,s) Sc(s + H) _
— =0. 35
K ks’ )
Equation (35) is solved using Equation (19)
1 - Sc(s+H) 7
$(1,s) = - Ky (nsT L 4Ko (1)1 (36)

Inversion of transformed temperature and concentration fields are made by Tzou’s
and Stehfest’s algorithms, and the inverted results are presented in Figures 2 and 3. The
ordinary inverse of Equations (31) and (36) is more complex.

T
<X Stehfest's Algorithm
®-® Tzou's Algorithm

0.5

Temperature Distribution

0
0

Figure 2. Inverse of the temperature profile.
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T
XX Stehfest's Algorithm
®-® Tzou's Algorithm

Concentration Distribution

Figure 3. Inverse of the concentration profile.

4.3. Fractional Velocity

The constitutive fractional model is first created for the concentration and temperature
equations, then solved by using the Laplace transform method. The velocity field is then deter-
mined
1+ A20;

T3 aM—l—prT(T T,) + pgBc(C — Cp) — oB2u, (37)

patU =
where
M(y, t) = poyu. (38)

For analytical solutions to momentum equations, we use Equations (31) and (36) in
Equation (37), and we use the dimensionless relation Equation (7); using Laplace transform
method, we get

Pr(s+E)

d2a(y, Fa)(14Aq) — A B FTko(p)sP]
Z;Z s) _ (s+ 11v1+)g\5+ 1)1/1(17,5) _ —Grﬁ/\; %e (K1 (B)sP~ T +Ko (B)sP]
(39)
_ Sc(s+H) 7
—Gm%i/)\é %e Ky (1)s7 T4+Ko (1)sT] 7|
The solution of Equation (39) using Equation (23) is

] . o (s+F1iA+)§Lls+/\1)17 . 1+ A 1
i(n,s) = G(s) (5+Fm) (14+A7) 1r(l + As) [ Pr(s+E) _ (s+FM)(1+/\1)}

L4+ Spy =15 (K1 (B)sP T+Ko (B)5P] 1+4s

Pr(s+E) - _ Pr(s+E)

1+ Sp\/[K1(ﬁ)sf“1+Ka(/3)sﬁ] . HF%)S;M)” Ky (AP T+ Ko(B)sP] |
g s ' R (A 4o
s+Far) (1474 Pr(s+E)
<1+5P Tiis ) (1+5 \/[K T 1+KU )sﬂ]>
+Gm !
(1+ As) [ Sc(s+H) _ (3+FM)(1+/\1)}
[K1(7)sT1+K, (7)s7] 1+As
Sc(s+H) 5 _ Se(s+H)
1+ S”\/[Kl(v)S“H@(v)sﬂ eV Eefthly e VK@ Tiko(rs1] !

>< .

S s+Fy) (1+A B Sc(s+H
<1 +5p (ﬂgxs])) (1 +SP\/[KI(7)57(511K1(7)57]>
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The inversion of the transformed ordinary and fractional velocity fields are made by
Tzou’s and Stehfest’s algorithms, and the inverted results are presented in Figures 4 and 5.
The ordinary inverse of Equation (24) and Equation (40) is more complex.

1 T

T
<X Stehfest's Algorithm
®® Tzou's Algorithm

0.5

Velocity Distribution

Figure 4. Inverse of the ordinary velocity profile.

1

T T
<X Stehfest's Algorithm
®-® Tzou's Algorithm

Velocity Distribution

Figure 5. Inverse of the fractional velocity profile.

5. Result and Discussion

In Figure 6, by analyzing the fractional parameter  while maintaining all other factors
constant, greater values of 8 can cause a decrease in the fractional parameter field. Because
thermal diffusivity is reciprocal to Pr, its higher values decrease the fractional parameter
profile. In Figure 7, by analyzing the temperature while maintaining all other factors
constant, greater values of Pr can cause a decrease in the temperature field. It is clear
that raising Pr values lowers thermal diffusivity, and as a result, thermal boundary layer
thickness decreases as Pr rises. In Figure 8, by analyzing the fractional parameter -y while
maintaining all other factors constant, greater values of 7y can cause a decrease in the
fractional parameter field. In Figure 9, by analyzing the concentration while maintaining all
other factors constant, higher values of Sc cause decay in the concentration field. Because
mass diffusivity is reciprocal to Sc, its greater values decrease the concentration.
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Temperature Distribution

Temperature Distribution

54

0.5

Concentration Distribution

Figure 8. Concentration field profile for variations in the fractional parameter.
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Concentration Distribution

Figure 9. Concentration field profile for variations in Sc values.

The graphical results for various values of the parameters, such as Gr, Gm, Pr, Sc, B, ¥
Fum, A, and Ay, are sketched in Figures 10-14. Figure 10 depicts the Grashof number’s influ-
ence on velocity distribution. Increasing the values of Gr, the fluid rate can be accelerated.
The ratio of buoyancy to viscous forces is the physical definition of the Grashof number.
Buoyancy forces rise with larger values of Gr, which results in causing the resultant flow
to rise. Hence, the fluid velocity can rise. Figure 11 shows the influence of the mass of
the Grashof number on velocity. These depicted numbers show that the velocity is these
numbers’ increasing function. It is physically true since Gm raises the upthrust forces,
which causes the fluid’s viscosity to decrease and its velocity to increase. The impact of
the Prandtl number on the velocity profile is illustrated in Figure 12. The ratio of viscous
to thermal forces is known as the Prandtl number. As the Prandtl number increases, it
indicates that the viscous forces have begun to dominate thermal forces, resulting in a de-
crease in velocity. Figure 13 depicts the velocity profile effect by Schmidt number. Since the
relationship between the viscous forces and mass diffusion is called the Schmidt number,
increasing this number leads to an increase in viscous forces and a decay in mass diffusion,
which decreases the fluid velocity.

Velocity Distribution

Figure 10. Variations in the velocity field due to Gr.
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Velocity Distribution

rry ey ey
=00

o

Velocity Distribution

Nrnn
PO 000

Figure 12. Velocity field profile for variations in Pr.

T

BB Sc=10
oo Sc=15
A—A4 Sc=20
Sc=25

Velocity Distribution

0.5

n
Figure 13. Velocity field profile for variations in Sc.

Figure 14 examines the fractional parameters of velocity. The fractional parameters
B and 7 increase, and then the fluid velocity also rises. In the plate region, the boundary
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layer’s thickness grows, and its velocity reaches its maximum. The characteristics of F; on
velocity are shown in Figure 15. The increase in Fj; causes the velocity profile to decrease.
Lorentz’s force is the cause of this behavior because the larger value of Fy refers to a larger
retarding force due to the magnetic field’s presence. Due to this trend, velocity slows
down. Figure 16 shows how changing the values of the Jeffrey fluid parameter A causes
the velocity distribution to change. As the Jeffrey fluid parameter values rise, the velocity
profile will decay because the boundary layer momentum thickness will increase as the
Jeffrey fluid parameter values rise, and the velocity profile will decay. As a result, as the
value of A increases, so does the velocity distribution. Figure 17 depicts the parameters
affecting the flow of the velocity field, the ratio of retardation, and relaxation time, A;. It
turns out that the velocity profile decreases as the parameter value A; increases because
higher values of A1 cause the relaxation time (or retardation time) to increase, which implies
that the fluid particles need more time to return to equilibrium after a perturbation. As a
result, the fluid velocity decreases.

Velocity Distribution

SPgelrlry vy oryory e o
=A==

Velocity Distribution

Figure 15. Velocity field profile for variations in Fyy.
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Velocity Distribution

Figure 16. Velocity field profile for variations in A.

Velocity Distribution

T

LS PRET
eee) =15
Ahk =20
M =25

Figure 17. Velocity field profile for variations in A;.

6. Conclusions

This manuscript deals with the classical model, which is converted into a time-

fractional model utilizing the definition of the CPC fractional derivative using the modern
method of Fick’s and Fourier’s laws. The Laplace transform is used to receive precise solu-
tions for temperature, concentration, and velocity. The impacts of the associated parameters
of fluid flow are examined. The following are the key findings:

Increasing the values of 3, v, Gr, and Gm increases the fluid’s velocity.

Rises in the values of Pr, Sc, Fj;, A, and Aq slow the fluid’s velocity down.

Rises in the value of Pr decrease the fluid temperature.

For a short time, the temperature field is a decreasing function of .

Increasing the value of Sc decreases the concentration of the fluid.

For a short time, the concentration field is a decreasing function of -.

The fractionalized outcomes for velocity, temperature, and concentration are general-
ized and are of a more decaying nature.
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Nomenclature

Symbol Name Unit

U Velocity of fluid (ms~ b

u Velocity of fluid (ms~1

T Temperature of fluid K

C Concentration of fluid (Kgs3)

Cs Concentration level at the plate (Kg m~3)
Co Fluid concentration far from the plate (Kg m~3)
Ts Temperature of fluid at the plate (K)

T, Fluid temperature far away from plate (K)

Cp Specific heat at constant pressure (Jkg 1K1
D Mass diffusivity (m?s71)

g Acceleration due to gravity (ms~2)

K Thermal conductivity of fluid (Wm—2K™1)
v Kinematic viscosity of fluid (m? s 1)

U dynamic viscosity Kg m-1s1
1Y Fluid density (Kg m~3)

t Time (s)

Br Volumetric coefficient of thermal expansion (K1

Bc Volumetric coefficient of mass expansion (m3 Kg1)
B,y Fractional parameters (-)

M Magnetic parameter )

s Laplace transform variables ()

B, Uniform applied magnetic field )

A Jeffrey’s fluid parameter (-)

M Relaxation and retardation time (-)

Ao Retardation time )

Kr Dimensional chemical reaction parameter )

E Heat generation ()

H Chemical reaction -)

Appendix A
- Lexp(—yi/
O(ytlm)=1L (sexp< y m(s—l—l)>)
= % [erfc(g\/?Jr \/E)eyM +erfc<g\/? \/E)e_y‘/m}
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