symmetry

Article

Survivability of AIDS Patients via Fractional Differential
Equations with Fuzzy Rectangular and Fuzzy b-Rectangular
Metric like Spaces

Naeem Saleem 1*

check for
updates

Citation: Saleem, N.; Furqan, S.;
Nabwey, H.A.; George, R.
Survivability of AIDS Patients via
Fractional Differential Equations with
Fuzzy Rectangular and Fuzzy
b-Rectangular Metric like Spaces.
Symmetry 2022, 14, 2450. https://
doi.org/10.3390/sym14112450

Academic Editors: Salvatore Sessa,
Mohammad Imdad and Waleed
Mohammad Alfaqih

Received: 18 October 2022
Accepted: 16 November 2022
Published: 18 November 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Salman Furqan !

, Hossam A. Nabwey 2 and Reny George >*

Department of Mathematics, University of Management and Technology Lahore, Lahore 54770, Pakistan
Department of Mathematics, College of Science and Humanities in Al-Kharj, Prince Sattam bin Abdulaziz
University, Al-Kharj 11942, Saudi Arabia

*  Correspondence: naeem.saleem2@gmail.com (N.S.); renygeorge02@yahoo.com (R.G.)

Abstract: As it is not always true that the distance between the points in fuzzy rectangular metric
spaces is one, so we introduce the notions of rectangular and b-rectangular metric-like spaces in fuzzy
set theory that generalize many existing results, which can be regarded as the main advantage of this
paper. In these spaces, the symmetry property is preserved, but the self distance may not be equal to
one. We discuss topological properties and demonstrate that neither of these spaces is Hausdorff.
Using a — p-contraction and Geraghty contractions, respectively, in our main results, we establish
fixed point results in these spaces. We present examples that justify our definitions and results. We
use our main results to demonstrate that the solution of a nonlinear fractional differential equation
for HIV is unique.

Keywords: fuzzy metric-like space; & — ¢ contraction; Geraghty contraction; fractional differential
equation

1. Introduction

Fixed point theory has been widely used due to its applications in many fields of
science. Banach fixed point theorem concerns self-mappings on a complete metric space
and gives the iterative process to find the fixed point. Researchers have generalized the
Banach contraction in many different ways and proved Banach fixed point theorem. For
example, in 1974, Ciri¢ [1] generalized the Banach contraction principle by introducing
Cirié-type contraction. In 1993, Czerwik [2] generalized the Banach contraction by introduc-
ing an increasing function ¢. In 2012, Wardowski [3] established F-contraction, where F is
increasing and satisfies certain properties; it is also a generalization of the Banach contrac-
tion. There are many other contractions that generalize the Banach contraction but all of
them need to be continuous mappings. To overcome this deficiency, Suzuki [4] introduced
the Suzuki-type contraction that generalizes the Banach contraction that need not be a
continuous mapping. In 2008, Berinde et al. [5] introduced the concept of almost contraction
which is continuous at its fixed points. In 2017, the authors in [6] introduced generalized
Suzuki-type F-contraction fuzzy mappings and to prove the existence of fixed fuzzy points
for such mappings in the setup of complete ordered metric spaces. Saleem et al. [7] utilized
the concepts of Suzuki and Berinde to establish Suzuki-type generalized multi-valued
almost contraction mappings that generalize the Banach contraction in a natural way. In [8],
the authors introduced Suzuki-type («, B, 7¢)-generalized and modified proximal contrac-
tive mappings and found some interesting results. The authors in [9] introduced some
new generalizations of F-contraction, F-Suzuki contraction and F-expanding mappings
and proved the existence and uniqueness of the fixed points for these mappings. They
also investigated the existence of a unique solution of an integral boundary value problem
for scalar nonlinear Caputo fractional differential equations. Fatemah et al. [10] proved
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fixed points results for multivalued mappings and applied their results to linear systems.
On the other hand, the fuzzy set theory, which was introduced by Zadeh [11], also has
significant importance as it gives more efficient results compared to the crisp set theory. It
extends the ordinary set theory as it assigns the grade of membership to each element of
the set. Due to their greater accuracy and efficiency, fuzzy sets have been widely used in
engineering, decision making, game theory and other natural sciences. Jakhar et al. [12]
adopted the fixed point method and direct method to find the solution and intuitionistic
fuzzy stability of the three-dimensional cubic functional equation. Taha [13] utilized the
concept of a fuzzy set and introduced the notion of (7, s)-generalized fuzzy semi-closed sets
with some properties. Prasertpong et al. [14] gave the approximation approaches for rough
hypersoft sets based on hesitant bipolar-valued fuzzy hypersoft relations on semigroups.
Zhou et al. [15] introduced a new family of fuzzy contractions based on Proinov-type
contractions and established some new results concerning the existence and uniqueness of
fixed points.

Using the concept of Zadeh, Kramosil and Michélek [16] gave the notion of a fuzzy
metric space and compared it to the statistical metric space and found that both concepts
are the same in some sense. They discussed only left continuity and did not discuss
the topological aspects of the fuzzy metric space they introduced. In 1983, Grabiec [17]
introduced the convergence Cauchyness of a sequence and established the fuzzy versions
of Banach and Edelstein contraction principles in fuzzy metric spaces. He also proved
that the fuzzy metric space is non-decreasing with respect to the third argument. In [18],
George and Veeramani discussed the topological properties of the fuzzy metric space and
modified the definition of [16]. They modify the definition of Cauchy sequence discussed
in [17]. They defined open ball and closed ball and proved the Hausdorffness of fuzzy
metric space. They discussed the compactness of a set and proved that if it is compact then
itis F-bounded. They also proved Baire’s theorem in fuzzy metric space. These concepts
are further utilized by many authors, see [19-21].

In 2000, Branciari [22] introduced the definition of a rectangular metric space that
generalizes a metric space, while George et al. [23] introduced the concept of b-Branciari
metric space that generalized the notion of Branciari metric space in a natural way. They
introduced the convergence of a sequence and Cauchyness of a sequence in b-Branciari
metric space. They proved the Banach and Kannan-type contraction theorems in b-Branciari
metric space. They showed with an example that the b-Branciari metric space is not
Hausdorff. Ding et al. [24] discussed, improved and generalized some fixed point results
for mappings in b-metric, rectangular metric and b-rectangular metric spaces. Ege [25]
introduced complex valued rectangular b-metric spaces and proved fixed point results. He
applied fixed point results to the uniqueness of the solution of a system of #n-linear equations
in n-unknowns. Kadelburg et al. [26], utilized the Pata-type contraction and obtained
(common) fixed point results in b-metric and b-rectangular metric spaces. Naddban [27]
gave the notions of b-metric, quasi b-metric and quasi-pseudo b-metric space using fuzzy
set theory in the sense of [16]. He also defined the convergence and Cauchyness of a
sequence in a fuzzy b-metric space. In [28], the author extended the concept of metric-like
by giving the notion of rectangular metric-like space. He proved some convergence and
fixed point results. In [29], the authors gave the fuzzy version of [23] and proved some
contraction principles that also generalized some results in fuzzy metric spaces. In 2021,
using controlled functions, the notions of double and triple controlled metric spaces in a
fuzzy environment were introduced by [30] and [31], respectively, which generalized many
metric spaces in fuzzy set theory. By discussing the topological properties, they proved
that neither of these spaces is Hausdorff.

Since it is not always true that the distance between the points is zero, Hitzler et al. [32]
introduced the idea of d-metric spaces. They introduced the convergence as well as Cauchy-
ness of a sequence and proved that in d-metric space the limit of a sequence is always
unique. They discussed the neighborhoods and continuity in such spaces. Alghamdi [33]
introduced the concept of b-metric-like space to generalize the idea of a metric-like, par-
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tial metric and b-metric space. They used the non-expensive mappings in order to find
the fixed point. Recently, Prakasam et al. [34] presented the concepts of O-generalized
F-contraction of type-(1) and type-(2) and proved several fixed point theorems for a self
mapping in b-metric-like space. They proved and generalized some of the well known re-
sults in the literature. The concept of metric-like spaces in fuzzy set theory was introduced
by Shukla et al. [21] in the sense of [18]. They defined the convergence and Cauchyness of
a sequence in fuzzy metric-like space. They used fuzzy contractive mapping to find the
fixed point.

Due to the contribution of fractional calculus in many branches of mathematics and
engineering, including a variety of dynamical problem analyses, scientists have paid more
attention to fractional order modeling. The application of various mathematical methods to
the management of these models is evident. It generalizes the integer order differentiation
and integration to the variable order. After centuries of small advancements, it is now
growing from an application point of view. The reason for this is that modeling using the
fractional order technique gives more accuracy and hereditary properties to the system
as compared with ordinary calculus models. In [35], the authors introduced an efficient
meshless approach for approximating the nonlinear fractional fourth-order diffusion model
described in the Riemann-Liouville sense. The spread of diseases among humans is caused
by viruses, bacteria, blood, spit and many other factors. AIDS is a transmittable disease
that spreads within humans by an immunodeficiency virus that weakens the human body
with respect to fighting against the disease. Moreover, it leaves the body open for other
diseases to attack. Nazir et al. [36] investigated the HIV model by employing the Caputo—
Fabrizio fractional order derivative. They used the classical technique of fixed point to
prove the existence and uniqueness of the solution. Sweilam et al. [37] used three controlled
variables and investigated the fractional co-infection optimal model of HIV versus malaria
in fractional order.

In fuzzy rectangular metric space, the possibility that the distance between the points
might not be equal to one was not discussed earlier. This motivates us to write this paper.
We define rectangular and b-rectangular metric-like spaces in a fuzzy environment and
discuss some topological aspects of these spaces. These concepts are new and generalize
the concepts in [21,38]. We replace the triangle inequality with a rectangular inequality, but
the symmetry property remains the same. As for topological aspects, we prove neither of
these newly defined spaces is Hausdorff. We find the fixed point using different techniques
based on the properties of contractions and the considered metric, such as the rectangular
inequality and the symmetry. The paper is organized as follows. In Section 2, some
fundamental definitions are given. In Section 3, we define fuzzy rectangular and fuzzy
b-rectangular metric-like spaces, we prove the Banach theorem by using aip-contraction and
Geraghty contraction, respectively, in these spaces. Each definition and result is supported
by examples. In Section 4, we use the fixed point technique to show the uniqueness of the
solution of a fractional model for HIV.

2. Preliminaries

The following section comprises some fundamental definitions and outcomes con-
nected to our main results.

Definition 1 ([39]). LetY # @, then (Y, d;) is known as metric-like space MLS, ifd; : Y x Y —
R* U {0} satisfies:

(L1) di(p1,92) =0= p1 = 02,
(L2) di(g1,02) = d(p2, 01);
(L3) di(p1,3) < di(91,92) +d1(92,93), for all 1,92, 03 €Y.

Definition 2 ([33]). Let Y # @and b > 1, then (X, dy;) is called b-metric-like space (bMLS), if
the function dy; : Y x Y — R* U {0} satisfies:

(bL1) dy(p1, 92) = 0= o1 = po;
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(bL2) dp (91, 92) = dpi (92, 901);
(bL3) dyi (91, 93) < bldp (91, 92) + dpi (92, 93)], for all o1, 02,03 € Y.

Example 1 ([33]). Let Y = [0,c0); define dy; : [0,00) x [0,00) — [0,00) as dy(p1, p2) =
(91 + 92)2. Then (Y, dy;) is (bBMLS) with b = 2.

Definition 3 ([28]). Let Y # @, then (Y, d,;) is called a rectangular metric-like space (RMLS), if

the function, d,; : Y x Y — [0, c0) satisfies:

(rL1) dy (91, 02) = 0= 01 = p2;

(rL2) dy(p1,902) = dn(p2, 91);

(rL3) du(p1,04) < du(p1,02) + dn(02, 03) + dri(03, 0a), for all distinct 3,03 € Y\
{91, 94}

Definition 4 ([40]). Let I = [0,1], % : [ x I — I be a binary operation. Then x is known as
continuous triangular norm (CTN), if * satisfies:

C1) *(p1, p2) = *(p2, 01);

*(p1,* (92, 03)) = *(*(p1, 02), 3);
* IS continuous;

)
C3)
C4) *(p1,1) = g for every o1 € I;
C5) *(p1, 92) < *(p3, p4) whenever 1 < 3, 92 < g4 forall Py, 02, 03,94 € L.

Definition 5 ([18]). Let Y # @, then the tuple (Y, Msf , %) is known as fuzzy metric space with x
as a (CTN), if for all 1, 92, 93 € Y, the fuzzy set MY xY x (0,00) — [0, 1] satisfies:

o1, 02, t.) = Lifand only if 1 = ©o;

o1, 02, t2) = ML (p2, 01, 12);

o1, 03, (b 6) > ML (1,00, 6) * M (02, 03, 12);

©1,©2,0) : (0,00) — [0, 1] is continuous for all p1, o2, 3 € Y and t,,t, > 0.

S B B Gy Gy
N TN N /S

Definition 6 ([27]). Let Y # @ and b > 1. Then the quadruple (Y, M{:, b, x) is called a fuzzy

b-metric space (FbMS) with x as (CTN), if for all p1, 03, 03 € Y, the fuzzy set Mi: Y XY x
[0, 00) — [0, 1] satisfies:

pl/ pZI tl) = M{;(WZ/ plrtl)r
o1, 93, b(ts +12)) > M (91,02, t2) * M (92, 93, t2);
©1,§2,0) : (0,00) — [0, 1] is left continuous for all 1, 2, 03 € Y and t,,t, > 0.

—~ o~~~

Definition 7 ([29]). Let Y # @ and b > 1. Then the quadruple (Y, Mi: ,, b, %) is known as fuzzy
b-rectangular metric space, if for all o1, s — Y U {23}, the fuzzy set M{; :Y XY % [0,00) —
[0, 1] satisfies:

(Fbr1) M/ (p1, 2,0) = 0;

(For2) M (1, p2,t1) = Lif and only if 1 = p»;

(For3) M (1, 92,t2) = M (92, 01, 2);

( )M{(pll 24, b(tl + tZ + t}.)) Z M{(pll 92, tJ_) * M{(QZI 3, tJ_) * M{(@& 4, tJ_)r
(Fbrs)

Fbr5 M[(pl,pz,o) : (0,00) — [0,1] is left continuous for all 1,7, 03,04 € Y and
ty,t,,t5 > 0.
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Definition 8 ([41]). Let (Y, M, x) be a fuzzy metric space where & : Y x Y x (0,00) — (0, 00)
is a function. The mapping T : Y — Y is called a-admissible if,

a(p1,02,t) > 1= a(Hpr, Hpo, t) > 1, forallt, > 0,01, 02 €Y.

In 1973, Geraghty [42] generalized the Banach contraction principle by introducing
Geraghty contractions that have been used extensively by many authors. We follow the
concept of [43] in our main results.

Definition 9 ([43]). Let b > 1 be a real number; denote F as the class of all B : [0,00) — [0, %)
with the condition

1 L
B(tn) — 5 asn — oo implies t, — 0 as n — oo.

Example 2. Consider the function p : [0,00) —s [0, 1) defined by p(t) = % for some b > 1.
Then B € F.

Definition 10 ([44]). Let Y = [0,00), then i : Y — Y is called a y-function, if

1. 1 is non-decreasing;
2. Y1 y"(t) < oo forall t, where " is the n-th iteration of .

We will denote the set ¥ such that ¢ € Y.

Example 3. Consider the function defined by

W)_{t—i, iftelo,1],

%, fort>1,
clearly p € Y.

3. Main Results

This section deals with the notions of our newly defined rectangular and b-recangular
metric-like spaces in the context of fuzzy sets that generalize numerous results existing in
the literature. In our main results, first we will use & — ¢-contraction to prove the fixed point
theorem in fuzzy rectangular metric-like space. Later, we will use Geraghty contraction
in fuzzy b-rectangular metric-like space. Some examples are presented that support our
results. We will also show, with examples, that neither of these spaces is Hausdorff.
Following the concept of George and Veeramani [18], we have the following definition.

Definition 11. Let Y # @, xis (CIN). Then (Y, M,;, *) is known as fuzzy rectangular metric-like

space (FRMLS) if for all distinct 3, o4 € Y \ {1, p2}, the fuzzy set M,; : Y XY X (0,00) —

[0, 1] satisfies:

(FL1) My (1, 92, 1) > 0;

(FL2) if M, (1, 92, t1) = 1 forall t; > 0 then p1 = po;

(FL3) My(p1, 02, t1) = My (2, 01, t1);

(FL4) My (p1, 04, ts + o + t5) > Mu(p1, 02, t:) * My (92, 03, t2) * My (903, 94, t5), for all
ti,ty, t5 > 0;

(FL5) M,;(91, 92, ) : (0,00) — [0,1] is continuous.

Remark 1. In (FL4), if M,; (03, 04, t5) = 1, then by taking t, + t; = t,’ every (FRMLS) reduces
to fuzzy metric-like space [21].
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Example 4. Consider Y = [0,c0) and let d,; : Y x Y — [0, c0) be an RMLS, then

3

M ’ ’t Tt +di(01,0)
(91, 92, t1) ty +du(p1, 02)

is an (FRMLS) with minimum t,-norm. Conditions (FL1)—(FL3) and (FL5) are easy to prove; we
only prove (FL4).

o+t
t+t 5+ dy (o1, 04)

M?l(pl/ @41"1 + tz + t3) -

Now assume

M, (91, 92, t) < My (2, 93, t2)
and

Mrl(pl/ 2, tl) < Mrl (p3r §4, f3>
S0

1, t,
<
t+du(p1,902) ~ o+ dy(p2,03)

and

tl < t3
t+dy(p1,02) ~ t5 +dalps, 1)

Thus we have

tidy (92, 03) < tadn (1, 92) and tidy(ps, 04) < t3d (01, 02)
that is
ty(dr1 (92, 03) +dn (93, 01) < (o +t5)du (91, 02)- €]
Note also that
M, (91, pa, ts + 1 +t3) > My (91, 02, t1),

SO

b+t t,
> ,
t At Hdy (L, ea) — G Fda(pr e2)

Hence

t+t iy
t + 6+t +dy (1, 02) +du(92, 903) + dr(93, 04)
> t—l,
ty +du (o1, 92)

After simplification, we have

t1(di (92, 93) + dr (93, 04) < (t2 +t3)dy (91, 02)- 2)
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Equations 1 and 2 are identical, so
My (p1, 900t + 4o +45) > M (91, 02, 42) * My (02,93, 1)
* My (@3/ §94, ts);

forall t,,t,,t; > 0and hence (Y, M,;, *) is an (FRMLS).

Example 5. Let Y = {0,1,2,3}; define

t+dy(p1,92)

where d,; = max{ 1, @2} is the (RMLS). Then (Y, M,;, %) is an (FRMLS) with product t,-norm.
We will only prove (FL4); to do this, consider the following cases:

Case-1 Let o1 = 0 and g4 = 3, then either py = 1 and p3 = 2 or pp = 2 and p3 = 1. Suppose
o2 = land o3 = 2, then

My (p1, 92, t1) 3)

o+t +t
Mal03 66 t6) = s

Now
£
t; +3

t t
M,(0,1,,) = — il, M, (1,2,4,) = — erz’ M,;(2,3,t5) =
1 2

Clearly
M,;(0,3,¢, +t, +t5) > M;(0,1,¢,) * My(1,2,¢,) * Myy(2,3,45).

Case-2 Let p1 = 1 and o4 = 3, then either g, = 0 and p3 = 2 or py = 2 and p3 = 0. Suppose
o =2and p3 = 0, then

t,+t,+t
Mu(L3/ 6ttt t) = o

Now

t
M,(0,3,¢5) = —2

1,2 = .
M?’l( 4 ’tl) t3+3

Mrl (2/ 0, tl)

-t — 2
t, +27 t, +27

Clearly
M,(1,3,4, +t, +t5) > M(1,2,4,) * M;;(2,0,t,) * M,y (0,3, t5).

Case-3 Let p1 = 2 and g4 = 3, then either py = 0and p3 = 1or gy = 1 and p3 = 0. Suppose
oo = 0and p3 =1, then

t s

Mn(2,3, i+t +4) = ———— .
1 2 3

Now
ts

t t
Mrl(zloltl) == _—— Mrl(or 1rt2) = K t +3
3

’ T 1/ M 1/31t =
6 +2 1 rl( 3)

Clearly

M,(2,3,t, +t, +t5) > M,;;(2,0,t,) * M,;(0,1,t,) * M,y (1,3, t5).



Symmetry 2022, 14, 2450 8 of 24

Along similar lines, one can prove remaining cases. Thus

My (91, 04, ts 4t +t3) > My (91, 02, tn) * My (92, 903, t2) * My (93, 94, t5).

Hence (Y, M, *) is an (FRMLS).

Definition 12. A sequence { @y} in (FRMLS) (Y, M,;, ) is called:

1. aconvergent sequence, if for every t, > 0, there exists p in Y satisfying:
nlg{}o Mrl(pnl £ tl) = Myl(SJ, £ tl)/
2. a Cauchy sequence, if for all t, > O and for p > 1,

nh_r)rolo M, (©n+p, 9, ) exists and is finite.

An (FRMLS) is complete, if every Cauchy sequence converges in Y. Now we define the

open ball in an (FRMLS).
Definition 13. An open ball B(p1,1,t,), in an (FRMLS) (Y, M,;, *) with center o1 and radius r,
is given by
B(p1,1,t) = {2 € Y: My(p1,02,t.) > 171},
and

™, = {C CY:B(p,1t.) CC}
is the corresponding topology.
The following example shows an (FRMLS) is not Hausdorff.

Example 6. Consider the Example 5 and define the open ball B(p1,11,t,) with center o1 = 0,
radius ry = 0.3 and t;, = 3 as

B(0,0.3,3) = {p € {0,1,2,3} : M,;(0,p,3) > 0.7}.

Let 0 €Y, then M;1(0,0,3) = 5772557 = 1,500 € B(0,03,3).
Let1 €Y, then M;(0,1,3) = 57754y = 075,501 € B(0,0.3,3).
Let2 €Y, then My(0,2,3) = 577227 = 06,502 ¢ B(0,03,3).
Let3 €Y, then My(0,3,3) = 577237 = 05,50 3 ¢ B(0,03,3).

Hence,
B(0,0.3,3) = {0,1}

Now consider the open ball B( o, 12, t,) with center p; = 3, radius r, = 0.6 and t, = 7 as

B(2,0.6,7) = {p € {0,1,2,3} : M,;(3,,7) > 0.4}.

Let 0 €Y, then M;1(2,0,7) = 7475y = 0.7777,50 0 € B(2,0.6,7).
Let 1 €Y, then M,;(2,1,7) = WQN) = 0.7777,50 1 € B(2,0.6,7).
Let2 €Y, then M,;(2,2,7) = WQZZ) = 0.7777,502 € B(2,0.6,7).
Let7 €Y, then M,;(2,7,7) = % =0.7,503 € B(2,0.6,7).

Hence,
B(2,0.6,7) ={0,1,2,3}

Clearly B(0,0.3,3) N B(2,0.6,7) = {0,1} # @; hence, an (FORMLS) is not Hausdorff.
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Definition 14. Let (Y, M,;,*) be an (FRMLS) and o : Y x Y x (0,00) — (0,00) and ¢ :
[0,00) — [0, 00) be two functions. A mapping H : Y — Y is called an « — p-contractive

mapping, if

M}’l (le/ H@Z/ tl)

1 1
—-1) < — 1), forallt, >0, , €Y. 4
) o lp(Mrl(plr pZ:tl) ) f * P12 @

Utilizing & — ip-contraction, we now demonstrate the Banach contraction principle in
the settings of (FRMLS).

Theorem 1. Let (Y, M,;, *) be a complete (FRMLS) and H : Y — Y be an a — p-contractive
mapping that satisfies the following:

1.  H is a-admissible;

2. Forall t,, there exists pg € Y satisfying a(po, Heo, t1) > 1;

3. Forasequence { oy} in Y with a(pn, ppi1,t.) > 1forallt, > 0,n > 1and p, — pas
n — oo, implies a(pn, ©,t,) > 1forall t, > 0,n > 1.

Then H has a fixed point.

Proof. For any arbitrary go € Y, consider the iterative sequence p, = Hp,—1 = H"po
with p, # @u11. As H is a-admissible, for all t, > 0, we have

a(po, Hepo, t1) = a(po, p1,t) > 1= a(Hpo, Her, t) = a(pr, o2, ) > 1
which implies
a(p1, Mo, ta) = a(pr, 92,t) 2 1= a(Hpr, Heo, ta) = a(pa, 93, t) > 1
Continuing in this way, we have
&(Hpu-1, Hpn ts) = a(pn, Pni1, ) > 1.

Now

1 1

Mi’l(pl/ @Zrtl) ) N MTI<HpO/Hp1/t1)

1
< t -1 j ) >1
= Dé(po,pl, l)(Mrl<’H@0/lertl) ) since “(@Or@l l) =
1
<Pp(— 1),
o IP(MTl(pOI @11"1) )
So, we have
1 1
— 1) < _ —1). 5
<M7’l(p1/ @2/t1) ) o #](Mi’l(pO/ plltl) ) ( )
Now
1 1
— 1) = -1
(Mrl(@zf 03, 1) ) (Mrz(Hg%Hm,fl) )
1
< 7 /t - 1
< o1 2 l)<Mrl(Hp1,7'l@2,tl) )
<Pl 1)

M, (91, 92, 1)
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from (5), we have

1 1 1

— 1)< — 1)) =y (-1
(Mrl(K’er&tl) ) N lp(lp(M?‘l(pO/plltl) )) l)b (Mi’l(pO/ pl/tl) )
Similarly,
1 1
- <P} (-1
My, (93/ 4, tl) ) o M, (@0r 01, tl) )
Continuing in this way, we have
1 1
-1 <yp'(—Fr—-—-1
My (9, 91, t1) )= (Mrl(pol P1,t) )
That is,
lim ( ! -1) < lim ”(;—1)—>0'
n—00 Mrl(pn/ @n—i—lztl) T Mrl(@()/ pl/tl) ’
= nlgrolo M, (on, oni1, ) =1, forall t, > 0. (6)
Similarly, we can prove
nlg{)lo M, (pn—2,9n,t.) =1, forall t, > 0. ?)

Now consider the sequence {, } in Y and the cases below:
Case-1. If p = 29 + 1, then

t t t
My (9n, Pni2g+1,8) = My (@m Pn+1s gl) * My (@n+1, Pn+2, gl) * My (@nuf Pn+29+1, gl)
t t t
> M, (@nr ©n+1, gl) * My (@n+1/ ©n+2, El) * My (pn+2/ ©On+3, 3%)
t t
* Mrl (@n+31 n+4, 37;) * Mrl (@n+4/ Pn+2q+1, 3%>

= My (@n/ Pnt1s %) * My (@n-&-l/ Pn+2, %) * My (anrZ/ ©n+3/ ;le)

t t t
* My (@n+3/ n+4r 3%) * My (@n+4/ §In+5, 3%,) * M, (@n+5/ n+6/ 3*l3>

t
* My (@n—&-qu Pn+2g+1/ 3%7) .
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Taking limit n — co and using (6), we have

. . t . t
Wm My (pn, Pnt2ge1, ) 2 im My (@n, Pn+1s gl) « Hm My (pnﬂ, ©n+2, gl)

) t
* nh_1>n°o M, (anrZ/ Pn+29+1, 51)

n

. t . t
Z nh_r)noo My (@nr Pn+1, é) * n1£>noo M, (@n+1, Pn+2, é)
. t . t
* nhl)nw My (@nJer ©n-+3, 3%) * n]ﬂho My (anr?)/ ©n+4, 3%)
. t . t
* nlinoo My (@n-ﬁ-‘l/ Pn+5, 3%) * nhl>nw M, (@n+5/ Pn+6s 3%>
. t . t
* nhglm Mrl <@n+6/ pn+7/ ?z) * nhglm M <pn+7/ pﬂ+8/ 372>
. t,
* nl£1>loo Mrl (@nJqu/ ©n42q+1, 37,) =1

Case-2. If p = 2g, then

t

t t
M, (9, Pn2g,t) = My (@n, P+, ) * My (@nﬂ, ©On+2, é) * My (@n+2, ©On+3, 3%)
t t t
* My (@n+3/ Pn-+4, 3*12> * M (@n+4r ©n+5/ 3%> * My (@n+51 Pn-+6, 3%>

t t
* M,y <pn+6/ ©n+7, 3*14) * M, (8971+7r ©n+8, 3%4)

t
* My (@n-i—Zq—zr $n+2q, 3,1%1)
Taking limit # — oo and using (6) and (7), we have

nlinooM,l(pn,anq,tl) >1x1xlx---x1=1

Thus, in both cases, we have limy,—sco M,;(pn, ©n+p t,) = 1, showing {p, } is Cauchy in Y.
Since Y is complete, so p, — p € Y, i.e., limy 00 M,y (90, 9, t:) = 1. To show g is a fixed
point of H, consider

1 1
1= _
Mrl(@n-i-l/ H@, tl) Mrl(,H@n/ ,H@r tl)
1
< a(pn, 0, t -1
- (pn @ l)<Mrl(Hpﬂ//Hp/tl) )
1
< _— —1).
- IP(MYI(@T!/ @rtl) )
Taking limit n — oo, we have
1 1
- —1< (s 1
lim, e M, (anrlr prr tl) (hmn—mo My (@nl £, tl) )

<y(;-1 <0,

So, we have Frw—— Mrzl(an,Hga,tl) —1 = 0; that is, limy,—e0 My (n11, Hep, t1) = 1.
Since M,; is continuous and p, — g, we have M,;(p, Hp,t,) = 1, showing e is a fixed
pointof H. [
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The following is an example elaborated from Theorem 1.

Example 7. Let Y = [0,1] and M,; : Y x Y x (0,00) — [0,1]. Define a complete (FRMLS)
Iy -+ 2

as My (91,92, t.) =exp & forallt; > 0. Let H : Y — Y be given by H(p) = & and
a(p1, 92, t1) = 1if p1, 02 € [0,1] and 0 otherwise, then

“(Hpr Hien o) = “(%’%'tl) =1 forall p1, 2 € [0,1].
Now,

1 . 1
el m ey L= -
Mil3 g0 151 EE

ty
o1+ o2
= exp i, 1
o1+ o2
< P(exp T 1)
D
Mi’l(@lr 2, tl)

Hence, p = 0 is a fixed point.
Now we define b-rectangular metric-like space in fuzzy set theory.

Definition 15. Let Y # @, be a (CIN) and b > 1. Then (Y, M, b, %) is said to be a fuzzy

b-rectangular metric-like space (FORMLS), if for all distinct o3, 4 € Y \ {91, 02} the fuzzy set

M2 Y x Y x (0,00) — [0, 1] satisfies:

(FbL1) MZ(pl, pz,’(l) > 0;

(FbL2) if M} (91, 92, t,) = 1 forall t; > 0 then p1 = o,

(FbL3) My (1, 92,t1) = My (2, 91, t1);

(FbL4) MZ(@I/ 4, b(tl +t + ts)) > MZ(@D 2, tl) * MZ(@Z/ @3/t2) * Ml};(pfi/ @4/"3)/];0” all
ti, ty,t5 > 0;

(FbL5) Mj (91, 92,-) : (0,00) — [0,1] is continuous.

Remark 2. (i) By taking b = 1, an (FbRMLS) reduces to an (FRMLS).

(ii) In (FbL4), if M (3, 94, t5) = 1, then by taking t, + t; = t," every (FDRMLS) reduces to
(FbMLS) [38].

(iii) In (FbL4), if M (93, 04, t3) = 1, then by taking t, + t; = t," and b = 1 every (FDRMLS)
reduces to fuzzy metric-like space [21].

The authors in [21,38] did not discuss the topologies of the spaces they defined. If we
restrict ourselves and take t, + t; = t,/, then our results generalize the results in [38]. In
the same way, if we take t, + t; = t,” and b = 1, then the results of [21] become the special
cases of (FbRMLS).

The following example elaborates on Definition (15).

Example 8. Let Y = NU {0} and t, * t, = min{t,, t,}; define Mj : Y x Y x [0,00) — [0,1]
as:
d(p1, 92)

My (91, 92, t1) = exp — "
1

7
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where d(p1, p2) = (p1 + 92)? is a b-rectangular metric-like space. Then My, is not an FRMLS;
however, (Y, M}, b, x) is an (FbRMLS) with b = 2. Here we only prove (FbL4). Now

(p1+ 04)* < (p1+ 2+ 02+ 03 + 03 + Pa)*
= (p1+ )%+ (2 + 03)% + (93 + a)?

Amﬁm+mﬂm+mﬂ*m+mﬂm+m)
+ (93 + ©4) (1 + @2))

< 3((91 + 02)% + (2 + 93)* + (g3 + 94)2)-

Now,
—(p1 + pa)?
M (91, o1t + b + ;) = exp — 2L 94)7
b(01, pats + 6o+ t5) P Ly,
_ 2 2 2
zwp3mﬁmﬁ 3(p2 + 93)” —3(p3 + p4)
t+t b
-3 2 -3 2 -3 2
:m)(m+mjap(m+mja (5 + 1)
t+t + t +t + b t+t b
—(p1 + 2)? — (2 + p3)? — (3 + p4)?
> exp T .exp 0 .exp 5
3 3 3
t t t
= MZ(pll §92, gl) * MZ(@Z/ 93, EZ) * er;(pfil §4, 33)

Hence, (Y, M}, b, x) is an (FORMLS).
Definition 16. The sequence { oy} in an (FORMLS) (Y, M}, b, ) is convergent, if
Jim M (o, 0, 1) = My (9, 0, t0)-
Definition 17. The sequence { oy} in (FORMLS) (Y, M], b, *) is Cauchy, if
hj\ My (9n, 9ntp, to) exists and is finite,
n (o]
wheret, > 0and p > 1.

Definition 18. An (FbRMLS) (Y, M}, b, x) is complete if every Cauchy sequence converges in Y.

Definition 19. Let (Y, M}, b, x) be an (FbRMLS). Then the open ball B(p, 1, t,) with center o
and radius v is defined as

B(p,r,t1) ={p2 € Y: My(p, 02, t:) > 171},
and
™y ={CCY:B(p,rt)CCh
is the corresponding topology.

We now give an example that shows an (FbRMLS) is not a Hausdorff.
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Example 9. Consider the (FbRMLS) as in Example 8. Here, we choose a subset H = {0,1,2,3}
of Y. Consider the open ball By (1,11, t.) with center 1 = 1, radius ry = 0.6 and t, = 5 as

B1(1,0.6,5) = {p, € H: M}(1, 0,,5) > 0.4}.

Let 0 € H, then M (1,0,5) = exp(— (”50)2) = 0.8187, 500 € B(p1, 71, t1)-

1 € H, then M}(1,1,5) = exp(— Hl ) = 0.4493,30 1 € B(p1,71,t1)-

2 € H, then M}(1,2,5) = exp(— ”2 %) = 0.1653,502 ¢ B(p1, 71, t,).
L) =

3 € H, then M}(1,3,5) = exp(— ”3 = 0.0407, 50 3 ¢ B(gp1,71,t1).
Hence,

Bl(pl/rl/ tl) - {0/1}

Now consider the open ball By (2,12, t,) with center oo = 0, radius vy = 0.6 and t, = 5 as

By(0,0.6,5) = {2 € H : Mj(1,2,5) > 0.4}.

Let 0 € H, then M}(0,0,5) = exp(— (“;’) ) =1,500 € B(pa, 12, t,).

1€ H, then M{(0,1,5) = exp(—25%) = 0.8187,50 1 € B, 72, t1).

2 € H, then M,(0,2,5) = exp(— <0+2 ) = 0.4493,50 2 € B(n, 72, t1).
L) =

3 € H, then M}(0,3,5) = exp(— 0“’ = 0.1652,50 3 ¢ B2, 72, t1).
Hence,

By (g2, 12,t:) = {0,1,2}
Clearly By (1,71, t1) N Ba(p2,72,t1) = {0,1} # @, showing an (FDRMLS) is not Hausdorff.

We now prove Banach contraction theorem in the settings of (FbRMLS) by using
Geraghty contraction. We will use this result in the application section of this article.

Theorem 2. Let (Y, Mj,b, *) be a complete (FORMLS) and H : Y — Y be a mapping which
satisfies:
My, (Hpr, Hea, BIMy (91, 92,41))) 2 My(91, 92, 41), ®)

forall p1, 00 € Yand B € F,. Then H has a unique fixed point.

Proof. Let p( be an arbitrary point and consider the iterative sequence Hp, = H"xp = pn.
Using (8), we have

MZ(le/ n+1s tl) = MZ(,Hpn’ H@nl tl)

t

> M (©n, ©n, =

= Moo on oo )
ty

BV (9 9mr 6BV (92, 5, )

Z MZ(@Z/ @n/

7 tl
= Moo o0 o o)) B Moo, 91, 6))

Hence, we have

ty
M (om om ) B oo o) ©

Mz(pn/ pn+1/tl) 2 Mz(@OI pll ‘B(
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Let {, } be a sequence in Y and consider the cases.
Case-1If p = 29 + 1, then using (FbL4) repeatedly, we have

t t
MZ(@n/ Pn+2q+1, tl) > MZ (pn/ ©n+1s 3*2) * MZ (pn-s-l, ©n+2, 3*2)
ty ty
* M, (K’n+21 ©n+3/ W) * Mj, (@n+3/ On+4, W)

t t
* M;rj (pn+4; ©n+5, @) * Mzr, (@n+5/ ©n+6/ (37;)3)

t
* M, (Pn—&-qu Pn+29+1, @)

Using (9), we have
MZ(SJW Pn+2q9+1, ty)
> Mr (po 1 tl )
= iVl ’ 317,3(M£(@n,Pn/ﬁ))ﬁ(MZ(pZ’ pn,tl)) ﬁ(M;Z(@Or @1/’(1))
t
* Mr ’ 7 .
b(K’O P1 3bﬁ(Mr(@n/ Pn+1, tl))ﬁ(MZ(pn, Pn ta)) ... ,B(er;(po’ @1,’(1)))
t1
*M ’ 7
(po F1 (30)2B(M} (9n-+1, nr2, 1)) B(Mp (9, Pni1,ta)) - - (M (0, pl’tl))>
1
*M 7
(p 1 (30)2B(M}, (9n+2, 9n+3, 1)) BIMG (9011, Pnt2, 1) - - - (M (90, @1'tl)))
1
*M ’ 7
(po 1 3b 3,3 Mr(anr?w @n+4/tl))ﬁ(er;(@n+2/ @n+3/tl)) : ﬁ(MZ(WOf @1,1(1))>

bt
@0)7

* M/, , 01, .
b (@0 1 ﬁ(Mg(anqu,l, @n+2qrtl)>ﬁ(M£(Pn+2q—2r Pn+2q—1/ t))... ,B(MZ(@O/ p1,t1)) )

So, we have

My (on, Onr294+1,t1) = M (@0, ©1, ?) * M, (Por £1, bn%) * Mj, (@0/ £1, b;%)
* M, (@o, 1, bn;rlt ) ..My, (@0, 1, bn;qt )

Applying a limit, we have

hglm ery(pn/ @n+2q+1/tl) =1

n
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Case-2 When p = 24, then using (FbL4) repeatedly, we have

t t
MZ(@TII Wn—&-qu tl) Z MZ (p}’l/ ©n+1, 372> * MZ (pn+1/ ©On+2, i)
t t
'a 1 T 1
* Mh (pn+2/ £n+3, (3717)2) * Mb (@n+3r Pn-+4, (31’])2)

tl t1
* M, (K»’n+4f ©On+5, W) * M, (@n+5/ On+6, W)

t
* MZ (Pn+2q72/ Pn+29, W> .

Using (9), we have

MZ(@H/ £n+2q, tl)

T t
> M (00,61, 30B(M] (9, 91, &) BIM (92, 9, 62)) - -- B(ME (00, Wl)))

* M’( 2 )
PP L BHBM (pn, 91, 1) BV (91, 9, 2) - (M (0, 91, 1))

r ty
M (901, (30)2B(M] (911, 9n 2, 6)) BOML (9, 9n11,6)) - BOM (0, Wl)))

T tl
Mi (00,61 (B0)2B(M (0nr2, 9, ) B (91, 9mr2, 6)) - - BM (00, i)

4

b)1T
* My, 20, $1, 8 :
b ( ! B(M} (91291, ©nt20-1,4)) BIMp (0n-+2g-2, Ont2g9-1,t1)) - - B(Mj (0, 01, t1)) )

So, we have

M (9n, 9ni2q,62) = My (90,1, Q} « M; (00, 01, b%) « Mj (90,91, b%)
* M, (@o, 01, b”;%) *... M (@0/ 01, %)

Applying a limit, we have lim;,—c M} (on, On+29+1, t;) = 1. Thus in both cases, we have
limy, 00 M}, (91, ontp, t1) = 1, showing {p, } is Cauchy in Y. Now we prove g is the fixed
point of H; consider,

fl

) * My (Hon, 9, 57)

t
b b

3 b

3
, t y b

> Mb(p, ©n, 3bﬁ(M£(@, @n/tl))) * Mb(pnr ©n, 3b,B(M£(@n/ @n/tl)))

2

3b

— 1x1x1=1.

MZ(H@, 2 tl) > MZ(HQ/ Hn, ) * MZ(H@n/ Hen,

* M{;(p)’l/ @/
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That shows p is a fixed point of H.
Uniqueness: Let o' € Y with Hp' = p. Now

My(p, ¢’ t1) = My(Hp, He' t1)

¢

> T / 1

= Mo o, o, 0))
ty

= MZ(H@/ Hp// TB(MZ(KD, p/’ tl)))

ty )
B(Mg(@r o, tl))z

)

> Mp(p, ¢,

> ...
t_L
B(M (o, ¢, t:))"
= Mj(p,¢',b"t)
—>lasn — co.

> Mp(p, ¢,

)

Hence p = /. O

Example 10. Let Y = [0,00) and M} : Y x Y x (0,00) — [0, 1] be defined by

t1
ty 4 (1 + 92)%
Then (Y, M}, b, %) is a complete (FORMLS) with b = 2 and t, * t, = min{t,,t,}. Now define
H:Y — Yby Hpy = and B:Y — [0, 1) by B(t) = L. Let p1, 0 €Y, t, >0

and consider

M (o1, 902, 4.) =

1
2(1— 1)

—~

1, 2, tl)tl
M+ (Hp1 + Hepn)?

B(M;

My (Hp1, Ha, BIMy (91, 92, t1) 1)) = B(M} (01, 92,
b 7 7 *1

~—

ty
1 o1 2 2
—t
i+ (G I o)
ty
pr_ e )2
-1 11—
121
@1*@1@2+@2*@1@2>2
(1—p1)(1—g2)
t
(14 02 — 2p192)%
(1= 1)%(1 = p2)?

==

b+

t1+(

t, +
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Here,
(14 02 — 20192)? 2
<
-t = 1192
(14 02 — 20192)? 2
t <t
st (1-p1)2(1—p2)? — 7 o1t e2)
1 1
>
i (p1 4 02 —20192)% — t+ (p1+ 92)?
(1-01)2(1— 2)?
1, > t,
t + (p1+ 2 —20192)% — t+ (91 +92)?
(1= 1)2(1— )2
Hence,

MZ(HWI/HWZI ﬁ(Mz(pll p2/tl)tl)) Z MZ(pll pZ/tl)'

Hence, H has a unique fixed point o1 = 0.
From Theorem 2, we have the following remark.

Remark 3. Taking B(t,) =k € (0,1), then Theorem 1 reduces to the Banach contraction theorem
for (FbRMLS) as follows.

Theorem 3. Let (Y, M}, b, *) be a complete (FORMLS) and k € [0, %) (b > 1) with
nliﬁmoo M (o1, 902, t.) =1, forall 1,00 €Y.
Further let H be a self mapping on Y that satisfies:
My (01, 02, kt1) > My (91, 02, t1)-
Then H has unique fixed point in'Y.
Example 11. Let v = [0, 1], with product t-norm; define a complete (FbRMLS) (Y, M}, b, *) as

12
t; +max(p1 + p2)

MZ(KJlr pZItl) = 27 fOT’ llll pl/ 92 E Y/ tl > 0

1—

Now define a self-mapping H onY as Hp = %7@. Let 1,02 €Y, then

12791 1-2%
3 ' 3
kt,
o —or\2
kt, + (—1‘23 12 “)
9kt,
2
ok, + (2— (2791 +27m))

9kt,
>
 9kty + (2791 4+ 2792)2
> b
Tty +max(pr + 92)2
MZ(@]; §92, tl)

M (p1, 02, kty) = M (

Jkty)
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forall p1,¢, € Yandk € (%, 1). By the application of Theorem 2, H has a fixed point 0.

Remark 4. Taking b = 1, then Theorem 2 reduces to Banach contraction theorem by using
Geraghty contraction in RMLS.

4. Application to Fractional Differential Equations

Fixed point theory plays a vital role in proving the uniqueness of the solution of certain
problems in almost every branch of mathematics. On the other hand, fractional calculus has
applications in diverse and widespread fields of engineering, medicine and other scientific
disciplines such as signal processing, visco-elasticity, fluid mechanics, biological population
models, etc. In this section, we apply our main result for the uniqueness of the solution of a
nonlinear fractional differential equation. In epidemiology, mathematical modeling has
developed into a useful method for comprehending the dynamics of diseases. Ross [45]
developed the first epidemiological model to study malaria transmission at the beginning
of 1900.

The study of fractional calculus has a long history; however, scientists study applica-
tions these days. Scientists focus on the study of HIV modeling in fractional calculus. In
this direction, Ding et al. [46] introduced the HIV model in fractional order derivative in
which the H cell gets infected. Tabassum et al. [47] established the nonlinear mathematical
model of HIV using necessary requirements for well posedness and boundedness. An
HIV/AIDS model with weak CD4+ H cells was presented by Dutta and Gupta [48] and
infection-free equilibrium conditions were examined.

Let g denote the model for the survivability of AIDS patients, then we have the
following fractional differential equation,

D();l+n(s) = g(S, n(s)), s >0, (10)

where y(0) 4+1/(0) = 0,9(1) +v'(1) = 0, D}__is the Caputo fractional derivative, 1 < /i < 2
is a real number and g is a continuous function from [0,1] x [0, 00) to [0, o0). Now define a
complete (FbRMLS) (Y, M}, b, x) as

1 + p2]?
t

1

M (91,92, t,) = exp — , forall o, 00 €Y, 4, >0, b=2,

where t, xt, = t;t,. Denote the space of all continuous functions defined on I = [0, 1]
by Y = C([0,1],R). Observe that y € Y is the solution of (10) if and only if y solves the
following integral equation,

0(5) = g7 (1= 1A= 98000+ s [ (=)0 =)
; (11)
r(lh)/o (s =1""'8 0 0())d).
Theorem 4. Consider the integral operator H : Y — Y defined by
Ho(s) = g7 (1= 0098000 + gy [ =) 20 =),

n r(lh) | /0 (s = )" g (,0())d),

and assume the conditions:
(i) forally,o €Y, p € Fyand g : [0,1] x [0,00) — [0, 00), satisfies

\ BMG (0,0, 40))[n(s) +0(s)],

N

18(s,9(s)) +8(s,0(s))| <
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(i)

1 1-—s 1-s sh 2

i A EYCES)

_|_
S ITEE D T T

=<1,

holds. Then the nonlinear fractional differential Equation (10) has a unique solution.

Proof. Lety,v € Y and consider

o(s) + Ho(s)|* = | [0 =1 =9)(80,00) + 80,00

+r(hl_1)/ (1= )"2(1=5)(8(,00) +8(,0())))ds

1

+ g 6= 0" 0,00 + 50,00

é(r(lh)/ol( =)= 9)|209() + 80, 0())) |

1 ! n-2(1
+r(h—1)./0(1*]) \gm +8(7,0( ‘dJ

F(lh) /0 (s =" ’8(11‘)(])) +g(1,n(]))]d])

(r(lh) /01 1= 9) 3By (0,0, 6)) o)

+0(7)lds

+1"(hl—1)/1 N2 q/ (M} (9,0,t.))[9())
o)+ gy =" 3y B0, 0))lo0)

Fo)ldy)”

= 1BOE00,0)In(s) + 0o (s [ =P =9
1

T(—1) /01(1 =" = s)dy + 1"(1h) /OS(S f])h—1d])2
- %ﬁ(MM o t)lole) + t’(S)|2(F(1h) /01<1 — N1 —s)dp

+1“(h1_1)/(1 N =)+ g )/ hld]
- %ﬁ(M’(U v,t1))[n(s) +o(s )|2(1r(h) -l h])

1-s (1- ])hl 1 (S_])hs 2
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Lo 1—s 1—s
= 3P e H(S)'zsil(gan (F(h 1) T
s 2
ey

= 1.B(Mj(n,0,12))ln(s) + v(s)|>
< B(My(v,0,))In(s) +v(s) %,

So, we have

"Ht)(s) +Hn(s)‘2
B(Mj(n,v,t1))

< In(s) +o(s)?

That is,

[005) + 706" ) 4 o)
TBM (vt — G

Taking an exponential on both sides, we have

[Hy(s) + Ho(s) ?
o - (M (9,0, t.)ts

) > exp ( n(s) +U(S)I2)

ty
Thus, we have
MZ (HU(S)/ HU(S>/ ﬁ(M{)(U/ U/ tl))tl) Z MZ(U/ n/ tl)/

Thus, from the application of Theorem 2, the nonlinear fractional differential Equa-
tion (10) has a unique solution.
Taking h = 1.1,1.2,...,2, s € [0,1], we plot y(s) in Figure 1 using Matlab 2018a as follows:

1.6 T
h=1.1
h=12

1.4 h=13

h=14

08r

B (s)

06 [

0.4 r

0.2r

D 1 1 L 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time, s

Figure 1. Shows the values of y(s) for different values of h.
O

The following numerical example illustrates Theorem 4.
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Example 12. Consider the fractional order differential equation
Di;n(s) = &(sn(s)), s > 0. (12)

with B(M} (v,0,t,)) = + and g(s,9(s)) = %5) — e. Let H be the integral operator as defined in
Theorem 4. Note that

(i)
S v(s
8(s,n(s)) +g(s,n(s))’ = ‘% 4+ % _
= %‘G(S)Jrn(s) —2¢°
1 /1
S 1‘(‘3(5)4-0(5))’
1 1
= ;\/B\(n(s) +o(s)|, p= 7.
and (ii)
_lsu 1-s +1*S+ sh ‘2
" 456(01,)1) r(h+1) I(h) TI(h+1)
1 1-—3s 1-—s 2 |2
v + + , hereh =2
1,20 ITE) TTR) TTe)
71811}) 1*S+175+£‘2
4ocon! 2 1 2
_1 sup 52*37”2‘2
4 co) 2
< 1.

Since conditions (i) and (ii) of Theorem 4 are fulfilled, fractional Equation (12) has a unique solution
inY.

5. Conclusions

We defined rectangular and b-rectangular metric-like spaces using fuzzy set theory,
which are generalizations of numerous fuzzy metric spaces previously described in the
literature. We proved with an example that neither of these spaces is Hausdorff. In
these spaces, we demonstrated our main results through the use of Geraghty and « — ¢
contractions. Our definitions and results are supported by examples. Some remarks have
also been given that show the generalization of our results and definitions as compared
to some other existing results in the literature. In the end, we provided an application for
the survivability of AIDS patients via a fractional differential equation. Our newly defined
result and application can be employed in the existing literature. In summary, our results
are original, meaningful and valuable in the context of the existing literature. We hope
that our new results can be applied to fields such as nonlinear analysis, fractional calculus
models and other related fields in the future.

Author Contributions: Conceptualization, N.S., S.F; formal analysis, N.S., S.F, R.G.; investigation,
N.S., S.E; writing original draft preparation, N.S., S.F. and R.G.; writing review and editing, N.S.,
H.AN. and S.F. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No data is used in this study.



Symmetry 2022, 14, 2450 23 of 24

Acknowledgments: This research is supported by the Deanship of Scientific Research, Prince Sattam
bin Abdulaziz University, Alkharj, Saudi Arabia.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ciri¢, L. A generalization of Banach’s contraction principle. Proc. Am. Math. Soc. 1974, 45, 267-273. [CrossRef]

2. Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

3. Wardowski, D. Fixed points of a new-type of contractive mappings in complete metric spaces. Fixed Point Theory Appl. 2012, 1,
1-6. [CrossRef]

4. Suzuki, T. A generalized Banach contraction principle that characterizes metric completeness. Proc. Am. Math. Soc. 2008, 136,
1861-1869. [CrossRef]

5. Berinde, V.; Pacurar, M. Fixed points and continuity of almost contractions. Fixed Point Theory 2008, 9, 23-34.

6.  Saleem, N.; Abbas, M.; Raza, Z. Fixed fuzzy point results of generalized Suzuki-type F-contraction mappings in ordered metric
spaces. Georgian Math. . 2017, 27, 307-320. [CrossRef]

7.  Saleem, N.; Habib, L; Sen, M.D.L. Some new results on coincidence points for multivalued Suzuki-type mappings in fairly
complete spaces. Computation 2020, 8, 17. [CrossRef]

8. Saleem, N.; Abbas, M.; Ali, B.; Raza, Z. Fixed points of Suzuki-type generalized multivalued (f, 6, L)-almost contractions with
applications. Filomat 2019, 33, 499-518. [CrossRef]

9.  Saleem, N.; Zhou, M.; Bashir, S.; Husnine, S.M. Some new generalizations of F-contraction-type mappings that weaken certain
conditions on Caputo fractional-type differential equations. Aims Math. 2021, 6, 12718-12742. [CrossRef]

10. Lael, F; Saleem, N.; Abbas, M. On the fixed points of multivalued mappings in b-metric spaces and their application to linear
systems. UPB Sci. Bull. A 2020, 82, 121-130.

11.  Zadeh, L.A. Fuzzy sets. Inf. control 1965, 8, 338-353. [CrossRef]

12.  Jakhar, J.; Chugh, R.; Jakhar, J. Solution and intuitionistic fuzzy stability of 3-dimensional cubic functional equation: Using two
different methods. J. Math. Comput. Sci. 2022, 25, 103-114. [CrossRef]

13. Taha, LM. Some properties of (r,s)-generalized fuzzy semi-closed sets and some applications. J. Math. Comput. Sci. 2022, 27,
164-175. [CrossRef]

14. Prasertpong, R.; Lampan, A. Approximation approaches for rough hypersoft sets based on hesitant bipolar-valued fuzzy hypersoft
relations on semigroups. J. Math. Comput. Sci. 2022, 28, 85-122. [CrossRef]

15.  Zhou, M,; Saleem, N.; Liu, X.; Fulga, A.; Roldan Lépez de Hierro, A.F. A new approach to proinov-type fixed-point results in
non-archimedean fuzzy metric spaces. Mathematics 2021, 9, 3001. [CrossRef]

16. Kramosil, I;Michalek, J. Fuzzy metrics and statistical metric spaces. Kybernetika 1975, 11, 336-344.

17.  Grabiec, M. Fixed points in fuzzy metric spaces. Fuzzy Sets Syst. 1988, 27, 385-389. [CrossRef]

18. George, A.; Veeramani, P. On some results in fuzzy metric spaces. Fuzzy Sets Syst. 1994, 64, 395-399. [CrossRef]

19. Ciric, L. Some new results for Banach contractions and Edelstein contractive mappings on fuzzy metric spaces. Chaos Solitons
Fractals 2009, 42, 146-154. [CrossRef]

20. Gregori, V.; Sapena, A. On fixed-point theorems in fuzzy metric spaces. Fuzzy Sets Syst. 2002, 125, 245-252. [CrossRef]

21. Shukla, S.; Abbas, M. Fixed point results in fuzzy metric-like spaces. Iran. |. Fuzzy Syst. 2014, 11, 81-92.

22. Branciari, A. A fixed point theorem of Banach-Caccioppoli-type on a class of generalized metric spaces. Publ. Math. Debr. 2000,
57,31-37.

23. George, R.; Radenovic, S.; Reshma, K.P.; Shukla, S. Rectangular b-metric space and contraction principles. J. Nonlinear Sci. Appl.
2015, 8, 1005-1013. [CrossRef]

24. Ding, H.S.; Imdad, M.; Radenovic, S.; Vujakovic, ]. On some fixed point results in b-metric, rectangular and b-rectangular metric
spaces. Arab ]. Math. Sci. 2016, 22, 151-164.

25. Ege, O. Complex valued rectangular b-metric spaces and an application to linear equations. J. Nonlinear Sci. Appl. 2015, 8,
1014-1021. [CrossRef]

26. Kadelburg, Z.; Radenovic, S. Pata-type common fixed point results in b-metric and b-rectangular metric spaces. J. Nonlinear Sci.
Appl. 2015, 8, 944-954. [CrossRef]

27. Naddban, S. Fuzzy b-metric spaces. Int. |. Comput. Commun. 2016, 11, 273-281. [CrossRef]

28. Mlaiki, N.; Abodayeh, K.; Aydi, H.; Abdeljawad, T.; Abuloha, M. Rectangular metric-like-type spaces and related fixed points. J.
Math. 2018, 2018, 3581768. [CrossRef]

29. Mehmood, F; Ali, R.; Hussain, N. Contractions in fuzzy rectangular b-metric spaces with application. J. Intell. Fuzzy Syst. 2019,
37,1275-1285. [CrossRef]

30. Saleem, N.; Isik, H.; Furqgan, S.; Park, C. Fuzzy double controlled metric spaces and related results. . Intell. Fuzzy Syst. 2021, 40,
9977-9985. [CrossRef]

31. Furqan, S.; Isik, H.; Saleem, N. Fuzzy triple controlled metric spaces and related fixed point results. . Funct. Spaces. 2021, 2021,
9936992. [CrossRef]

32. Hitzler, P; Seda, A.K. Dislocated topologies. J. Electr. Eng. 2000, 51, 3-7.


http://doi.org/10.1090/S0002-9939-1974-0356011-2
http://dx.doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/10.1090/S0002-9939-07-09055-7
http://dx.doi.org/10.1515/gmj-2017-0048
http://dx.doi.org/10.3390/computation8010017
http://dx.doi.org/10.2298/FIL1902499S
http://dx.doi.org/10.3934/math.2021734
http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.22436/jmcs.025.02.01
http://dx.doi.org/10.22436/jmcs.027.02.06
http://dx.doi.org/10.22436/jmcs.028.01.08
http://dx.doi.org/10.3390/math9233001
http://dx.doi.org/10.1016/0165-0114(88)90064-4
http://dx.doi.org/10.1016/0165-0114(94)90162-7
http://dx.doi.org/10.1016/j.chaos.2008.11.010
http://dx.doi.org/10.1016/S0165-0114(00)00088-9
http://dx.doi.org/10.22436/jnsa.008.06.11
http://dx.doi.org/10.22436/jnsa.008.06.12
http://dx.doi.org/10.22436/jnsa.008.06.05
http://dx.doi.org/10.15837/ijccc.2016.2.2443
http://dx.doi.org/10.1155/2018/3581768
http://dx.doi.org/10.3233/JIFS-182719
http://dx.doi.org/10.3233/JIFS-202594
http://dx.doi.org/10.1155/2021/9936992

Symmetry 2022, 14, 2450 24 of 24

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.

45.
46.

47.

48.

Alghamdi, M.A.; Hussain, N.; Salimi, P. Fixed point and coupled fixed point theorems on b-metric-like spaces. J. Inequalities Appl.
2013, 1, 1-25. [CrossRef]

Prakasam, S.K.; Gnanaprakasam, A.].; Ege, O.; Mani, G.; Haque, S.; Mlaiki, N. Fixed point for an OgF — ¢ in O-complete
b-metric-like spaces. AIMS Math. 2023, 8, 1022-1039. [CrossRef]

Nikan, O.; Avazzadeh, Z.; Machado, J.T. An efficient local meshless approach for solving nonlinear time-fractional fourth-order
diffusion model. J. King Saud Univ. Sci. 2021, 33, 101243. [CrossRef]

Nazir, G.; Shah, K.; Debbouche, A.; Khan, R.A. Study of HIV mathematical model under nonsingular kernel-type derivative of
fractional order. Chaos Solitons Fractals 2020, 139, 110095. [CrossRef]

Sweilam, N.H.; Al-Mekhlafi, S.M.; Mohammed, Z.N.; Baleanu, D. Optimal control for variable order fractional HIV/AIDS and
malaria mathematical models with multi-time delay. Alex. Eng. J. 2020, 59, 3149-3162. [CrossRef]

Javed, K.; Uddin, F,; Aydi, H.; Arshad, M.; Ishtiaq, U.; Alsamir, H. On fuzzy b-metric-like spaces. |. Funct. Spaces 2021, 2021,
6615976. [CrossRef]

Amini-Harandi, A. Metric-like spaces, partial metric spaces and fixed points. Fixed Point Theory Appl. 2012, 1, 1-10. [CrossRef]
Schweizer, B.; Sklar, A. Statistical metric spaces. Pacific J. Math. 1960, 10, 385-389. [CrossRef]

Gopal, D.; Vetro, C. Some new fixed point theorems in fuzzy metric spaces. Iran. . Fuzzy Syst. 2014, 11, 95-107. [CrossRef]
Geraghty, M.A. On contractive mappings. Proc. Am. Math. Soc. 1973, 40, 604-608. [CrossRef]

Hussain, N.; Salimi, P.; Parvaneh, V. Fixed point results for various contractions in parametric and fuzzy b-metric spaces. J.
Nonlinear Sci. Appl. 2015, 8, 719-739. [CrossRef]

Samet, B.; Vetro, C.; Vetro, P. Fixed point theorems for a — ip-contractive-type mappings. Nonlinear Anal. Theory Methods Appl.
2012, 75, 2154-2165. [CrossRef]

Ross, R. The Prevention of Malaria; John Murray: London, UK, 1911.

Ding, Y.; Ye, H. A fractional-order differential equation model of HIV infection of CD4+ T-cells. Math. Comp. Model. 2009, 50,
386-392. [CrossRef]

Tabassum, ML.E,; Saeed, M.; Akgiil, A.; Farman, M.; Chaudhry, N.A. Treatment of HIV/AIDS epidemic model with vertical
transmission by using evolutionary Padé-approximation. Chaos Solitons Fractals 2020, 134, 109686. [CrossRef]

Dutta, A.; Gupta, PK. A mathematical model for transmission dynamics of HIV/AIDS with effect of weak CD4+ T cells. Chin. ].
Phys. 2018, 56, 1045-1056. [CrossRef]


http://dx.doi.org/10.1186/1029-242X-2013-402
http://dx.doi.org/10.3934/math.2023050
http://dx.doi.org/10.1016/j.jksus.2020.101243
http://dx.doi.org/10.1016/j.chaos.2020.110095
http://dx.doi.org/10.1016/j.aej.2020.07.021
http://dx.doi.org/10.1155/2021/6615976
http://dx.doi.org/10.1186/1687-1812-2012-204
http://dx.doi.org/10.2140/pjm.1960.10.313
http://dx.doi.org/10.1007/s11565-011-0126-4
http://dx.doi.org/10.1090/S0002-9939-1973-0334176-5
http://dx.doi.org/10.22436/jnsa.008.05.24
http://dx.doi.org/10.1016/j.na.2011.10.014
http://dx.doi.org/10.1016/j.mcm.2009.04.019
http://dx.doi.org/10.1016/j.chaos.2020.109686
http://dx.doi.org/10.1016/j.cjph.2018.04.004

	Introduction
	Preliminaries
	Main Results
	Application to Fractional Differential Equations
	Conclusions
	References

