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Abstract

:

We investigate the phenomenon of electron–positron pair production in intense external backgrounds within the strong-field regime. We perform nonperturbative calculations by solving the quantum kinetic equations, and obtain the momentum distributions of particles created and the total number of pairs. In particular, we analyze the validity of the locally constant field approximation (LCFA), which represents a powerful method for treating inhomogeneous external backgrounds. We consider a combination of two consecutive time-dependent Sauter pulses and thoroughly examine the effects of quantum interference and the role of the Pauli exclusion principle. It is shown that the latter can be approximately incorporated within the LCFA when computing the momentum distributions, while the closed-form LCFA expression for the total particle yield completely disregards Pauli blocking. It is demonstrated that in the presence of multiple turning points of classical electron trajectories, one observes interference patterns in the particle spectra, and the LCFA may significantly overestimate the number of pairs. To further elaborate this issue, we perform the analogous calculations in the case of scalar QED. It is shown that the quantum statistics effects enhance the number of bosons produced.
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1. Introduction


As it became evident decades ago, a self-consistent theory of electromagnetic interactions should properly incorporate vacuum fluctuations, which can give rise to essentially nonlinear fundamental phenomena, such as light-by-light scattering [1,2,3,4], vacuum birefringence [5,6,7], and electron–positron pair production in strong fields [8,9,10] (for review, see Refs. [11,12,13,14,15,16,17]). The latter process is especially intriguing, as in the case of quasistatic external backgrounds, it can be described only by means of nonperturbative methods. Electron–positron pair production in the strong-field regime (Schwinger mechanism) has never been observed experimentally. From the theoretical viewpoint, it is strongly desirable to explore new setups and obtain accurate predictions concerning various realistic scenarios, as it should significantly facilitate the experimental research.



Since the exact nonperturbative calculations basically require a great amount of computational resources, one has to invoke approximate methods. In this study, we will focus on the widely used locally constant field approximation (LCFA), which allows one to estimate the pair yield in the presence of strong inhomogeneous fields [18,19,20,21,22,23,24,25,26]. The idea here is to employ a closed-form expression for the pair-production probability in the presence of a constant electromagnetic background and then integrate it over space-time, plugging the local values of the actual external-field configuration. In our recent studies [24,25], the validity of the LCFA was explored by comparing the approximate predictions with the results of exact numerical computations. Since the LCFA by definition includes only the tunneling mechanism of pair production, it basically underestimates the exact values. However, in Ref. [25], it was found that the LCFA results may also overestimate the particle number in the case of sufficiently strong external fields. It was suggested that it is the effects of the statistics which are responsible for this nontrivial behavior [25]. Here, we thoroughly examine this issue and discover clear relationships among the LCFA applicability, statistics, and the effects of quantum interference.



In order to simplify the analysis and evidently demonstrate the main mechanisms, we consider a combination of two purely time-dependent pulses. The exact calculations are performed by means of the quantum kinetic equations (QKE) (see Refs. [21,25,26,27,28,29,30,31,32,33]). To properly identify the effects of statistics, we evaluate the momentum distributions of particles and the total pair yield in the case of usual (spinor) quantum electrodynamics and in the case of a scalar field interacting with the classical external background. The process of boson pair production is also investigated by means of the quantum kinetic approach and the LCFA. We employ the units   ℏ = c = 1   and denote the electron charge by   e < 0  . The critical (Schwinger) field strength reads    E c  =  m 2  /  | e |   .




2. External Field Configuration. Turning Points


We assume that the external electric field depends solely on time and has a linear polarization. The field strength is given by the following combination of two Sauter pulses:


  E  ( t )  = E   1   cosh 2   ( t / τ )    +  σ   cosh 2   ( t / τ − δ )     ,  



(1)




where  τ  is the duration of each pulse, E and   σ E   are the amplitudes of the pulses, and  δ  governs the temporal distance between the corresponding two peaks. We employ   δ = 10  , so the two pulses do not essentially overlap. In the gauge    A 0  = 0  , the vector potential reads


  A  ( t )  = − E τ  tanh ( t / τ ) + σ tanh ( t / τ − δ )  .  



(2)







As will be demonstrated in what follows, for negative values of  σ , one can observe interference effects in the spectra of particles produced. A schematic picture of the external-field profile for positive and negative  σ  is depicted in Figure 1.



A spatially homogeneous external background is a widely used approximation of the electromagnetic field of two counterpropagating laser pulses forming a standing wave. The pair-production process basically occurs in the vicinity of the electric-field maximum, where the magnetic-field component vanishes. Although laser fields usually contain several optical cycles, here, we consider a very simple model of the external field consisting of Sauter profiles, which can be viewed as very short (half-period) laser pulses. This significantly simplifies the analysis allowing one to clearly identify the main patterns regarding the interference and statistical effects. The general mechanisms revealed in the present study are qualitatively the same, even if the external field has a more involved subcycle structure.



Let us discuss the evolution of the kinetic momentum of the electron in the field   E ( t )  . Since the external field does not depend on the spatial coordinates, the generalized momentum  P  is conserved. Let   p = (  p ‖  ,  p ⊥  )   be the final kinetic momentum of the electron (  p ‖   is the momentum projection along the external field direction). From    P ‖  =  p ‖   ( t )  + e A  ( t )   , it follows that the kinetic momentum as a function of time reads


   p ‖   ( t )  =  p ‖  − e  [ A  ( t )  − A  ( + ∞ )  ]  .  



(3)







The perpendicular components do not change,    p ⊥   ( t )  =  p ⊥   . In the nonperturbative regime that we are mostly interested in, the electric field is very unlikely to produce particles with relatively large kinetic energy. Within the LCFA, it is turning point (TP)    p ‖   (  t *  )  = 0   which provides the main contribution to the number density of the electrons (we will discuss the momentum distributions of the electrons, while the positron spectra can be obtained by substituting   p → − p  ). In the case of the external field Equation (2) with   δ ≫ 1  , for any given t, one of the hyperbolic tangents can be replaced with either   + 1   or   − 1  , which simplifies the analysis. For   σ > 0  , we obtain the following function    t *   ( z )    [  z ≡  p ‖  /  ( e E τ )   ]:


     t *   ( z )   τ  =      δ + arctanh  ( 1 − z / σ )     if   0 < z < 2 σ ,       arctanh  ( 1 + 2 σ − z )     if   2 σ < z < 2 σ + 2 .       



(4)







There are no TPs for z outside the interval   ( 0 , 2 σ + 2 )  . We also note that Equation (4) is not valid in a certain vicinity of   z = 2 σ   (this vicinity is exponentially small for large  δ ). In what follows, however, the momentum distributions at   z = 2 σ   will be recovered by simply using their continuity. For   − 1 < σ < 0  , we can encounter two TPs for given z:


     t *   ( z )   τ  =          δ + arctanh  ( 1 − z / σ )       arctanh  ( 1 + 2 σ − z )         if   2 σ < z < 0 ,       arctanh  ( 1 + 2 σ − z )     if   0 ≤ z < 2 σ + 2 .       



(5)







There are no TPs for   z ∉ ( 2 σ , 2 σ + 2 )  . The existence of two TPs for certain values of   p ‖   gives rise to quantum interference that will be investigated in what follows. We will not consider   σ < − 1  , as this regime is equivalent to the previous one up to interchanging the two pulses and rescaling the amplitude E. Throughout the paper, we will assume   E > 0  . Expressions (4) and (5) will be utilized in the following section.




3. Locally Constant Field Approximation


Here, we will briefly recap how the LCFA is implemented for computing the particle spectra and total number of pairs (see also Refs. [24,25]).



3.1. Momentum Distributions


Let us first describe how one can evaluate the dimensionless number density of electrons defined via


  f  ( p )  =    ( 2 π )  3  V    d  N  p , s     d p   ,  



(6)




where V is the volume of the system and s governs the spin state of the particle produced. In our case, the results do not depend on s, so one can simply double   f ( p )   to take into account the spin degeneracy. As the external field is homogeneous in space, we evaluate the number density of particles per unit volume. The momentum distribution Equation (6) at any given  p  cannot exceed unity according to the Pauli principle.



In order to estimate the number density Equation (6), we will first propagate the electron momentum  p  backwards in time according to Equation (3) and determine the TP(s) Equation (4) or (5) depending on the sign of  σ . The idea of the LCFA is to employ then the well-known expression for the pair-production probability density in a constant electric field E [10],


  W  ( p )  = exp  −   π  π ⊥ 2    | e E |    ,  



(7)




where    π ⊥  ≡    m 2  +  p ⊥ 2     . Within the LCFA, one evaluates Equation (7) using the field amplitude at the corresponding TP. In the case   σ > 0  , where there is always no more than one TP for given   p ‖  , we obtain the following LCFA prediction for the particle number density:


   f  σ > 0   ( LCFA )    ( p )  =      F ( E ;  p ⊥  ,  p ‖  + 2 σ | e E | τ )     if   −  2  ( σ + 1 )  | e E | τ <   p ‖  < − 2 σ  | e E |  τ ,       F ( σ E ;  p ⊥  ,  p ‖  )     if   −  2 σ | e E | τ <   p ‖  < 0 ,      0    otherwise ,       



(8)




where


  F  ( E ;  p ⊥  ,  p ‖  )  = exp    π  π ⊥ 2   | e E |   τ 2     p ‖   (  p ‖  − 2 e E τ )     .  



(9)







Note that   z = 2 σ   in Equation (4) corresponds to    p ‖  = − 2 σ  | e E |  τ  , which yields a zero value of    f  σ > 0   ( LCFA )    ( p )   , and the piecewise expression (8) is a continuous function. Taking a closer look at Equation (8), one can easily find out that this distribution represents two separate bell-shaped profiles, whose physical interpretation is clear: the first Sauter pulse in Equation (1) creates electrons with a bell-shaped momentum distribution; these particles are then accelerated by the second Sauter pulse, which also generates electrons described by the second line in Equation (8). Accordingly, the first line in Equation (8) includes the shift   2 σ | e E | τ   and involves the different field amplitude. The two Sauter pulses create pairs independently. As was demonstrated in Refs. [24,25], in the case of an individual Sauter pulse of amplitude E and duration  τ , the LCFA is accurate if     | e E |   3 / 2   τ ≫  m 2   . This means that Equation (8) provides accurate predictions if     | e E |   3 / 2   τ ≫  m 2    and     | σ e E |   3 / 2   τ ≫  m 2    simultaneously. As will be seen below, the case   σ < 0   is much less trivial. It is the main focus of our study.



As was indicated above, in the case   σ < 0   some values of   p ‖   correspond to two TPs. The easiest way to treat them is to simply sum the corresponding probabilities   W ( p )  , which brings us to


   f  σ < 0   ( LCFA )    ( p )  =      F ( E ;  p ⊥  ,  p ‖  − 2 | σ e E | τ )     if   −  2  ( σ + 1 )  | e E | τ <   p ‖  ≤ 0 ,        F ( E ;   p ⊥  ,  p ‖  −  2 | σ e E | τ )  + F  ( σ E ;  p ⊥  ,  p ‖  )      if   0 <  p ‖  < 2  | σ e E |  τ ,      0    otherwise .       



(10)







Nevertheless, this simple prescription is obviously incorrect, as it does not prevent the number density from exceeding unity with the increasing number of TPs. In order to take into account the Pauli exclusion principle, one has to multiply the contribution from the second TP by a suppressing factor since the electron cannot be produced at the second TP if the corresponding state is already occupied by the particle created at the first TP. The correct implementation of the LCFA reads [25,34,35]


   f  σ < 0   ( LCFA + )    ( p )  =      F ( E ;  p ⊥  ,  p ‖  − 2 | σ e E | τ )     if   −  2  ( σ + 1 )  | e E | τ <   p ‖  ≤ 0 ,       G ( E , σ ;  p ⊥  ,  p ‖  )     if   0 <  p ‖  < 2  | σ e E |  τ ,      0    otherwise ,       



(11)




where


  G  ( E , σ ;  p ⊥  ,  p ‖  )   = F ( E ;   p ⊥  ,  p ‖   − 2 | σ e E | τ ) + [ 1 − 2 F ( E ;   p ⊥  ,  p ‖  −  2 | σ e E | τ ) ] F   ( σ E ;  p ⊥  ,  p ‖  )  .  



(12)







Here the second term contains suppressing factor   1 − 2 F  . This scheme can easily be generalized in the case of many TPs, and it always yields number densities less than unity. We label this approach as LCFA+ and in what follows, we will employ both this approximation and the “naive” LCFA version Equation (10). In the case of scalar QED, one should change the sign of the   2 F   term in Equation (12) so that the statistical factor enhances the number of bosons produced. Note that the LCFA and LCFA+ can differ only if the effects of statistics become important. This issue will be investigated in detail.




3.2. Total Number of Pairs


Within the LCFA, in order to evaluate the total number of pairs, which obviously coincides with the total number of electrons or positrons, one has to integrate the momentum distribution Equation (8) for   σ > 0   or Equation (10) for   σ < 0  . However, in this section, we will consider a generic time-dependent background   E ( t )  . Let us first assume that the corresponding potential   A ( t )   is monotonous, i.e., the number of TPs is either 0 or 1 for any given  p . The total number of pairs is given by


     ( 2 π )  3  V    N  ( LCFA )   = 2 ∫ d p  exp  −   π  π ⊥ 2    | e E (  t *  ) |    .  



(13)







Here, one integrates over   p ∈ Π   where the electron trajectories have TPs. We have also introduced a factor of 2 due to spin degeneracy. Note that within  Π  we have a one-to-one correspondence between   p ‖   and   t *   since the vector potential is monotonous. It allows one to substitute   p ‖   with   t *   by using Equation (3) [  d  p ‖  = e E  (  t *  )  d  t *   ] and obtain


        ( 2 π )  3  V    N  ( LCFA )      =    4 π  ∫ 0 ∞  d  p ⊥   p ⊥   ∫  − ∞  ∞  d t  | e E  ( t )  |   exp  −   π (  m 2  +  p ⊥ 2  )   | e E ( t ) |            =    2  ∫  − ∞  ∞   e 2   E 2   ( t )  exp  −   π  m 2    | e E ( t ) |    .     



(14)







If the vector potential   A ( t )   is not monotonous, i.e., the field strength   E ( t )   can change its sign, one can split the   p ‖   axis into intervals of constant E sign and straightforwardly demonstrate that summing over all of the TPs leads again to Equation (14). Note that the contributions arising from different TPs are directly combined according to the simple LCFA prescription used in Equation (10), i.e., no statistical effects are taken here into account.



In Equation (14), one explicitly sums the local contributions from each small time interval   [ t , t + Δ t ]  . Alternatively, one can employ a closed-form expression for the total number of pairs produced per unit volume and time in a constant electric field [36,37]. Plugging the actual temporal dependence   E ( t )   into this expression, one obtains exactly the same formula as (14) (see Refs. [18,19,20,21,22,23,24,25,26]). Note that the LCFA expression (14) can easily be generalized in order to consider arbitrary space-time-dependent backgrounds, while the TP analysis performed in the previous subsection is no longer valid in the case of multidimensional inhomogeneities [24].



It is clear that there is no point in integrating the LCFA momentum spectra    f  ( LCFA )    ( p )   , as one can instead perform one-dimensional integration Equation (14). Nevertheless, to approximately take into account the effects of statistics as was done within the LCFA+ in the previous section, one has to integrate the momentum distribution    f  ( LCFA + )    ( p )   . The statistical factor   1 − 2 F   (or   1 + 2 F   for bosons) in Equation (12) is essentially nonlocal, so it is not possible to deduce a closed-form LCFA expression for the total particle yield which incorporates the statistics of the particles produced. We will directly integrate the number density Equation (11) over  p  and also refer to the corresponding results as the LCFA+. Finally, we point out that in the case of scalar QED, the LCFA expression (14) remains the same apart from the spin factor 2 (see Ref. [37]).





4. Quantum Kinetic Equations


In this section, we will briefly outline the method based on solving the QKE [21,25,26,27,28,29,30,31,32,33]. It allows one to accurately obtain the distribution function Equation (6) treating the temporal dependence of the classical external field without any additional approximations. This technique precisely takes into account quantum interference and the effects of statistics. It is exact to the zeroth order in the radiative interaction, i.e., the photon degrees of freedom are entirely disregarded.



Let us assume that the external background   E ( t )   vanishes for   t <  t in    and   t >  t out    (in our case,    t  in / out   → ∓ ∞  ). The electron distribution function Equation (6) coincides with the asymptotic values of the adiabatic particle number density   f ( p , t )   for   t >  t out   . The latter can be found via


   f ˙   ( p , t )  = λ  ( p , t )    ∫   t in   t   d  t ′   λ  ( p ,  t ′  )    1 2  − f  ( p ,  t ′  )   cos 2 θ  ( t ,  t ′  )  ,  



(15)




where


       λ  ( p , t )  =   e E  ( t )   π ⊥     ω 2   ( p , t )    ,     



(16)






       ω  ( p , t )  =    π ⊥ 2  +   [  p ‖  − e A  ( t )  ]  2    ,     



(17)






       θ  ( t ,  t ′  )  =  ∫  t ′  t   ω  ( p ,  t  ″   )   d  t  ″   .     



(18)







The initial condition reads   f ( p ,  t in  ) = 0   for all  p . Instead of using Equation (15), it is basically more convenient to solve the following equivalent system of differential equations:


      f ˙   ( p , t )     =     1 2  λ  ( p , t )  u  ( p , t )  ,     



(19)






      u ˙   ( p , t )     =     1 − 2 f ( p , t )  λ  ( p , t )  − 2 ω  ( p , t )  v  ( p , t )  ,     



(20)






      v ˙   ( p , t )     =    2 ω ( p , t ) u ( p , t ) .     



(21)







Here, we also set   u  ( p ,  t in  )  = v  ( p ,  t in  )  = 0   for all  p . The system Equations (19)–(21) is referred to as the quantum kinetic equations (QKE). Note that a more general system can be employed for describing pair production in uniform electric fields of arbitrary polarization (see Ref. [33] and the references therein). We also point out that the abiabatic number density   f ( p , t )   does not yield the physical number of particles at intermediate times   t ∈ (  t in  ,  t out  )   (see recent studies [26,38]). The function   u ( p , t )   determines the polarization current, and the function   v ( p , t )   describes the energy density of the vacuum polarization [33] (see also Ref. [39]). We will solve the system Equations (19)–(21) numerically in the case of the external background Equation (1) and compare the results with the approximate predictions obtained within the LCFA and LCFA+.



Equation (20) contains factor   1 − 2 f ( p , t )  , which reflects the Fermi statistics of electrons. Here, one can argue that for sufficiently weak external fields, this factor does not differ much from unity, so one can approximately omit the function   f ( p , t )   in the right-hand side of Equations (20) and (15). This approach is called the low-density approximation (LDA) [21,30,32] which will also be utilized in our study. It turns out that within the LDA, one can easily integrate Equation (15):


   f  ( LDA )    ( p )  =  1 4  |  ∫   t in    t out   λ  ( p , t )   e  2 i θ ( t ,  t in  )   d t  | 2  .  



(22)







In the case of scalar QED, the function   λ ( p , t )   should be defined via   λ  ( p , t )  = e E  ( t )   [  p ‖  − e A  ( t )  ]  /  ω 2   ( p , t )   , and one has to change the sign in the square brackets in Equation (20), so that the factor reads   1 + 2 f ( p , t )  .




5. Results


5.1. Momentum Distributions for Positive  σ 


Let us first address the case   σ > 0  , where there is no more than one TP and the LCFA prediction (8) for the momentum distribution consists of two separate bell-shaped profiles. In Figure 2, we present two examples of the particle spectra computed by means of the QKE (solid lines), LCFA (yellow dashed lines), and LDA for fermions (grey dashed lines). According to Equation (8), the LCFA predicts two bell-shaped profiles centered at    p ‖  = −  ( 2 σ + 1 )   | e E |  τ   and    p ‖  = − σ  | e E |  τ  , respectively (the second peak in the left panel is hardly visible due to the small number densities as the amplitude   σ E   appears to be too low compared to E in this case). We observe that the exact and approximate techniques yield exactly the same support of the momentum distributions and the peak positions. However, the number densities are different. First, we note that the exact number densities evaluated in the case of scalar QED are smaller than those computed for electrons. This can be found already for an individual Sauter pulse, i.e.,   σ = 0  . In this case, one can employ the exact closed-form expressions for   f ( p )   (see Ref. [40]). It turns out that the ratio of the maximal number densities calculated for bosons and fermions amounts to


  R ≡   max  f ( p )   ( Bose )    max  f ( p )   ( Fermi )    =    cosh 2   ( π     ( ξ m τ )  2  − 1 / 4   )     sinh 2   ( π ξ m τ )    ,  



(23)




where   ξ = | e E | τ / m   is a classical adiabaticity parameter. The nonperturbative regime of pair production corresponds to   ξ ≳ 1  . In the case   ξ m τ ≫ 1  , one obtains


  R ≈ exp  −  π 4   1  ξ m τ    .  



(24)







This means that   R < 1   and this ratio is close to 1 in the domain of sufficiently large   ξ m τ  . A relative difference of   5 %   (  R = 0.95  ) corresponds to   ξ m τ ≈ 15.3  . In Figure 2, the stronger Sauter pulse has   ξ m τ = 12.5   (left panel) and   ξ m τ = 9   (right panel). Accordingly, for larger values of E and  τ , the spinor-QED and scalar-QED results in the case of an individual Sauter pulse will be closer to each other. For   σ > 0  , we have essentially a pair of independent Sauter pulses, so the same condition holds true in our case. Moreover, one can straightforwardly confirm that a single Sauter pulse produces particles with exactly the same momentum distributions, once one takes into account the corresponding momentum shifts in the field of the second pulse. This means that for   σ > 0  , it suffices to consider an individual Sauter pulse and examine the local approximations for this simpler field configuration. This was verified in Ref. [24] (see also Ref. [25]), where it was found that the LCFA accurately reproduces the exact spectra if     | e E |   3 / 2   τ ≫  m 2   . The field parameters chosen in Figure 2 yield for the stronger pulse     | e E |   3 / 2   τ ≈ 1.8  m 2    (left panel) and     | e E |   3 / 2   τ ≈ 3  m 2    (right panel), so the LCFA is not completely justified, although it definitely provides adequate estimates. Note that the LCFA predictions for   σ > 0   never exceed the exact number densities [24,25]. As will be shown in what follows, negative values of  σ  lead to much fewer trivial momentum spectra. For instance, the ratio R will not tend to unity for large E due to the effects of statistics, which do not manifest themselves for   σ > 0  . Finally, Figure 2 reveals that the LDA can considerably overestimate the electron number density, even if the latter itself is much smaller than unity. In fact, the LDA is indeed accurate for lower field amplitudes,   E ≲ 0.1  E c   . We also confirmed that the validity of the LDA is almost independent of  τ , provided the pulse duration is sufficiently large [21].




5.2. Negative  σ . Interference Effects


According to Equation (5), in the case   σ < 0  , particle longitudinal momenta   p ‖   within the interval   ( 0 , 2 | σ e E | τ )   correspond to two TPs. It means that such particle can be produced by either pulse, which leads to quantum interference of the two possible events [24,25,31,41,42,43,44,45,46].



As an example, we choose   σ = − 1 / 2  , so the support of the momentum distribution is symmetric,    p ‖  ∈  ( − | e E | τ , | e E | τ )   , and the interference effects should be revealed within the positive-  p ‖   region. In Figure 3, we present the results of exact calculations in the case of bosons and fermions (solid lines) and the approximate predictions obtained with the aid of the LCFA and LCFA+ (see right panel). In the left panel, we observe a very nontrivial behavior showing that the relation between the spinor-QED and scalar-QED predictions is twofold. On the one hand, the number density at the vicinity of    p ‖  = 0   is again smaller in the case of bosons according to our estimate (24). With increasing E, this difference vanishes. On the other hand, the oscillatory structure of the momentum distribution is not only more pronounced for Bose particles, but also leads to larger values of the boson yield (aside from the spin factor 2, which always double the number of electrons). It suggests that the effects of statistics can lead to a notable enhancement of scalar–particle production, whereas the Pauli exclusion principle only inhibits the creation of electron–positron pairs in the domain of high-field amplitudes. This issue will also be examined in the next section, where we will analyze the total number of particles produced. We also note that the frequency of the oscillations in Figure 3 is proportional to  τ  and  δ  as can be verified by direct numerical calculations with different field parameters or by means of the semiclassical analysis (see Ref. [44]).



Since within the LCFA and LCFA+ one combines the contributions arising from different TPs on the level of probabilities, the effects of quantum interference in the particle spectra are completely neglected within these approximations as we clearly see in the right panel of Figure 3. Nevertheless, the LCFA may provide a reasonable estimate for a “mean curve” and thus accurately predict the total amount of pairs. Here it can be important to take into account the statistics effects by means of the LCFA+, as the basic LCFA tends to overestimate (underestimate) the pair-production probabilities in the case of fermions (bosons).



We also point out that the LDA spectra (not shown here) possess interference patterns but may yield inaccurate quantitative estimates. As we are mainly interested here in the effects of statistics in strong pulses (  E ≳ 0.1  E c   ), the LDA is always significantly less accurate than the LCFA and LCFA+. In what follows, we will calculate the total number of pairs by means of the various techniques.




5.3. Total Number of Particles


In this section, we will always multiply the total number of bosons by a factor of two in order to compare the results without considering the trivial effect of spin degeneracy in the case of fermions.



In Figure 4 (left panel), we display the quantity   N =   ( 2 π )  3  N / V   as a function of E for   σ = − 1 / 2  ,   τ = 4  m  − 1    , and   δ = 10  . First, one observes that the number of bosons exceeds the number of fermions for sufficiently large field amplitudes. Since the ratio Equation (24) tends to 1, this feature appears due to the statistics effects. This point is evidently demonstrated in the right panel of Figure 4, where we present the ratio of the Bose and Fermi yields together with the function Equation (24). For relatively low field amplitudes, our estimate Equation (24) perfectly describes the quantitative difference between the pair production processes of bosons and fermions. Since the support of the momentum distribution is the same, the ratio of Equation (23) coincides with the ratio of the total particle yields. However, for sufficiently large E, the number of fermions becomes smaller than the number of bosons due to the effects of statistics. Moreover, we observe that the LCFA predictions in the strong-field domain overestimate the electron number as they do not incorporate the Pauli principle. On the other hand, the LCFA underestimates the total yield of scalar particles since Bose statistics leads to the additional enhancement of pair production. We also note that for lower amplitudes, the validity of the LCFA is governed again by the criterion     | e E |   3 / 2   τ ≫  m 2   . For instance, for   E = 0.2  E c    this parameter amounts to     | e E |   3 / 2   τ ≈ 0.36  m 2    and the LCFA predictions are about two orders of magnitude smaller than the actual particle yield (it is not visible in Figure 4 due to the linear scale of the  N  axis).



The effects of statistics can be taken into account by means of the LCFA+. Although the LCFA uncertainty increases with E, the LCFA+ becomes more accurate. For example, at   E = 5  E c    in the case of bosons, the relative uncertainty of the LCFA is about   5 %   while the uncertainty of the LCFA+ is less than   0.1 %  .



According to the previous section, the effects of statistics manifest themselves only in the presence of quantum interference. This can also be confirmed by computing the total number of pairs in the case of positive  σ . We performed analogous calculations for   σ = 1 / 2  . Although the LCFA predictions remain the same, as they do not depend on the sign of  σ , these approximate results are now always smaller than the exact number of bosons and fermions. The ratio of the latter particle numbers coincides with the expression (24) and tends to unity with increasing E. These observations demonstrate that statistics plays an important role if (a) the pair-production process involves quantum interference, (b) the field amplitude is sufficiently high, so the external background produces a significant amount of pairs.





6. Discussion


In the present study, we considered a simple configuration of the external electric field and investigated the effects of quantum interference and the role of particle statistics in the context of vacuum pair production. Special focus was placed on the analysis of the LCFA accuracy for computing the particle momentum distributions and total number of pairs. By performing exact calculations within the quantum kinetic approach, it was shown that the local approximation can be invalid even if the field amplitude is large. Moreover, the corresponding discrepancy, which appears due to the effects of statistics, increases with the field strength. It turns out that this behavior can be observed only in the presence of the interference effects in the particle momentum spectra, i.e., these two phenomena accompany each other and occur if the classical trajectories of the charged particles have multiple turning points. We note that the mechanisms uncovered in the present study can have different quantitative features depending on the external-field parameters. For instance, in the case of many turning points, the interference and statistics effects will be more pronounced. This issue is relevant to possible experimental investigations, as the realistic scenarios involving laser pulses can easily possess a large number of oscillations.
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Figure 1. Temporal dependence of the external field Equation (1) (dashed lines) and vector potential Equation (2) (solid lines) in the case of positive (left) and negative (right) values of the parameter  σ . In the latter case, the vector potential is not monotonous, so the classical electron trajectory can have two turning points. 
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Figure 2. Momentum distributions of negatively charged fermions and bosons produced in the external field Equation (1). The transverse momentum component is    p ⊥  = 0  . The solid lines represent the exact results obtained by means of the QKE. The dashed lines correspond to the LCFA Equation (8) and LDA Equation (22) for fermions. The field parameters are   E = 0.5  E c   ,   σ = 1 / 2  ,   τ = 5  m  − 1    ,   δ = 10   (left panel) and   E =  E c   ,   σ = 1 / 2  ,   τ = 3  m  − 1    ,   δ = 10   (right panel). 
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Figure 3. Momentum distribution of negatively-charged fermions and bosons produced in the external field (1) with   E = 3  E c   ,   σ = − 1 / 2  ,   τ = 2  m  − 1    , and   δ = 10  . The transverse momentum component is    p ⊥  = 0  . In the right panel, we also display the approximate spectra obtained by means of the LCFA (10) and LCFA+ (11) (“B” and “F” stand for bosons and fermions, respectively). 
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Figure 4. (left) Total number of pairs per unit volume produced in a combination of two Sauter pulses Equation (1) with   σ = − 1 / 2  ,   τ = 4  m  − 1    , and   δ = 10   in the case of bosons and fermions together with the LCFA prediction Equation (14); (right) Ratio of the total particle yields in the case of bosons and fermions as a function of the field amplitude E and the estimate R evaluated according to Equation (24). 
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