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Abstract

:

We study the particle creation process in the Schwinger model coupled with an external classical source. One can approach the problem by taking advantage of the fact that the full quantized model is solvable and equivalent to a (massive) gauge field with a non-local effective action. Alternatively, one can also face the problem by following the standard semiclassical route. This means quantizing the massless Dirac field and considering the electromagnetic field as a classical background. We evaluate the energy created by a generic, homogeneous, and time-dependent source. The results match exactly in both approaches. This proves in a very direct and economical way the validity of the semiclassical approach for the (massless) Schwinger model, in agreement with a previous analysis based on the linear response equation. Our discussion suggests that a similar analysis for the massive Schwinger model could be used as a non-trivial laboratory to confront a fully quantized solvable model with its semiclassical approximation, therefore mimicking the long-standing confrontation of quantum gravity with quantum field theory in curved spacetime.
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1. Introduction


An understanding of the validity domain of the semiclassical approximation has always been an issue in any approach to quantum gravity, especially by those inspired by the theory of quantized fields in curved spacetimes [1,2]. In this context, it is very useful to analyze toy models for which we have the exact solution to the fully quantized theory, and, at the same time, we can also apply the semiclassical description of the theory, in which we quantize the matter fields but keep a classical description for the background field. The direct comparison between the exact quantum solution and the semiclassical picture offers a useful test for the latter. In this work, we want to carry out this comparison for the Schwinger model of two-dimensional electrodynamics, namely a massless Dirac field coupled to an electromagnetic field in   1 + 1   dimensions [3]


  S = ∫  d 2  x  [ −  1 4   F  μ ν    F  μ ν   + i  ψ ¯   γ μ   (  ∂ μ  + i e  A μ  )  ψ +  A μ   J μ  ]   .  



(1)




For convenience, we have also added a classical external source   J μ   coupled to the electromagnetic field   A μ  .



The semiclassical theory for the massive Schwinger model has been recently analyzed in [4], and the validity of the semiclassical approximation has been critically studied on the basis of the linear response equation. The analysis strongly suggests that the semiclassical theory is a good description of the model, as the mass of the fermion goes to zero with respect to the natural mass scale of the problem. Therefore, we find it useful to directly prove the validity of the semiclassical approach in the massless limit by direct comparison between the fully quantized version of the (massless) Schwinger model and the semiclassical description. As usual, the semiclassical picture consists in quantizing the matter field  ψ , obeying the corresponding Dirac equation in an arbitrary background   A μ  . A natural question here is the computation of the particle creation induced by the (time-dependent) background fields (  A μ   and   J μ  ). Also of major relevance is the computation of the renormalized current   〈  ψ ¯   γ μ  ψ 〉  , as well as the renormalized stress–energy tensor   〈  T  μ ν   〉   for the Dirac field in the appropriated vacuum state. One can use   〈  ψ ¯   γ μ  ψ 〉   to write down the semiclassical Maxwell equations and solve for   A μ  . This provides a set of coupled equations. (i.e., Dirac and semiclassical Maxwell equations). By solving them, we can predict, for instance, the energy created by the external source   J μ   in the form of quantized matter–energy and classical electromagnetic energy. The crucial question is: what does this have to do with the exact description of the fully quantized Schwinger model? The main aim of this work is to answer this simple question. For simplicity, we will assume a homogeneous external source    J μ  =  J μ   ( t )   . We find that the total energy created by a generic (homogeneous) and asymptotically trivial source in the semiclassical picture exactly matches the analogous question posed in the fully quantized theory. This strongly supports the idea that the semiclassical approach is a good description, at least for tiny fermionic masses, as suggested in [4].




2. Scalar Field Coupled Linearly to an External Source


In this preliminary section, we will briefly review, for pedagogical purposes, the elementary model


  L =  1 2   ∂ μ  ϕ  ∂ μ  ϕ −  1 2   m 2   ϕ 2  + J ϕ  .  



(2)




The quantized scalar field  ϕ  interacts with some external c-number source   J ( x )  . This theory, defined in   1 + 3   dimensions, has been used as an illustrative solvable model in quantum field theory courses [5,6] (for older approaches, see [7,8]). Time-dependent scattering theory can be immediately applied to this problem if the source   J ( x )   is assumed to turn off at early and late times. A further realistic condition is to assume that the source also goes to zero at spatial infinity. The vacuum persistence amplitude [9], which can be expressed in terms of the scattering matrix S as


  Z  [ J ]  =  〈 0 | S | 0 〉  =  e  i W [ J ]    ,  



(3)




can be worked out exactly using the interaction picture and Wick’s theorem.



In the interaction picture, the field   ϕ I   evolves as    ( □ +  m 2  )   ϕ I  = 0  . For simplicity, we will omit the index I in    ϕ I   ( x )   , and we will treat    ϕ I  ≡ ϕ   as a free field. The Wick algorithm implies


     S = I + i ∫  d 4   x 1  : ϕ  (  x 1  )  : J  (  x 1  )  −  1  2 !   ∫  d 4   x 1   d 4   x 2  : ϕ  (  x 1  )  ϕ  (  x 2  )  : J  (  x 1  )  J  (  x 2  )        −  1  2 !   ∫  d 4   x 1   d 4   x 2   D F   (  x 1  −  x 2  )  J  (  x 1  )  J  (  x 2  )  + O  (  J 3  )   .     



(4)




   D F   (  x 1  −  x 2  )    is the Feynman propagator of the scalar field. We can arrange all terms in the form


  S =  :  e  i ∫  d 4  x ϕ  ( x )  J  ( x )    :   e  −  1 2  ∫  d 4   x 1   d 4   x 2   D F   (  x 1  −  x 2  )  J  (  x 1  )  J  (  x 2  )     .  



(5)







To obtain a more explicit expression, it is convenient to introduce the Fourier transform of   J ( x ) ≡ J ( t , x )  , where    J ˜   (  ω p  , p )  =  J ˜   ( ω =    m 2  +  p 2    , p )   , and


   J ˜   (  ω p  , p )  = ∫  d 4  x   e  i (  ω p  t − p · x )   J  ( t , x )   ,  



(6)




and write the free-field operator  ϕ  as the usual Fourier expansion


  ϕ  ( x )  = ∫    d 3  p     ( 2 π )  3    2  ω p       (  a p   e  − i p x   +  a  p  †   e  i p x   )   .  



(7)




Therefore


  S =   e  i ∫    d 3  p     ( 2 π )  3    2  ω p       a  p  †   J ˜   (  ω p  , p )     e  i ∫    d 3  p     ( 2 π )  3    2  ω p       a p    J ˜  *   (  ω p  , p )       e  −  1 2  ∫  d 4   x 1   d 4   x 2   D F   (  x 1  −  x 2  )  J  (  x 1  )  J  (  x 2  )     .  



(8)




From the above expressions, it is not difficult to obtain


  W  [ J ]  =  i 2  ∫  d 4   x 1   d 4   x 2  J  (  x 1  )   D F   (  x 1  −  x 2  )  J  (  x 2  )   .  



(9)




It is found that the effective action   W [ J ]   has, in general, a non-zero imaginary part


  W  [ J ]  = i  α 2  +  β 2  ,  



(10)




where


  Re  ∫  d 4   x 1   d 4   x 2   D F   (  x 1  −  x 2  )  J  (  x 1  )  J  (  x 2  )   ≡ α  .  



(11)




The coefficient  β  appears as a pure phase in the S matrix and, in our context, it has no relevant physical meaning. The model is exactly solvable, and the probability that n particles are created by the source follows a Poisson distribution, with mean value


   〈 N 〉  = α = ∫    d 3  p   2   ( 2 π )  3   ω p      |  J ˜   (  ω p  , p )  |  2   .  



(12)




If the source is parametrized by a time-dependent function   f ( t )   times a “static source”   j ( x )  , i.e.,   J ( x ) = f ( t ) j ( x )  , the S-matrix tends to the identity in the adiabatic limit (  f ( t ) → 1  ). In other words, the number of created particles   〈 N 〉   vanishes for a purely static source, in accordance with energy conservation.




3. Schwinger Model Coupled to an External Source


The Schwinger model describes the interaction of massless charged fermions in   1 + 1   dimensions. It is defined by the action


  S = ∫  d 2  x  [ −  1 4   F  μ ν    F  μ ν   + i  ψ ¯   γ μ   (  ∂ μ  + i e  A μ  )  ψ +  A μ   J μ  ]   ,  



(13)




where e is the electric charge of the fermion. In two dimensions, the electric charge has the dimension of mass. For future purposes, we have also added an external and conserved classical source   J μ  , coupled to the electromagnetic field. The theory is invariant under local   U ( 1 )   gauge transformations, as well as a global chiral transformation.



The quantized model can be solved exactly [3], and it turns out to be equivalent to a pseudoscalar field with a non-zero mass given by    m γ 2  =  e 2  / π  . Using functional integral methods [10], the fully quantized theory can also be displayed in terms of a free massive vector field with effective action


   S  e f f   = ∫  d 2  x  [ −  1 4   F  μ ν    F  μ ν   +  1 2    e 2  π   A μ   (  η  μ ν   −  ∂ μ   □  − 1    ∂ ν  )   A ν   +  A μ   J μ   ]  ,   



(14)




where   S  e f f    has been defined as


   e  i  S  e f f    [  A μ  ;  J ν  ]    = ∫ D  ψ ¯  D ψ   e  i S [  A μ  ,  ψ ¯  , ψ ;  J ν  ]    .  



(15)







In the Lorenz gauge, the effective field equations are equivalent to the equations for a massive vector field (i.e., a Proca field)


   ∂ μ   F  μ ν   +   e 2  π   A ν  =  J ν   .  



(16)




The Coulomb force is then replaced by a force of range determined by the mass scale    m γ  =  | e |  /  π   .



As in the model described in Section 2, the vacuum persistence amplitude is given by


   〈 0 | S | 0 〉  ≡ Z  [ J ]  =   e  −  1 2  ∫  d 2   x 1   d 2   x 2   D  μ ν    (  x 1  −  x 2  )   J μ   (  x 1  )   J ν   (  x 2  )     ,  



(17)




where    D  μ ν    (  x 1  −  x 2  )    is the covariant Feynman propagator for the Proca field


   D F  μ ν    ( x − y )  = i   [  η  μ ν    ( □ +  m γ 2  )  −  ∂ μ   ∂ ν  ]   − 1    δ  ( 2 )    ( x − y )  = ∫    d 2  p    ( 2 π )  2     i (    p μ   p ν    m γ 2   −  η  μ ν   )    p 2  −  m γ 2  + i ϵ    e  − i p ( x − y )    .  



(18)




As it is well-known, it can be re-expressed as


   D F  μ ν    ( x − y )  =  ( −  η  μ ν   +  m γ  − 2    ∂ μ   ∂ ν  )   D F   ( x − y )   ,  



(19)




where    D F   ( x − y )    is the Feynman propagator of a scalar field of mass m (in our case    m γ  =  | e |  /  π   ). Since the Proca propagator is coupled to externally conserved currents, we can ignore the term with total derivatives, so


   〈 0 | S | 0 〉  ≡ Z  [ J ]  =   e  −  1 2  ∫  d 2   x 1   d 2   x 2   D F   (  x 1  −  x 2  )   ( −  η  μ ν    J μ   (  x 1  )   J ν   (  x 2  )  )    .  



(20)







Defining the Fourier components of the current (for now on, in our   1 + 1   dimensional model   p ≡ p  ,    ω p  =    m 2  +  p 2     , and   x ≡ x  )


  ∫  d 2  x   e  i (  ω p  t − p x )    J μ   ( t , x )  ≡   J ˜  μ   (  ω p  , p )  ≡   J ˜  μ   ( p )   ,  



(21)




it can be shown that the spectrum of particles created by the source at late-times is also a Poisson distribution. The probability of creating n bosonic particles is


  P  ( n )  =  e  − α     α n   n !    ,  



(22)




where    e  − α   = P  ( 0 )    and


  α =  ∫  − ∞   + ∞     d p    ( 2 π )  2  ω p     |   J ˜  μ   ( p )    J ˜  μ *   ( p )  |  .  



(23)




Therefore, the probability that vacuum remains the vacuum is     | 〈 0 | S | 0 〉 |  2  = P  ( n = 0 )  =  e  − α     and the mean value of the number of created particles is given by


   〈 N 〉  ≡  ∑  n = 0  ∞  n P  ( n )  = α .  



(24)




Furthermore, using similar results as those presented in the previous section, it is not difficult to show that the mean value of the energy of the created particles is (H is the Hamiltonian of the theory in the interacting picture)


   〈 0 |   S †   H S | 0 〉  =  ∫  − ∞   + ∞     d p    ( 2 π )  2  ω p     ω p   |   J ˜  μ   ( p )    J ˜  μ *   ( p )  |  .  



(25)







3.1. Production of Proca Particles


With these general results, we can directly analyze the particle production phenomena induced by some specific configurations.



3.1.1. Delta Profile


Let us start with a very simple case. The case where the external current is homogeneous and its time dependence is given by the dirac delta, i.e.,    J μ   ( t , x )  =  ( 0 , −  E 0  δ  ( t )  )   . The Fourier transform of the classical current is given by


  ∫  d 2  x   e  i (  ω p  t − p x )    J μ   ( t , x )  =  ( 0 , − 2 π  E 0  δ  ( p )  )   .  



(26)




Therefore,


  α =  ∫  − ∞   + ∞     d p    ( 2 π )  2  ω p      ( 2 π  E 0  )  2    ( δ  ( p )  )  2  =   2 π  E 0 2    2  ω 0    δ  ( 0 )   .  



(27)




Taking into account that    ω 0  ≡  ω  p = 0     is the mass of the Proca field    m γ  =   | e |   π     and that we can relate the delta function at   p = 0   with the length L of one-dimensional space   δ ( 0 ) = L / 2 π   we obtain


  α =    E 0 2  L   2  ω 0    =    E 0 2  L    2 | e |  /  π     .  



(28)




The (late time) number density is then given by


   〈 n 〉  =   E 0 2    2 | e |  /  π     .  



(29)




In the same way, the energy of the created particles is


   〈 0 |   S †   H S | 0 〉  =  ∫  − ∞   + ∞     d p    ( 2 π )  2  ω p     ω p   |   J ˜  μ   ( p )    J ˜  μ *   ( p )  |  =   E 0 2  2  L  ,  



(30)




and hence the corresponding energy density of the created particles at a late time is


   〈 0 |   S †   T 00  S  | 0 〉  =   E 0 2  2   .  



(31)








3.1.2. Spatially Homogeneous Profile    J μ   ( t )   


We can evaluate the energy density for an arbitrary spatially homogeneous profile    J μ   ( t )  =  ( 0 ,  J 1   ( t )  )   . First, we have to determine the current in the momentum space


  ∫  d 2  x  e  i (  ω p  t − p x )    J μ   ( t , x )  =  ( 0 , 2 π δ  ( p )  )   ∫  − ∞   + ∞   d t  J 1   ( t )   e  i  ω 0  t    .  



(32)







Therefore, the energy of the created particles is


     〈 0 |  S †  H S | 0 〉    =     ∫  − ∞   + ∞     d p    ( 2 π )  2    |   J ˜  μ   ( p )    J ˜  μ *   ( p )  |        =     1  4 π    ∫  − ∞   + ∞   d p   ( 2 π )  2  δ  ( p )   L  2 π   |  ∫  − ∞   + ∞   d t  J 1   ( t )   e  i  ω 0  t    | 2        =     L 2  |  ∫  − ∞   + ∞   d t  J 1   ( t )   e  i  ω 0  t    | 2   .     



(33)




The energy density of the produced Proca particles reads (  T  μ ν    is the stress–energy tensor)


   〈 0 |   S †   T 00  S  | 0 〉  =  1 2  |  ∫  − ∞   + ∞   d t  J 1   ( t )   e  i  ω 0  t    | 2   .  



(34)




The above general result can be worked out with more detail for specific forms of the time-dependent profile    J 1   ( t )   . For example, for the Sauter current    J 1   ( t )  = 2 e  E 0   sech 2   ( σ t )  tanh  ( σ t )   , the energy density of the produced Proca particles is


   〈 0 |   S †   T 00  S  | 0 〉  =    e 6   E 0 2    2  σ 6    cosech     | e |   π    2 σ     .  



(35)








3.1.3. Time-Independent Profiles    J μ   ( x )   


There is no particle creation for these profiles.






4. Semiclassical Approximation


We can now proceed to analyze the problem of particle creation induced by time-varying electric fields through the semiclassical approximation. To this end, let us first examine the massive theory. We recall that in this approach, the matter degrees of freedom are quantized using canonical quantization. As usual, in this context, we work in the Heisenberg picture. The electromagnetic field is treated as a classical background.



Consider a quantized spin-  1 2   field  ψ  in a two-dimensional Minkowski spacetime, coupled with a classical, homogeneous electric field so that   E = E ( t )   in a given reference frame. It can be described in terms of the vector potential    A μ  =  ( 0 , − A  ( t )  )    in the Lorenz gauge. The Dirac equation for the field reads


     ( i  γ μ   D μ  − m ) ψ = 0  ,     



(36)




where    D μ  ψ =  (  ∂ μ  + i e  A μ  )  ψ   and   γ μ   are the gamma matrices that satisfy the anticomutation relations    {  γ μ  ,  γ ν  }  = 2  η  μ ν    . From now on, we use the Weyl representation for the gamma matrices. Since the potential vector is homogeneous, one can expand the fermionic field in modes as   ψ =  ∫  − ∞  ∞  d p  [  B p   u p   ( t , x )  +  D †   v p   ( t , x )  ]   , where the two independent spinor solutions can be written as


      u p   ( t , x )  =   e  i p x     2 π          h p I   ( t )        −  h p  I I    ( t )        ,   v p   ( t , x )  =   e  − i p x     2 π          h  − p   I I *    ( t )         h  − p   I *    ( t )        ,     



(37)




and where   B p  ,   B p †  ,   D p   and   D p †   are the creation and annihilation operators, which fulfill the usual anticomutation relations. Inserting the mode expansion into the Dirac equation, we directly find


       h ˙  p I  − i  p − e A   h p I  − i m  h p  I I   = 0     



(38)






       h ˙  p  I I   + i  p − e A   h p  I I   − i m  h p I  = 0     



(39)




together with the normalization condition    |   h p I    |  2  +   |  h p  I I   |  2  = 1  .



On the other hand, the semiclassical Maxwell equations for    F  μ ν   =  ∂ μ   A ν  −  ∂ ν   A μ    are


      ∂ μ   F  μ ν   =  J ν  +   〈  J Q ν  〉  ren  .     



(40)




Here, we have directly split the source term into two parts:   J ν   is a prescribed (and conserved) classical source of the form    J ν  =  ( 0 ,  J 1   ( t )  )   , and   〈  J Q ν  〉   is the induced Dirac current    J Q ν  = e  ψ ¯   γ ν  ψ  . The vacuum expectation value of this observable is ultraviolet divergent and has to be regularized in a proper way. Here, since we work with a homogeneous background, it is very convenient to use the adiabatic renormalization method, originally proposed for scalar fields, but it can be consistently extended for two-dimensional fermions interacting with electromagnetic backgrounds. The complete procedure is explained in [11,12] (for a comparison among different renormalization methods, see [13]). After subtracting the appropriate terms, one finds


      〈  J Q 0  〉  ren    =    0  ,     



(41)






      〈  J Q 1  〉  ren    =    −  e  2 π    ∫  − ∞  ∞  d p   |   h p  I I     |  2  −   |  h p I  |  2  −  p w   −   e 2  π  A  ,     



(42)




where we recall that   w =    p 2  +  m 2      and   p ≡  p 1   . The expression for   μ = 0   corresponds to the induced electric charge, and as expected, it is identically zero: no net charge is created. On the other hand, the expression of the electric current (  μ = 1  ) reflects the existence of created particles induced by the external background. Taking all these results into account, the only non-vanishing Maxwell Equation (40) is


      A ¨  +   e 2  π  A =  J 1   ( t )  −  e  2 π    ∫  − ∞  ∞  d p   |   h p  I I     |  2  −   |  h p I  |  2  −  p w    .     



(43)




Equations (43), (38) and (39), together with the normalization condition are the so-called semiclassical backreaction equations. We can also compute the vacuum expectation value of the energy density of the Dirac field [12]


       〈 ρ 〉  ren  =  1  2 π    ∫  − ∞  ∞  d p  i   h  p   I I     h ˙   p   I I *   +  h  p  I    h ˙   p   I *    + w −   e A p  w   +    e 2   A 2    2 π    .     



(44)







Now, we can proceed to study the massless limit. In this case, the mode Equations (38) and (39) decouple, and their solutions are given by    h p  I , I I    ( t )  = ± θ  ( ∓ p )   e  ± i  ∫   t 0   t   ( p − e A  (  t ′  )  )  d  t ′     , where   θ ( x )   is the Heaviside step function. Moreover, the induced electric current reduces to     〈  J Q 1  〉  ren  = −   e 2  π  A  . Hence, the semiclassical Maxwell Equation (43) turns out to be


      A ¨  +   e 2  π  A =  J 1   ( t )   ,     



(45)




that is, the equation of a harmonic oscillator with frequency    ω 0  =   | e |   π     coupled to an external source    J 1   ( t )   . We note that this result is consistent with the fact that radiative corrections in two-dimensional electrodynamics induce a mass for the photon [3,14]. The energy density of the fermion field (44) can also be reduced to


    〈 ρ 〉  ren  =   e 2   2 π    A 2   .  



(46)







Late Times Energy Density for an Asymptotically Bounded Profile


In order to compare the semiclassical model with the fully quantized Schwinger model, it is very useful to compute the total energy density in the semiclassical framework induced by an asymptotically bounded external source    J 1   ( t → ± ∞ )  = 0  . At late times, the energy density of the semiclassical system   E =   〈 ρ 〉  ren  +  ρ elec    should be a conserved quantity, namely


   E out  =   ω 0 2  2  A   ( t )  out 2  +  1 2  E   ( t )  out 2  = c t e  .  



(47)




It is not difficult to compute the explicit value of   E out  . The general solution of (45), satisfying the boundary conditions at early times (   t 0  → − ∞  )   A  (  t 0  )  =  A ˙   (  t 0  )  = 0  , is given by


     A  ( t )  = −   cos (  ω 0  t )   ω 0    ∫  − ∞  t   J 1   (  t ′  )  sin  (  ω 0   t ′  )  d  t ′  +   sin (  ω 0  t )   ω 0    ∫  − ∞  t   J 1   (  t ′  )  cos  (  ω 0   t ′  )  d  t ′  .     



(48)




Therefore, the late-times asymptotic behavior of the vector potential (48) reads


  A   ( t )  out  =  1  ω 0    ∫  − ∞  ∞  sin   ω 0   ( t −  t ′  )    J 1   (  t ′  )  d  t ′  =  1  ω 0   Im   e  i  ω 0  t    ∫  − ∞  ∞   e  − i  ω 0   t ′     J 1   (  t ′  )  d  t ′    .  



(49)




From this, we easily find that the asymptotic behavior of the electric field is


     E   ( t )  out  = −  ∫  − ∞  ∞  cos   ω 0   ( t −  t ′  )    J 1   (  t ′  )  d  t ′  = − Re   e  i  ω 0  t    ∫  − ∞  ∞   e  − i  ω 0   t ′     J 1   (  t ′  )  d  t ′    .     



(50)




Consequently, the total energy density at late-times becomes (47)


   E out  =  1 2  |  ∫  − ∞  ∞   e  − i  ω 0   t ′     J 1   (  t ′  )  d  t ′   | 2   .  



(51)




This result is in complete agreement with the one obtained in the fully quantized theory (34).





5. Conclusions and Final Comments


One of the major problems in theoretical physics is reconciling gravity with quantum theory. An intermediate step in this direction is provided by the theory of quantized fields in curved spacetime and semiclassical gravity, where the spacetime metric is treated classically. This approach, while incomplete, has provided many insights into the understanding of physical processes in the early universe and black holes, most of them related to the creation of particles or perturbations [1,2]. In the absence of a complete and self-consistent quantum theory of gravity, the confrontation of it (the “right answer”) with the semiclassical approach has always been considered provisional. An example of this tension is provided by the information loss problem of evaporating black holes, where a wide spectrum of viewpoints has emerged since the mid-seventies [15]. In general, the validity of semiclassical gravity has been analyzed from different perspectives, and attempts to address this question from the semiclassical description itself are likely the best strategy (see [16] and references therein).



Another viewpoint to analyze the validity of the semiclassical approximation of a theory is by direct comparison between the exact solution of the fully quantized theory (when it is available) with its semiclassical description. We have substantiated this viewpoint by studying a toy model, namely the two-dimensional (massless) Schwinger model. We have analyzed, within this solvable model, the issue of particle production by a time-dependent, homogeneous source. We have checked explicitly that the semiclassical method provides the exact “right answer” when it is evaluated in terms of the energy produced by the external source. The time-dependent external source    J 1   ( t )    excites the vacuum and creates quanta. This phenomenon can be described in two ways. Since the exact theory is equivalent to a massive vector field (or, in   1 + 1   dimensions, to a massive scalar field), the most interesting piece of information is the total produced energy. It is given by Equation (34). On the other hand, the semiclassical picture offers an indirect way to re-evaluate this quantity. We can compute the energy created as fermionic quanta. After renormalization, it is given by     〈 ρ 〉  ren  =   e 2   2 π    A  o u t  2   . However, this is not the total amount of created energy, and we have to add the contribution of the classical electromagnetic field, namely    1 2   E  o u t  2   ; otherwise, the computation will miss a very important ingredient. Only when both quantities are added (see Equation (51)) do we nicely reproduce the prediction (34) of the fully quantized theory. We have to stress here that, in this context, it is meaningless to compare the number of created Proca particles (in the fully quantized theory) with the number of created fermions living together with a time-dependent electromagnetic field (in the semiclassical theory).



We leave the extension of our analysis to the massive Schwinger model for a future project. The model is then much more involved, but it can also be treated analytically in the full quantum picture [17,18]. On the other hand, the semiclassical Maxwell equations can also be solved in this context using numerical techniques [4,19], and the validity of this approach can be also studied by means of the linear response equations [4]. It was found that the accuracy of the semiclassical approximation decreases as the mass of the Dirac fermions increases. Therefore, the exact agreement between both approaches is expected to fail when the fermions are massive. Nevertheless, for very massive fermions, the semiclassical approximation is again expected to be accurate by the decoupling theorem. It would be very interesting to directly confront the semiclassical and the exact approach for the massive Schwinger model, as much relevant physics could be expected to be learned. In this brief paper, we have paved the way in this direction by analyzing the massless model. This is the underlying motivation of this work.
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