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Abstract


Wavelet transforms or wavelet analysis represent a recently created mathematical tool for assistance in resolving various issues. Wavelets can also be used in numerical analysis. In this study, we solve pantograph delay differential equations using the Modified Laguerre Wavelet method (MLWM), an effective numerical technique. Fractional derivatives are defined using the Caputo operator. The convergence of the suggested strategy is carefully examined. The suggested strategy is straightforward, effective, and simple in comparison with previous approaches. Specific examples are provided to demonstrate the current scenario’s reliability and accuracy. Compared with other methodologies, our results show a higher accuracy level. With the aid of tables and graphs, we demonstrate the effectiveness of the proposed approach by comparing results of the actual and suggested methods and demonstrating their strong agreement. For better understanding of the proposed method, we show the pointwise solution in the tables provided which confirm the accuracy at each point of the proposed method. Additionally, the results of employing the suggested method to various fractional-orders are compared, which demonstrates that when a value shifts from fractional-order to integer-order, the result approaches the exact solution. Owing to its novelty and scientific significance, the suggested technique can also be used to solve additional nonlinear delay differential equations of fractional-order.
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1. Introduction


The extension of integer-order differentiation and integration to arbitrary order is known as fractional calculus (FC). The mathematicians Leibniz and L’Hospital sent a letter that served as the basis for its development at the end of the seventeenth century [1,2]. One of the generalisations of classical calculus is known as fractional calculus. Fractional calculus has long piqued the curiosity of scientists and engineers, resulting in a variety of physical and engineering processes. Fractional calculus has been useful in a variety of domains. It becomes a crucial tool for solving various problems in visco-elastic materials [3], electromagnetism [4,5], fluid mechanics [6], continuum and statistical mechanics [7], propagation of spherical flames [8], earthquakes [9], dynamics of viscoelastic materials [10], signal processing [11], control [12,13,14], etc. Thus, symmetry analysis is great to study when analysing differential equations, and more specifically, when studying the mathematics of finance equations. The secret to nature is symmetry; however, most observations in the natural world fail to observe it. The occurrence of spontaneous symmetry-breaking is a potent method for masking symmetry. There are two distinct categories of symmetries, namely finite and infinitesimal. Both continuous and discrete finite symmetries exist. Space is continuously changed, although parity and temporal reversal are discrete natural symmetries. Patterns have always captivated mathematicians. Classifications of spatial and planar patterns represent significant achievements of the eighteenth century. Unfortunately, it has been difficult to solve non-linear fractional differential equations correctly [15,16,17].



FC has been used to model real-world applications that are found to be best explained by fractional differential equations (FDEs). In recent years, FDEs in mathematical models have grown in popularity. Non-linear differential equations describe the majority of natural processes. Most of the world’s important processes are illustrated through non-linear equations. Multiplying non-linear processes is important in physics, applied mathematics, and engineering problems. Consequently, to tackle these problems, FDEs require either analytical or numerical solutions. Mathematicians have long aimed to develop successful numerical methods for solving most FDEs since an analytical solution does not yet exist [18,19,20,21,22,23,24,25,26,27].



One type of differential equation among the FDEs that involves temporal delay is known as a fractional delay differential equation (FDDE). In these equations, there is a temporal delay in the system, and the behaviour of the unknown variable at any given time in the past states is determined by the behaviour of the known variable. Because a small delay has a substantial effect, researchers are now paying more attention to FDDEs than simple FDEs. Research for an electric locomotive is where the idea of PDDEs originated [28]. Due to the coincidence of pantograph devices for copying, drawing, and writing [29] and several other applications [30,31,32,33], the word "pantograph" was derived.



Numerous scholars have investigated the numerical solution of fractional pantograph delay differential equations (FPDDEs) due to its presence and numerous applications. We would like to highlight a few well-known strategies. To obtain the numerical solution of FPDDEs, generalized fractional-order Bernoulli wavelet functions (GFBWFs) in terms of Bernoulli wavelets are described in [34]. Changqing Yang et al. [35] used the Jacobi collocation approach to solve FPDDEs. The researchers introduced fractional-order hybrid Bessel functions (FHBFs) for dealing with FPDDEs, which are formed by merging block-pulse functions and fractional Bessel functions [36]. The numerical answer for FPDDEs was obtained using fractional-order Boubaker polynomials connected to the Boubaker polynomials [37]. For solving a class of FPDDEs, [38] implemented a new fractional integration operational matrices approach. In [39], fractional-order generalized Taylor wavelets (FOGTW) are presented for obtaining the numerical solution of FPDDEs. Furthermore, the fixed-point theorems of Schaefer and Banach [40] show the existence and uniqueness of Implicit FPDDEs. Generalized Ulam–Hyers and Ulam–Hyers stability for the problem are also described.



Wavelets theory presents a recent development in the fields of science and engineering. It has been utilized in engineering fields, including signal analysis, temporal frequency analysis, harmonic analysis, and waveform representation and segmentation, among many others. Wavelets allow a wide range of operators and functions to be accurately represented. Additionally, wavelets interact with quick numerical techniques. The Laguerre wavelet is a widely used underlying wavelet analysis structure. Due to its exceptional precision, the Laguerre wavelet is currently renowned in mathematical approximations. In the referred studies [41,42,43], Laguerre wavelets are used to approximate differential, integrodifferential, and variational problems mathematically.



In this study, we use the Laguerre Wavelets Method (LWM) in association with the steps approach to estimate the solution of FPDDEs. The suggested method is demonstrated to be entirely well-suited to the sophistication of such problems while being highly user-friendly. The error comparison reveals that the proposed approach is exceptionally accurate. This article is structured as follows: A few definitions related to fractional calculus are provided in Section 2. To determine an approximation of the solution to the FPDDE, we discuss the Modified Laguerre wavelet approach in Section 3. By using the Modified Laguerre wavelet method (MLWM) described in this article, various numerical problems are resolved in Section 4. In Section 5, some conclusions are provided.




2. Preliminaries


In this section, we give a few definitions and characteristics of fractional derivatives that are used further on in this work.



Definition 1. 

The fractional-order Caputo derivative is given as [44,45]


      D  γ  μ  ( φ )  =  1  Γ ( κ − γ )    ∫  0  φ    ( φ − τ )   κ − γ − 1    μ  ( κ )    ( τ )  d τ ,   



(1)




for   n − 1 < γ ≤ κ  ,   κ ∈ N  ,   φ > 0  ,   μ ∈  C  − 1  n   .





Definition 2. 

Xiao-Jun defines the fractional-order derivative as [45]


    D  φ  γ  μ  (  φ 0  )  =  j γ   (  φ 0  )  =    d γ  μ  ( φ )    d  φ γ     ∣  φ =  φ 0    =  lim  φ →  φ 0       γ γ   ( μ  ( φ )  − μ  (  φ 0  )  )     ( φ −  φ 0  )  γ   ,   



(2)




where


    γ γ   ( μ  ( φ )  − μ  (  φ 0  )  )  ≅ Γ  ( 1 + γ )  γ  ( μ  ( φ )  − μ  (  φ 0  )  )    













Definition 3. 

Jin-Hunan He defines fractional derivative as [45]


      D γ  μ  ( φ )    D  φ γ    = Γ  ( 1 + γ )   lim  γ φ =  φ 1  −  φ 2  → L     f  (  φ 1  )  − f  (  φ 2  )     (  φ 1  −  φ 2  )  γ   ,   



(3)




Where   Δ φ   does not approach to zero.





Definition 4. 

The fractional integral operator in the Riemann–Liouville sense is stated as [44,45]


    I γ  μ  ( φ )  =  1  Γ  ( γ )     ∫  0  φ    ( φ − τ )   γ − 1   μ  ( τ )  d τ ,   



(4)




having the following properties


    D γ   I γ  μ  ( φ )  = μ  ( φ )  ,   










    I γ   D γ  μ  ( φ )  = μ  ( φ )  −  ∑  k = 0   n − 1      μ  ( k )    (  0 +  )    k !    φ k  ,    φ ≥ 0    n − 1 < γ < n .   














3. Laguerre Wavelets


Wavelets [46,47,48], also known as the mother wavelet,   ψ ( φ )  , are a family of functions made up by a single-function translation and dilation. The continuous family of wavelets is produced as the dilation and translation parameters   κ , ℓ   vary continuously, according to [49].


   ψ  κ , ℓ    ( φ )  = ∣ κ  ∣  −  1 2    ψ    φ − ℓ  κ   ,   κ , ℓ ∈ R , κ ≠ 0 .  











We obtain the below discrete wavelets family by bounding the parameters  κ  and ℓ to discrete values as   κ =  κ  0   − p    ,   κ = n  ℓ 0   κ  0   − p    ,    κ 0  > 1  ,    ℓ 0  > 0  ,


   ψ  p , n    ( φ )  = ∣ κ  ∣  −  p 2    ψ (  κ  0  p   ( φ )  − n  ℓ 0  ) ,   p , n ∈ Z ,  








where the wavelet basis for    L 2   ( R )    is   ψ  p , n   . By choosing, respectively,    κ 0  = 2   and    ℓ 0  = 1  , thus the Laguerre wavelets    Φ  n , m    ( φ )  = ψ  ( k , n , m , φ )   .   n = 1 , 2 , ⋯ ,  2  k − 1   ,   over the interval   [ 0 , 1 )   are stated as


   ψ n   , m  =       2  p 2     L ˜  m   (  2 p  φ − 2 n + 1 )      n − 1   2  p − 1    ≤ φ <  n  2  p − 1    .       0     O t h e r w i s e       



(5)




with


    L ˜  m  =  1  m !    L m   ( φ )      m = 0 , 1 , 2 , ⋯ B − 1 .  



(6)







The coefficients used in Equation (6) are intended to demonstrate orthonormality. The recursive formula is    L m   ( φ )    for Laguerre polynomials having degree m with regard to the   w ( φ ) = 1   weight function over the   [ 0 , ∞ ]   interval.


   L 0   ( φ )  = 1 ,    L 1   ( φ )  = 1 − φ  










   L  m + 2   =   (  ( 2 m + 3 − φ )   L  m + 1    ( φ )  −  ( m + 1 )   L m  )   m + 2         m = 0 , 1 , 2 , 3 , 4 , ⋯  











MLWM: Here, we take the DDE as


         y α   ( φ )  = f  ( φ )  + g  ( φ )  y   φ κ  − c  , 0 < φ < b , 0 < α ≤ 1 ,          y ( φ ) = p ( φ ) , − ℓ ≤ φ ≤ 0 .     



(7)




where   f ( φ )   is linear or nonlinear function and   g ( φ )   represents source term. Now, by means of the proposed approach we first implement the method of step to transform the DDE (7) to an inhomogeneous ordinary differential equation (ODE) subjected to initial condition. Thus, we have


   y α   ( φ )  = f  ( φ )  + g  ( φ )  p   φ κ  − c  , 0 < φ < ℓ , 1 < α ≤ 2 ,  



(8)







Equation (8) can be written in terms of Laguerre wavelets series as:   y  ( φ )  =  ∑  n = 0  ∞   ∑  m = 0  ∞      d  n , m    ψ  n , m    ( φ )   , here    ψ  n , m    ( φ )    is determined by Equation (5). If the series is truncated then   y ( φ )   is written as


   y p  , B =  ∑  n = 0  ∞   ∑  m = 0  ∞   d  n , m    ψ  n , m    ( φ )   



(9)







In this way, the total number of    2  p − 1   B   conditions must exist for describing the    2  p − 1   B   coefficient    c 10  ,  c 11   ⋯  B − 1    ⋯ 20  ,  c  2 B − 1    ⋯   2  p − 1   1    ⋯   2  p − 1   B − 1    . Thus, in terms of initial and boundary conditions, we obtain two conditions as


   y p  , B  ( 0 )  =  ∑  n = 1   2  p − 1     ∑  m = 0   B − 1    d  n , m    ψ  n , m    ( 0 )  = q  ( 0 )   



(10)






   d  d φ    y p  , B  ( 1 )  =  d  d φ    ∑  n = 1   2  p − 1     ∑  m = 0   B − 1    d  n , m    ψ  n , m    ( 1 )  =  q ´   ( 1 )   



(11)







We know that there will be an extra condition    2  p − 1   B − 2   to obtain the unknown coefficient    d  n , m   .   To achieve this, we put Equation (8) into Equation (7);


    d α   d  φ α     ∑  n = 1   2  p − 1     ∑  m = 0   B − 3    d  n , m    ψ  n , m    ( φ )  = f   ∑  n = 1   2  p − 1     ∑  m = 0   B − 3    d  n , m    ψ  n , m    ( φ )   + g  ( φ )  p   φ κ  − c    



(12)







Equation (12) is accurate at    2  p − 1   B − 3   points   φ i  , the next steps will be taken.


    d α   d  φ α     ∑  n = 1   2  p − 1     ∑  m = 0   B − 3    d  n , m    ψ  n , m    (  φ i  )  = f   ∑  n = 1   2  p − 1     ∑  m = 0   B − 3    d  n , m    ψ  n , m    (  φ i  )   + g  (  φ i  )  p    φ i  κ  − c  .  



(13)







The appropriate option of the   φ i   points are the shifted Laguerre polynomial zeros having degree    2  p − 1   B − 2   over the interval [0,1] with    φ i  =    s i  − 1  2   , here    s i  = cos  (   (  2 i  − 1 ) π    2  p − 1   A − 1   )  ,    i = 1 , 2 , 3 , ⋯  2  p − 1   A − 2  . Combining Equations (5) and (7) yields linear equations with    2  p − 1   B   coefficients, which can be used to calculate the values of the unknown coefficients   d  n , m   .




4. Solution Procedure


Here, we present the proposed method to solve some fractional delay problems.



Problem 1. 

Assume the following FPDDE as


    D φ γ  μ  ( φ )  = a μ  ( φ )  + b μ  ( q φ )  + cos  ( φ )  − a sin  ( φ )  − b sin  ( q φ )  ,  0 ≤ φ ≤ R ,   0 < γ ≤ 1   



(14)




with initial condition   μ ( 0 ) = 0  , where   a , b ∈ R   and   0 < q < 1  .



The exact solution for any   a , b ∈ R   of this problem for   γ = 1   is


   μ ( φ ) = sin ( φ ) .   











For the given problem, we consider that   a = − 1 , b = 0.5 , R = 1   and   q = 0.5  . The exact solution and MLWM solution at   m = 9   are illustrated in Figure 1. Furthermore, the absolute errors at   m = 5 , 7 , 9   are illustrated in Figure 2, whereas the absolute errors at different fractional orders are illustrated in Figure 3. Furthermore, Figure 4 illustrates the fractional-orders solution graph of the suggested technique. It is confirmed that the absolute error approaches to zero as the value of m increases. The exact solution, MLWM solution in addition to the relative error and absolute error are given in Table 1. The results of the present method are compared with the discontinuous Galerkin (DG) approach [44] in Table 2 which confirm that MLWM shows quick convergence as compared to the DG method for this problem.





Problem 2. 

Assume the following FPDDE as


    D φ γ  μ  ( φ )  = μ  ( φ )  −  8  q 2    μ 2    φ 2   ,  0 ≤ φ ≤ 1 ,   1 < γ ≤ 2 ,   0 < q ≤ 1   



(15)




with initial sources   μ ( 0 ) = 0   and    μ ′   ( 0 )  = 1  .



The exact solution at   γ = 2   is


    μ  ( φ )  = φ exp  − φ  .    








The exact solution and MLWM results at   m = 11   are drawn in Figure 5. The exact solution, MLWM solution in addition to relative error and absolute error are given in Table 3 whereas Table 4 gives the absolute error comparison of MLWM and MDTM at   m = 11   which confirms that MLWM converges rapidly as compared to MDTM. For the comparison, we take significant digits up to 20 to attain a more precise solution. In Figure 6, we demonstrate the error comparison of both approaches whereas the absolute errors at various fractional-orders are illustrated in Figure 7. Furthermore, the fractional-order solutions graph of the suggested technique are illustrated in Figure 8. The solutions of the proposed technique are in better agreement than the MDTM technique for this problem.






5. Conclusions


In this work, we applied the Modified Laguerre Wavelet approach to solve FPDDEs. The derivative is taken in the Caputo sense. The method is simple and exhibits a faster convergence rate than other methods. The proposed algorithm’s ability to smoothly convert from linear to nonlinear functionality presents one of its primary advantages. The method also has the benefit of simplifying the problem-solving process by transforming the nonlinear differential equation into a set of algebraic equations. Furthermore, values of m are used to achieve approximations with excellent precision. Examples are presented to show the usefulness and application of the suggested methodology. Several problems are solved to determine the effectiveness of the present approach. We obtain more precise results when m is increased, according to the numerical data provided herein. The results are compared with those obtained by various other methods such as the discontinuous Galerkin (DG) method, spectral method, transferred Legendre pseudospectral method and modified differential transform method. MLWM demonstrates superior accuracy over these techniques, as evidenced by the comparisons provided. Furthermore, the application of MLWM to various fractional delay or non-delay physics and real scientific models is a relatively simple task.
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Figure 1. Behavior of the exact and MLWM solutions of Problem 1 at   m = 9  . 
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Figure 2. Error comparison at various values of m for Problem 1. 
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Figure 3. Comparison of errors at different fractional-orders for Problem 1. 
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Figure 4. Problem 1 plot layout at various orders. 
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Figure 5. Nature of the exact and MLWM solutions of Problem 2 at   m = 11  . 
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Figure 6. Comparison of error basis between MLWM and MDTM for Problem 2. 
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Figure 7. Comparison of errors at different fractional-orders for Problem 2. 
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Figure 8. Problem 2 plot layout at various orders. 
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Table 1. The nature of Exact and MLWM solutions by means of relative error and absolute error for Problem 1.






Table 1. The nature of Exact and MLWM solutions by means of relative error and absolute error for Problem 1.





	φ
	Exact
	MLWM
	MLWM Relative Error
	MLWM Absolute Error





	0
	0.000000000000000
	0.000000000000000
	1.4836795250 × 10−10
	6.7400000000 × 10−11



	   0.1   
	   0.009999832986000   
	   0.009999833334000   
	   3.4800581220 ×  10  − 8     
	   3.4800000000 ×  10  − 10     



	   0.2   
	   0.019998664680000   
	   0.019998666690000   
	   1.0050671040 ×  10  − 7     
	   2.0100000000 ×  10  − 9     



	   0.3   
	   0.029995494540000   
	   0.029995500200000   
	   1.8869500530 ×  10  − 7     
	   5.6600000000 ×  10  − 9     



	   0.4   
	   0.039989323110000   
	   0.039989334190000   
	   2.7707395720 ×  10  − 7     
	   1.1080000000 ×  10  − 8     



	   0.5   
	   0.049979152080000   
	   0.049979169270000   
	   3.4394341010 ×  10  − 7     
	   1.7190000000 ×  10  − 8     



	   0.6   
	   0.059963984300000   
	   0.059964006480000   
	   3.6988869670 ×  10  − 7     
	   2.2180000000 ×  10  − 8     



	   0.7   
	   0.069942823940000   
	   0.069942847340000   
	   3.3455898230 ×  10  − 7     
	   2.3400000000 ×  10  − 8     



	   0.8   
	   0.079914676470000   
	   0.079914693970000   
	   2.1898355560 ×  10  − 7     
	   1.7500000000 ×  10  − 8     



	   0.9   
	   0.089878548870000   
	   0.089878549200000   
	   3.6716213620 ×  10  − 9     
	   3.3000000000 ×  10  − 10     



	   1.0   
	   0.099833449630000   
	   0.099833416650000   
	   3.3035019950 ×  10  − 7     
	   3.2980000000 ×  10  − 8     










 





Table 2. Absolute errors comparison for Problem 1.
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m

	
Piecewise Constant

	
Piecewise Linear

	
Piecewise Linear

	
TLM

	
MLWM




	
DG at    m = 64   

	
DG at    m = 64   

	
DG at    m = 16   

	
at    m = 5   

	
at    m = 5   






	
Error

	
   1.4032 ×  10  − 2     

	
   2.1429 ×  10  − 5     

	
   1.4643 ×  10  − 6     

	
   3.8567 ×  10  − 7     

	
   3.3000 ×  10  − 10     
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	φ
	Exact
	MLWM
	MLWM Relative Error
	MLWM Absolute Error





	0
	   0.000000000000000   
	   0.000000000000000   
	1.4564072715   ×  10  − 18    
	   4.5787621700 ×  10  − 20     



	   0.1   
	   0.090483741803596   
	   0.090483741803596   
	   2.3164095794 ×  10  − 17     
	   2.0959740630 ×  10  − 18     



	   0.2   
	   0.163746150615598   
	   0.163746150615596   
	   1.0561631346 ×  10  − 14     
	   1.7294264772 ×  10  − 15     



	   0.3   
	   0.222245466204594   
	   0.222245466204515   
	   3.5323561564 ×  10  − 13     
	   7.8505014078 ×  10  − 14     



	   0.4   
	   0.268128018415322   
	   0.268128018414256   
	   3.9756559605 ×  10  − 12     
	   1.0659847546 ×  10  − 12     



	   0.5   
	   0.303265329863632   
	   0.303265329856317   
	   2.4122404163 ×  10  − 11     
	   7.3154888555 ×  10  − 12     



	   0.6   
	   0.329286981688216   
	   0.329286981656416   
	   9.6571254363 ×  10  − 11     
	   3.1799656867 ×  10  − 11     



	   0.7   
	   0.347609712751709   
	   0.347609712653987   
	   2.8112532420 ×  10  − 10     
	   9.7721893193 ×  10  − 11     



	   0.8   
	   0.359463171517328   
	   0.359463171293777   
	   6.2190241894 ×  10  − 10     
	   2.2355101589 ×  10  − 10     



	   0.9   
	   0.365912694155867   
	   0.365912693766539   
	   1.0639912292 ×  10  − 9     
	   3.8932789723 ×  10  − 10     



	   1.0   
	   0.367879441725032   
	   0.367879441171442   
	   1.5048121491 ×  10  − 9     
	   5.5358945331 ×  10  − 10     










 





Table 4. Exact solution, MLWM solutions and MLWM absolute error comparison with MDTM for Example 2.






Table 4. Exact solution, MLWM solutions and MLWM absolute error comparison with MDTM for Example 2.





	φ
	Exact Solution
	MLWM Solution
	MDTM [50] Error
	MLWM Error





	   0.1   
	     0.090483741803596     
	    0.090483741803596    
	   3.592657686   ×  10  − 12       
	    2.0959740630 ×  10  − 18       



	   0.3   
	   0.222245466204515   
	   0.222245466204594   
	   4.528351013 ×  10  − 12     
	   7.8505014078 ×  10  − 14     



	   0.5   
	   0.303265329856317   
	   0.303265329863632   
	   5.85598678 ×  10  − 11     
	   7.3154888555 ×  10  − 12     



	   0.7   
	   0.347609712653987   
	   0.347609712751709   
	   2.78563346 ×  10  − 10     
	   9.7721893193 ×  10  − 11     



	   0.9   
	   0.365912693766539   
	   0.365912694155867   
	   6.64594981 ×  10  − 9     
	   3.8932789723 ×  10  − 10     
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