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Abstract: The Hawking temperature for a Schwarzschild black hole is T = 1/87tM, where M is the
black hole mass. This formula is derived for a fixed Schwarzschild background metric, where the
mass M could be arbitrary small. Note that, for vanishing M — 0, the temperature T becomes infinite.
However, the Schwarzschild metric itself is regular when the black hole mass M tends to zero; it is
reduced to the Minkowski metric, and there are no reasons to believe that the temperature becomes
infinite. We point out that this discrepancy may be due to the fact that the Kruskal coordinates
are singular in the limit of the vanishing mass of the black hole. To elucidate the situation, new
coordinates for the Schwarzschild metric are introduced, called thermal coordinates, which depend
on the black hole mass M and the parameter b. The parameter b specifies the motion of the observer
along a special trajectory. The thermal coordinates are regular in the limit of vanishing black hole
mass M. In this limit, the Schwarzschild metric is reduced to the Minkowski metric, written in
coordinates dual to the Rindler coordinates. Using the thermal coordinates, the Schwarzschild black
hole radiation is reconsidered, and it is found that the Hawking formula for temperature is valid only
for large black holes, while for small black holes, the temperature is T = 1/27w(4M + b). The thermal
observer in Minkowski space sees radiation with temperature T = 1/27tb, similar to the Unruh effect
with non-constant acceleration. The thermal coordinates for more general spherically symmetric
metrics, including the Reissner-Nordstrom, de Sitter, and anti-de Sitter, are also considered. In these
coordinates, one sees a Planck distribution with constant temperature. One obtains that the thermal
Planck distribution of massless particles is not restricted to the cases of black holes or constant
acceleration, but is valid for any spherically symmetric metric written in thermal coordinates.

Keywords: black hole; Hawking radiation; black hole evaporation

1. Introduction

Hawking showed that black holes emit radiation like black bodies with a temperature
of Ty = 1/8tM, where M is the mass of the black hole [1,2]. This formula is derived for a
fixed Schwarzschild background metric, where the mass M could be arbitrary small. Note
that, for vanishing M — 0, the temperature T becomes infinite. However, the Schwarzschild
metric itself is regular when the black hole mass M tends to zero; it is reduced to the
Minkowski metric, and there are no reasons to believe that the temperature becomes infinite.
We point out that this discrepancy may be due to the fact that the Kruskal coordinates are
singular in the limit of the vanishing mass of the black hole.

We emphasize that, in the present paper, we do not discuss the dynamical evaporation
process of the black hole with its well-known problems of back reaction and quantum
gravity corrections at the Planck scales. We discuss the question of how it happens that, in
the simple model, when we have the classical Schwarzschild background and free quantum
fields, it turns out that the temperature is singular in the limit of a vanishing black hole
mass. From Hawking’s formula, it follows that the energy density of radiation emitted
by a black hole according to the Stefan-Boltzmann formula behaves at small M as M.
Therefore, if M — 0, the black hole releases an infinite amount of energy, which is clearly
not physical. This can be called the problem of the big bang of black holes. The information
loss problem [3-5] may be closely related to this big bang problem, since the radiation
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entropy diverges for small M as M3. Considerations in more complicated cases, such as a
de Sitter-Schwarzschild black hole, do not improve the situation in an essential way.
Standard transformation from the Schwarzschild coordinates to the Kruskal ones
includes first transformation from the Schwarzschild coordinates to Eddington—Finkelstein
coordinates [6-9]. The Schwarzschild metric in the Schwarzschild coordinates:

a2
r

ds® = a2+ (1 - ﬂ)—ldﬂ +r2d0%,  r>2M>0, 1)
r

obviously admits the M — 0 limit, which defines Minkowski space. The Kruskal coordinates

(U, V) are defined as

u — _e—u/4M’ V — eU/4M (2)

Here, u and v are the Eddington—Finkelstein coordinates. The Kruskal coordinates are
used to obtain the maximal analytic extension, but we note that, in the limit of a vanishing
black hole mass M, even outside of the horizon, r > 2M, the Kruskal coordinates and the
metric result in a singularity, instead of becoming the Minkowski one. This leads also to
the singular behavior of the Hawking temperature Ty = 1/877M in the limit M — 0. To
improve the situation, exponential (E)-coordinates % and ¥ for the Schwarzschild metric
are introduced:

__u v
U =—e IMxb, Y =eiIMb, (3)

which depend on the black hole mass M and a parameter b > 0. This parameter b sets the
observer’s motion along a special trajectory. The E-coordinates are regular in the limit
of the vanishing black hole mass M. Obviously, in this limit, the Schwarzschild metric is
reduced to the Minkowski one written in the E-coordinates.

Black hole radiation was considered, and it was found that the Hawking formula for
temperature is approximately valid only for large black holes, while for small black holes,
for the temperature of the black hole, the following formula is obtained:

1

T= 2t (4M +b)’ @)

As a result, black holes could completely evaporate in terms of classical geometry,
but it is shown that this requires infinite time because the mass is decreasing in inverse

proportion to time,
M(H=5, o ©
We show that the E-observer in Minkowski space will see radiation with the temperature:

1

-5 (©)

This effect is similar (dual) to the Unruh effect [10,11] for the Rindler metric [12], but
in our case, the acceleration is not a constant.

We define the E-coordinates (%,7") and logarithmic (L)-coordinates (v, ?) for the
arbitrary static metric of the form:

ds® = —f(r)dt* + f(r)rdr® + r*dQ? = — f (r)dudv + r*dO? 7)

as
U =-e"B, ¥ =eB, B>0, (8)

9= %log(tw), V= —% log(-au) a>0. )
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It is shown that one has the Planck distribution with temperature T = 1/27B and
T = a/2m for quantum fields in the gravitational background (7) with an arbitrary function
f(r) in E- and L-coordinates, respectively. We have the following general scheme (duality):

: (10)

( E-coord. ) V—eB
Y =—e B dS% _ —f(r)dudv ﬂ:%log(uv)

M v=—; log(-au) ( TL-coord.
(%,7)

(u,v) —_— (v, 9)

The physical meaning of the above formulae for temperature is that they give the
temperature of radiation for different observers moving along different trajectories in
the same background. The simplest examples of such special trajectories are the ones
in Minkowski space. The standard Rindler observer moves with constant acceleration
and sees radiation from the Minkowski vacuum as it has a temperature defined by its
acceleration. The E-observer moves along a hyperbola and feels the temperature. The E-
and L-coordinates can be called the thermal coordinates, since in these coordinates, one
sees a Planck distribution with constant temperature. In fact, the property of having a
temperature is associated not only with black holes, but using the thermal coordinates, that
is the temperature can be obtained for any metric. The implications for the information loss
problem and primordial black holes are mentioned.

The paper is organized as follows. We start with Section 2, reminding about the
standard definition of the Kruskal coordinates, and also, we discuss the problem that
arises with them when one considers the limit M — 0. Then, in Section 2.2, we introduce
in the E-coordinates for the Schwarzschild metric and, in Section 2.3 the temperature of
Schwarzschild black holes in the E-coordinates. In the next Section 3, we discuss the E-
coordinates in Minkowski space. We show in Section 3.1 that two-dimensional Minkowski
space can be represented as a union of four disconnected regions, right (R), future (F),
left (L), and past (P), and each of them is isometric to two-dimensional Minkowski space.
In Section 3.2, we study geodesics in the E-coordinates. In Section 3.3, we calculate the
acceleration of an E-observer. Section 3.4 is devoted to the comparison of the E- and Rindler
coordinates in Minkowski space. In Section 4, we introduce the general E-coordinates.
In Section 4.2, accelerations along special trajectories 2" = £ in black hole backgrounds
are calculated. Then, in the next sections, we consider some examples. In Section 5, the
general L-coordinates are introduced. In Section 5.4 the temperature in the L-coordinates is
calculated, and it is found that it is given by a universal formula that does not depend on
the characteristics of the black hole under consideration. The origin of this phenomena is
that the choice of the coordinate system depends essentially on the metric itself. In Section 6,
we present an estimation of the evaporation time as can been seen by observers in different
coordinate systems. In Section 7, we summarize the obtained results and discuss their
physical applications.

2. Exponential Coordinates
2.1. Kruskal Coordinates

Standard transformation from the Schwarzschild coordinates to the Kruskal ones in-
cludes first transformation from the Schwarzschild coordinates to the Eddington-Finkelstein
coordinates. The Schwarzschild metric in the Schwarzschild coordinates is

ds? = —(1—¥)dt2+(1—@)’1d1’2+72d02, r>2M>0. (11)

where d0? = d6? +sin®8dg?. Tt is obvious that the exterior Schwarzschild spacetime
(r > ry, = 2M) admits the M — 0 limit, which defines Minkowski spacetime. Note that the

Kretschmann invariant K = 48%2 — 0as M — 0 for any fixed r > 2M.

One can introduce the tortoise coordinate 7.:

re :r+2Mlog(ﬁ —1), (12)
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which solves the equation dr, = (1-2M/r)~'dr. To keep the reality condition, one has to
assume 7 > 2M. Then, one defines

U=1t—Ty, V=t+7,. (13)

(coordinates 1, v cover the whole R?), and one has

2M

=—(1- —)dtZ +(1-=2) i = —(1- —)dudv (14)
The Kruskal coordinates are

U = —e 31, V=¢'/*M (15)

and the Schwarzschild metric becomes

3
ds® = —g ePMAudv +1*dq0?, (16)
where r is defined by equation
(L—l)eﬁ - _uv (17)
2M -

Note that the Kruskal coordinates (15) and metric (16) are singular in the limit M — 0.

2.2. E-Coordinates for the Schwarzschild Metric

To be able to send the mass M of a black hole to zero, we define coordinates (we call
them the E-coordinates) as follows

U = —e T, Y =i (18)

here, b is a positive constant. The coordinates run over the region % <0, 7 > 0. The question
of the existence of an extension of the Schwarzschild metric that is analytic, not only with
respect to the space and time variables, but also with respect to the mass parameter requires
a separate consideration.

The Schwarzschild metric in the E-coordinates is (r > 2M)

—(1——)dt2 +(1- M) Y2 + 12402

(4M +b)*(1- %) d%q’/

ds?

+12d0%; (19)

here, r is derived from the relation:
627*/(4M+b) _ _42/4/ (20)

It is clear that, in the limit b — 0 the metric (19), rewritten as

2 = —16(M+bj4) (2M)M+b/4%e TR . ddy + 2402 (21)

becomes the Schwarzschild—Kruskal metric (16).
At the limit M — 0, the metric (19) becomes

ds? = _bze‘%d@/d”f/-rrzdﬂz; (22)

here, r is defined by
UV =eh (23)
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Equation (23) is nothing but the formula (20) rewritten as

(r-2M) Miwb/zl - (2M)M/(M+b/4) (_ag/y/)e*z(Mib/z;) (24)
in the limit M — 0. An explicit check shows that the metric (22) is the Minkowski metric.

2.3. Temperature of Schwarzschild Black Holes in E-Coordinates

We consider the scaler field on the Schwarzschild background in two systems of
coordinates, the Eddington-Finkelstein (1, v) and E-coordinates (%, 7'), related as

U = —exp{-

1, YV =exp{——}, u,veR, M>0, b>0. (25)

4Mb 4Mb

The two-dimensional parts of the Schwarzschild metric in these coordinate systems read

2M dwdy
d2:—1——dd_4 bY*(1-==
52 ( )dudo = (4M + b)*( )=y

>2M. (26)

The wave equations for the scalar field ¢(u,v) = (%, 7’) in these coordinate systems are

00,0, = 0, u,velR (27)
dydy ® = 0, % <0,7>0. (28)
They can be represented as combinations of the left and write modes, ¢(u,v) = ¢pr (1) +

¢1.(v). For the real right mode (for the left mode, all considerations are similar and will be
omitted), one has

e * 7.+ _ 1 —iwu
or@) = [ d(fubo fW0), ful) = e, (29)
where
(b, b = 6(w - ). (30)

One also has representation for the ®-field ®(%,V) = Pr(% ) + PL(V) where, for the
right mode (similar for the left one),

ox(#) = [T an(ouu ()40l (2)), ()= =T @)

\Varu
where
(b4, 6] = 6(u—p") (32)

Right (and left) modes in different coordinate systems are related ¢ (1) = Pr(% (1)),
and therefore,

[ dwolobo+ f205) = [ duGubu+iibn),  ueR (3)
Multiplying (33) by f,r(1) and integrating the first equation over R, one obtains

(for b = 0, we obtain the standard formula for the Schwarzschild metric in the Kruskal
coordinates)

bo= [ an(Boubivaiybu)  bh = [ dp(Bunbu+awby), (34)
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where
Bop = dl Lomiwgin, (35)
]R 2re\l u
The E-observer has the E-vacuum
by,|0E) =0, (37)

i.e., the state |0g) does not contain b particles. However, it contains the Minkowski b particles:

(OcINw (0)10%) = O bul0g) = [ dp[Bunl 8)

The Bogoliubov coefficient S, is given by (35) with % as in (25), and we have

B W _ nmBw —iBw_
560,4:%‘/73 * () T(iBw), B=4M+b (39)

Using the formula |I'(ix) |2 = 1t/(x sinh(7tx)), we obtain the Planck distribution

B 1
2
|Bw y| = % 27Bw 1’ (40)
with the temperature
T = ! = ! 41)
2B 2mt(4M+D)
3. E-Coordinates in Minkowski Space
3.1. Minkowski Space in Terms of New Coordinates U,V and T, X
Starting from the Minkowski coordinates:
ds* =ds3 +r2d0?,  ds3=-dt*+dr’, reR,, teR. (42)
we introduce the E-ones:
-t
u = L{(R)(t,r):—exp{%}:—exp{—%}, u=t-r (43)
YV = V(R)(t,r):exp{HTr}:exp{%}, v=t+r,b>0, (44)
r > 0 corresponds to &V < —1. One has an expression of r in terms of coordinates U, V:
r =b/2log(-UV) (45)
The two-dimensional Minkowski metric in (42) after this change becomes
ds2 - U (46)
uy

One can see that the metric (22) admits an extension to the region -2V < 0. In this
case, by using Formula (45), the coordinate r is extended to the region r < 0; see Figure 1.
We also define the coordinates:
Uu+vy V-u

x="= 47)

T=—7 2
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We cover the R-region:

R = {(T,X)eR?|X2-T2>0,X>0}

by the map
R : T = ¢’ sinh é, X =e'" cosh é, (t,x) e MOD (48)
The inverse transformation is
o= barctanh% r=b/2log(X*-T?), (T,X)eR (49)
The metric here is
ds? = —dt? + dr? = i AT? +dx? 50
sy =— +r—X2_7,2(— + ). (50)

Let us introduce the future (F) E-coordinates:
U=UD(r,t)= exp{rT_t} = exp{—%}, V=yv®B ()= exp{HTr} = exp{%}, (51)
and they cover the F-part of the (i, V)-plane (see the top part of Figure 1):

uv > 0. (52)
The Minkowski metric (42) after (51) becomes
ds3 = -b*—_=. (53)
One also introduces the left (L) E-coordinates:
U=uD () =expl"}mexp(-3)  V=YO(Lr) =—exp{ = —explr), (9
with the inequality:

uy <o (55)
and the past (P) E-coordinates:

U=UD () =—expt=expl-y), V=YD (6r) =—exp( ) = —exp(}}, (56)

with the inequality:
uy > 0. (57)

The metric can be written in the universal way:

_pdudy

ds3 = —dudv = Wk

Uy +0. (58)

These maps are shown in Figure 1.

To summarize, we obtained the two-dimensional plane divided into four disconnected
regions with E-coordinates (/,V’) and the metric given by (58). In other words, we obtained
that the two-dimensional space is represented as a union of four disconnected regions R, F,
P, and L, each of which is isometric to two-dimensional Minkowski space.
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<

N
V=e¥ .

Figure 1. Map of 4 copies M. Here, b = 1.

3.2. Geodesics in E-Coordinates

The geodesics in E-coordinates (I, V) can be obtained simply by changing the variables
from the geodesics in Minkowski space. However, it seems instructive and useful for
quantization to investigate geodesics directly in the E-coordinates. The geodesic equations

for the metric (22) are

V'(5)2 - V(s)V"(s)

U(s)V(s)2 0
WP U
U(s)2V(s) ’

These geodesic Equations (59) and (60) can be solved to obtain
V(s) = ce1%, U(s) = cge;

here, —c0 < 5 < 0.

(59)

(60)

(61)

To guaranty that the geodesics run in one of the regions R, E, L, P, we have to take

R: >0, c¢4<0, F: >0, ¢c4>0
L: <0, c4>0, P: <0, ¢4<0

(62)
(63)
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Here, —co <5 < o0, and ¢j and c3 can have any signs.
The geodesics (61) in the (7, X') coordinates are
]‘ C35 C15 1 C15 C35
X(s) = E(C46 3% — cpefl?), T(s) = E(cze 15 4 04e5%). (64)

One can check that these geodesics after mapping to ¢, x (Minkowski space coordinates)
are (as should be) the straight lines:

t=t(s) = barctanhzggg = %(5(—61 -c3)) —log(—%)) (65)
r=r(s) = 2blog(X(s)2-T(s)?) = 2b((c1 +03)s+ 1og(—c2c4)). (66)

We have three types of geodesics:

* 13 <0. In this case, both “ends” of the geodesics are in infinities; see, for example,
the plot in Figure 2A.

* cic3 > 0. In this case, one “end” of the geodesics is at infinity and the second one is at
zero; see, for example, the plot in Figure 2B.

* c¢1=0,c3#00rc3=0,c1 #0. In this case, the geodesics are bounded by the characteris-

ticsd = 0 or V = 0; see Figure 3.
From (61), it follows that
€3 1
(o) ()" ©)
(85) Cy

3.3. Acceleration in E-Coordinates

Let us consider the time-like trajectory located at X' = Aj. The proper time T:

T = barctan T + Tp. (68)
\AG-T?
From (68), one has
T = +X sin(T_bTO). 69)

We see that it takes the finite time 7T, or T, to reach the characteristic X = 7.



Symmetry 2022, 14, 2298 10 of 30

10
4
5
2
10 4 Z 2 4
2
42,0321, ca=1 ——oc1=10c2=10c3=2c4=1
4.2, c3=1,ca=1 — c1=1c2=-1,¢c3=2¢4=1
42,0321, ca=-1 ” —c1=1,¢c2=1,03=2,¢c4=-1
-2,c3=1,¢c4=-1 — c1=1,c2=-1,¢03=2,¢c4=-1

A B

Figure 2. Geodesics for different values of ¢;,i = 1,2,3,4. (A) For all lines ¢; = -1, ¢c3 = 1 and for dark
red line ¢p = 2, ¢4 = 1, for blue line ¢; = -2, ¢4 = 1, for green line ¢ = -2, ¢4 = -1 and for cyan line
cp =2,¢4 =-1. (B) For all lines ¢; = 1,c3 = 2 and for dark red line c; = 1, ¢4 = 1, for blue line ¢; = -1,
c4 =1, for greenlinecp = -1,¢c4 = -1 and for cyanlinecy =1, ¢4 = -1.

3
1
1 2 3 — ci=1,c=1,¢3=0,c4=2
— c1=1,c=-1,¢c3=0,c4=2
-1 — ¢1=0,c0=-2,c3=-1,¢c4=1
c1=0,c=-2,c3=-1,¢c4=-1
- - ci=1,0=1,¢3=0,c4=-2
- ci=1,c=-1,c3=0,c4=-2
_3 - c1=0,c0=2,c3=-1,¢c4=-1
- c1=0,c=2,c3=-1,¢c4=-1

Figure 3. Geodesics for the cases when c; or c3 is equal to 0.

In Figure 4A,B, we plot trajectories with Ap = 1 (red) and &) = 4 (blue) in the (X, T)
and (f,x) planes, respectively. We can parameterize these trajectories in the Minkowski
coordinatesby T:

t = barctanh(sin(T_bTO)), (70)
0

T—T

r o= glog(ﬂ(ozcosz( 2 )) (71)
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A B

Figure 4. Trajectories with Ay = 1 (red) and &p = 4 (blue) in the (X, T") plane (A) and (x, f) plane (B).
We can take 1 = 0.

We obtain
vO o= %:%, vlz%_’;:iz , (72)
\VAZ -T2 \AG-T?
ATA XT dv! X2
wl o= -2 wh="—-__~0 __ 73
it " b(x2-T2) it " b2 T2) 72)
We have
2 02 , ()2 on 74
We=—-(W")" + =
WO (W1 = s 7
One can also rewrite (74) in terms of t:
5 1 ot
wW* = b—Zcosh b (75)
or in term of T
1
|47 SH— (76)
Feo?(59)

These calculations show that the acceleration W of the E-trajectory with “&" = Ap” in
the inertial coordinate system (f, x) increases with increasing of the inertial time ¢ > 0 as
W ~ %et/ b 1f b - 0, this acceleration increases to infinity, and it decreases to 0 when b — oo.

The acceleration of the E-observer located at &) depends on its E-time 7 (see Figure 5),
as well as it own proper time. The proper time does not depend on the location. In all cases,
the acceleration is inversely proportional to the b parameter.
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— &p=1

A B

Figure 5. Accelerations of E-observers located at X = 1 (red) and X = 2 (blue) against their E-time
T,b=1(A) and proper time 7, b = 0.5 (gray) and b = 1 (green) (B).

3.4. Comparison of Exponential and Rindler Coordinates

The accelerated observer traveling in Minkowski spacewith constant acceleration a is
described by the Rindler coordinates (v, ¢) related to the inertial coordinates (u,v) [11,12]:

u=--e", v= 16“19, a>0. (77)
a a
These transformations define the Rindler observer as an observer that is “at rest” in
Rindler coordinates, i.e., maintaining constant ¢ and only varying #; a represents the proper
acceleration (along the hyperbola ¢ = 0) of the Rindler observer, whose proper time is
defined to be equal to the Rindler coordinate time. The Rindler observer at rest in the (77, §)
Rindler coordinates travels along the hyperbola:

1o = ¢ (78)

in the inertial coordinates (¢, x); see Figure 6.

A
u = —eN=%o — =2
_§=
v = 677+€0
— 3
A B

Figure 6. (A) Rindler observers “at rest” in ¢ coordinates (located at ¢ = 1,2) move along hyperbolae
in the inertial coordinates with constant acceleration. (B) Rindler observers located at £ =1,2in ¢
coordinates.

The transformation formulas between the inertial coordinates (¢, x) and the Rindler
coordinates (&, 7) (for simplicity, we considered the two-dimensional case) are different in
the four parts of the inertial coordinates plane M!"!. Four different maps of M'"! mapto four
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different parts of inertial plane [11,12]. Below, we present them in light-cone coordinates
u,vand v, ¥:

u = t-x, v=t+x, (79)
v o= n-¢  O=n+g, (80)
and
R: u = —13_’”, v= 1e‘“g, (81)
a a
F: u = 1e“”’, v= 1e”&, (82)
a a
L: u = 1e““’, v= —le’w, (83)
a a
P: u = —le_‘“’, v= —le‘“?. (84)
a a
In all cases, # € (—o0,+00), v € (—o0,+0); see Figure 7.
As is well known, the velocity and acceleration along the trajectory ¢ = ¢ in the inertial
coordinates:
eagﬂ eﬂf;o
= sinh(ar), X = 7(cosh(a17) -1) (85)
are
u’ = % = cosh(ay), ul = Z—;C = sinh(at), since ds =™ dny (86)
du® du!
0 _ R ) 1_ _ —ago
= — =gsinh =—= h
w 5o =i (aT)e ™™, w 1o - cos (at)e

and we obtain that the velocity squared is equal to 1 and the acceleration squared is equal
to a%e2%%0,

We see that the formulas for the maps (81)—(84) are the same as in the E-case, but there
is the essential difference in the forms of the corresponding metrics. In the Rindler case, the
metrics in all four spaces with the (¢, #7) coordinates are nontrivial:

ds2, oo = +a2e" PV dgdy (87)

with “-" for (#,v) e Ror L, and “+” for (u,v) e For P.

In the case of the E-thermal coordinates, the metrics in all four spaces with the co-
ordinates (u,v) are trivial, as the first formula in (50), but the metric in two-dimensional
space with coordinates (7, X') is nontrivial and given by (58) or, in detail, by (22) and (53).
Therefore, the maps between the pairs of coordinates (U, V) < (u,v) and (%, V) < (v, 8)
are given by the same formulas, but the metrics are different.
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Figure 7. Map of 4 copies of M to one M. Here, a = 1.

4. General E-Coordinates
4.1. E-Coordinates

We define here an extension of the E-coordinates to the arbitrary static metric of the form:

ds® = —f(r)dt* + f(r)rdr® + r*dQ2. (88)
Define also J
r
Te =1 (¥) = f m (89)

and the general Eddington—-Finkelstein coordinates
U=t—Ty, V=F+Ts. (90)
Then, the 2-dim part of the metric becomes
ds% =—f(r)dudv. (91)
The E-coordinates %, ¥ are defined by the relations:

U =-eP y =B B>o. (92)
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Now, the the 2-dim part of the metric (91) reads

dw dv
ds3 = —f(r)dudv = f(r)B* , 93
3= ~f(r)dudo = (B2 93)
where r is implicitly defined by the relation:
e IB = _qy (94)

By introducing the coordinates .7 = (¥ + % )/2 and 2" = (¥ - % )/2, the metric can be
written in the form:

-dT%+d2?
2 _ 2
dsz - f(r)B _(72 i 3{2 ’ (95)
where 272 - 725 0.
Note that, if 7, and r are constants, then from (94) rewritten as
22— 7% =¥/ = const, (96)

It follows that we deal with the motion on a hyperbola (96).

In the same way as in Section 2.3, one can show that in the E-coordinates introduced
above for a rather general function f(r), the E-observer will see the Planck distribution of
quanta with temperature

1
T=—.
2nB

It is interesting that one can obtain the temperature distribution for the function f(r)
that has no zeros, i.e., for a metric (7) that does not describe a black hole. For instance, take

97)

f(ry=e™, r>0, a>0 (98)

and in this case,
1
re=—(e"=1), u=t-re, vV=t+r,. (99)
o
In the E-coordinates (92), one obtains the temperature (97).
Note that if there is a black hole with a horizon at r;, f(r,) =0, f'(r,) > 0, the metric
for arbitrary B has a coordinate singularity. One can fix B = By to avoid this singularity:
2
P

where « is the surface gravity for the metric (88). Indeed, taking into account that, from (89),
it follows that, as v — 1y,

1 1
K= Ef,(rh) = By = = (100)

po o 0=y o o) (101)
f'(rn) 2K
we obtain that )
WY ~ B e ~(r—rh)ﬁ (102)
To compensate the first-order zero coming from f(r) near r;,, we take B as in (100). We
denote
7|  =u, 7/\ -V. (103)
B=B, B=B,

Note that these formulas reproduce the usual formula, in particular for the Schwarzschild
metric (11).
The coordinates with

1
B=Bo+b, B():*

, (104)
K
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we call the general E-coordinates.

4.2. Acceleration of the E-Observer in Black Holes

Now, we can fix 2" = 2. This trajectory can be parametrized by .7, i.e., in the
Schwarzschild coordinates:

t=t(9), r=r(7), (105)
F=H(T) = glog( ;*_5? ), (106)
re=r(7) = glog(%z— 7?). (107)

Due to (95) along the trajectory, we have
/ X2_ g2
a7 _ y7o - (108)
a5~ BJF()

Therefore, the velocity components for the observer moving along this trajectory are

L %o , (109)
VY2 - 72
I S G (110)

ds W ‘
We have
—fulu® + eyt = -1 (111)
The components of the moving observer’s acceleration are defined as

0
0 du

dulldr duds f
- 0 _ 0,1
w —%Jrrwu”u”—ﬁ%+gg+7uu (112)
. 1., 1\1 72
- (b, =
dul dutdr dutd7 f’
1 1 v 20,0 _ 1,0
_odw g duidr du 114
v gs = Y ag as T ) (114)
2 BJ(27-77)
The square of the acceleration is
2 2
2 02, g1 1v2_ L(f 1 29
wt = —f(w)+f(w) “f\278) a22-77 (116)

One can check that —fu® - w® + f~1u! . w! = 0.

4.3. Examples: Black Holes in E-Coordinates
4.3.1. E-Observer in the Schwarzschild Black Hole

For the Schwarzschild solution,

fry=1-M (117)

r
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and
r
. =r+2Mlog( — -1), 118
e =T+ Og(ZM ) (118)
and due to (107)
AP S
and
2 2 o/Bf T 4M/B
T = Zf- — -1 120
0~¢ (ZM ) (120)
For the acceleration, we have
1 M\2 -
P 25 (5-3%) e—Zr/B(L _ 1) M/ (121)
1-2M 2M '

The dependence of acceleration (121) on r for fixed M = 1 and along the trajectory (106)
and (107) with £y = 1.5 is presented in Figure 8. Let us note that, in some plots, the
fonts used in the legends are not the same as the Latex fonts used in the equations. In
particular, ¢, 7, w, etc., are presented using different fonts. We hope that this does not lead
to misunderstanding. We see that, for B < 4M, the acceleration is infinite at the horizon
zy = 2M. For B = 4M, the acceleration at the horizon is related to the surface gravity
x =1/4M:

ry = K2, (122)
where x = 1/4 and w? = 0.20693. For B > 4M, the acceleration near the horizon is infinite

and tends to zero at r = rg = VBM; for B = 3.5, ry = V4.1 = 2.02485. The locations of these
zeros are shown in the contour plot in Figure 9B by the magenta line.

M=1 Xo=1.5 L M=1 Xg=1.5
we, T, T
t’ r* 29 — WA, B=41
15 — W), B=4
— WX, B=35

=====n

72, B=41
20, B=4
0. B=35 7

— f(r, 4.1)
tr, 4)
{(r, 3.5)

10

22 24 /26 28 34 32
/

R -0.5

Figure 8. (A) The trajectories of a stationary observer in the (.7, Z") coordinates with 2" = 2 in
the the Schwarzschild coordinates for different B and M =1, X = 1.5. (B) The acceleration w? vs. r
(blue lines) and T? vs. r (green lines) for the trajectories in shown in (A). The red dashed line shows
7+ = +(r) for the same M and Xj. The dashed-dotted lines show the restrictions on r following from
the requirement T2 > 0.
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2 2
w w
42
10 0.4000
40
09 48 0.3000
0.8 !
0.2000
e /
07
46 0.1000
B os
36f —0.0500
B e B
4.4 —0.0100
o4
34
=~ 0.0050
03
32 o2 42 /] 4 —-0.0010
04 / - 0.0005
3.0 T 4.0 - L
20 22 24 26 28 30 32 34 2.00 205 210 215 220 225 230
r r

Figure 9. The contour plot versions of the plot presented in Figure 8. Here, on the horizontal axes,
we show r and, on the vertical B, M = 1, X = 1.5. The acceptable region with T2 > 0 is bounded by
the solid green line. The behavior of w? mainly for B < 4M (A) and for B > 4M only (B). Here, the
magenta line shows the locations of the points with w? = 0. These points exist only for B > 4M.

4.3.2. E-Observer in the Reissner—-Nordstrom Black Hole
For the RN solution, one has

2M Q2
=1-—+ =, 123
F)=1-=54 5 (123)
Fe=r+—* In(r-ry) - I- In(r-r-) (124)
T -1 -1 -

wherer, =M +/M2-Q2, M>Q. u,varedefinedasu=t—r,, v="1t+r, [6].

Using the general formula (116), we find the dependence of the acceleration on r along
the trajectory 2" = 2, and the results are presented in Figure 10. We see that the qualitative
behavior of the acceleration dependence on 7 is similar to the previous case considered
in Section 4.3.1. For B < 1/x(M, Q), here, 1/x(1,0.2) = 4.00042, the acceleration near the
horizon is infinite and monotonically decreases to zero for r - co. For B = 1/x(M, Q), the
acceleration at the horizon r = r, is finite; here, 7, = 1.9798 and wz|r+ =0.10448; for r — oo,
it decreases to 0; for B > 1/x(M, Q), the acceleration becomes infinite at the horizon and
decreases up to zero at r = ro(M, Q).

M=1 Xp=1.5 Q=0.2

M=1 Xo=1.5 Q=0.2

%

w2(r), B=35.
— w2(r), B=4
—— wA(n), B=42
----- n(n

T2(r), B=

Figure 10. (A) The trajectories with 2" = £( in the RN spacetime in the Schwarzschild coordinates
for different Band M =1, Xp = 1.5, Qz =0.2. (B) w?vs. r (blue) and T?vs. 7 (green) for the trajectories
shown in (A). The red dashed line shows 7« = r.(r) for the same M, Xj. The dashed-dotted lines
show the restrictions on r following from the requirement T2 > 0.
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4.3.3. E-Observer in Schwarzschild-AdS
For the Schwarzschild-AdS solution, one has

f(r)=1- @ + k%2 (125)
and
rodr! rh r| 1 K2r(ry, +1)
*(r) = —— = ———|log|l-—|-Z=log|1+—2—=
() /0 7 3k2r§+1[°g’ rh‘ 2 Og( N ]
(3k%r7 +2) kry/3k?r2 + 4
ﬁarctan 2(k2 5 1) k2 (126)
kv\/3Kk%r? + 4 ry L)+ Krerry
h
where

3 M| 3 1 3 1
"=\ e \J - \/27k2M2 + +\J \/27k2M2 wied (127

Figure 11 shows the dependence of the acceleration along the trajectories with 2y = 1.5
and different B in the AdS-Sch metric with M = 1 and varying B. We see that the acceleration
becomes infinite near the horizon, decreases monotonically for B < B, (the thick line in
Figure 11A), and has the minimum equal to zero for B > B, (the line of moderate thickness
in Figure 11A). For B > By, this minimal value is reached in the acceptable region (the thin
line in Figure 11A).

M=1 Xo=1.5 k=0.2 45
110, w?, T3, 1., f'
° - 0.25600

zE\ 30 25
18 20 22 24
B

Figure 11. (A) The trajectories with X = 1.5 in the AdS-Schwarzschild spacetime in the Schwarzschild
coordinates for different B and M = 1 are shown by darker cyan lines. The accelerations w? along

, 2

these trajectories are shown by blue lines. T? for these trajectories for the same M = 1 and Xj are
shown by green lines. The red dashed line shows 7+ = () for the same M, X,. The dashed-dotted
lines show the restrictions on r following from the requirement T? > 0. The inset shows the zoom of
the original plot for B = 2.615. (B) The contour plot version of (A) with r in the horizontal direction

2

and B in the vertical one. The darker magenta line shows the acceleration w* zeroes’ locations.

4.3.4. E-Observer in Schwarzschild-dS

For the Schwarzschild-dS solution, one has

fr)=1- g -k (128)
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and for 0 < 27k?M? < 1, there exist two positive roots r; and 7, of f(r) such that 0 < 2M <
r < 3M < I

2 2
r1 = ——=cos(a/3+47m/3), 1ry=—=cos(a/3) with cosa = -3Mk\/3 129
A (af /3), 12 3 (a/3) (129)

There is also a negative root:

r3 = k\2/§ cos(a/3 +27/3). (130)

Here, rq and r, describe the black hole event horizon and the cosmological event
horizon, respectively. Now, we can write 7, in the form

Ty = 0(!1’) =—%(Aln(rl—r)+Bln(r—r2)+C1n(r—r3))+D, (131)
r
where:
A n 2 r- (132)

R o R e | o Ll ey | oy

We adjust D to remove the imaginary part from the expression for 7.

Figure 12 shows the dependence of the acceleration along the trajectories with 2 = 1.5
and different B in the dS-Sch metric with M = 1 and varying k. We see that the acceleration
becomes infinite near the horizon and decreases monotonically for B < By (the thick line in
Figure 12A). For B = By, the acceleration is finite at the horizon, and for B > By, it is infinite
at the horizon and has the minimum equal to zero. For B large enough, this minimal value
is reached in the acceptable region (the thin line in Figure 12A).

M=1 Xp=1.5 k=0.1

M=1Xo=1.5 k=0.1 VT
t’ r* 30 —w2(r), B=3
{(r, 4.5) 25 - ‘:;(’)' B=4812
20 fr. 4) | ——— N U n (f)’:'25315-5
2.0 *
t(r, 3) e T2(r), B=3

—— T2(r), B=4.812
T2(r), B=55

______ 25---""""""7 30 } \4.0 r
~20 o5t

Figure 12. (A) The trajectories with Xy = 1.5 in the Schwarzschild coordinates for the dS-
Schwarzschild metric. (B) w? vs. r (blue) and T? vs. r(green) for different B and M = 1. The
red dashed line shows 7+ = r+(r)/25 for the same M, X.

5. General L-Coordinates
5.1. L-Coordinates

Having in mind Formulas (7) and (89)—(91), we define the L-coordinates v, ¢ by the
relations

v= —% log(-au), ¥ = %log(av). a>0 (133)

To have the possibility to send a — 0, one can use a modified definition):

w--temo1), o=l a0, (134
a a
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and in the case of (134) r, = %(e“ﬁ +e7 W -2).

In terms of the coordinates (8, v), the metric (91) reads
ds3 = —f(r)dudo = —f(r)e*®Vdvds, v, ¢ (~00,0) (135)

where r = r(9,v) is defined in two steps: first, r is defined as r = 7(r, ) by the relation (89)
and, then, r, as a function of ¢, v using:

1 at —av
.= — . 136
r % (e +e™™) (136)

By introducing the coordinates:
n o= (0+v)/2, c=(0-v)/2 (137)
the metric (135) can by rewritten as
ds? = —f(r)e" O dvdd = f(r)e* (-dy? + dz?), (138)
that is, up to the conformal factor f(r), the Rindler metric on the (7, ¢)-plane:
dSRindrer = € (~di® +dE7). (139)
From (136) and (137) follow the relations:

~ e% cosh(ar) ‘o e" sinh(an)

" p p (140)
Hence, in the case of (136), one obtains
2a¢
o= eaz ; (141)
in the case of (134), one obtains
1 ) ) eZag
st =) -t = 142
(ro+ 2P -£ =5 (142)

In both cases, if ¢ is a constant, one has a motion along a hyperbola. In particular, if one
takes ¢ = 0, then the parameter 1/a is a semi-axis of the hyperbola. Therefore, for the
two-dimensional part of the general spherically symmetric metric (138), the parameter 1/a
is a semi-axis of the hyperbola.

It will be shown below, in Section 5.4, that, for a rather general metric in the form (138),

the temperature is
a

= E .
The temperature (154) does not depend on the form of the function f(r) in the metric (7).
However, the trajectory of the L-observer does depend on f(r) through the form of 7.

(143)

5.2. Acceleration along Trajectories ¢ = Co in Black Hole Backgrounds

Let us consider an observer moving along this hyperbola, i.e., along the trajectory (140)
with ¢ = ¢p in the (¢, 7« )-plane. One can parametrize this trajectory as

%0 cosh(a

ra =1 () % (144)
%0 sinh(a

t=t(y) = # (145)

. N . %o
This parametrization means that r, > 0, or, more precisely, that 7, > “~.
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One can find the velocity and acceleration along this trajectory. Indeed, along this
trajectory, the interval is

ds = \/f(r)e"ody, here ds=|ds|, (146)

and the components of the velocity along this trajectory are

U % - \/j%cosh(my),
ul = % =+/f(r) sinh(ay). (147)

We see that the square of the velocity is equal to ~1, —f(u%)? + f~1(u!)? = -1
The components of the acceleration are

. 4
0 - d;s FO iy smhf(a’?) (ae—aéo + f? cosh “’7)/ (148)
and
1 du' 4 f'
W= = +Tufu’ = cosh(aiy)(2 cosh(an) + ae‘”‘fo), (149)
w? = szu” V=0, (150)
w? = F;f],u”u” =0, (151)
and
2 -2a8 { £ 2
w? = —f(w0)2+}(w1)2 - aef('gr,r(r)+l) ) (152)

One can also check the orthogonality condition: — fu%w® + f~1ulw! =
5.3. Examples
5.3.1. Schwarzschild Metricin L-Coordinates

According to (152), the acceleration along the trajectory (144) and (145), shown in
Figure 13, is given by

28—2a§0

W’ = ”1_2?4 (1+Af( +1og(—1)))2 (153)

Acceleration along these trajectories as a function of 7 is presented in Figure 14A and
as function of # in Figure 14B.
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Lr.
10
—(r, 1)
{(r, 1.5)
gl  TTTTT oA
----- re(r, 1.5) -

'
'
P

-10
Figure 13. Trajectories with ¢ = {p in Schwarzschild spacetime are shown by darker cyan lines. The

red lines show 7y = 7. (7).
W2 20
2.0 1 ] 0.600
i H a=1 M=1 §=1 H
1
! a=1 M=1 =08 e s
15 H H —a=05M=1 =1 0450
o 1 1
! ! a=1 M=15 §=1 . L 0400
H H a=1 M=15 §=038
10 ':' 'r' — a=05 M=156=08 M o0
’ . — === ro(r, 1) 14 0.300
{ | T— - 1(r, 15)
_l\ 1 0.275
1 1
0.5} 1 12 0.250
1 1
" 1 0.200
[ .l" 1.0
3 4 5 6 7 8 r 2

A

Figure 14. (A) The acceleration along the trajectories shown in Figure 13 as a function of r. (B) Contour
plot for varying r (horizontal) and M (vertical). We see that, in the admissible area, the acceleration

w? decreases when r increases.

5.3.2. Reissner-Nordstrom Metricin L-Coordinates
For the RN solution with f(r) given by (123), the acceleration dependence on r can be

calculated using the general formula (152). The results are presented in Figure 15A.
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1.0
; M=1, =1, a=1
W 0.8
3.0 ;o ’
S /
/l Il /l
25 K I/ —— Q=0 o6
i it ro(r, 1,0 Q

0 a ; +(.1,0)
: / I/ J/ ——— Q=05
15 I/I I’ //’ ----- ry(r, 1, 0.5) 0.4

/ /' /) Q=09

1
1.0 -l /I ----- r(r,1,09)
1 II 0.2

05 [ 1

1 1

1 1

1 1

1 L r 0.0

15 2.0 25 3.0 3.5 4.0 4.5 5.0 2 3 4 5 r 6

Figure 15. (A) w” as a function of r along the trajectories with ¢ = &, for different Q. The physically
acceptable regions are on the right of the dashed lines, shown as r+; here, M = 1. (B) Contour plot of
(A) for varying r and Q, M = 1. The physically acceptable domain is bounded by the green line. We
see that the character of the acceleration dependence on r is the same as for the Schwarzschild case

shown in Figure 14.

5.3.3. Schwarzschild-AdS Metricin L-Coordinates
Here, we consider the Schwarzschild-AdS metric in the L-coordinates. For the

Schwarzschild-AdS solution, f(r) and r. = r.(r) are given by (125) and (126), respectively.
Using the general formula (152), we calculate the acceleration. The result is presented in

Figure 16.

M=1 §,=1 a=1
t, .
(r, 0.1)
(r, 0.3)
L] p—— ro(r, 0.1)
————— (r, 03),
/.’ 3 r
-5
A
a=1, M=1, §=1
a=1, M=1, §=1

20 40 60 80 100r -05

Figure 16. (A) Trajectories in the AdS-Schwarzschild spacetime in the Schwarzschild coordinates
corresponding to the observer with the fixed space coordinate ¢y in the (#, {) coordinates; acceleration
w? vs. r for the trajectories shown in (A) for different values of k; (C) zoom of (B).
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5.3.4. Schwarzschild-dS in L-Coordinates
Trajectories in the dS-Schwarzschild spacetime in the Schwarzschild coordinates are

presented in Figure 17 and acceleration w? along these trajectories in Figure 18.

M=1 60=1 a=1 k=01 M=1 §0=1 a=1 k=019

t,r
b t, r.
t(r(' 0;)1) 40 «r, 0.19)
----- ri(r, 0.
ot e~ === ry(r, 0.19)
20
r .
2.8 29,/‘ 3 3.1 32 33 r
-20 //
,I
4
’
-40f /
1
1
B

A

Figure 17. Trajectories in thedS-Schwarzschild spacetime in the Schwarzschild coordinates corre-

spondingto ¢ =§p=1,M=1,a=1fork=0.1(A)and k = 0.19 (B).

M=1,Ep=1,a=1

2
le, W
H 4
20 i i /
i i /
: l’ 'l ----- re(r, 0.1)
15 ! I,’ // ----- r4(r, 0.15)
‘ | - r.(r, 0.19)
1 V4 L
10 i / 7 — W2(r,0.1)
/ ¢'
"' ot i L~ —— W2(r, 0.15)
5 ! /’ o ——— w2(r, 0.19)
1L -~
'! A Ea”
2 ga” 4 6 8 10 r
47 !
-5 I'l' :
11 I
] I
i
-10 i 1
[ ) 1
[ ] 1
(] 1
-15
A
M=1,k=0.1,a=1 M=1,k=0.15,a=1 M=1,k=0.19,a=1
w? w? w2
4 / 60
So=1
) §=08 40 fo=1
----- r £=08 e
20 <"
3 4 5 6 7 8 r 5.0 r
r
-2 -2 /
7 -20
-4 | -4/
C D

Figure 18. (A) The accelerations along the trajectories with ¢ = ¢y = 1 for different k = 0.1 (darker reds
line), 0.15 (blue lines), and 0.19 (green lines). (B-D) are zooms of (A), as well as the same plots for

& =0.8.
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5.4. Temperature in L-Coordinates

Here, we show that the accelerated observer moving along special trajectories defined
by requirement ¢ = ¢y (specifying this condition in terms of the original coordinates, the
form of the trajectory essentially depends on the blackening function f(r)) (see the Hawking
radiation with temperature, defined only by the parameter a):

a
T=—. 154
= (154)

Indeed, comparing the solution of the wave equation in the (u#,v) and (v, ®) coordi-

nates related as in (134):

vy =0, v,0eR (155)
0,0, ®=0, u<0,v>0 (156)

we obtain the relation between corresponding to the creation and annihilation operators.
For this purpose, we write, as usual, the representation for solutions of two-dimensional
wave equations as combinations of the left and right modes, ¢(v,8) = ¢r(v) + ¢r.(8),
D(u,v) = Pg(u) + Pr(v).

For the real right mode (for the left mode, all considerations are similar), one has

1
Varw

or(v) = fo " 4w (fuBuw + f1BE),  fuolv) = v (157)

where By, B,/ ] = §(w -w') and
Or(w) = [ dp(Bufa () + BiRw), ) = ﬁe—w, (158)
where [‘By,%;,] =6(u-u').

Right (and left) modes in different coordinate systems are related as ¢g(v) = Pr(u),
and therefore,

[ dotfoBo+ 1385 = [ dnGuBu e+ iB). (159)

Multiplying (33) by f./(v) and integrating the first equation over R, one obtains

Bo= [ an(BouBh+atu®u)  Bh = [ du(BuuButaonBy)  (160)

where (compare with the calculations in Section 2.3)

By = fR Z:[\/fe_iwve_i””, Koy = [R ;i;\/fe_iwei“”. (161)
The Eddington-Finkelstein (EF) observer has the EF vacuum:
B,|0pr >=0, (162)
i.e., the state |0gr) does not contain B particles. However, it contains B particles:
(0crINa (B)[0gr) = (OcrlBLBolOzr) = [ dulBuyl (163)

The Bogoliubov coefficient S, is given by (35) with u as in (134), so we have

1 W _nw -7 W
'B“]P’_Zmz\/; e (1) T, (164
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and as in (40), we obtain the Planck distribution:
1 1
2
= T 165
Bl = g (165)

with the temperature (154). Therefore, we obtained that the temperature depends only on
the acceleration a, but the equation of the trajectory along which the observer is moving
depends on the metric through the coordinate r*.

6. Characteristic Times
6.1. Time of Black Hole Evaporation

In this section, we briefly discuss the evaporation of a black hole within an approxi-
mation when we ignore the back reaction of radiation, as well as the effects of quantum
gravity. The change of the black hole mass due to evaporation is described by the equation:

dM(t)
ar

L (166)

where L is the luminosity, L = C T*- Area, and C is a constant. In our case, T = 1/27t(b +4M),
and Area = 167tMZ2, so:

CM?
= 167
(b +4M)* (167)
and we have the equation:
dM C M?
— = - M(0)=M 168
dt 3(b+4M)* 0) 0 (168)
Therefore,
M (b +4M')* C
—ZdM' = -1, 169
[Mo M2 3 (169)
Taking the integral, we obtain
/AN 5 , 256M° C
“m*t 8b° log(M) +96b° M + 128D M~ + =3 (tg—1), (170)
where {j is
3. i 256 M3
to = "—( S e log(My) +96b* My + 1286 M3 + 0 ) (171)
C\ M

The evaporation time t = t,yqp time is the time when M(tepap.time) = € = 0. In our case,
the leading terms are the first two terms in the LHS of (170) and

2 C
- ? +8b log(e) = ? (tO - tevap.time)r (172)
so we obtain
7T3 b4 3
tezmp.time ~ 6(; — Sb loge) + tO — 00, (173)
In other words,
bt

Note that the leading term is independent of the initial mass of the black hole. Note
also that, if we set b = 0, then the evaporation time is
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2567
tevap‘time = TM(?)) (175)

Let us mention once again that the consideration of black hole evaporation discussed
in this section is rather crude, since we ignored the back reaction of radiation, as well as the
effects of quantum gravity.

6.2. Small Black Holes and Free-Falling Observer
Light falling on a black hole in Schwarzschild spacetime is described by the equation:

roodr
t = L G-ay (176)

where r;, = 2M. Here, the integral is divergent at r = ry, as 1, In(r — ;). Usually, one
concludes the asymptotics of approaching the horizon to be

_t
r—ty =conste h. (177)

Let us consider in more detail the question about the limit r;, - 0. The solution of the
equation:

dr
—dt= , r(0)=ry>my (178)
(1-1)
is oM
r_
—t —-r=2M1l1 . 179
+ro-7 Og(ro—ZM) (179)

When M — 0, one obtains r = ry — t, as it should be.
From the other side, if we rewrite Equation (179) in the form:

ro—t-r

r=2M+(rg-2M)e 2™ (180)

then it is not obvious how to take the limit M — 0.
Let us discuss the leading term when the regularization parameters By and B, are
introduced:

r dr
t= _—, B1> By >0. 181
L,+B1 (1- @) 12527 (181)

We have

—t+r—ry =By

r=ty+By+(By—Bple "mth (182)

and for r near r;, and large ¢, one obtains

__t_
r=r,+By+ (Bl - B2)€ "n+B2 (183)

If 7y, is large, we can set B, = 0, and we obtain the asymptotic formula (177). However,
for small black holes, we can take the limit r;, - 0 in (182) to obtain

_t
r=By+ (B1 - Bz)e B (184)
This consideration was a motivation to introduce the E-coordinates.

7. Discussions and Conclusions

It was shown that the property to have a thermal distribution for quantum fields
in classical gravitational background is not restricted to the cases of black holes or con-
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stant acceleration, but is valid for any spherically symmetric metric written in thermal
coordinates.

The Hawking temperature for a Schwarzschild black hole Ty = 1/87tM is singular
in the limit of vanishing mass M — 0. This seems unphysical since the Schwarzschild
metric in the original coordinates is regular when the black hole mass M tends to zero. It is
reduced to the Minkowski metric, and there are no reasons to believe that the temperature
becomes infinite.

To scrutinize the situation, new coordinates, called thermal coordinates, which depend
on the black hole mass M and the parameter b that defines the semi-axis of a hyper-
bola along which an observer is moving, were used. Using the thermal coordinates, the
Schwarzschild black hole radiation was reconsidered, and it was found that the Hawking
formula for temperature is valid only for large black holes, while for small black holes,
the temperature is T = 1/271(4M + b). The thermal coordinates are regular in the limit of
vanishing black hole mass M. In this limit, the Schwarzschild metric is reduced to the
Minkowski metric, written in coordinates dual to the Rindler coordinates. The thermal
observer in Minkowski space sees radiation with temperature T = 1/27tb, similar to the
Unruh effect, but in our case, the acceleration is not a constant. Note that the question of
the violation of the weak equivalence principle for thermal coordinates is similar to the
same question for the Rindler coordinates; see, for example, [13]. The physical temperature
of a black hole, calculated in thermal coordinates, differs from the surface gravity. A similar
effect takes place in the Rindler coordinates (the Unruh effect). Similar to the Rindler
thermodynamics [14,15], it would be interesting to discuss thermodynamics in thermal
coordinates.
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