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Abstract: In statistical analyses, especially those using a multiresponse regression model approach,
a mathematical model that describes a functional relationship between more than one response var-
iables and one or more predictor variables is often involved. The relationship between these varia-
bles is expressed by a regression function. In the multiresponse nonparametric regression (MNR)
model that is part of the multiresponse regression model, estimating the regression function be-
comes the main problem, as there is a correlation between the responses such that it is necessary to
include a symmetric weight matrix into a penalized weighted least square (PWLS) optimization
during the estimation process. This is, of course, very complicated mathematically. In this study, to
estimate the regression function of the MNR model, we developed a PWLS optimization method
for the MNR model proposed by a previous researcher, and used a reproducing kernel Hilbert space
(RKHS) approach based on a smoothing spline to obtain the solution to the developed PWLS opti-
mization. Additionally, we determined the symmetric weight matrix and optimal smoothing pa-
rameter, and investigated the consistency of the regression function estimator. We provide an illus-
tration of the effects of the smoothing parameters for the estimation results using simulation data.
In the future, the theory generated from this study can be developed within the scope of statistical
inference, especially for the purpose of testing hypotheses involving multiresponse nonparametric
regression models and multiresponse semiparametric regression models, and can be used to esti-
mate the nonparametric component of a multiresponse semiparametric regression model used to
model Indonesian toddlers' standard growth charts.

Keywords: smoothing spline regression function; MNR; RKHS; consistency; standard growth
charts

1. Introduction

A reproducing kernel Hilbert space (RKHS) theory was first introduced by Ar-
onszajn in 1950 [1]. This theory was later developed by [1,2] to solve optimization prob-
lems in regression, especially nonparametric spline original regression. The RKHS ap-
proach was used by [3] for an M-type spline estimator. Next, Ref. [4] used the RKHS ap-
proach for a relaxed spline estimator.

There are many cases in our daily life that we have to analyze, especially cases in-
volving the functional relationship between different variables. In statistics, to analyze the
functional relationship between several variables, namely, the influence of the independ-
ent variable or predictor variable on the dependent variable or response variable, regres-
sion analysis is used. In regression analysis, it is necessary to build a mathematical model,
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which is commonly referred to as a regression model, and this functional relationship is
expressed by a regression function. In regression analysis, there are two kinds of basic
regression model approaches, namely, parametric regression models and nonparametric
regression models. In general, the main problem in regression analysis whether using a
parametric regression model approach or a nonparametric regression model approach is
the problem of estimating the regression function. In the parametric regression model, the
problem of estimating the regression function is the same as the problem of estimating the
parameters of the parametric regression model where this is different from the nonpara-
metric regression model. In nonparametric regression models, estimating the regression
function is equivalent to estimating an unknown smooth function contained in a Sobolev
space using smoothing techniques.

There are several frequently used smoothing techniques for estimating nonparamet-
ric regression functions, for example, local linear, local polynomial, kernel, and spline. The
research results of several previous researchers have shown that smoothing techniques
such as local linear, local polynomial, and kernel are highly recommended for estimating
nonparametric regression functions for prediction purposes. These researchers include
[5,6], who used local linear for predicting hypertension risk and predicting Mycobacte-
rium tuberculosis numbers, respectively; Ref. [7] used local linear for determining bound-
ary correction of nonparametric regression function; Ref. [8] used local linear for deter-
mining the bias reduction of a regression function estimate; Ref. [9] used local linear to
design a standard growth chart for assessing the nutritional status of toddlers; Refs.
[10,11] used local polynomial for estimating regression functions in cases of errors-in-var-
iable and correlated errors, respectively; Refs. [12,13] used local polynomial to estimate
the regression function for functional data and for finite population, respectively; Ref. [14]
discussed smoothing techniques using kernel; Refs. [15,16] discussed consistency kernel
regression estimation and estimating regression functions for cases of correlated errors
using kernel, respectively; and Refs. [17,18] discussed estimating covariance matrix and
selecting bandwidth using kernel, respectively. However, local linear, local polynomial,
and kernel are highly dependent on the bandwidth in the neighborhood of the target
point. Thus, if we use these local linear, local polynomial, or kernel approaches to estimate
a model with fluctuating data, then we require a small bandwidth, and this results in too
rough an estimation of the curve. This means that these local linear, local polynomial, and
kernel approaches do not consider smoothness, only the goodness of fit. Therefore, for
estimation models with fluctuating data in the sub-intervals, these local linear, local pol-
ynomial, and kernel methods are not good to use, as the results of estimation result in a
large value of the mean square error (MSE). This is different from spline approaches,
which consider goodness of fit and smoothness factors, as discussed by [1,19], who used
splines for modeling observational data and estimating nonparametric regression func-
tions. Furthermore, for prediction and interpretation purposes, smoothing techniques
such as smoothing spline and truncated spline are better and more flexible for estimating
the nonparametric regression functions [20]. Due to the flexible nature of these splines,
many researchers have been interested in using and developing them in several cases. For
examples, M-type splines were used by [21] to analyze variance for correlated data, and
by [22] for estimating both nonparametric and semiparametric regression functions; trun-
cated splines have been discussed by [23] to estimate mean arterial pressure for prediction
purpose and by [24] to estimate blood pressure for prediction and interpretation purposes.
Additionally, Ref. [25] developed truncated spline for estimating a semiparametric regres-
sion model and determining the asymptotic properties of the estimator. Furthermore, Ref.
[26] discussed the flexibility of B-spline and penalties in estimating regression function;
Ref. [27] discussed analyzing current status data using penalized spline; Ref. [28] analyzed
the association between cortisol and ACTH hormones using bivariate spline; and Ref. [29]
analyzed censored data using spline regression. In addition, Ref. [30] used both kernel
and spline for estimating the regression function and selecting the optimal smoothing pa-
rameter of a uniresponse nonparametric regression (UNR) model; Refs. [31,32] developed
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both kernel and spline for estimating the regression function and for selecting the optimal
smoothing parameter of a multiresponse nonparametric regression (MNR) model; and
Ref. [33] discussed smoothing techniques, namely, kernel and spline, to estimate the coef-
ficient of a rates model.

In regression modeling, a common problem involves more than one response varia-
ble observed at several values of predictor variables and between responses that are cor-
related with each other. The multiresponse nonparametric regression (MNR) model ap-
proach is appropriate for modeling the functions which represent the relationship be-
tween the response variable and predictor variable with correlated responses. In this
model there is a correlation between the responses. Because of this correlation, it is neces-
sary to construct a matrix called a weight matrix. Constructing the weight matrix is one
of the things that distinguishes the MNR model approach from a classical model ap-
proach, that is, a parametric regression model or uniresponse nonparametric regression
model approach. Thus, in the estimation process the regression function requires a weight
matrix in the form of a symmetric matrix, especially a diagonal matrix. Furthermore, in
the MNR model there are several smoothing techniques which can be used to estimate the
regression function. One of these smoothing techniques is the smoothing spline approach.
In recent years, studies on smoothing splines have attracted a great deal of attention and
the methodology has been widely used in many areas of research, for example, for esti-
mating regression functions of nonparametric regression models, in [34,35] used smooth-
ing spline, mixed smoothing spline, and Fourier series; estimating regression functions
were conducted by [36,37] for a semiparametric nonlinear regression model and a semi-
parametric regression model; and smoothing spline in an ANOVA model was discussed
by [38]. Smoothing spline estimator, with its powerful and flexible properties, is one of
the most popular estimators used for estimating regression function of the nonparametric
regression model. Although the researchers mentioned above have previously discussed
splines for estimating regression functions in many cases, none of them have used a re-
producing kernel Hilbert space (RKHS) approach to estimate the regression function of
the MNR model. On the other hand, even though there are studies, as mentioned above,
that have used the RKHS approach for estimating regression functions, those researchers
used the RKHS for estimating regression functions of single-response or uniresponse lin-
ear regression models only. This means that RKHS approaches were not used for estimat-
ing the regression function of the MNR model based on a smoothing spline estimator. In
addition, although [34] used the RKHS approach to estimate the regression function of the
MNR model, and also discussed it in a special case involving a simulation study; but Ref.
[34] assumed that the three responses of the MNR model have the same smoothing pa-
rameter values, which in real life situation is a difficult assumption to fulfill. In addition,
Ref. [34] did not discuss the consistency of the smoothing spline regression function esti-
mator. Therefore, in this study we provide a theoretical discussion on estimating the
smoothing spline regression function of the MNR model in case of unequal values of the
smoothing parameters using the RKHS approach. In other words, in this study we discuss
it for the more general case.

2. Materials and Methods

In this section, we briefly describe the materials and methods used according to the
needs of this study, following the steps in the order in which they were carried out.

2.1. Multiresponse Nonparametric Regression Model
Suppose, given a paired observation {y,;, t,;} which satisfies the following multire-

sponse nonparametric regression (MNR) model:
Vei= &)+ &4, =120, r=12,..,p (1)

where y,; is the observation value of the response variable on the 7" response and the

i observation; f;(*) represents an unknown nonparametric regression function of r*"
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response which is assumed to be smooth in the sense that it is contained in a Sobolev
space; t,; is the observation value of a predictor variable on the r* response and the
i observation; and ¢,; represents the value of the random error on the r* response
and the i*"* observation, which is assumed to have zero mean and variance ¢ (hetero-
scedastic). In this study, we assume that the correlation between responses is p,s =
pr for r=s

{0 for r=s’

In general, the main problem in MNR modelling is how we estimate the MNR model,
which in this case is equivalent to the problem of estimating the regression function of the
MNR model. There are many smoothing techniques that can be used to estimate the MNR
model presented in (1), for example, kernel, local linear, splines, and local polynomial.
One of these smoothing techniques is the spline approach, in which the smoothing spline
is the most flexible estimator for estimating fluctuating data on sub-intervals. The follow-
ing briefly presents the estimation method using the smoothing spline estimator. Further
details related to the smoothing spline estimator can be found in [20].

2.2. Smoothing Spline Estimator

In this study, we estimated the regression function, f,.(t,;) of the MNR model pre-
sented in (1) based on the smoothing spline estimator using the reproducing kernel Hil-
bert space approach, which is discussed in the following section. An estimate of the re-
gression function of the MNR model presented in (1) can be obtained by developing the
penalized weighted least squares (PWLS) optimization method proposed by [31], which
is only used for the two-response nonparametric regression model with the same variance
of errors, namely, the homoscedastic case. We then develop the PWLS optimization to
estimate a nonparametric regression model with more than two responses, namely, the
MNR model, in case of unequal variance of errors, which is called as heteroscedastic case.
Hence, the estimated smoothing spline of the MNR model presented in (1) can be obtained
by carrying out the following PWLS optimization:

. _ T
min ]{N YWy, — )W (yy — f) + -+ (yp - fp) Wp(yp - fp) +

Py @ arby
by 2 by 5 (2)
M j (fl(Z) (t)) dt + -+ /1p f (fp(z) (t)) dt}

a; ap

where N =3¥7_ n,; Wy, ..., W, are symmetric weight matrices, 4, ...,4, are smoothing
parameters, and fy,f;,...,f, are unknown regression functions in a Sobolev space
W3"a,, b,], where the Sobolev space W;*[a,, b,] is defined as follows:

wia,, b,] = {fIf®,v =0,1,2, ...,m — 1 are absolutely continuous on [a,., b,] and
f™ € L,[a,, b,], where L[a,., b,] is the collection of square integrable function on
Ly(a,, b ], r =12, ..,p}

Furthermore, to obtain the solution to the PWLS provided in (2), we used the repro-
ducing kernel Hilbert space (RKHS) approach. In the following section, we provide a brief
review of RKHS. Further details related to RKHS can be found in [39], a paper concerning
the theory of RKHS, and in [40], a textbook which discusses the use of RKHS in probability
and statistics.
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2.3. Reproducing Kernel Hilbert Space

The need to reproducing kernel Hilbert space (RKHS) arises in various fields, includ-
ing statistics, theory of approximation, theory of machine learning, theory of group rep-
resentation, and complex analysis. In statistics, the RKHS method is often used as a
method for estimating a regression function based on the smoothing spline estimator for
prediction purposes. In machine learning, the RKHS method is arguably the most popular
approach for dealing with nonlinearity in data. Several researchers have discussed the
RKHS method; for example, Refs. [41,42] discussed the use of RKHS in Support Vector
Machines (SVM) and optimization problems, respectively, and Refs. [43,44] discussed the
use of RKHS in asymptotic distribution for regression and machine learning.

A Hilbert space H is called an RKHS on a set X over field F if the following condi-
tions are met [1,39]:
(i) H isa vector subspace of F(XF), where F(X,F) is a vector space over F;

(ii) H is endowed with an inner product (, ), making it into a Hilbert space;
(iii) the linear evaluation functional E,:H — [, defined by E,(f) = f(y), is bounded,
for every y € X.

Furthermore, if # isan RKHS on X, then for every y € X there exists a unique vector
k, € H such that for every f € H, f(y) = (f, k). This is because every bounded linear
functional is provided by the inner product with a unique vector in 3. The function k,,
is called a reproducing kernel (RK) for point y. The reproducing kernel (RK) for # is a
two—variable function defined by K(x,y) = k,(x). Hence, we have K(x,y) =k, (x) =
(k) and. [[By [* = [l || = Gy, ky) = K©9).

In this study, we provide a simulation study to evaluate the performance of the pro-
posed MNR model estimation method.

2.4. Simulation

The simulation in this study consists of a simulation to determine the optimal
smoothing spline based on a generalized cross-validation (GCV) criterion to obtain the
best estimated MNR model and a simulation to describe the effect of the smoothing pa-
rameters on the estimation results of the regression function of the MNR model based on
minimal GCV value. We generate samples sized n = 100 from the MNR model and pro-
vide an illustration of the effects of the smoothing parameters in order to estimate the
results of the MNR model by comparing three kinds of different smoothing parameter
values, namely, small, optimal, and large smoothing parameters values.

In the following section, we provide the results and discussion of this study covering
estimation of the regression function of the MNR model using the RKHS approach by
estimating the symmetric weight matrix and optimal smoothing parameters, a simulation
study, and investigating the consistency of the smoothing spline regression function esti-
mator.

3. Results and Discussions

The results and discussion presented in this section include estimating the regression
function of the MNR model using RKHS, estimating the weight matrix, estimating the
optimal smoothing parameter, investigating the consistency of the regression function es-
timator, a simulation study, and an application example using real data.

3.1. Estimating the Regression Function of the MINR Model Using the RKHS Approach

The MNR model presented in (1) can be expressed in matrix notation as follows:

y=f+e¢ 3)
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where y = (yl,y%, ...,yp)T, f=(fy,f,, ...,fp)T, t= (t%,tz, ...,tp)T, = (g, sZ,T...,sp)T, Y, =
(le' Vr2, ---JanT)T , f= (fr(trl)’ fr(trz): ---rfr(trnr)) , 4= (trl' tr2) ---'trnr) , and £ =

(srl, Ero) ...,ernr) .

We assume that € is a zero mean random error with covariance W™, In this case,
the covariance matrix W' is a symmetrical matrix, that is, it is a diagonal matrix which
can be expressed as follows:

W™t =diag(Wyt, wi?, .., Wy 1) (4)

where W 1 jsan r”‘—response covariance matrix of g€, for r = 1,2, ..., p.

To determine the regression function of the MNR model (1) using the RKHS
approach, we first express the MNR model in a general smoothing spline regression
model [20]. Therefore, we can express the MNR model (1) as follows:

yri=Le fr+ &y 1=12,.,n;r=12,..,p 5)

where f, € H, is an unknown smooth function, Ltr € H, is abounded linear functional,
and #, is a Hilbert space.
Next, the Hilbert space H,. is decomposed into a direct sum of the Hilbert subspace
G, and Hilbert sub space K,, where G, has basis {arl, Aoy eees armr} , K, has basis
{,Brl, Broy ees ,Brnr}, and G, L K, is as follows:
Fr = GDK,. (6)

This implies that for g, € G, z, €K, and r =12,...,p we can express every
function f, € F, as follows:

fr=9r + 2. ()

Because {a,y, @z, ...,armr} is the basis of the Hilbert subspace G, and
{,Brl,,[?rz, ...,,Brnr} is the basis of the Hilbert subspace K,, the function f. in (7) can be
expressed as follows:

fr = Z‘lnlrl briari + 27;1 erﬁrj = az:br + B?T:Cr (8)

T T
where r =1,2,...,p; by, ¢ ER; @, = (arl,arz, ...,armr) ; b= (brlrer: ...,brmr) ; By =

T T
(ﬁrl’ Brz: ---:ﬁrn,«) ;and C = (Crlrcrz’ ---'Crnr) .
Hence, for r = 1,2,...,p and i = 1,2, ...,n,, we have

Ltnfr = Ltn- 9r tz,)= Ltﬁ (g-) + Ltn- (z)
= gr(tr) + 2, ()
= fr(tr)-

Because L, € F, is a bounded linear functional in the Hilbert space F;, according
to [20] there exists a Riesz representer 6,; € F,. such that

Ly, fr =6 i) = fr(tr) 9)

where f . € 7 and () denote an inner product. Next, by considering Equations (8) and
(9) and applying the properties of the inner product, the function f,(t,;) can be written
as follows:

fr(tri) = <5riv (Xzbr + Bzcr)
= (81 aTb,) + (6,4, BTc,)

Then, based on Equation (10), we can obtain the regression functions f.(t,;) for r =
1,2, ..., p, which are the regresion functions for the first response, the second response, ...,
and the pth response, as follows:

(10)



Symmetry 2022, 14, 2227 7 of 21

For r=1, wehave: f;(t;;) = (61, alby)+(6;;,B7¢c,), i=12, A
For r =2,  wehave: f,(ty) = (85, abb,) + (55, BLcy), i=1.2,..,n, } 1)

For r = p, we have: fp(tpi) = (8pi, apby,) + (8,0 Bpcy), i=12,..,1n,

Hence, following Equation (11), we obtain the regression function for i =1 as

follows:
f1(t) = (fi(t12), fi(t12), -":fl(tlnl))T =A1by + Cyd, (12)
where by = (b1, b1z, bim,) dy = (dig, digs oo din,) A=
(611, @11)  (S1narp) - (011, Aymy)
(612,:0411) (512.:6112) (512':“1"11) ; and C; =
(i @13) @@%»uiwmﬁmJ

<511’ﬂ11) (511’512) <611'.81n1>
(512,.311) (512,.312> <512'Fln1>

(61n1' Bll) (61n1' ,312) (61n1' ﬁ1n1>
Similarly, we obtain the regression functions for i = 2,...,n;, which are f,(t;),
f3(t3), ..., fp(tp), as follows:

£2(t;) = (f(t20), fo(tiz), o, fo(tin,)) = Agby + Cody )
f3(t) = (Fs(t), fs(taz), o, f3(tiny)) = Agbs + Cyds 13

65(t) = () ot e fy(tiny)) = Apy +

Hence, based on Equations (12) and (13), we obtain the regression function f(t) of

the MNR model as follows:
T T T
£(6) = (F1(¢1), £2(t2), ., £5(tp)) = (A1by,Azby, ..., Apb,) + (C1dy, Cady, ..., Cyd,)
. T
= diag ((Al,AZ, ...,Ap)(bl,bz, ...,bp) ) + (14)

diag ((c1, Car ., C,)(dy, dy, ..., dp)T) = Ab + Cd

Thus, we can express the MNR model presented in (1) in matrix notation as follows:

y=Ab+Cd+¢ (15)

where A = diag(Ay,A;,...,Ap) is an (N x M) diagonal matrix with N =Y"_,n,, M =

P.m, ; b=(b] bl ...,blT,)T is an (Mx1) vector of parameters; C=

diag(Cy, Cy, ...,Cp) is an (N x N) diagonal matrix; and d = (df,d}, ...,le,)T is an (N x
1) vector of parameters.

Now, we can determine an estimated smoothing spline regression function of the

MNR model presented in (1) using the RKHS approach by taking the solution of the
following optimization:

2

} (16)

2
with a constraint f;:(fr(m)(tr)) dt, < y,, where ¥, 20 and r = 1,2, ...,p.
Note that determining the solution to Equation (16) is equivalent to determining the
solution to the following PWLS optimization:

1

Min ||W7 €
fr€Fr

r=12,..,p

2 1
= {Jwio-o
r=12,..,p
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; ~1(y — HTW(v — br(e(m) 1 32
coin N -0TWE -0+ 57 (@) dr a7
r=12,..,p
where N =YP_ n,; N1 (y — )TW(y — f) is a weighted least square that represents the
2
goodness of fit, P_, A, ff: ( fr(m) (t;)) dt, representsa penalty that measures smoothness,

and A, v =12,..,p represents a smoothing parameter which controls the trade-off
between the goodness of fit and the penalty.
Next, we decompose the penalty presented in (17) as follows:

B rfbr(fr(m)(tr)) dt, =2 f, (fl(m)(tl)) dt, + -+ 1 fbp(f;,(m)(tp)) dt, (18)

[P () e, = (BTdy, BTdy) = dT(By, BT, = dIC,d,
1

b 2
Because we have 4 Ju (5™ (t2)) dt; = (B3dy, B3dz) = dF(B,, B}z = d}Cody

, :
[P (t) dt, = (Bdy BYdy) = d(B,, B), = dIC,d,
are able to obtain the penalty presented in (17) or (18) as follows:

2
P_ A, f::(fr(m)(tr)) dt, = dTACd (19)

where A = diag (Alln oAzl ...,Aplnp). Furthermore, we can write the goodness of fit
component in (17) as follows:

N (y-H)TW(y—f) =N"'(y — Ab — Cd)TW(y — Ab — Cd) (20)

Based on Equations (19) and (20), we can express the PWLS optimization presented
in (17) as follows:

{Q(b,d)} = {N'(y—Ab-Cd)" x

be]RP" dG]Rpm be ]RI’” dE]Rpm

(21)
W(y — Ab — Cd) + dTACd}
The solution to (21) can be obtained by taking the partial diferentiation Q(b,d) with
respecct to b and d. In this step, we obtain the estimations of b and d as follows:

b = (ATD"'WA) 'ATD Wy, and d = D"'W[I — A(ATD~'WA) 1ATD~ W]y

where D = WC + NAL
From this step, we obtain the estimation of the smoothing spline regression function
of the MNR model presented in (1) or (15) as follows:

f =Ab + Cd = Hy (22)
where H = A(ATD-'WA)~1ATD-'W + CD-'W(I — A(ATD-1WA)~1ATD-1W), D = WC +
NAI, A = diag (Allnl,lzlnz, ...,Aplnp), I is an identity matrix with dimension N, and
N=3Y"_.n,.

3.2. Estimating the Symmetric Weight Matrix

Based on MNR model presented in (3), the W=1 from Equation (4) is a covariance
matrix of the random error €. To obtain the estimated weight matrixW, where the weight
matrix W is the inverse of the covariance matrix, we first we consider a paired observa-
tion {y,;, t,}, ¥ =12,..,p; i = 1,2,...,n, which follows the MNR model presented in (3).
Second, supposing that y = (y1, Y2, ...,yp)T is a multivariate (i.e., N-variates where N =

P _,n,) normally distributed random sample with mean f and covariance W™1, we have
the following likelihood function:
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T
LEWly) =T} {% exp (— ~(yj— ;) W(y; - fj))} (23)
(@myz(W-1)2

Because N = Zlenr and W = diag(W;, W,, o W), the likelihood function pre-
sented in (23) can be written as follows:

1 1 T
L(f,W|y) = —sm—=exp (—52521()’1; - flj) W; (y4j — f1j)) x
(2m) z (WyhHz

1 1an T
—m—rexp|—=2" i — 1) W — 1)) X .. X
(Zn)%(wz_l)f 14 ( 2 21_1(}’21 21) 2 (Yz; 21)) (24)

T
%exp <_% 71‘1=1(y111' — ) W, (v — fpi))

Next, based on (24), the estimated weight matrix can be obtained by carrying out the
following optimization:

L(f, W]y) = Max %ex —Lyn -—f-TW,... S T X
( |Y) W, {(Zn)Tl(Wl'l)f p( 2 ]—1(Y1] 1]) 1 (yll 1]))

T
Max{%exr) (_%Z?zl(YZj — ) Wy, .. (25— f2j))} X o X (25)

W2 lem2 wyh2
1 1 T
l\/‘kax{ Ty w €Xp (_ 52?:1(3/,;,' —fp) Wy (5 — fpi))}
P (2m)z (wp1)?
According to [45], the maximum value of each component of the likelihood function

in Equation (25) can be determined using the following equations:

N A \T R AT o R AT
W, = 28] _ (yi-f)(y1—f1) W, = 88; _ (y2—f2)(y2—f2) W, = g8y _ (vp—fp)(vp—fp)
1=y = N P 2T oy T N v BTN T N :

We may express the estimated smoothing spline regression function presented in (22)
as follows:

f(4,0%) = H(,6?)y (26)

where 4 = (11,45, ...,Ap)T, and ¢? = (02,02, ...,ag)T.

Hence, the maximum likelihood estimator for the weight matrix W is provided by:

W = diag(Wy, W, ., W,) = diag ((20nt)” Gefllor- ) Ouolinch))

= dia (1ny=HG10D)y1y] Uy ~HALIDT (Iny ~H@1.6D)y13] Uy ~HALID)T (I, ~H(Ap0B))¥p¥3 (lny~H(Ap. )T
g ~ ' ~ - :
This shows that the estimated weight matrix obtained above is a symmetric matrix,
specifically, a diagonal matrix the main diagonal components of which are the estimated
weight matrices of the first response, second response, etc., up to the p-th response.

3.3. Estimating Optimal Smoothing Parameters

In MNR modeling, selection of the optimal smoothing parameter value A cannot be
omitted, and is crucial to obtaining a good regression function fit of the MNR model based
on the smoothing spline estimator. According to [46], there are several criteria that can be
used to select A, including minimizing cross-validation (CV), generalized cross-validation
(GCV), Mallows’ C,,, and Akaike’s information criterion (AIC). However, according to
[47], for good regression function fitting based on the spline estimator Mallows” C, and
GCV are the most satisfactory.

In this section, we determine the optimal smoothing parameter value for good re-
gression function fitting of the MNR model (1). Taking into account Equation (26), we may
express the estimated smoothing spline regression function presented in (22) as follows:
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f(4,6%) = H(4, 0?)y

where 1 = (/11,/12, ...,Ap)T, o? = (0'12,0'22, ...,aﬁ)T. The mean squared error (MSE) of the

estimated smoothing spline regression function presented in (26) is provided by

(y—f(l,o‘z))TW(y—f(A,az)) _ (y—f(l,o‘z))TW(y—f(l,az))
271«7:1 nr N

MSE =

T
(-H@02))y) W(I-H(A0%))y
N

1 2
WE(I-H(/LGZ))YH

Hereinafter, we define this function as follows:

N

2

1
N7[|W2(1-H(4,62))y

G = 27)

(% trace(Iy —H(/l,cz)))z
Therefore, based on (27), we can obtain the optimal smoothing parameter value,
Aopt = (Al;opt: A2s0pts wwes Ap;opt)T, by taking the solution of the following optimization:

Gopt()‘opt) = 11"%;2R+{G(A)}

2 (28)

N1 W%(I—H(A,GZ))y

2
+
A1, ApER (% trace(lN—H(l.oz)))

where R* represents a positive real number setand N = YP_ n,.

Thus, the optimal smoothing parameter value A4, = (/h;opt, A2s0pts e Ap;opt)T is ob-
tained from the minimizing process of the function G(A) in (27). The function G(A) in
(27) is called the generalized cross-validation function [1].

3.4. Simulation Study

In this section, we provide a simulation study for estimating the smoothing spline
regression function of the MNR model, where the performance of the proposed MNR
model estimation method depends on the selection of an optimal smoothing parameter
value. For example, we generate samples with size n =100 from an MNR model,
namely, a three-response nonparametric regression model, as follows:

yii =5+ 3sin(2mt?) + &,  for i=12,..,n
Y21 = 3+ 3sin@rtd) + &,  for i=12,..,n (29)
y3i =1+ 3sin(2nt?) +&;, fori=12,..,n

where n =100 and with correlations p;, = 0.6, p;3 =0.7, p,3 =0.8 and variances
02 =2, 02 =3, 0% = 4. Based on the results of this simulation, we obtain a minimum
generalized cross-validation (GCV) value of 2.526286 and three optimal smoothing pa-
rameter values, which are 2;(,,¢ = 2.146156 x 1077 (for the first response), Ayopr) =
1.084013 x 1077 (for the second response), and A3,y = 5.930101 x 1078 (for the third
response).

Next, we present an illustration of the effects of the smoothing parameters on the
estimation results of the MNR Model by comparing three kinds of different smoothing
parameter values, namely, A;many = 107, Aysmany = 2% 1071, and Az(smany = 3 X
1071, which represent small smoothing parameter values; ;) = 2.146156 x 1077,
Aaopty = 1.084013 X 1077, and  A3(op¢) = 5.930101 x 107% , which represent optimal
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smoothing parameter values; and A;;argey = 107°, Ayqargey = 2 X 107°, and A3arge) =
3 x 107, which represent large smoothing parameter values. In the following table and
figures, we provide the results of this simulation study.

Table 1 shows that the smoothing parameter values of 2.146156 x 1077, 1.084013 x
1077, and 5.930101 x 107 are the optimal smoothing parameter values, as these
smoothing parameters have the lowest GCV value (2.526286) among all the others. Thus,
according to (28), these smoothing parameter values are the optimal smoothing parame-
ters. We can write them as A;opy = 2.146156 X 1077, Ayopr) = 1.084013 x 1077, and
A3(0pty = 5.930101 x 1078, The optimal smoothing parameters provide the best estimation
results for the MNR model presented in (29).

Table 1. Comparison estimation results of MNR Model in (29) for three kinds of smoothing param-
eter values.

n=100; p;, =0.6; p13=0.7; p,3=0.8; 02=2; 65=3; 65=4

Smoothing Parameters Minimum Values of GCV Results of Estimation
Al(small) =1071°
Aasmany = 2 X 10710} (Small Values) 4.763234 The estimation results are too rough.

/13(small) =3x10710
/11(01,0 = 2.146156 x 1077
Az2(opty = 1.084013 X 1077 } (Optimal Values) 2.526286 The estimation results are the best.
Az(opry = 5.930101 x 1078
Al(large) =10"°

A2(targe) = 2 X 1075 % (Large Values) 4.617504 The estimation results are too smooth.
/13(large) =3x107°

The plots of the estimated regression function of the MNR model presented in (29)
for the three different smoothing parameters are shown in Figures 1-3.

Plotting T1 versusY1

y
2 4 6 8

Paint:Observation Pointdan Solid Line:Fitted Cuve

Plotting T2 versusY2

0 2 46 8

t2
Paint:Observation Pointdan Solid Line:Fitted Cuve

Plotting T3 versusY3

3
2 0 2 4 6

3
Paint:Observation Pointdan Solid Line:Fitted Cuve

Figure 1. Plots of estimated MNR Models in (29) for small smoothing parameters.



Symmetry 2022, 14, 2227

12 of 21

Plotting T1 versus Y1
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Figure 2. Plots of estimated MNR Model in (29) for optimal smoothing parameters.
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Figure 3. Plots of estimated MNR Models in (29) for large smoothing parameters.

Figure 1 shows that for all responses the small smoothing parameter values provide
estimates of the regression functions of the MNR model presented in (29) that are too
rough, namely, (y,) for the first response, (y,) for the second response, and (y3) for the
third response.

Figure 2 shows that the optimal smoothing parameter values provide the best esti-
mates of the regression functions of the MNR model presented in (29) for all responses,
namely, (y;) for the first response, (y,) for the second response, and (y;) for the third re-
sponse.

Figure 3 shows that for all responses the large smoothing parameter values provide
estimates of the regression functions of the MNR model presented in (29) that are too
smooth, namely, (y,) for the first response, (y,) for the second response, and (y3) for the
third response.
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3.5. Investigating the Consistency of the Smoothing Spline Regression Function Estimator

We first investigate the asymptotic properties of the smoothing spline regression
function estimator f based on the integrated mean square error (IMSE) criterion. We de-
velop the IMSE proposed by [14] from the uniresponse case to the multiresponse case.
Suppose that we decompose the IMSE into two components, bias?(X) and Var(1), as fol-
lows:

b
IMSE(A) = E j [(f(®) — f(t))TW(f(t) —f(v))] dt = bias?(A) + Var(d)  (30)

where bias?(d) = [ E[(f(t) — Ef()) W (f(t) — Ef(©))]dt, and Var(d) = f:E[(Ef(t)—

A T A A
f (t)) w (E f(v)—f (t))]dt. Furthermore, in order to investigate the asymptotic property
of bias?(1), we assign the solution to PWLS optimization in the following theorem.

Theorem 1. If f(t) is the solution that minimizes the following penalized weighted least square
(PWLS):

N1y — g(0) W(y — g(®) + X7, 4, [ (65 (1)’ dt, (31)

then the solution that minimizes the following penalized weighted least square (PWLS):

N=L(ED) — g(0)TWE®) — g©) + 572, 4, [ (9 () dt, (32)

is g*(t) = Ef(t).

Proof of Theorem 1. In Section 3.1, we obtained the solution to the PWLS in (31), that is,
f = Ab + Cd = Hy, where as provided in (22), H = A(ATD~'WA)'ATD~'W + CD'W(I —
A(ATD-'WA)T'ATD'W), D = WC+NA, A = diag (Aln, Aglnys o Aol ), N = X0y my,
and I is anidentity matrix. Next, if we substitute y = f(t) into Equation (31), we find that
the value that minimizes PWLS (32) is

g (t) = A(ATD'WA)!ATD W + CD'W(I — A(ATD'WA)1ATD W)y = Ef(t)

Thus, Theorem 1 is proved. o

Furthermore, we investigate the asymptotic property of bias?(1). For this purpose,
we first provide the following assumptions.

Assumptions (A):

(Al)Forevery r=1,2,..,p, n, =n and 1, = 4.

2i-1

Ton

(A3)For any continuous function g and 0 <W; =W < o, i = 1,2,..,n, the following
statements are satisfied [48,49]:

(A2)Forevery i =1,2,..,n, t; =

(@) n7'Ih,g(t) ~ [} g(t)dt,as n - oo,
(b) n IR, Wig(t) — f) Wg(t)dt, as n - oo,

- b; 2 b
(© IR A [ (g™ () dt - 4[] g™ (t)dt, as n - oo,

Next, given Assumptions (A), the asymptotic property of bias*(A) is provided in the
Theorem 2.

Theorem 2. If the Assumptions in (A) hold, then Bias*(X) < O(R), as n - .

Proof of Theorem 2. Suppose g(t) is the value which minimizes the following penalized
weighted least square (PWLS):
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JP(E() — gO)TWE®) — g)dt+ 52, 2, [ (6 (1) dt,
then, considering the Assumptions (A), we have
nL(E() — g()TWE® — g(0) ~ [ (F(©) — g(©)TW(E(D) — g(B)dt, as n - .
Hence, we obtain g*(t) = Ef(t) ~ g(t). Thus, for every g € Wj"[a, b] we have

Bias?(d) = [ E[(f(©) — Ef()) W (f(v) — Ef(t))]dt

<[ E[(f(t) - Ef(t))T w (f(t) - Ef(t))]dt +XP_ A, f2 G0 (8)dt,
Because Ef(t) ~ g(t), we obtain
Bias?(3) < [ E[(£(t) — 8(©)™W (£(t) — §®)]dt + XP_, 4, [ 3™ (t,)dt,
Thus, we have the following relationship:
Bias*() < [ E[(f(t) — g(©))™W (f(t) — g()]dt + TP, 4, [7 g™ (t,)dt,  (33)

for every g € W3"a,b].
Because every g € Wy"[a, b] satisfies the relationship in (33), by taking g(t) = f(t),
we have

Bias>(A) < Y7, 4, [ g™ (t,)dt, = OA) as n - oo (34)

where O(-) represents “big oh”. Details about “big oh” can be found in [14,50].
Thus, Theorem 2 is proved.o

Furthermore, the asymptotic property of Var(A) is provided in Theorem 3.

Theorem 3. If Assumptions (A) hold and r = 1,2, ..., p, then Var(A,) <0 ( L )
n Aﬁ_m

Proof of Theorem 3. To investigate the asymptotic property of Var(d), we first define the

following function:

o(f,h,a) =R(f + ah) + XP_, 1,J, (f + ah)

2
where R(g) =n"'(y — g®)"W(y —g®); /(& = [} [9™(¢)] dt,; h e Wj[a,b] and
a € R.
Hence, for any f,g € W,"[a, b] we have

w(f,h,a) =n~(y — £(t) — ag(®)"W(y — f(t) — ag(®) +

by 2
P [ (R ) + agi™ () dey

Next, by taking the solution to % =0, for a = 0 we have

n iy - £(0) We®) = 57, 4, [ (5 (6™ (1)) dt,

Furthermore, if y3,¥,,..,¥, are the bases for the natural spline and f,.(t,) =
Yh=1Br¥rk(tr), T = 1,2, ..., p, then according to [51] this implies that

Z?:l(yrj - 22:1 ﬁrkyrk(trj))wrjgrj(trj)
= nlr(_l)m(zm - 1)! Z?:l r(tri) Z;cl=1 BricQrix

where d,; is the rth response diagonal element of matrix H in (26).

Now, because Equation (35) holds for every g, € W,*[a,,b,], r = 1,2, ..., p, it follows
that determining the solution to Equation (35) is equivalent to determining the value of
By that satisfies the following equation:

(35)



Symmetry 2022, 14, 2227 15 of 21

Vri = Lk=1(A-(=1)™(2m — 1)! Wr_ildrik + Y &))Brie , 1 =12,..,m (36)
We can express Equation (36) in matrix notation as follows:
y=@4D"2m - DIWTK+v)B (37)

where = {d,.}, v =y ()}, r=12,..,p,and i,k =1,2,...,n
Hence, we obtain the estimator for B in Equation (37) as follows:

6 us 1 1 :
‘3_ ag 1+n/1r91""'1+nlr9n vy

where {0, ...,0,} € H (here, H is an RKHS) and is perpendicular to y.
Thus, the estimator for the regression function f(t) can be expressed as follows:

P = 1
f(®) = y(OB = Xfe g, ViV Vs (®) (38)
Hence, for r = 1,2, ...,p Equation (38) results in
A 1
fr(tr) = Xy mﬂjy Vri(tr)
= Z?:l m22=1 Yrj (trk)yrk Yrj (trk)

Thus, for r = 1,2, ...,p we have

2 Yr (tr)
Var(ﬁ”(tr)) = Ur (1+ ; )2 Z =1 Vrj(trk) Vrj(trk)er
T r]
1 Yr](t‘r')
({ngl{Wn )) ot =1 (ten i, 0,;)

From this step, for r = 1,2, ...,p we have
var(,) = [ E [(ER) - @) W (Ef) - f@)| de,

G by
< (max{(Wii'}) oF Sy — " [y () Whdt,

1sisn j=1 (1+n 4y 6,j)
In the next step, Refs. [51,52] provide an approximation for n — o as follows:

- _ by
nt=n7t 7 1 rﬂ/r] (tr)) = f ¥ ()W, dt,, and

< -1 2,-1yn 1
Var(ﬂ-r) = ({rsllas)r(l{W” }) orn Jj=1 (1+/1r yj)z-

Furthermore, Ref. [51] leads to the following result:

< -1 ) 2,-1y"n 1
Var(zr) - (Pslg)"i{wrl } grn j=1 (1+2, (nj)Zm)z

Next, using integral approximation [51], for r = 1,2, ...,p we have

_ 2 o d 1 1
Var(/lr) = (Psllas)r(l{wnl}) z Lfg (1+x§m)2 = LK(mi 0-) = 0( L)

2m 2m 2m
nmai; na; nay

where (m,0) = —(max{ }) fo T zm)z Thus, Theorem 3 is proved. O
Here, based on Theorems 2 and 3, we obtain the asymptotic property of the smooth-
ing spline regression function estimator of the MNR model presented in (1) based on the

integrated mean square error (IMSE) criterion, as follows:

IMSE(A) = Bias?(A) + Var(A)) < 0(A) + 0(z) as n —> « (39)
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1 T
1 1
where = ()11,22, ...,)lp)T and z = EE nlﬁ .
n/l%m n}%m p
The consistency of the smoothing spline regression function estimator of the MNR
model presented in (1) is provided by the following theorem.

Theorem 4. If f(t) is a smoothing spline estimator for regression function f(t) of the MNR

model presented in (1), then f(t) is a consistent estimator for £(t) based on the integrated mean

square error (IMSE) criterion.

Proof of Theorem 4. Based on Equation (39), we have the following relationship:
IMSE(XA) = Bias?(A) + Var(A) < 0(A) + 0(z) < O0(nd) as n — oo,

Hence, according to [48], for any small positive number § > 0 we have

Lim P (|22 > 6) < Lim P(IMSE@)| > 6) = 0. (40)

n—oo n.

Because P(|IMSE(A)| > 6) =1 — P(|IMSE(A)| < §), based on Equation (40) and ap-
plying the probability properties we have
Lim(1 — P(JIMSEQ)| < 6)) =0 & 1— Lim P(IIMSE(Q)| < 8) =0
n—-oo n—-oo
41
S LimP(JIMSEQ)| <6) = 1. A
n—-oo

Equation (41) means that the smoothing spline regression function estimator of the
multiresponse nonparametric regression (MNR) model is a consistent estimator based on
the integrated mean square error (IMSE) criterion. Thus, Theorem 4 is proved. o

3.6. lllustration of Theorems

Suppose a paired observation (y,; t,;) follows the multiresponse nonparametric re-
gression (MNR) model:

Vei = (&) + &0t €[0,1],7 = 1,2, ..., p, i=12,..,n,.. (42)
Next, for every r =1,2,..,p, we assume f; =f, = =f,=f and ¢, =g ==
&, = ¢ such that y;, =y, ==y, =y. Hence, we have a nonparametric regression

model as follows:
yi=f@)+e,t; €[01],i=12,..,n (43)

Based on the model presented in (43), we present an illustration related to the four
theorems in Section 3.5 through a simulation study with sample size of n = 200. Based
on this model, let f(t) = sin3(2mt®), where t is generated from a uniform (0,1) distribu-
tion and &€ is generated from a standard normal distribution. The first step is to create
plots of the observation values (t,y) and f(t), as shown in Figure 4.
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Figure 4. Plots of observation values (t,y) and f(t).
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It can be seen from Figure 4 that there is a tendency towards y variance inequality.
For larger values of t, the y variance tends to be larger. Next, the data model is approxi-
mated by a weighted spline with a weight of w; = 1/ tiz, i =1,2,..,200. The next step is
to determine the order, number, and location of the knot points. Here, we use a weighted
cubic spline model with two knot points, namely, 0.5 and 0.785. This weighted cubic spline
model can be written as follows:

E(y) = Bo + it + Bot? + B3t® + Bu(t — 0.5)3 + Bs(t — 0.785)3 (44)

The plot of this weighted cubic spline with two knot points is shown in Figure 5. The
plots of the residuals and the estimated weighted cubic spline are shown in Figure 6.

0.0 0.2 04 06 08 1.0

Figure 5. Plots of (a) weighted cubic spline with two knot points and (b) curve of f(t).
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Figure 6. Plots of residuals and estimation values of weighted cubic spline.

Figure 6 shows that with weight w; = 1/tZ, the variance of the response variable y
tends to be the same. Meanwhile, Figure 7 provides a residual normality plot for the
weighted cubic spline model. The plot in Figure 7 shows no indication towards deviation
from the normal distribution.

Next, as a comparison, we investigate a weighted cubic polynomial model with
weight w; = 1/ t?, i=12,..,200 for fitting the model (43). The fitting of the weighted
cubic polynomial model is shown in Figure 8. From the visualization in Figure 8, it can be
seen that this weighted cubic polynomial approach tends to approach the function f(t) very
globally. This is in contrast to the weighted cubic spline with two knot points in (44), which
approaches the function f(t) more locally. Thus, the weighted cubic spline model with two
knot points is adequate as an approximation model for the model presented in (43).
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-2
I

Residual

Figure 7. Plot of weighted cubic spline residual normality.

Figure 8. Plots of (a) weighted cubic polynomial and (b) curve f(t).

Based on the illustration above and Figures 4-8, if f(t) is an estimator for model
(43), that is, if f(t) is the Penalized Weighted Least Squares (PWLS) solution, then
g*(t) = E(y), from Equation (44) is an estimator for model (43) as well, such that §*(t) =
E[f(t)], as provided by Theorem 1.

The plots of the asymptotic curves of IMSE(A), Bias*(X), and Var(d), where
IMSE(A) = Bias*() + Var(d), are shown in Figure 9 [53].

Figure 9. Plots of asymptotic curves of (a) IMSE(A), (b) Bias?(1), and (c) Var(d).
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Figure 9 shows that the Integrated Mean Square Error (IMSE(A)) curve represented
by curve (a) is the sum of the quadratic bias (Bias?(1)) curve represented by curve (b)
and the variance curve (Var(1)) represented by curve (c). It can be seen from Figure 9b

inc2
that Bias?(A) < 0(X), as n — oo, thatis, Lim Sup Blas O‘)| < oo [14,50,54]. This means that

n-oo A

Bias?()
A

remains bounded, as n — oo, which is provided by Theorem 2. Furthermore, Fig-

1.1
ure 9c shows that Var(4) < 0( l) (thatis, Lim Sup |(nlﬁ) / l| < oo [14,50,54]. This

ni2m n-

1 -1

means that |(n)»ﬂ) /A| remains bounded, as n — o, which is provided by Theorem 3.
Furthermore, Figure 9 shows that IMSE (&) = Bias*(&) + Var(A) < 0(nd). According to
[14,50,54], this means that Lim Sup|[*“-%| < o0. In other words, IMSE(A) < O(nd) if

n—-oo na
|IMSE()L) |
ni

remains bounded, as n — oo. According to [14,50,54], for any small positive num-
ber §>0 we have LimP (|%| > 5) < Lim P(|IMSE(A)| > 8) =0 ; hence,
n—-oo

n—oo

Lim P(|[IMSE(A)| < §) = 1 is consistent.
n—-oo

4. Conclusions

The smoothing spline estimator with the RKHS approach has good ability to estimate
the MNR model, which is a nonparametric regression model where the responses are cor-
related with each other, because the goodness of fit and smoothness of the estimation
curve is controlled by the smoothing parameter, making the estimator very suitable for
prediction purposes. Therefore, selection of the optimal smoothing parameter value can-
not be omitted, and is crucial to good regression function fitting of the MNR model based
on smoothing spline estimator using the RKHS approach. The estimator of the smoothing
spline regression function of the MNR model that we obtained is linear with respect to the
observations in Equation (22), and is a consistent estimator based on the integrated mean
square error (IMSE) criterion. The main influence of this study is lies in the easier estima-
tion of a multiresponse nonparametric regression model where there is a correlation be-
tween responses using the RKHS approach based on a smoothing spline estimator. This
approach is easier, and faster, and more optimal, as estimation is carried out simultane-
ously instead of response by response for each observation. In addition, the theory gener-
ated in this study can be used to estimate the nonparametric component of the multire-
sponse semiparametric regression model used to model Indonesian toddlers' standard
growth charts. In the future, the results of this study can be further developed within the
scope of statistical inference, especially for the purpose of testing hypotheses involving
multiresponse nonparametric regression models and multiresponse semiparametric re-
gression models.
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