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Abstract: In this paper, we discuss and introduce a new study on the connection between geometric
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1. Introduction

Let H(U) denote the analytic function class in the open unitdisk U = {|z| < 1,z € C}.
and let H[a, p] denotes the subclass of functions f € H(U) as:

H[a,p]:{fEH:f(z):a+apzp+ap+1z”+l+~~};a €eCpe N={12..}

The resolvent det (I — A) “Lofa complex matrix A is naturally an analytic function of
eigenvalues A € C, and these eigenvalues are isolated singularities. In general, any matrix
has finite eigenvalues. The resolvent set of A is defined as follows:

0(A) ={A € C: AI — Aisinvertible}

The spectrum of A is expressed by ¢(A) = C/0(A).
For distinct eigenvalues A1, Ay , ..., Ay, the polynomial

H(z) :h0+h12+h222+'--+hnzn+---
are given in terms of the eigenvalues Aq,A5,..., Ay by

Z mylmy!. .. mm!)\

1 i1
1<y i <1 n

A .)\im;z e C.

oo
H(z) = Zhnz”,hu: i -
n=0
The above formula can also be written in terms of the distinct powers of traces of the matrix
as follows:

0 (=1)"Fshgi gl
Hz) =Y hqz"h, = — s (1)
() 2 " " i1+i2+;:+i.,:k iliph il 220 nhe

i1 +2ip+3iz+--+niy=n
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This class represents the subclasses of analytical functions H{[a, n] and denoted by H
such that H[a,1] = H and has coefficients of the form (1), i.e., when the value of n is equal
to one and can be reduced a class H to “the class H of normalized univalent analytical
functions and composed of functions of the following form:

H(z) — ho

hy
n —, (z € U)

(o)
=z+ Z anz";a, = I

n=2
To each analytic function ¢ in open unit disk U into itself, we associated the composi-
tion operator C,, defined by:

Cof = fogforall f € H?

Then, we define the ordered cyclic operator T! of f as follows:

(Crif)(z) = (7”'1 of) (z) =T (f(z)) =T" (ho + i hnz”> =h; + i L )

n=1 n=1

Let f1 and f; are analytic in U, we say that the function f; is subordinate to f or, f2
is said to be superordinate to f if there exists a Schwarz function W in U with W(0) = 0,
and |W(z)|< 1 (z € U), where f1(z) = fo(W(z)). In such a case, we write f 1 < f  or
f1(z) < f2(z) (z € V).

Particularly, f the function f, is univalent in U, then f; < f; if and only if f1(0) = £2(0)
and f1(U) C £(U) ([1,2]). B

The set of all functions q that are analytic and injective on U \ E(q
where U = UU {z € 9U}, and E(q) = {¢ € 9U : q(z) = o }, such that q (
oU \ E(q).

), denote by Q,
§)#0forge

Definition 1 [2]. Let h and k are two analytic functions in Uand ¢(r, s, t; z) : C> x U — C.
If hand ¢ (]h(z), zh'(2), 22h" (z); z) are univalent functions in U and if h satisfies the second-
order superordination

k(z) < 4)(Ih(z), zh'(z), 220" (2); z) 3)

then h is called a solution of the differential superordination (3). A function q € H(U) is
called a subordinant of (3), if h(z) < q(z) for all the functions h satisfying (3).

A univalent subordinant § that satisfies q(z) < @(z) for all the subordinants q of (3), is
said to be the best subordinant.

Definition 2 [1]. Let ¢ : C3 x U — C and k(z) be univalent in U. If h(z) is analytic in U and
satisfies the second-order differential subordination:

¢(h(z), 20’ (z), 20" (2); z) < K(2) )

Then, h is called a “solution of the differential subordination (4), and the univalent
function q(z) is called a dominant of the solution of the differential subordination (4), or
more simply dominant if h(z) < g(z) for all p(z) satisfying (4). A univalent dominant
d(z) that satisfies §(z) < q(z) for all dominant q(z) of (4) is said to be the best dominant
and is unique up to a relation of U.

Recently, Miller and Mocanu [1] obtained sufficient conditions on the functions k, q,
and ¢ for which the following implication holds:

k(z) < gb(]h(z), zh'(2), 220" (2); z) —q(z) < h(z)
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Using these results, Bulboaca [3] considered some classes of first-order differential su-
perordinations, as well as integral operators preserving superordination [4]. Ali et al. [5,6],
Atshan and Hadi [7], Atshan and Ali [8,9], and (see [10-17]) obtained results of subordi-
nation and superordination to analytic functions in U. Lately, Al-Ameedee et al. [18,19],
Atshan et al. [20-22], Bulboaca [23], Selvaraj and Karthikeyan [24] and (see [25-34]) got
sandwich results to some classes of analytic functions. Further differential subordination
results can be found in [35,36] for different orders.

Lemma 1. Let H € H and ,h,, € C, we define the ordered cyclic operator of degree 1

TUH—H, by

THH(z)) =Y hypz", z€U
k=0

and
) n
T'(H(z)) =Y, hyyiz", z€U
k=0

where

Proof 1. Let H(z) € H, then

ﬂ&w»=wﬂm@=oﬁfﬂ@=71§mﬁ>=imﬂﬂ
=1 n=
and

T?(H(z)) = (Cr2f)(z) = (Ho T?)(z) = (Ho T o T)(z) = T<T<k§1 hk2k>>
= T(noil hn+12”> = :Z; hy422",

and so on

T f(2)) = (CriH)(z) = (fonl> (z) = (HOT... o'T) (z) = T(T ( T(iz]hnz”> >> = éhnﬂz”, 5)

i—times

O

This completes the proof.
By simple calculation and using Newton’s identities, we obtain

!/

Z(Tﬁ(H<z))) = —TH(H(2))S().

Also )

2(T*(H(2)))

o HTHHE)
TiHE) W= |

T’H'l(H(Z)) (6)

2. Preliminaries

In order to demonstrate our results of differential subordination and superordination,
the following definitions and known results are used.
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Definition 3. [37]. A polynomial p(x1,x3 ,...,xyn) is called a symmetric polynomial if it
satisfies:

P(Xp1)r Xp@) s+ s Xg(m)) = P(X1, %2, ..., Xn)
forall permutations @ of {1, ..., n}such that Ay denoted to the space of all symmetric polynomials
inxy,xp,...,xXn.

Definition 4. [37]. Suppose x1,x2 , ..., xq are the n roots of a polynomial

X a4 e, xtay

then
n n
eo=1lei(x1,x2,...,x%0) = ¥ x; = —ar,ex(x1,x2,...,%0) = L XjXj, =y,
i=1 1<i1<ipz<n
_ v _ m _
coem(x,x0 .00, %) = 1<ii<..<im<n Xiy -+ Xiy = (=)™ am,...,en(x1,x2 ,...,Xn) = X1X2 ... Xn

The polynomial ey, (X1, X7 ..., Xn) is called the m-th symmetric polynomial in x1,xy , ..., Xy .

Definition 5. [37]. For each k > 0, the complete symmetric polynomial is the sum of all monomials
of k-degree as follows:

4 dn

Ie(x1, %2, .., %0) = Zd1+...+dn:k X1 . Xn

Particularly ho(x1,x2 ,...,xn) = 1. Itis not hard to see that
he(x1,x2,...,x0) = Z/\GP(k,n) my(x1,%2,..., %)

such that m, is the partition of k.
Thus, for each k € Z", there exists exactly one complete homogeneous symmetric
polynomial of k-degree in n variables.

Lemma 2. [37]. The symmetry between h and e suggests the introduction of the following map
w : Ay — Ay such that

meo L. Mn) — my . Mn
w(Zml, oy Ay, € + +ey ) = Zmn oy ...,mnhl + + hy,
and

moy L. Ma) — my iy
w(Zml, oMy Amy, ...,mn 61 + + €n ) - Zm]r c Ty Amy, ...,my €1 + + [

It has the following properties:

(1) wisaringisomorphism, i.e.,

w(p+q) =wp) +w(q), w(p q)=w(p)w(q),

forp, g € n.
(2 wl(e;) =h;and w(h;) = e;.
(3) w?=id.

We see that A, = C[hy, ..., hy]. In other words, if we define for A= ()\/1, e ,/\;() €
o (k,n).

hA/(xl,xg,...,xn) =h, (x1,%2 -0, Xn) ... h)\/(xl,xz,...,xn),
1 k

{hy )y c0' (k) 18 @ basis of AR



Symmetry 2022, 14, 2223

50f16

Theorem 1. [37]. For v > 1, the r — th Newton polynomial (power sum) in x1,Xp ,..., Xy is
pr(X1, %2 .., xn) =X -+ x .

The generating function for them is

n
— - x‘
Po= ) prlmy e ma)t =3 ) xit T =) o = g

r>1 i=1r>1 i=1

By comparing this formula, we get:

and by applying w , yields to:

w(pn)(t) = ha(—t) or equivalently,

w(pr) = (=1)" 'y, one also has Hy () = pn (£)Ha(t) , By () = pu(t)En(—t).
Equivalently

k

k
khy = Z prhy_, ,also ke = Z(*l)rflprekfr
r=1 r=1

These are called the Newton formulas.

Definition 6. [38]. A permutation matrix is a square matrix that has inputs 0, 1 derived from the
identity matrix of the same size by a permutation of rows. There are n! permutation matrices of
size 1.

Definition 7. [39]. A bounded linear operator T on a Hilbert space H is called cyclic operator if
there exists a vector x € H and the set span {T"x: n= 0, 1, ...} is dense in H. The vector x is
called a cyclic vector for the operator T.

Theorem 2. [39]. Let S, T, X b bounded operators on a Hilbert space H satisfying a conjugate
relation SX = XT, if T is cyclic operator and X has a dense range, then S is cyclic operator too.

Proposition 1. [40]. Let T be “an operator on a Hilbert space H that has diagonal matrix” A =
diag(A1, Ay, , . ..) with respect to some orthonormal basis {e,, ). Then T is cyclic if and only if the
diagonal entries {A;} are distinct.

Definition 8. [35,41]. The set of all functions f(z) that are analytic and injective on U\ E(f),
denote by Q, where U =UU {z € dU} and

E(f) ={C€dU: f(z) = o0}, @)
such that f (&) # 0 for & € 9U ~ E(f).

Lemma 3. [1]. Let the function q(z) be univalent in the open unit disc U and let 6 and ¢ be
analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Put Q(z) =

zq (2)@(a(z)) and h(z) = 0(a(z) + Q(2)).
Suppose that
(1) Q(z) is starlike univalent in U,

@) Re(zg(g?) >0,zeU.
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If h is analytic in U with h(0) = q(0), h(U) C D and

6(h(z)) + 20 (2)p(h(2)) < 6(a(z)) + za (2)9(a(z)), ®)
then h(z) < q(z), and q(z) is the best dominant.

Lemma 4. [35]. Let q(z) be convex univalent function in open unit disk U, let p € C, €

C* = C {0} with
Re (1 + Zg;i?) > max{O, Re(i) } 9)

If h(z) is analytic in U with h(0) = g(0) and

Ph(z) + yzh' (z) < Pq(z) + vzq (2), (10)
then h(z) < q(z);z € U and q is the best dominant.

Lemma 5. [23]. Let q(z) be convex univalent in the unit disk U and let 6 and ¢ be analytic in a
domain D containing q(U). Suppose that

(1) Re{el(wz))} >0 for z€ T,

¢(@(z))
Q) zq (2)¢(q(z))is starlike univalent in z € U.

Ifh(z) € Hg(0),1] N Q, with h(U) C D, and 6(h(z) + zh' (z)¢(h(z)) is univalent in
U, and
0(a(z)) +2zq (2)p(a(z)) < 8(h(z)) +zh' (z)p(h(z)), (11)

then q(z) < h(z),and q(z);z € U is the best subordinant.

Lemma 6. [2]. Let q(z) be convex univalent in U and q(0) = 1. Let v € C, that Re{~y} > 0.
If h(z) € H[q(0),1] N Q and h(z) + yzh/(z) is univalent in U, then

a(z) +7zq (z) < h(z) + 7zh'(2), (12)

which implies that q(z) < h(z) and q(z) is the best subordinant.

3. Derivation of the Formula for /s in Terms of sis

If A = (aif) s aij € C,be a diagonal complex matrix, the rational polynomial

which factors into where A; is the eigenvalues of the matrix. The

1 1
det (T— A) %, (-27)
coefficients hy, hy, .--, hy ,... of this polynomial

H(Z) Ih0+h12+h222+...+hk2k+...,‘hoIl,ZEU

are given in terms of the eigenvalues A1, A5,..., Ay by

n

MM, Az, Am) = Y ML A,
i+ i =k
mylmy! ... my,!
]’lk(/\],/\z s ,/\m) = Z %/\il/\iz .. .)Lim
1§il,.‘.,ik§m N

The symmetrical powers of eigenvalue.A; are defined by S, = trace (A™) = Y1 A}
The summation here is over all the eigenvalues of A.
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Consider the formal power series S(z) = ¥, S, 2" and H(z) = ¥ o(—1)" 'y 2™
It is a convenience to take So = 0 and hy = 1.

By using identities similar to Newton’s identities and applying w, one gets:

w(hy)(t) = an(—t) or equivalently, w(hy) = (—1)"'a,, we obtain identities equiva-
lent to the formal differential equation:

S(z)H(z) +zH (z) = 0.
This may be resolved by separating the variables:

_ZH/ (z)
H(z) ’

S(z) =

and
/S(z)dz = - Zg(g)dz = —InH(z) +ec.

We can include the term on the left side for each term to be obtained
o] e} le
/ Y Snz'ldz=) Su=— = —InH(z) +c.
n=1 n=1 n

When z = 0, the left side is 0, and the right side is c. Therefore, c = 0, and we have
two sets of power whose coefficients imply h, and S,.

Since In H(z) = — ©%_; Su%, and that yields H(z) = e~ X=1 57

Expansion using the power series to the exponential function,

1, 2" (e .\ (e )
n=1 n=1 n=1

Hence, collect coefficients of z" in this series, as above,

S; S

Si, S

_1\ 1y, 15, 120 2 120 2ip 2ig
(D" ha=g3+ ¥ 3357 L sttt
i1+ip=2 i1+ip+iz=3
i1,ip>1 i1,i2,i3>1
—k Al Al i
_ y (-1)" T Ss1s2. sy

L . i1l il iyl 11 22 nin °
ip+ig - Ain=k 1tz dn

il +2i2+313+~-+nin:n
One also has

(—1)"*sits2. .. s

hy = 2 :
" il ip!. .. i, 10 212 pin

i1 +Hig o Fin=k
i1+2ip+3iz+-+nip=n

and, indeed, the extent of the coefficient.

n!
i1 1202 4, nin

This corresponds to the number of permutations of n symbols consisting of i; - cycles
oflengthj=1,2,... n,
ol (-1)"FSPsE.. sy
nl g liph. .o i, Th 202 ple

Iy = y

i) +igt+in=k
i142ip43i3+ - +nig=n
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It also provides the computations, viz

n!
Z illlil i2!2i2 ..

i1+iz+“-+i“:k
i1+2ip+3ig3+-+nig=n

. iglnin

it equals to |s(n, k)| = (—1)"7ks(n, k), where s(n, k) is the well-known Sterling numbers of

the first kind. o

s(n, k) S;'S?... St

hy = Y 12
i +ip+ - Fin=k

i1 +2ip+3iz3+--+niy=n

n!

4. Derivation of an Ordered Cyclic Operator

Let Cy; be an ordered cyclic subgroup of symmetric group S;; and M, be an ordered
cyclic matrix for symmetric matrices of size m as follows:

1 0 0 O 07 M 1 0 0 0]
01 0 0 0 0 0 1 0 0
0010 0
0 _ 1 _ 1_ (0 0 O 0 0
m) =1, = N ,
m—tm=10 0 0 1 OmOOO 10
: 0 0 O 0 1
0 0 0 O 1] 11 0 0 0 0]
0 0 0 0 17
1 0 0 0 0
I 010 0 0
My =10 0 1 0 0
0 0 O 0 0
10 0 0 1 0]

We define the isomorphism 7 : (Cy, 0) — (Myy,.) such that 7 (ct,) = m?, for all .
Also these matrices act on the sequence {a, } as follows:

T Teti
mfn ak:ﬂ = aktﬂﬂ , it follows from that :
Ak4+n—1 Aft-in—1
g k41 Af4i4+1
mi | CT(p) ”k:+1 i ﬂk:+2 _ ﬂk+.f1+z '
Ok+n—1 Ak+n Ak+i+n

It’s satisfies for each powers of companion matrix, thus the action of ordered cyclic
operator of elementary symmetric polynomials and so on by taking tr (m%1 (C T(p))k> k=
1,2,...,n, that yields to:

) =M1 = Sl s
a3 — 2ﬂ2+n =Sy 0215 = 3 (( 51)° 52),

3 _q..
=7, ; — 03+i + 301410240345 = 53,344

(( (cT<p>>3)

=§E +35152—S3)....
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It follows from acting of ordered cyclic operator on characteristic polynomial
Tip(z)) = THaoz" + a1z" '+ 4 ay_1z+ay) = ;2" +a132" L+ -+ ay 14452 +
Ayt 1 mod 1.

By applying w, one gets:

w(ay)(t) = hy(—t) or equivalently,

w(ay) = (—1)""'h,. One also has

Ti(H(z)) = T (ho Fhz+h? + .. 4 I+ )
=hy+hi gz 4+ hy 2%+ oA g2 -
Consider the formal power series S(z) = ¥°_ S, 2" and T (H(2)) = ¥ (=1)" "y 2"
It is convenient to take Sg = 0 and ag = 1.
Then, by using identities similar to Newton’s identities and applying w, one gets:

w(hy)(t) = ay(—t) or equivalently, w(hy,) = (—1)"_151”, we obtain identities equiva-
lent to the formal differential equation:

S(2)T (H(z) + 27" (H (2)) = 0,

S(2)TH(H(2)) + 2T (H(2)) = (0 Sn 2) (ZR0(~1)" 'hass 2°) +
Eao(—1)" Thass 2"

This can be solved by separating the variables:

S(z) = —Z;I];Efl(i?));ﬁ—o,l,z,...,
and o
/S(Z)dz =— Z:,].IEII__II(E?))dZ = —InTY(H(2)) +c.

We can include the term on the left side for each term to be obtained
o0 o0 N .
/ Y Swz"ldz= Y SuZ = —InTi(H() +c.
n=1 n=1

When z = 0, the left side is 0 and the right side is c. Therefore, c = 0 and we have two
sets of power whose coefficients imply hy; and Sp,.

Since In TH(H(z)) = — £%°1 Su%, and that yields 7% (H(z)) = e~ Yaa1Snfy,

Expansion using the power series to the exponential function,

TH(H() —1<ZS ) m(zs” )2;<§Sni>3+

Hence, collect coefficients of z" in this series, as above,

_ 1\n—k ci1ci2 Ynta)
b ( 1) Slsz...S(H+ﬁ)
nn Z NN BELEX (i)
i +ig - +i(n+n) =k 1 i Iy 1 120, (7’1 + 11)
142104313+ + (n+1) il (4 5)=(n-+1)
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5. Differential Subordination Results

Theorem 3. Let q(z)be convex univalent in with q(0) =1, A >0, and n € C~ {0}. Assume

that §
Re{l + A (Z>} > max{O,—Re(l> } (13)
q (z) 1
if
_ ; ; 2(TH(H(z))
e1(z) = (1+7n) (T (H(Z))) _’7(7 (H(Z))) (T“‘H(H(z)) , (14)
e1(z) < a(z) +12q (2), (15)
then )
TiH(z) < q(2), (16)
and q(z) is the best dominant.
Proof 2. If we consider the analytic function
p(z) = T H(z); i=0,1,2,...,z€ U, (17)
differentiating (17) with respect to z , we have
B(2) = (THE) 25/ () = -5(8(), 25 = ~5(2).
Now, using the identity (6), we obtain
() _ 2(TH(H()
p(z)  TH(H(z)) ’
Therefore, /
roy 2 THH(2) (T (H(2)))
Zp (Z) - 7-]'1+1(H<Z)) (18)
Since e1(z) = (1+7)(TH(H(2)) ~ 1(T'(H(2))) (W)
e1(2) < a(2) +772a (2).
The subordination (15) is equivalent to
p(z) + 728 (2) < @(z) + yAzq (2). (19)

Application of Lemma 3 with 8 = 77, « = 1, we obtain (16). []

Taking q(z) = 111‘];‘; (=1 < B < A < 1), in Theorem 3, we get the following result.

Corollary 1. Let € C \ {0}, and suppose that

(129 mon()
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If H € H satisfies the following subordination condition:

. . Z(Ti+1 z /
(Tn(H(z))> + (TH(H(Z))> ( (;H((g((z))))) ) = 11—2 + (1 izz)2 '

then
: 142
i+1
Z(T (H(z))) 1=z
and % is the best dominant.

Theorem 4. Let q(z) be convex univalent in unit disk U with q(0) = 1, q(z) # 0 and Zg(g)

is starlike univalent U, n € C~ {0}, and a, A, u,0,0,0, { € C, H € H, and suppose that
H and q satisfy the next two conditions

tz(THU(H()) + (1= 0)z(THH(2)) £0, (z€ U, 0< 1< 1), (20)
and , ,
Re{l + 7;i(ql(z) + 376(«;1(2))2 — 2«21((5)) +Z(21' ((;) } > 0. (21)
If )
ex(z) = -+ Aaa(2) + e (z) + L), @
such that ) .
exz) = o+a(tz(TH(H(z) + (1 - )z(T (H(2))))
+¢&(tz(TH(H(2))) + (1 — t)z(TH(H(2))))
i l . ! (23)
n tz(T”' (H(z))) +(17t)z('7' (H(z)))
T = He) AT HE) |
and .
ex(z) < 7+ aa) + Elal@) + oy 2E, @
then ' '
T (H(z)) + (1 - £)zT (H(z)) < q(z), (25)
and q(z) is the best dominant.
Proof 3. Suppose that p(z) is an analytic function and is defined as:
p(z) = tT 1 (H(z) + (1 - H T (H(2)). (26)

Then, the function p(z) is analytic in U and p(0) = 1, differentiating (26) with respect
to z, we get
zp (z)  tz(TH(H(2) + (1 -Hz(T (H(2)))
p(z) tTH1(H(2))f(2) + (1 =) TH(H(2))
By setting 0(w) = ¢ + aw + ¢w? and ¢(w) = L, it can be easily observed that
f(w) is analytic in C , ¢(w) is analytic in C~ {0} and ¢(w) # 0, w € C~
{0}.In addition, we get

(27)

Qz) =20 ()¢p(z) =1 7TE, (zeU)and h(z) =0(a(2)) + Q(z)
=0 +aq'(z) +E(a(z))" + 7 TE,
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It is clear that Q(z) is starlike univalent in U, and that

Re<zh' <Z>> _ Re(l T T R <<>> >0z € D).

Q(z) 1 a(z) q'(2)
By using (27), hypothesis (24) can be equivalently written as
6(p(2)) +2p ()¢(B(2)) < ¢(a(2)) +za (2)¢(a(2)),
Thus, by applying Lemma 4, the function q(z) is the best dominant. (]

6. Differential Superordination Results

Theorem 5. Let q(z) be a convex univalent function in U with q(0) = 1, Re{n} > 0.
Let H € Hi, satisfies .
T'(H(z)) € Hlg(0),1] N Q.

If the function e (z) defined by (14) is univalent in U and
q(z) + 172«]1/(2) =< e1(z), (28)

then .
q(z) < T"(H(z)), (29)

and q(z) is the best subordinant.

Proof . Suppose that p(z) is an analytic function and is defined as :

p(z) = T*(H(z)). (30)

Differentiating (30) with respect to z, we have

¥ (z) _ 2(TH(H())
pz)  TOI(H(2)

(31)
After some computation and using (6), from (31), we get

e1(z) = p(z) + 11zp (2),

and by applying Lemma 5, we get the following result.

Taking q(z) = {35%, (—1 < B < A < 1), in Theorem 5, we get the following corollary.

O
Corollary 2. Let -1 <B<A <1, n € C~ {0} with Re{n} >0, also let
T'(H(2)) € H[a(0),1] N Q.

If the function 1 (z) given by (14) is univalentin Uand H € H satisfies the following
superordination condition

1+ Az (A—B)z
1+8Bz ! 2
+ bbz (1+Bz)

=< e1(z),

then
1+ Az

B <7 (HE),
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and the function 111’]‘3‘; is the best subordinant.

Theorem 6. Let q(z) be convex univalent in unit disk U, with q(0) =1, q(z) # 0, and =1 )

qz) ’
is starlike in U, let n € C~\. {0} and o,a € C. Further, assume that q satisfies
a(z)a ()
Req (a+ 2@@(2))7 >0, (zeU). (32)
Let H(z) € H, and suppose that H(z) satisfies the next condition
2T (H(z)) + (1 — 2T (H(2)) #0;(z € U), (0<t<1) (33)
and ' .
tzT"(H(z)) + (1 - t)zT"(H(z)) € H[q(0),1] N Q. (34)
If the function e;(z), given by (22) is univalent in U, and
2q (2
o+ aa(a) + @) +n BE <), )
then . .
q(z) < zT Y (H(z)) + (1 — t)zT*(H(z)), (36)
and q(z) is the best subordinant.
Proof 4. Let the function p(z) defined on U by (24).
Then, a computation shows that
2 (z) _ t2THI(H(2) + (1 2T (H(z)) )

p(z)  #TH(H(2)) + (1 - )TTH(H(z)) ’

by setting ©(w) = o + aw + {w?, andp(w) = L, (w € C~ {0}).
We see that ©(w) is analytic in C, ¢(w) is analytic in C \ {0}, and that ¢(w) #
0 (w € C~ {0}). In addition, we get

0(z) = 24 ()p(a(z)) = n 1) |

It observed that Q(z) is starlike univalent in U, and that

20'a(2)\ _ pol s 4 22q(x) 320 (2)
Re( 2@(2)) )—R{ + 2¢q(z) v }>0.

By making use of (37), hypothesis (35) can be written as:
O(a(z)) +2q (2)p(a(z)) < O(p(z)) +2zp ()p(p(2)),
Thus, the proof is complete by applying Lemma 6. [

7. Sandwich Results
Combination Theorem 3 with Theorem 5 to obtain the following theorem.
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Theorem 7. Let qq and qy be convex univalent functions in U with q;(0) = q,(0) =1 and qq
satisfies (13). Suppose thatRe{y} >0, A € C~ {0}.If H € H,such that

T}(H(2)) € Hlq(0),1] N Q,
and the function e1(z) is univalent in U and satisfies
@ (2) + 720’ (2) < e1(2) < @(2) + 1242 (2), (38)
where e1(z) is given by (14), then
@ (z) < TH(H(2)) < ap(2),
where qq and qq, are respectively the best subordinant and best dominant of (38).
Combining Theorem 4 with Theorem 6, we obtain the following sandwich theorem :
Theorem 8. Let q; , be two convex univalent functions in U, such that q;(0) = 1, q;(z) #

0, and z(;?j((zz)) (j = 1,2) is starlike univalent in U, let A,y € C~ {0} and o,a,¢ € C.
j

Suppose that q, and qy satisfies (22) and (32), respectively.

If H € H, and suppose that H satisfies the next condition
2T (H(z)) + (1 - )zT (H(z)) #0, (ze U, 0<t<1),

and

TN (H(z)) + (1 - £)2T(f(2)) € H[g(0),1] N Q.

If the function e;(z) given by (23) is univalentin U, and

o+ aay(2) + &(ay (2)2 + 7 2B E) < e(z)

q, (2) ,
zq, (2)

) (39)
<0 +aqy(z) +5(a2(2))” + 1 iy

then
qq(z) < 2T (H(2)) + (1 — H)zTH(H(z)) < qp(2),

where g1 and g, are the best subodinant and best dominant respectively of (7.2).

8. Conclusions

We introduce a new study on the connection between geometric function theory, es-
pecially sandwich theorems, and Viete’s theorem in elementary algebra. We obtain some
conclusions for differential subordination and superordination for a new formula of com-
plete homogeneous symmetric functions class involving an ordered cyclic operator. In
addition, certain sandwich theorems are found. These properties and results are symmet-
rical with differential superordination properties to form sandwich theorems. We have
different results than the other authors. We have opened some windows to allow authors
to generalize our new subclasses in order to obtain new results in the theory of univalent
and multivalent functions using the results of the paper.
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