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Abstract: The aim of this paper is to derive some new generalized fractional analogues of Mercer
type inequalities, essentially using the convexity property of the functions and Raina’s function. We
also discuss several new special cases which show that our results are, to an extent, unifying. In order
to illustrate the significance of our results, we offer some interesting applications of our results to
special means, error bounds, and g-digamma functions.

Keywords: Hermite-Hadamard-Mercer inequality; Raina’s function; Holder inequality; convexity;
special means; error bounds; g-digamma functions
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1. Introduction

Fractional Calculus (FC) can be viewed as a generalization of classical calculus with
respect to the operations of integration and differentiation of any arbitrary order. The
history of fractional calculus is almost simultaneous with ordinary calculus. As compared
to the ordinary counterparts in many physical problems, the concepts of fractional calculus
have proven to be more useful. Consequently, in the past few decades, it has experienced a
rapid development. Many classical concepts of fractional calculus have been extended and
generalized according to need. One of the most significant concepts belonging to fractional
calculus is Riemann-Liouville’s fractional integrals.

Definition 1 ([1]). Let ® € L[vq, v2]. The Riemann-Liouville integrals ]1/}1+CD and ]é‘z_CD of order
A > 0 with v1 > 0 are defined by

]z);ﬁcp(”l) = r(l/\) /Uul(ul — )M ®(8)ds,  (ug > vq),
and
- n) = i [0 = w) 100, (1 < va),

respectively, where T(A) = [°e~26"~1dé. Hereis ) , ®(uq) = J), P(u1) = (uy).

Mubeen and Habibullah [2] introduced the class of k-Riemann-Liouville fractional integrals
and discussed its basic properties. They have observed that the properties of k-Riemann-
Liouville fractional integrals are quite different. Thus, we can say that k-Riemann-Liouville
fractional integrals are significant generalizations of Riemann-Liouville fractional integrals.
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Definition 2 ([2]). Let ® € L[vy, va]. Then for k > 0, the left and right k-Riemann-Liouville
fractional integrals are defined as:

1 '
(b D) = / (1 — ) E1D(6)ds, (1 > vy),

krk(/\) J0

and
Kly ®(u) = : /”2(5 —u)F10(0)ds,  (uy < va)
02 kT (A) ' '

where T'y(+) is the k-gamma function.
Another fractional integral defined in the literature is -Riemann-Liouville fractional integrals.

Definition 3 ([1]). Let ¢ : [v1,v2] — Ry be an increasing function possessing continuous
derivative . Then, for A > 0, the left and right -Riemann-Liouville fractional integrals of ®
with respect to P are defined as:

o) = i [ )~ 96 Y O, (0> ),

1

and

L) = o5 [0~ 90) YO, (1 < o).

1

If we take §(6) = ¢ that is identity function in Definition 3, then we recapture the definition
of Riemann-Liouville fractional integrals.

Akkurt et al. [3] extended the notions of Riemann-Liouville fractional integrals, k-
Riemann-Liouville fractional integrals and y-Riemann-Liouville fractional integrals and
defined the class of ¢ -fractional integrals as:

Definition 4. Let ® € L{vq, vp] and ¢ : [vq,v2] — Ry be an increasing function possessing
continuous derivative . Then, for k > 0, the left and right y-Riemann-Liouville fractional
integrals of ® with respect to  are defined as

() = g [ ) 9@ 000, (> )

kT (M)

and

dF o) = s [0 - pun) Y 0, (<o)

Recently, Awan et al. [4] have obtained some new Hermite-Hadamard like inequalities
using the Definition 4.

On the basis of k-gamma function Tunc et al. [5] introduced a new class of function
(k-Raina’s function), which is defined as:

@, k
; R
Foa (1) Z ka Qlk+/\) (v> 0| <R),
where coefficients @ (i) with (i € NU {0}) are bounded sequences of positive real numbers
and R is a set of real numbers. With the help of these functions, Tunc et al. have defined

the left and right-sided k-Raina’s fractional integrals, respectively, as:

5%
(ko)) = [0 = ) Pk o = ) 0(0)ds (w1 > 01 > 0),

1
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(198y) ) = [0 = u)t I FZH (6 — u) @) (0< 1 < v2),

oAU 5w .

where 9,A > 0and w € R.

1.  For k =1, we obtain Raina’s fractional integral, see [6].
2. Ifwesetk=1,i =0and @(0) = 1, then we obtain the classical Riemann-Liouville
fractional integrals.

Set et al. [7] also introduced the following generalized fractional integrals:

Definition 5. Let ® € L{vq, vp] and ¢ : [vq,v2] — Ry be an increasing function possessing
continuous derivative '. Then, for k > 0, the left and right y-Raina fractional integrals of ® with
respect to \ are defined as:

Ui

o o) = [ p(n) = (@) 1 () F T wm) — 9(6) (@),

1
for uy > vy and

I o) = [ 0) — w1 O FS () - i) Je(@)ds,

1

for uy < vy, where A, ¢ > 0and w € R.
If we take k = 1 in Definition 5, then we have {-Raina’s fractional integral which is given as:
Definition 6. Let ® € L{vq, va] and ¢ : [v1,v2] — Ry be an increasing function possessing

continuous derivative '. Then left and right -Raina fractional integrals of ® with respect to i are
defined as

20 @) = [ () = 9O O Fe(w(n) - p(6))(0)de,

1

for uy > vy and

@ _
I @) = [

for uy < vp, where A, 0 > 0and w € R.

U2

($(8) = ()1 () Fyilw(yp(8) — (1)) @(6)ds,

1

Remark 1. 1.  If we take i = 0 and @(0) = 1 in Definition 5, then we have yy-Riemann-
Liouville fractional integrals.

2. Ifweset Y(u1) = uy,i = 0and @(0) = 1 in Definition 5, then we get k-Riemann-Liouville
fractional integrals.

3. If we choose P(u1) = uy,i = 0,k = 1 and @(0) = 1 in Definition 5, then we obtain
Riemann-Liouville fractional integrals.
For further information, see [6].

The theory of convexity is one of the most significant sides of mathematical analysis in
which we study the properties of convex sets and convex functions. These classical concepts
have played a vital role in different branches of pure and applied sciences. Applications for
integral inequalities involving convexity are numerous in a number of areas of mathematics
where symmetry is crucial. The classical concept of convexity and symmetry are both
connected with each other, so you may use one and apply it to the other.

A set C C R is said to be convex, if

(1-96)v1+dv eC, Yo, veC,de]0,1]
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Similarly, a function ® : C — R is said to be convex, if
P((1—=06)vy +6vp) < (1—=8)P(v1) +IP(va), Yup,v2€C,0€(0,1].

Another aspect of convexity theory that has made it more charming is its relation to the
theory of inequalities. A huge number of inequalities known to us in the literature can be
obtained by using the convexity property of the functions. One of the most studied results
in this regard is Hermite-Hadamard’s inequality. For some interesting details, see [8-13].
This result provides us with a necessary and sufficient condition for a function to be convex.
It reads as:

Let ® : 7 C R — R be a convex function, then

U2

<D<vl ; Uz) <o [ @(u)du < Do) 2 (),
2 Up — Uq 2
U

1

Jensen’s inequality [14] is another significant pertaining to convexity property of the func-
tions. Let ® be a convex function on [v1, v;], then for all u1; € [v1,vp] and u; € [0,1],
i=1,2,...,n,withY} ; u; =1, we have

n n
q’(Z Hﬂﬂi) <Y i@ (uyy).
i iz

The following inequality is known in the literature as the Jensen-Mercer’s inequality [15]:

<I><v1 + 02 — i ﬂiuli> < ®(vy) + D(v2) — i ui®(u1;),

i=1 i=1

whenever @ : [v1, v;] — R is a convex function. For more details, see [15].

Pavi¢ [16] obtained a generalized version of the Jensen-Mercer’s inequality in the
following way:

Assume that @ : [v1, v] — R is a convex function, where uy; € [v1, v3] are n-points.
Let @1, @2, i € [0,1], @3 € [—1,1] be coefficients such that @1 + @y + @3 = Y/ ;i =1,
then

n n
@ (60101 + @07 + @3 ) Vz'uli> < @D (v1) + @2 ®P(v2) + @3 ) i P (1q;). @
i=1 i—1

Remark 2. Note that

1. Ifwetake @1 =1 = @y and w3 = —1in (1), then we have Jensen-Mercer inequality.
2. Ifweset @1 =0 = wyand w3 = 1in (1), then we get Jensen inequality.
3. Ifwe choose @3 = 0 in (1), then we obtain convex inequality.

For more details about Hermite-Hadamard-Mercer’s and Jensen-Mercer’s inequalities,
see [17-19].

The main objective of this paper is to derive some new generalized fractional analogues
of Mercer type inequalities essentially using the convexity property of the functions and
with Raina’s function. We discuss several new special cases which show that our results
are quite unifying. In order to illustrate the significance of our results, we also present
some interesting applications of our results to special means, error bounds and g-digamma
functions. Finally, some conclusions and future research in this fascinating field are given.
We hope that the ideas of this paper will inspire interested readers working in this field.

2. Main Results

In this section, we discuss our main results.
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Auxiliary Results

We now derive two new auxiliary results. These results will play an important role in
the development of our results.

Lemma 1. Let @ : [v1,v2] — R be a differentiable function on (v1,v2) with v1 < vy. If
@' € Llvy, vy, then

d)(w1v1 + vy + (D3u1) + <I>(colv1 + Uy + (03142)
2

k
Forelew(ua —u1)®(@3)°]
1 @,k -1
m {I[‘Y’l(wl 1 +wzl’2+fﬂ3“2)]’}w¢. o¥ (Y (@101 + @202 + @3111))

+ 19K do ‘Y(‘Y_l((i)lm + vy + (Z73u2))]

(¥~ (@101 +@205+@311)] T
7 @3(up — uy)
2

1 A
X /0 (1 — 5)%]—‘3A"+k[w(u2 — ul)q((ih(l — 5))Q}‘D,(@1U1 + @ +¢03((5u1 + (1 — 5)142))171(5

1
— /0 (5%}"“?{,’//\"+k[w(uz — ul)g(wg(S)Q]Cb’((Dlvl + @02 + @3((5111 + (1 — (5)u2))d(5],
forall uy,uy € [v1,v2),u7 < upand A, 9, w > 0.
Proof. Note that it is sufficient to check that I := M (I — I)), where

1
L= /0 SEFOE ez — 1) (@36)2)9 (@101 + @20 + @3(Suy + (1 8)uz))dd

(I)(O?llh + @0 + @3(51/[1 + (1 — 5)142)) |1
@3 (11 — 1) 0

= 51 FOF fw(uz — u1)?(@30)7]

7/1 (@101 + @02 + @3(5u1 + (1 —8)up)) d (i wf(uz_ul)ei(@)ei(s%m)d(s

0 @3(uy — 1) do\~&  kTp(oik+ A +k)

]'—g}ﬁk[w(uz — 11)%(@3)?]®(@101 + @202 + @3141)

@3(uy — u7)
A
1 ®(@101 + @07 + @3(duy + (1 — 8)ua)) (651 o o
- /0 @3(1/[1 — 1.42) k ‘T_g,/\ [w(uz - ul) ((DS(S) ] dé
]:SAkJrk[“’(”z — u1)?(@3)°] D (@101 + @203 + @317) 1
@3 (uz — 1) @3k(uz — 17)

1 A
X/O ST FD [w(uy — 1) (@30)°] (@101 + @202 + @3 (Btu1 + (1 - 8)uz)ds

| ol (u2 = 1) (@3) ) @(@101 + @202 + @3111)
@3 (uz2 — uy)

1 Ico,k
)]%H [¥ (@101 +@202+@311)] T 0

D O‘P(‘Ffl(wllh + @avy + @313)),
k[(@3(u2 — Uy

and

1
L = /0 (1 — 5)%ngk+k[w(u2 — ul)Q(o’Jg(l — 5))9]'51)/((911}1 “+ @y + (O3(5L11 + (1 — 5)u2))d§

D(@101 + @avp + @3(duy + (1 = d)uy)) !
@3 (11 — uz) 0

=(1- 5)%}'3'k+k[w(u2 —17)%(@3(1 — 6)?]

41
_'/01 ( *7‘25) Flw(ua — u1)?(@3(1 = 6))°] (@101 + @305 + @3(Sus + (1 — 6)uz))ds

@sk(uy —uq)
_ Fopleo(uz — u1)¢(@3)°]@(@101 + @20 + @3102)
@31y — 117)
11— 5)%—1 ; . .
_ /0 m]‘-@}‘[OJ(L{Z — ul) ((ﬂg(l — 5)) ~]<1>(c01u1 —+ Uy + 193(5111 -+ (1 — 5)112))(15
Fork eleo(uz —1u1)2(@3)0] @ (@101 + @202 + @3112) 1

(03(142 — u]) N (03]((142 — u])

1
% [ =0 E ol — 1) (@a(1 = )P (@101 + a2 + @3 011 + (1= 6)uz)dd
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]:Q )Hk[w(uz - ul) (@3)Q]¢((01U1 + @Uy + @3142)
@3 (uz — uy)
1 @k -1
k@3 (1z — uq)] A+1 I[‘i”l(“011)1+wzvz+wsuz)]*,w(I> o¥ (Y™ (@1 + @202 + @3111))-

Combining I; and I, with I, we get the required result. [J

We now derive our second auxiliary result.

Lemma 2. Let ® : [v1, 03] — R be a differentiable function on (v1,vy) with v1 < vy. If
@' € L[vy, vy, then

A
n+1)E! -
% Iwk 1+W2 CI)O‘F(‘F 1((01121 +&72U2+(D3u2))
K[@3(up — up)] % | (¥ (@10n +w202+w3( ))]*;w

+I‘D’k
¥~ (@101 +@p02+@3 (

]:gAk+k[ w(uy — ) (:23)°]
(n+1)

U+ nu nuy +u
X {d><wlv1 +@2U2+@3<¥>> +<I><w1u1 +w2v2+w3<¥>)]

+1 n+1
(D3 Uy —
(n+1)2 {/ or /\”‘

@36 \°
i = )? (20 )|

) n+1-—46
/ ="
X O <w1v1 +wzvz+w3<n+lu1+ 1 u2>>d§

@30 ¢
/M q)wrk{ ul)Q(n—l—l)}
, n+1-—46 )
X P ((D]vl +wzvz+w3<7n+1 Uy + 7n+1u2 d(;},

forall uy,up € [v1,v2], 11 < tip,A,0,w > 0andé € [0,1].

nu1+uz
n+1

Pl Do ¥ (¥ (@101 + @avp + @311))

Proof. Suppose that

I—{/ ot gA+k[ (u2 _ul)g<nwj51)g]

) n+1-9
/
X@(CD101+(0202+CD3<”+1141+ ] Mz))d(s

/ sk F A+k [“’(uz —up)? <nwj51)j

X CIJ/<(1711)1 +(27202+(D3<n+1 _(Sul + 0 u2)>d(5} =L - D

n—+1 n+1
Note that,

@30 ¢
11—/ ST F gA+k[ _”1)Q<n+1> }

) n+1-96
/ ="
X P <w1u1 +w2v2+w3<n 1u1+ P u2>>d5

@30 Q}¢(®1v1+w2uz+w3(“1ul+ e ”2)) 1

n+1 N ) o

k
= 5% f(‘?)wk{ (ug —up)%(
T 7wl

1 5%71 @30 ‘1><601171 + @02 + @3(n+1 uy + "n+15112))
_ / @ | (it — u1)°( Q
0 oA

k n+1 w3(n+l n+1)

@3 \¢
__(n+1).7:0A+k[ (2 —u1)?(55%) }q) 101 4 D0y + 0 [ P12
a @3(1[2—111) e 22 3 n+1

A
n+1 185 of @30 \°
+w3(u2—u1)/0 ‘ fQ,A[w(uzful) p——1
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[ n+1-0
X P @101 + @07 + @3 mlﬁ#*ni“uz .

Substituting ¥ (1) = @101 + @0, + @3 <(n+1 4 n+1 s

1 uz)) and after some computations,
we get
(n+ D) Fr [wluz — ) (3p)Y] u1 + nitp
L =— 03 (i — 1) ®<w1u1+w2vz+w3< P ))
(n+1)x*!
Kz = )] 7
% Ioo,k

PoY(Y¥ 1 ©1V] + WUy + @31 ’
[‘1"1(@101+‘9202+‘93(Ly,ﬁuz))]*W ( ( 11 22 ’ 2))
and

@30 ¢
12‘/‘5" M”{ 7ul)q(n+1>}
, n+1-¢6 )
x ® ((Dlvl +@202+w3<7n+1 up + 7n+1uz ds

5\¢ D @101 + @07 + @3
_5k-7'—0/\+k{ (uz—ul)g<w3 )} (

ht ”Jr] le)) |1

1
el o ) °
,/1 ‘5%_1]-‘“7 {W(u2*u1)9< @30 >q} <I>(a>1v1+a>2v te ”}r bt ”*1u2>>
o k ot n+1 @3 (722 _“T)
(1 + 1) Fit [z —ur)2(5%)°
_ M;l;[(uz m 1 ]¢(Q1U1+02U2+w3<nb;1rlu2>>
— 41
A
n+1 1551 © 0 @30 ¢
a 603(142*1/[]) /0 k oA |:w(u2_u1) (Tl+1) :|
n+1-46 )
X@(C@]Ul +(D21)2+(D3<n7+1u1+n7+1u2>>.
By substituting ¥ (v) = @01 + @207 + @3 ((":}rﬁul + %ﬂuz)) and after some computa-
tions, we get
(n+1)F )\+k[ w(uy ul)g(%)g] nuy +u
L = & @ @101 + @vp + @3 ——2
2 (273(142—1/[1) ( 17 272 3 n+1
A
(n+1)?+1
- A
k@3 (uz — up)] ¥
ok Do ¥ (¥ (@01 + @07 + @3117)).
s rmrian(mizp e YO (@101 @aba @)

By using I; and I, it follows that

(114—1)%Jrl
L-L= T
k@3 (uy — up)] ¥ *

@,k —1
X oY (Y™ (w11 + @avp + @3u
|:[‘Y1(@1U1+C’02U2+C’03<ul+m’2))]+,w ( ( 1Y1 202 3 2))

k —
+IE‘?¥ 1 wlv1+w2vz+w;( 1+u2)>] - PoY(¥Y 1((@11]1 +(0202—|—(D3u1)):|

(n+ 1) F, [l — ur)e(:5)¢]

n+1
@3 (1 — 1)

u nu nu u
X |:<D<(01U1 + Uy + W3 (%)) + <D<601Ul + @y Uy + 03 (L))] .

n+1

By multiplying M

(112 both sides of the above equality, we get the required result. [
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Here, we drive some new generalized fractional Mercer type inequalities.

Theorem 1. Suppose that ® : [v1, va] — R is a convex function, then

uy+u
@((Dlvl+6’0202+(03< 1 2))

2
1
< A ok
2k[@3(up — ul)]f]-"gl/'wk[w(ug —11)?(@3)?]
@,k -1

[I[‘Y (W1vl+wzv2+w3u1)]+;wq) °© ‘P(‘Ij ((Dlvl + @202 + (031/12))

@,k -1
+ I[‘I’ (w1v1+wzvz+wauz)]7;wq> oY (Y (@101 + @02 + (D3u1))]

< CID(cD101 + oy + 6031/[1) + CD((Dlvl + vy + (1731/[2)
- 2
< @1P(v1) + @2P(v2) + @3 {

P (u1) +¢(uz)}
5 /

forall uy,up € [v1,v2], ug < upand A, 0,w > 0.

Proof. By using the convexity property of @, we have

u +u
<I><w1v1 + @07 + @3 (“221)>

. <D<(Dlvl + @y + @W3uU11 + @101 + @07 + (031/{21)

2

< [CD((DlUl + @y + w3u11) + @(6’0101 + @y + w3u21)],

NI~

for all uy1, up; € [v1, v2). By changing the variables, we have

u+u
@(@1014-(272024—603( 1 2>>

2

1
< E[q)w((i)lvl + @vp + @3y ) + (1 — 6) (@101 + @vp + @3uz))

+P((1 —0) (@101 + Do03 + @317) + (@101 + @202 + @3U3))].

By multiplying both sides of above inequality by & 3 *1.7:5/’\]( [w(ug — uq)%(@36)?] and then
integrating the resulting inequality with respect to é on [0, 1], we obtain

up+u
ffﬁk[ (”2_“1)9(@3)91‘1’(‘0101 +(Dzvz+603( l2 2))

/ 5% l]:wk w(ug — u1)?(@30)°]
X @(5((@101 + @y + (D3Ll1) + (1 — 5)((@101 + @y + (Dgllz))dé
+ / SN FR (2 — 1) (@36))

D((1 = 0) (@11 + @203 + @3u1) + I(@1v1 + @2 + @312) )d0]
1

2[@3(uz —ul)}%

-1 (@101 + @0 +@317)

Y (@01 + @20y +@312) 1
</ (Y (@101 + @202 + @312)) — ¥ (1)

X ]-';?/'\k {w (‘Y(‘I”l(wlvl + o0y + @3up)) — ‘I’(u))g] Do (u)du
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y-1 (D101 + @20 +@317) % 1
/ [‘I’(u) _1};(1{;71(@101 + WUy +(D3u1))} ‘I’/(u)
Y=1(@v1+@r00+@317)
Q
xfg,’\k {w (‘Y(u) — Y (¥ (@101 + @05 + @3%1))) ]CD o ‘F(u)du}
1

A
2k[@3(up — u)] ¥
@,k -1
X {I[‘I“l(w1v1+wzuz+w3u1)]+;w© o "P(T ((0101 + @y + (031/[2))
@,k 1
+ I[‘I”_l((ﬂlvl+wzvz+w3u2)]—;wq> o IY(“F ((Dlvl + vy + (2731/11))] .

On the other hand, again using the convexity property of ® and using the Jensen-Mercer
inequality, we have
P (5(@1v1 + @0 + @311) + (1 — (@101 + @202 + @312)))
+ O((1 —0)(@1v1 + @02 + @317) + 6(@D101 + @V + @31U3))
< D(@101 + @203 + @317) + P(@101 + @207 + @3147)
< 2[@1P(v1) + @2P(v2)] + @3[P(u1) + P(u2)].

Multiplying both sides of above inequalities by ¢ %*1.75/’{( [w(up — u1)?(@36)¢] and then
integrating the resulting inequality with respect to 6 on [0, 1]. This completes the proof. [

Theorem 2. Let ® : [vq, v2] — R be a convex function, then

ui+u
@((Dlvl+wzvz+(03< 1 2))

<
< 1
2kf;?g"+k [w(uz — 1) (577)¢] (@3 (uz — 1)) *

@,k -1
8 [I[‘P1(w1vl+w2v2+w3(”1:+”1“2))]+;wq) oY (Y (@101 + @02 + @313))

@,k -1
’ Do ¥ (Y
* I[‘Pfl(wlm—l-wzvz—&-ws(mlr}rflz N iw o¥( (@101 + D203 + D3111))

< @1®(01) + @2®(v2) + @3 <<D<”1>;‘D<”2>>,

forall uy,up € [v,v2], ug < upand A, 0,w > 0.

Proof. By using the convexity property of ®, we conclude that

Ui +u
() (6’0101 + @y + 3 (11221>>

< S [@ (@101 + @202 + @3u11) + (@101 + @2U2 + @311

N =

By setting u1; = ni—klul + ”:j_;zsuz and up; = ”I}J‘Sul + n%_luz for uy,up € [v1,v7] and

€ [0,1] in the above inequality, we find

2(19((011]1 + U +(D3(u1 —;LQ))

6 n+1—-9
< [¢((D1U1 +(DzU2+(D3(n+1u1+ P u2>>

+&( @101 + @07 + @ n+1_§u—|— 0 u
1V1 202 3 n+1 1 n_|_12 .
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By multiplying both sides of above inequality by & %_1]-"3\1‘ [w(uz —up)? (%)Q} and then

integrating the resulting inequality with respect to é on [0, 1], we have
@30 \°
2 -1 o,k o 0 3

/ ot ]:Q’\{ (112 = n1) (n+1

up +up
X @ @1v1 + @0y + @3 > do
L @30 \*?
< 2—1 rwk _ 0 3
< /0 Sk Foh [w(uz uy) <n+1

1) +1-94
><<I><a>101 +w2v2+w3<n+1u1+nn+1 Mz))d(5

Vg ok of @38 \°
[ e ur(25)]

1_
x©<w1v1+wzuz+w3(n+ 5u1+ 0 uz))d&

n+1 n+1

This implies

k @ \*
Zk]:éaﬁk{ (”‘2_”1)Q<n+1) }

X <D<£O1U1 +(Dzv2+(,03(u1 ;u2)>

/5 1}-;9)\1({ (112 ul)g<nwj51>e}

xd)(@lvl +@2U2+(D3< 0 U + n+1_§u2>)d(5

n+1 n—+1

Vg ok @30 \°
, — 3.0
+/0 Sk 'FM [w(uz uy) <n—|—1) ]

A
1-— 1%
X CD((DlUl +C’02U2+(D3<n:1—+1 51/11 + nj_11/l2>)d(5 = (((Tl—f—)))/\
@3(uz —uy))k
Y1101 +@p0p +@3u5) Aq
fo o ZW (YY1 (@101 + @200+ @31)) — ¥ ()| ¥/ (1)
@101 +@0p+@3(LT2))

x oL [w (‘I’(‘I" (@101 + @rv7 + @3112)) — T(u))g} ® o ¥ (u)du
(n+ 1)%

A
(@3(ug —uy))*
/"Yl ((Dl U1 +@o U2 +@3 ( nunlrluz

) [‘Y(u) — ¥ (¥ @101 + @05 + 093”1))}

¥=1(@1v1+@p0p+@311)
x it [w (‘F(M) — Y (¥ (@101 + @20 + w3u1)))g] @ o ¥ (u)du
A
(n+ 1)
- A
(@3(up —uq))*

x | 19k e O o ¥ (Y (@101 + @0y + @31
{w (@101 + @0+ (“TE2 )]0 (¥ (@101 + @202 + @3112))

@,k -1
+ I[‘I’*l(tﬂlvl+cﬂzvz+w3(Wnlrluz))]*;wcp o ‘I’(‘P (6’01U1 + vy + 6’03111))} .
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This implies

() <09101 + @0y + @3 (”1;”2) )

< (n+1)k

< y .
2k Fh el — u1)@(521)8] (@3(uz — 1)) ¥

@,k 1

8 [I[‘Y1(®1v1+wzv2+w3(“1’j+”]“2))]+;wq> oY (Y (@101 + @07 + @313))
+ I(O,k

-1
[¥-! (60101+02U2+@3(%))]7Wq) ° T(T ((011.71 @202 (03M1))} .

Again using the convexity property of the functions and the Jensen-Mercer inequality,

we obtain
1) n+1-—46
D w @ @
(1U1+ 202 + 3<n+1u1+ . u2)>

+ & @101 + @00 + @ n+1_5u+ 0 u
1Y1 202 3 Vl—|—1 1 Vl—|—12

< 2[@1D(v1) + @@ (v2)] + @3(P(u1) + D(u2)).

Multiplying both sides of the above inequality by ¢ %_1]-'5/’\]‘ [w(uz - ul)Q(f—j‘i)Q] and then
integrating the resulting inequality with respect to ¢ on [0, 1] completes the proof. [I

Using Lemmas 1 and 2, we can derive the following next results.

Theorem 3. Under the assumptions of Lemma 1, if |®'| is convex on [vy, vy, then

CD(CDlUl + @y + (Dgu1) + CD((DlUl + @0y + (03142)

‘]:w'k [w(uz —u1)%(@3)°]

o,A+k 2
B 1
2k[(@3(1/12 — ul)]%
@,k -1
X I ooyt omon s om0 © F(E (@101 + @205 + @311))
@,k 1
+I[‘Y71(@101+wzvz+w3u1)}+;wq> o¥ (¥ (@101 + @v2 + (Dguz))} ‘

< |3 (1 — 1) Fodrt i lw (1 — 11)%(03)]

@10 (o) + @2l (o) + @ (L)

where @y (i) := @(i) <1 -~ ) and for all uq,uy € [v1, Vo] with u; < up and A, 0,w > 0.
2k +oi
Proof. By using Lemma 1 and the Jensen-Mercer inequality, we have

(1)(60101 + vy + @3%1) + <I>(ci)1v1 + vy + (031/!2)
2

fgﬁk[w(uz —u1)?(@3)°]

1
2K[e3 (up — uy)] ¥

k -
X [IF‘?I’*(wlu1+w2uz+w3u2)]*;wq) o ‘F(T 1(@11)1 + vy + @3111))
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+IE?Yk1 (Oll)l+(021)2+£0:;u1>] wq) °© ‘IJ(T ((Dlvl + a0 + wsuz))] ‘
\@3\( 2 —uq)
<[]0 0 FRf et — wn)e(s(1 - 8))%) — 6L FEf, yleotus ) @s0)]|

X }q) 0101 +@2U2+(D3((5u1+(1—(5)u2))‘d(5
< \%\(uz—ul)

/\17 JEFE el — u1)(@3(1 = 8))) = 6F Fo ez — 1) (@30)°]|
X (@@ (01)] + @[ (v2)] +@30]P (11)| + @3 (1 — 6| (12) |6
_ @[ (uz — )
2
x 7= FRE ol — )2 (@31 — )% = 0F Ft el — 1) (@30)°]
% @119 (01)] + @[ ®/ (02) | + @361 ()] + @3(1 — 8)|@ (1) |6

w3 Uy — U
Jr3(2 1)

x /j SR FE ooy = 11)2(@30)°] = (1= 6)F FOE, o (ua — wr)?(@3(1 — 8))°]
X [@1@' (01)] + @2| ' (v2)] + @3[ (1) + @3(1 — )| & (1) [ dS

(DS(”Z ul)
— =~ (L{+Ly).
2 ( 1 2)

By calculating the constants L and Ly, we obtain

Ly = (@1|®'(v1)| + @2|®' (v2)])

A

x (/0 [(1— ) FFE ol — uy)?(@3(1— 0))¢] — 6% FOH oz — ul)@((Dsﬁ)QHM)

1

+ 03| () ( 60—t R ol — w2 @s(1 - 8) a0

/5k+1f;°A"+k (112 —ul)g(cog,é)g]d&)

1

+w3|q>’<uz>|< A= ez = m)(@a(1 - 0) e

/ (1= 0)ot Fof, (e u1>@<w35>g]d5)
:(@1|‘P/(U1)|+¢92|‘1’/(02)\)(F3\£k[ w(uy —up)?@3°] — ]:wiik[ (Mz—ul)%ag})
+ @3 ()| (o leo iz — 1) 03] = Foukleouz — 1) %5 )

+ 3| (1) | (Fi oo (2 — 1) 803%) = Fiih ooz — 1) 223)).

Thus,
Ly = (@1 @ (01)] + @2|®' (0)]) | !
1= 1 1 2 2 . - N
gHei+l k(A 4 git1)
1 1
+ @3]’ (u1)| ; . — :
(F+0i+1)(} +0i+2)  2ktetl(A 4 gj41)
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1 1

/

—|—(D3|(I) (u2)|<)\+ 1+2_ A+Q1‘+1 A . )/
e 2k (f Toi+1)

and
Ly = (@[ (01) | + @2/ (12)])
(] [ttt = 1)2(50)%) - (1= ) A et = )1~ 8))] )
/() (61172 leotua — )00l
- [ o= o)A el - i)*(@a(1 - ))7)as)
@l () ( (1= 010 £ letua — )00
- [ =R ol - m)(@s(1 - 6))0
= (@[ (01)] + @2 (02)]) (FEE oo (12 — 1) 0@3%] = FE [eo (1 — 1) 003
+ 3| (1) | (Fogt oo (uz — 1)20a] — Fiih oz — u1)203) )
@3 (102)| (FRh gleo(aaz — 1) 0s®) = FUE [eolun = 1) 003?))
’ / 1 1
= (@]9 (v1)] + @2 |P (Uz))<f<‘+gi+1 - 2Q+Qi(2+gi+1)>
/ 1 _ 1
+ @3|P (u1)|<2+gi+2 22+gi+1(2+gi+1))
/ 1 _ 1
+w3|q)(”2)((Q+gi+1)(g+gi+2) 22+ei+1(2+gi+1)>’
where

1
i3 +Ql+1 2k+g'“( +gi+l))’

2 Fei1(A +gz+1)>

2% +01+2 + Ql + 2))

1 1 1
NR— - — ],
( Froit 1 obretl(d i ip1) 2Fe2(A 4 oiy o) 2+el+2)

1
k+gz+2 2k+qt+2( +Qi+2)>,

1
k) :=
@ (k) := w@(k )<2k+91+1( +0i+1) 2k+q1+2( Ql+2)>

By substituting L; and Lp, we obtain the desired inequality. [

Theorem 4. Under the all assumptions of Lemma 2, if |®'| is convex on [v1, vy, then

(n+1)k !

|k[@3(uz — )]
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x| 19K QIF(Tile—FCUU—i—@u)
l[‘fr (w1vl+w2vz+w3(ﬂ>)]+w ° (0111 Uy )
[k o T(xyﬂwv o0+ on )
[‘I”—l((D1U1+wzv2+@3(%))]_;w o ( 101 + @207 X 1)
k
 Fonrlwluz —w) (5%

n+1

X |:CD<(Z)1U1 + U7 +(I)3<u1 +nu2)>
nu u
+q><(0101+6021)2+(03( 1+ 2))]

2k|@3| (ug — u1) Fptypylew(ma — u1)¢ (;5%)°]
<
= (n+1)2

@11 (0)] + @l ()| + o (L)

forall uy,up € [v1,v2], ug <up, A,0,w > 0,andn € N.
Proof. By using the Lemma 2 and Jensen-Mercer inequality, we have
(n+1)i1
Kles (uy — )]

Iw’k . @OT(‘I}il(wlvl + Up +(D3u2))

X
[‘F’l (601 U1+ U2 +@3 (ul:#) )] ;W

ok Po¥Y (¥ Hw @ @
[‘Y’l(w1vl+wzvz+@3(nunl:luz))]*;w ° ( ( 1U1 + @202 3M1))

k
FOE oo — u1)2(;2y)°]
n+1

Uy +nu nuip+u
X |:q)(@101+w2vz+(93(%12)> +¢(@101+@2U2+@3(;f12)):|‘

< |@s(lur —u1) u1 ok of @36 \°
T (n+1)? {/ kf"”k wliz =) 37

Suq n+1-¢6
'@ @ @ - dé
(oo 1210 s

+/ ot eA+k[ ”1)Q(nwj51)g]

X

n+1-¢ )
@
X (LDlUlJr(DzUQ +LD3( w1 u1+n+1u2)>’d(5}
|3 (12 — u1) ”2_”1 / @k @30 \*°
< — Q
> n+1 FQ}H—k M2 ul) n+1

< @1 (0)] + @2l (o) + @ 57 )19/ -+ s (T ) @1

@k @30
+/ o f@Mk{ _”1)Q<n+1> }

x[w1|d>’<v1>|+w2\q>’<uZ>|+w3<%:‘5)\<b’< Dl (5 )19/ s

<t ()

X [201|®' (v1)] + 202 | D' (v2) | + @3 (| D' (u1)| + [ @ (uz)|)]d6 }
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n+1
x [wl|q>'<v1>|+a>z\<1>/<vz>|+w3<"b/(””'*"I’/(”Z)')}da}

2
_ 2Mlms| (2 — ) F peleo(mz — 1) ()]

|@3| ”2_”1 @36 \°
= 21y /‘5 oAk |02 = 10)"

(n+1)2

@110 (o) + @sfo (o)) + @ (1212

2

This completes the proof. [

Theorem 5. Under the assumptions of Lemma 2, if |®'|7 is convex on [v1, vp] with g > 1, then

A_
(n+ 15! {Iwk

k[ (g — uy)] %

Do ¥ (¥ (@101 + @vy + D31
[‘{, 1(@101+(D2U2+(D3(“1+””2))] w ( ( 1v1 2UV2 3 2))
ok . QoY (¥ @101 + @20y + @311))
[‘I”l (@1 U1+@02+@3 (M) )]*;w

n+1
k
ff,prk[ w(ug — ul)g(%)g}

n+1

up +nu nuy +u
X I:@(C@ll}l-f‘(ﬂzvz-‘r@:’, (ﬁ)) +@<@101+(D2U2+(D3 (H)):”
< |@3|(uz — 1)

S T mt? fﬁik{ (”2*u1)9( @3 )Q}

n+1

X {(wﬂqﬂ(m”q+w2|q)/(vz)|q+(D3((2n+1)|¢;((zliql)+ |q>/(u2)‘q))ﬁ

+ (@010 (00)1 + @20 (o1 + 0 (1L L DIT LI )1y

2(n+1)

1
where @1 (i) := w(i)(m) " and for all uy,uy € [v1, 0] with uy < up, A, 0,w > 0and
1

Proof. By using Lemma 2 and the Holder’s inequality, we get

2
(”"‘1)%71 @,k -1
—_— | QoY (Y™ " (@w1v1 + @0y + 31
'k[w3(u2—u1)]£ [‘f"l(w1v1+wzvz+03<%))]+;w ( ( 1V1 202 3 2))

@,k

QoY ‘F71 0101 + WU 33U
[T—l(w1v1+wzuz+w3(M))hw o ¥( (@101 20y + @3 1))}

n+1
k
Fk Jwluz — 1) (&)1
n+1

X {¢(w1v1+w2v2+wg (%)) +¢‘((Dlv1+(0202+(93 (W))H
1
@3|(up — u @36 \?1\",.\"’
< (4 ottt (25)) )

n+1

n+1 1 n+1

1

1 _ q q

(/ ‘d>’(wlul+c02v2+a73(n+1 511 + Ouz )>’ d(S)7
0

n+1

1
1 _ q q
+ </ ‘@’(wlvl +(272U2+£D3< oty +L15u2))‘ d(5> 7]
0 n+1



Symmetry 2022, 14, 2204 16 of 25

_ |s|(ug —uy) & @k(i)w(uz — u1)° (%) ( (i)
 (n+1)2 l; kT (oki + A + k) / 0

1 n+1-6 Suy
'@ @

(& (oo o an (5 m + m))! )
1 Sup  n+1-0 9 N\u
o4 —_— dé .

+</o‘ (wm+‘Dzvz+w‘”<n+1+ i ”2»‘ )

By using the Jensen-Mercer inequality and taking into account the convexity of |®'|7,
we find

=

A
(n+1)x! @k
— | I PoY (Y™ " (@101 + wrvp + @31
‘k[a@(uzul)ﬁ 191 @101 450 b (22 ) (@101 + @202 + @3142))

4@k @ oY (Y H@rv; + @0p +w3”1)):|

[¥~1 (@101 +@202+03 (%))]*;w

k
ng+k[w(”2 - ”1)9(,%31)9]
n+1

Uy +nu nu| +u
X |:q>(c’0101+602v2+6’03( 11/l+12)> <(Dlvl+c02v2+w3(nl+12)>H
@3

@3] (tp — 17) & @k i)[w(up — 11)° (535 k ¥
= (n+1)2 l; kTy(oki+ A +k ;rl (gpki+p/\+k)

n+1-45 _, q 1) , q 7
D' (uy)] +7n+1|¢ (u2)|1)do

1
/ q / q
x {(/0 0119/ (01)[7 + @3 |®' (v2)] +a>3( g

1
1 1 n+1-9 q
([ @l @l + @2l (o)l + s (@) 1+ L@ )l ) }

_ |@s|(u2 —u1) i @ (1) [w(uz — u1)2(55) ] ( k )}’
(n+1)2 = kT (oki + A+ k) opki+ pA+k

(20 +1) |9 (uy)]7 + \‘P/(Hz)W) )3

x |:<<91®/(Ul)|q+w2|®/(02)|q+w3< 2(n+1)

+ (@1|¢'(U1)\q+wz\®'(vz)|q+@3(

@' (1) 7 + <2n+1><1>'<u2>|Q)>3]
2(n+1)

:% ]:;D}\ﬁk[ (uz—ul)e(nciglf}
(2 + )| (1)1 + ®’(u2)|q));

x 2(n+1)

(wlmulw + @@ (1) +w3(

@)l + (2”+1)q"(u2)|q)>;].

+ (wllﬂb’(vl)\q+<02\<P/(U2)|q+“’3( 2(n+1)

This completes the proof. [

3. Special Cases

In this section, we discuss some special cases of results obtained in the previous section.

Corollary 1. Under the assumptions of Theorem 1, if we choose ¥ (u1) = uq, then

up+u
@(@1014-(1721}24—603( 12 2>>
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1
<
2K[@3 (12 — )] * FOE, (g — 11)2(@3)1]

@,k
% [I(@1U1+@202+@3”1)*;wq)(wlvl + @202 + @31i2))

+1wk D(@101 +a’)2v2—|—c@3u1))}

(@101 +@202+@312) 5w

< <D((D1U1 + @y + 0931/!1) + CI>(c01v1 + @y + COngz)
- 2

<m¢wn+wﬂmm+w{®W”+®W”]

2
Corollary 2. Under the assumptions of Theorem 1, if we take @1 = 1 = @y and @3 = —1, then
o (7))
2
- 1 [1[‘?1;51@ o] PO E(E Yo 4+ vy — up))
[w(ug = u1)?(=1)°] e

A k
2k(uy — uqp)* Fg/’Hk

@,k
* I[ (oo —up)]* ;wq)oql(l}r (Ul+v2*M1))}
< D(v1 + vy —up) +P(v1 + v —up)
B 2

< O(v1) + P(vy) — {

D (u) +‘D(M2)}
——— .

Corollary 3. Under the assumptions of Theorem 2, if we choose ¥ (u1) = uy, then
(O] (60101 + Uy + @3 (7/11‘;112> >
(n+1)
2
2k[3(up — uy)]* f;%’lk [w(ug —u1)°(5)°]

A
k
<

@,k
X |T D (w101 + vy + @317
[ (w1v1+w2u2+w3 < q +n1uz ))Jr’w ( ))
I(D k
(@101 +@202+@3 ( e >) w

+ <I>((Dlvl —+ WUy +(D3u1))]

3@¢wn+wﬂm@+w4¢W03¢Wﬁ}

Corollary 4. Under the assumptions of Theorem 2, if we take @1 = 1 = @y and w3 = —1, then

q)(v1+vz—u1+u2) < (n+1)
2 2k(up — up)*F /\+k[ w(u 2—u1)9(n;+11)‘3}

@,k
. [I[‘P oy+vp— L2 )]~ Co¥(¥" (Ul o2 —2))

@,k —
* I[‘I’*l(m—&-vz M2 e oYY (01 42 ul))}
DP(v; +vp —ug) + D(vg + vy — up)

2

< <1>(v1) + (D(Uz) — [

>

<

P(u1) + q’(uz)]
5 .
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Corollary 5. Under the assumptions of Theorem 2, if we choose @1 = 0 = @, and @3 = 1, then

Uy + up (n + 1)%
q> 2 - A @,k 1
2k(up — uq) k]:g,ﬂk {w(uz — M1)Q(m)9}
(D,k -1 @,k -1
x [le(”l;ﬂ”z)ﬁ;ﬂ o¥(Y (u2)) + I[‘I’*l(%)}*wq) oY (¥ (ul))]
< w

Corollary 6. If we choose @1 = 0 = @y and w3 = 1 in Corollary 3, then we obtain the Hermite-
Hadamard’s inequality for generalized k-Raina’s integral

oftitu) _ (n—i—l)%
2 - A @k 1
2(upy — uq) k‘FQ,}\Jrk [w(uz - ul)‘?(—nﬂ)g}
D(uy) + D(uz)
19F P 19k O(uy)| < —H T2
x [ (2 )+ (u2) + ("2 ) w ()| < 2

Corollary 7. Under the all assumptions of Theorem 3, if we take ¥ (u1) = uy, then

q)((«olvl + @y + @3111) + @((Dlvl + vy + (D3M2)

‘fﬁ?}ﬁk[w(uz —u1)%(@3)°]

(D101 + @202 +@3u7) T 5w

4 2

- ! ! Z?{,kv TIPSR )7.wq>((9101 + @02 + @3141)
Zk[(Dg,(Mz—Ml)]% 11 202 34U2)

+ Iw'k @(c@lvl + W7oy +Ci)3u2)]‘

< @3(up — Ml)}-g}ﬁzk[w(uz —u1)%(@3)°]
| (uy)| + |<D/(M2)|>}

X {(D1|CI>'(U1)| + (272’@’(1)2” +CO3< 2

Corollary 8. Under the all assumptions of Theorem 3, if we choose @1 = 0 = @, and w3 =1,

then
|f&"+k[w<uz —)?] [q)(”l) 5 WZ)} -
2k[(uz — uq)]x
@,k -1 @,k 1
X {I[‘I’*l(uz)]’;wcp o¥(Y™ (1)) + I[q/fl(ul)hr;wq) o¥(Y (”2))} ‘
' (uq)| + |D' (u
< (uz_ul)fg;\k+2k[w(u2_u1)g]<| ( 1)‘ 5 | ( 2))
Corollary 9. Under the all assumptions of Theorem 3, if we take @1 = 1 = @, and w3 = —1,
then
b — D — 1
‘fg}ﬂk[w(uzm)g] (1 +v2 Ml)‘zF (nn+v—up) .
2k[(uz — uq)] %
@,k -1
% [I[‘Yfl(vﬁvz—ln)]*;wq) oY (¥ (v1 +v2 —up))

¥—Y(v1+vr—up)]t;w

+ I q>0‘1’('1’_1(vl+vz—ul))}‘
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2
Corollary 10. Under the all assumptions of Theorem 4, if we choose ¥ (11) = uq, then

n4+1)51
( ) 1 @k uq q)((,olvl + @9 + (DSuZ)
k[w3(u2 - ul)]? (‘01U1+¢02U2+(03( 1 2))+;w
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]:5/\“([“’(”2 - ul)g(n‘iﬁ)q

n+1

X |:<I> <(271U1 + WUy + @3 (w

nuq + uUp
b @ @ o3| ——
n+1 ))+ (”” 22 3( ))H

n+1
. Ml@s| (2 — ) F peleouz — 1) ()]
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P’ P’
<[t (00)] + @2l (02)] + 0 (1L IZLEI |

Corollary 11. Under the all assumptions of Theorem 4, if we take @1 = 0 = @, and @3 =1, then

(Tl + 1)%71 I(D,k - q) Oqf(wfl(uz)) + I(D,k b (D o\fr(\}f*l(ul)):|

k(up —uq)® L ¥ ()i ¥ (Sl w

FO lwo(ua =)0 (1))

Uy + nup nuy + Uy
(o} S| —
S () o)

n+1
2h(tz = 1) P ooz = 1) () GO
(n+1)2 2 '
Corollary 12. Under the all assumptions of Theorem 4, if we choose @1 =1 = @, and w3 = —1,
then
(nt 1)kt
AT ek e So¥ (¥ vy +va—u
k(u2 7u1)% { (Y1 (v14+v2—( lﬂiIZ))}f;w ( ( 1 2 2))

@,k -1 .
+I[‘H(uﬁvz—(%)an’OT(Y (o1 2 ”l)”

k —
f§A+k[w(”2 - ul)g(nfrll)g]
n—+1

Jo(orun (BE18)) ooy (M2))]

n+1
2k(up — Ml)fg}\k+zk[w(uz —u1)(5)°

<

- (n+1)2
« |:|CD/(U1)| + |CI)/(U2)‘ _ <|CD (M1)| —; |CD (M2)|>:|

Corollary 13. Under the all assumptions of Theorem 5, if we take ¥ (u1) = uy, then

n41)F1
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X l:q) <w1v1 + Wy Uy + (03 (ul T
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n+1
< @3l (up — 1)
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n+1
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2(n+1)

Corollary 14. Under the all assumptions of Theorem 5, if we choose @1 = 0 = @, and w3 =1
then

A
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Corollary 15. Under the all assumptions of Theorem 5, if we take @1 = 1 = @9 and @3 = —1,
then

A
(n_'—l)?il |:c0k
S A , uq+nu PoY(¥Y (v 4+ —u
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sy, @O T (01 02— )|

Ty Ok lw(ua —u1)? (35

n+1

X |:q)(U1 + Uy — (uln_:_nlu2>> +¢<U1 —+ Uy — <n1:11_:_1u2>>:|’
(ug —uq) @1,k _ovef 1 ;

S e Terw | @l m)t G

x [<|®’(v1)|q+ @ (02)]7 - <<2n+1>l<1>’<u1>|"+l<1>’<uz>q))f’

2(n+1)

2(n+1)

i ("I"“’l)l“ [ (02)[7 (w”” i <2"+1>|d>’<u2>|q))q].
4. Applications

In this section, we discuss some applications of our main results

Applications to Special Means

First of all, we recall some previously known concepts regarding special means. For
U1 # U, we have
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1. The arithmetic mean: A(vy,v;) = 952,

n+1

1
n+l_ n
tr ol )} , where 1 belongs to

2. The generalized logarithmic mean: L, (v, v3) = {W

Z\{-1,0}.
Proposition 1. Under all the assumptions of Theorem 1, we have

ATT2(2(@101 + @yv2), @3 (11 + 1))
l r42

< ——1L!

~r420 12
2] r r @3l T T

< A( 142 Z+2) 714( 2 z“).

e S A AT SR

[(Dlvl + Uy + 3U1, O1V1 + U7 + (Dguz}

Proof. The proof is directly obtained from Theorem 1, taking A = k = 1,7 = 0, convex

function ®(x) = rlﬂx%z, and using the fact @(0) = 1. O

Proposition 2. Under all the assumptions of Theorem 3, we have

I

@A((‘Dlvl + @0y + @311) 12, (@101 + @302 + w3u2)§+2>

1 r

I

+2
——L 0101 + @rUp + @3uU1, @1V + @02 + @O3U
r+21§+2[11 202 3U1, 0101 202 31i7]

< |(D3|(u§ - ul) {ZA <60101%+1,602Uz%+1> + @3A (Lll%Jrl, M2%+1)} .
Proof. The proof is directly obtained from Theorem 3, choosing A = k =1, i = 0, convex

function ®(x) = rlzlx%z, and using the fact @(0) = 1. O

Proposition 3. Under the assumptions of Theorem 4, we have

A%*z(z(wlvl + @a07) + @3(ug + uy))

742
— L%—i—Z [(D1U1 + WUy + 3U1, @1V] + WUy + @3142]

@3|(uy — u , .
< |73|( é 1) {2A<L@101%+1,(DQU27+1) +@3A(u1%+l,u27+1)}.

Proof. The proof is directly obtained from Theorem 4, taking A = k = 1, i = 0, convex

function ®(x) = ﬁx%”, and using the fact ©(0) = 1. O

Proposition 4. Under the assumptions of Theorem 5, we have

AT2(2(@101 + @y07) + @3 (11 + 1uz))

q 2
- +2qL%+2[@1U1 + Doy + @311, D101 + @Un + @317]
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Proof. The proof is directly obtained from Theorem 5, choosing A = k =1, i = 0, convex

function ®(x) = rlzlx%z, and using the fact @(0) = 1. O

Here, we present an error bound in connection with Theorem 3. For this, we fix @1, @, €
[0,1] and @3 € (0,1] with @ + @, + @3 = 1. Forvy, > vy > 0,let S : v; = uyy <
Uy < Uip < ... <up; < Uy < ... < Uy, = Uy be a partition of [v1, vp] and uy;y, U1 €
(w1, U1i41]-

n
T(g, CI)) = @3 Z hir
i=0

/101171 +@202+@3uUz

{q>(6@1u11' + @at1 41 + @31151) + P(@1u1; + Doty + @3U1;p)
2

®(up)duy == T(S,®) + R(S, D),

0101 +@202+@3U7

where T(S,®) is the trapezium quadrature formula and R(S, ®) is the remainder term
(error estimation).

Proposition 5. Under all the assumptions of Theorem 3, then

| (u1i1)| + [P (4112)]
2 7

2 n
o @
IR(S,®@)| < TS Y 17| @1 (11)| + @2| @' (u1i11)| + @3
i=0
where hj 1= uq;,1 — uy;.
Proof. Using Theorem 3 over subinterval [u1;, u1,,1] of closed interval [v1, v7], taking sum
with respect to index i from 0 to n — 1, and choosing A = k = 1, we get our required

result. [

Remark 3. Using the same technique as in above results, we can derive many new error estimations
using our main results. We omit here their proofs and the details are left to the interested reader.

Now we provide some applications to g-digamma function [20]. Suppose 0 < g < 1,
then g-digamma function x,(u) is given as:

00 qi+u
Xq(u) = —In(1—q) +1In(q) ) g
i=0
0 qiu
:—ln(l—q)—i-ln(q)zl —.
=0+ 4

For g > 1and u > 0, then g-digamma function x,(u) can be given as:

. : | 1 0 qf(i+u)
Xaw) = ~In(g = 1) +In(0) [u =5 ) 7y

=—In(g—1)+In(q) [u—;—gi;im].

From the above definition, it is clear that X:’;(x) is completely monotone function on (0, o)
for g > 0. This implies that x;(x) is convex function. Using this fact, we can establish the
following new important results regarding g-digamma function.

Proposition 6. Under the assumptions of Theorem 1, we have

2
< Xq(@101 + @202 + @313) — xq(@1v1 + @202 + @37 )
- Uy — up

Uy +u
)(‘/7 (@101 + Uy + @3 1 2)
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Xq(u1) +X;(u2)‘

< @1xg(v1) + @2 (v2) + @3 5

Proof. The proof directly follows from Theorem 1, taking A =k =1,i = 0, ®(x) = x;(x)
and using the fact @(0) = 1. O

Proposition 7. Under the assumptions of Theorem 3, we have

|Xf4(a)1v1 + @av2 + @31a) + X (@1V1 + @22 + @317)
2
Xq(@101 + @202 4 @313) — xq(@1V1 + @207 + @317 )

Uy — Uy

x"q(u1) + x"q(u2)

< los|(uz — 1)
2

- 2

CDlXHq (v1) + ‘DZX//q(UZ) + @3

Proof. The proof directly follows from Theorem 3, choosing A = k = 1,i = 0, ®(x) = x4 (x)
and using the fact @(0) = 1. O

Remark 4. Using the same technique as in above proved relations, we can obtain several interesting
inequalities pertaining to q-digamma function applying our main results. We omit here their proofs.

5. Graphical Analysis

In this section, we discuss the pictorial illustrations of our main outcome, which are
helpful to understand theoretical results.
If we choose ®(x) = x? with v; = 0,v = 3,u; = 1 and up = 2 in Theorem 3 (Figure 1),
then we have

2AT(A)  20(A)

5 1[5 2 2 <3(2A—1)
A 1T+A 0 242

* = 2T(A+2)

Comparison of left and right sides of Theorem 3
08 . : . . . : : :

——LHS
| ——RHS|]

Figure 1. This is an image showing the comparison between left and right sides of Theorem 3.

If we choose ®(x) = x? with vy = 0,v; = 3,u; = 1and uy = 2 in Theorem 4 (Figure 2),
then we have

8Ay(A)(AZ+3A+2) 4AT(A+1)| ~ 2T(A+2)

18A2 4+ 54\ + 40 9 - 3
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Comparison of left and right sides of Theorem 4
08 . . . . . : : :

——LHS
| ——RHS|]

0.7

0.6

0.5
< oa]
S

0.3F

0.2f

0.1}

Figure 2. This is an image showing the comparison between left and right sides of Theorem 4.

If we choose ®(x) = x*> with v; = 0,v; = 3,u; = 1 and up = 2 in Theorem 5 (Figure3),
then we have

18A2 4+ 54\ + 40 9

1 1 5
8AY(A)(AZ+3) +2) 4F(/\+1)‘§4I’(A+1) (zr(A)+3> (\@Jr\/%)

Comparison of left and right sides of Theorem 5

——LHS
| ——RHS|]

Figure 3. This is an image showing the comparison between left and right sides of Theorem 5.

6. Conclusions

In this paper, we have derived some new generalized fractional analogues of Mercer
type inequalities applying the convexity property of the functions and Raina’s function. We
also discussed several new special cases which showed that our results are quite unifying.
The efficiency of our results was demonstrated with several interesting applications from
our results pertaining to special means, error bounds and g-digamma functions. To the best
of our knowledge, these results are new in the literature. Since the class of convex functions
have large applications in many mathematical areas, they can be applied to obtain several
results in convex analysis, special functions, quantum mechanics, related optimization
theory, and mathematical inequalities. They may stimulate further research in different
areas of pure and applied sciences. Using the techniques and ideas of this paper may
inspire and motivate further research in this energetic field.
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