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Abstract: In this paper, the Mei symmetries for the Lagrangians corresponding to the spherically and
axially symmetric metrics are investigated. For this purpose, the Schwarzschild and Kerr black hole
metrics are considered. Using the Mei symmetries criterion, we obtained four Mei symmetries for
the Lagrangian of Schwarzschild and Kerr black hole metrics. The results reveal that, in the case
of the Schwarzschild metric, the obtained Mei symmetries are a subset of the Lie point symmetries
of equations of motion (geodesic equations), while in the case of the Kerr black hole metric, the
Noether symmetry set is a subset of the Mei symmetry set and that Mei symmetries and the Lie point
symmetries of the equations of motion are same.
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1. Introduction

In mathematics and mechanics, the study of symmetry and conserved quantity is
extremely significant [1,2]. Noether symmetries are the modern way of determining a
mechanical system’s conservedquantities [3,4]. The Noether symmetry is an invariance
of the Euler Lagrange equation under infinitesimal transformations. In the last decade,
several significant results in the study of the Lie point symmetry [5,6] and the Noether
symmetry [7] have been obtained. In the year 2000, Mei Feng-Xiang [8] proposed a new
symmetry called form invariance. Form invariance, also known as Mei symmetry, is an
invariant property that states that the dynamical functions (such as Lagrangian) appearing
in the mechanical system’s dynamical equations still satisfy the original equations after the
infinitesimal transformation. Mei symmetry, like Noether symmetry, admits first integrals
known as Mei conserved quantities [9].

The infinitesimal transformation of a group discusses the form invariance of the
Appell equations [10]. The Lagrangian of Appell equations is used to compute the Noether
symmetries. Following that, Noether symmetries are compared to form invariance, and
several conserved values are found. W Shu-Yong and M Feng-Xiang [11] provided non-
holonomic systems’ form invariance and Lie symmetries. Structure equations and form
invariance, which are similar to Lie symmetries, are deduced in this study. F Jian-Hui [12]
discussed the Mei symmetries of the rotational relativistic mass variable system, with a
focus on the link between Lie and Mei symmetries. The Mei symmetries for non-material
volumes were discovered by Jiang et al. [13]. To determine the conserved quantities, a single-
degree-of-freedom non-material volume is used as an example. XH Zhai and Y Zhang [14]
computed the Mei symmetries of the Lagrangian system on a time scale. Its relationship
to the Noether symmetries is fully explained in this article. XH Zhai and Y Zhang [15]
also analyzed the Mei symmetry and new conserved quantities of time-scale Birkhoff’s
equations as a special case of Hamiltonian canonical equations.

In this paper, Mei symmetries for the Lagrangian corresponding to the Schwarzschild
metric and Kerr black hole metric are obtained. The first exact solution of the Einstein field
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equation is by Karl Schawarzschild in 1915 [16]. The Schwarzschild metric describes the
spherically symmetric, static, homogeneous and isotropic gravitational field without electric
field and angular momentum. It is the most general vacuum solution. The generalization
of the Schwarzschild metric describing the geometry of empty spacetime around a rotating
uncharged axially symmetric black hole is the Kerr metric. It is the first ever exact solution
with angular momentum “a” of the Einstein field equations due to Roy Kerr and, therefore,
named the Kerr metric [17].

Noether’s symmetry algebra for the Lagrangian of the Schwarzschild metric is five-
dimensional, given by s0(3) @ R @ d1 (where d1 is the Lie algebra generated by 9/9s), and
it contains the isometry algebra appropriately, but the symmetry algebra for the geodesic
equations is s0(3) @ R @ d2 (where d2 is the dilation algebra with generators d/9ds and
50/0s). As a result, the set of Noether symmetry of the Schwarzschild metric is said to be a
subset of the Lie point symmetry of the Schwarzschild metric [18]. The Kerr black hole, on
the other hand, is a more realistic scenario that depicts the gravitational field outside of
an uncharged spinning black hole and is no longer spherically symmetric in contrast to
the Schwarzschild metric. The Kerr black hole metric is one of the well-known solutions
to Einstein’s field equations. The nonlinearity of these equations makes precise solutions
extremely difficult to obtain. The Kerr spacetime’s isometry algebra is two-dimensional,
whereas Noether’s symmetry algebra is three-dimensional, i.e., the two Killing vectors
(0/0t,0/0¢) and the translation in the geodetic parameter d/0s [19]. In this spacetime, the
only conserved quantities are energy and angular momentum.

The plan of the paper is as follows. In the next section, the mathematical formalism
of Mei symmetry to be used is given. In Section 3, the Mei symmetries corresponding to
Lagrangian of the Schwarzschild metric are considered. In Section 4, the Mei symmetries
for the Lagrangian corresponding to the Kerr black hole metric are considered. Finally, a
summary and conclusion are given in Section 5.

2. Mathematical Preliminaries

X.H. Zhai and Y. Zhang [14] discovered a methodology for determining the Mei
symmetries of a Lagrangian system. Assume we have a Lagrangian

L=L(tq.q). (1)
Consider the infinitesimal transfirmation group with a one-parameter
P=t+el(tq),
§=q+er'(tq) @
wherei,j =1,...,n and € € R. The associated infinitesimal generator is

0 0
5 ﬂw, ®)
As a result of the transformation (2), the Lagrangian (1) becomes

~

(t,4

( e, + nﬁii’é) @

Il
g

L

&-)

The Taylor series expansion of (4) with respect to ¢ = 0 yields
L=1L(tq,q)+exM (L) +0(), ()

where

xtl—¢2 aq <rz—éq>?7 ©)



Symmetry 2022, 14, 2079

30f19

is the first prolongation of the infinitesimal generator X. The Euler-Lagrange equations are
written as

Ei(L) =0, @)
where E; denotes the Euler operator
d o d
= —— — —. 8
Ei dtog'  oq ®)

If (7) remains unchanged when the new Lagrangian L from (5) is substituted in place
of the Lagrangian, i.e.,
Ei(L) =0, ©)

this invariance is known as the Mei symmetries corresponding to the Lagrangian. As a
result, we can present the method for determining Mei symmetries.

Method for Determining Mei Symmetries

If the infinitesimals & and 7' satisfy
ExU@y=0 i=1,.,n (10)

then the corresponding invariance is the Mei symmetry for the Lagrangian. When the Euler
operator E; is applied to X 1 (L), an equation comprising various powers of 4 is generated.
A system of PDEs is produced by separating coefficients of various powers of 4. This
system’s solution yields ¢ and 7, which fulfills the specified requirement in Equation (10)
of the Mei symmetries.

3. The Mei Symmetries Corresponding to Lagrangian of the Schwarzschild Metric

In the Schwarzschild coordinates (t,7, 6, ¢), with the signature convention (—, +,+,+),
Schwarzschild metric has the form [16]

2 (1 _Ts\ 242 _Lsflzzz-zz

ds? = (1 r)cdt +(1 r) dr® + r2(d62 + sin® 0d¢?), 11)
where 7, is the Schwarzschild radius of the massive body defined as rs = 2(321\/1, G is
the gravitational constant, c is the speed of light, t is the time coordinate, r is the radial
coordinate, 0 is the colatitude of a point on 2-sphere, ¢ is the longitude of a point on

2-sphere.
Using these coordinates, the Lagrangian for the Schwarszschild metric reads:

-1
L= —(1— 2;”):‘:2—!- (1—2:1) i+ 126% + 1% sin® 02, (12)

we find the Euler-Lagrange Equation (8) for the Lagrangian given by Equation (12). These
equations are

. 2m 71m.,
-1
F= 1_2ﬁ ma_ 1_2ﬁ ﬂi2+ 1 <m 62
r 2 r ) r?
2m . 240
+ 1—7 rsin” 0¢~, (14)
g = —? + sin 6 cos 0¢?, (15)

¢ = —2%45 — 2cot 00¢. (16)
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Applying first extended generator on the Lagrangian given in Equation (12) gives
2 =252
X[l](L) —n? [—M —2(1 - 2:1) mre +2r6? + 2rsin® 0 1
3.2 ; 2m
+ 217°7? sin 0 cos ¢ —l—[ C} -2 1—7 f

ol (1)

o [

+ [i* = g¢] [2r2 sin? o). (17)
For g' = t, Equation (10) yields
do 0
— (1 —
[ds of at} [X (L)} =0 (18

Using Equation (17) in Equation (18) and substituting Equations (13)—(16), simplifying
it further, and then the powers of (,#,6,¢) are compared to obtain a system of determining
equations as follows:

(constant) : nk =0, (19a)
; m 2m 2m
(B): =508 = (1 - r>7]slt + <1 - r)é‘ss =0, (19b)
(i) : 15 = 0, (19¢)
(0) 159 = O, (19d)
(¢) : 77;;) =0, (19)
; 2m 2m 2m\ 2 m
2y . 2 1 1
(t) _7’27]t—<1_r>ﬂtt+(1_r> r—zrlr
2
+4<1 - T)gst -0, (199
) 2m 3m
(#) : (1 - r)ﬂﬂ + —217} =0, (19g)
(6%) : 14 + (1 - 2;”)”7} =0, (19h)
) e+ (1 L |rsin 0n; +sinfcos by =0, (19i)
i 2m 2m 11112 m m
(1) : r3 172—'_2(1_1*) ,,74’72_72773_72’751
2m 2m .
B <1 - r)ﬂtlr + 2<1 - r)gsr =0, (19))
(0) : 7%75* (12:”)17}9+2(12;“>559 =0, (19k)
¥ m , 2mY\ 4 2m
(tp) : — 2y~ 1—7 Hip +2 1—7 Zp =0, (191)
; 2m 1 3m
(76) + — <1— r)mleJrr(l— r)m% =0, (19m)
(Fp) - — <1 - 1,)’7r1¢ + P <1 — r)q(}) =0, (19n)

(B9) : — 17;¢ + cot By =0, (190)
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(+10)
(ti)
(1)

Ly — (1—%1):;57:0,

r

2m m
) (1—r>§tr—rzgt20/

:Ctezor
:Gtp =0,
(12, 4+ Me o
. r rr 1’2 r — 7

2m
: Goo + (1— r>7§r =0,
2m .
: C‘P‘P + (1 - r)rsm2 9@7
+sinfcos ¢y =0,
1
:Cro — ;Ce =0,
1
tCrp— Cp =0,
: Gop — cotOCyp = 0,

(19p)

(199)

(19r)
(19s)

(191)

(19u)

(19v)
(19w)
(19x)
(19y)

Following similar procedure for g> = r, ¢> = 6, and g* = ¢, Equation (10) yields

(constant)

: 77525 =0,

2m\ m
:<1_r ’7s2t+r7’751:0/

-1
: (1 _m 17§¢ — rsin? 617;1 =0,

»
2m\ ' m? 5 2m\ ! 5
2<1_r) VTU + (1_r> m

2m\ 2 m? 2m\ 'm
21— — —n?4+2(1-== —n?
< r) r4;7+ ( r> 3l

2m\ m
— (1 — 7‘) 1’72173—*—77’%/ _4657 =0,

] 2m\ "'m 5 2m\ 5
'2<1r> P +<1r>1799

+ry} = 2rpy —n* =0,

-1
2
:2(17) ?sin29772+rsin2917,2

2 -1
+ (1 _ :n) 77:%¢ — sin? 9;72 — 2rsin 8 cos 9173

om\ 1
+ (1 — :n) sinGcoang — 2rsin? 9173, =0,

(20a)

(20b)
(20¢)
(20d)

(20e)

(20f)

(20g)

(20h)

(201)
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(i6) :
(i) :

(69) -

(constant)
(
(#)

(6)
(@)

L+

L7 +

\
N
/N N
—
\
BN
3
N~
R
£
+
Tl 2
=
==
|
L

2m\ ! m
(1 - r) Mo + 72’75 —r; =0,

2m 712 m 1 .20 4
(1_1’) 17t¢+r—2;74,—rsm Oy =0,

2m\ ! 2m\
11— — 2 _(1-== t 012

- 1’173, — rsin? 9%L =0.

: 7725 =0,

: 77215 =0,
=0

: 7752 + ”739 —1ss =0,

: 1753¢ — sinf cos B4 = 0,

2m
g — (1 - T)m’ﬁ =0,

-1
21’—1—(1—2:”) m]qf—o,

2m
L 2n5 + T1ge + (1 - 7)72’79 —4rés =0,

2
: 175’,¢, + <1 - :fn)rsin2 052 + sin 6 cos 0773

+ (sin? @ — cos? 0)1° — 2sin B cos 917;1, =0,

P41y — 2r8st =0,
)+ =P gy Py — 278 = 0,
D1 + 1y — 1 COLOIG — 2rGsp

— rsinfcos s =0,

-1
r(lzitn) m];ﬁ:o,

: qf’¢ — sinf cos i =0,

: 173’4, — sinf cos By} = 0.

(20j)

(20K)

(201)

(20m)

(20n)

(200)

(21a)
(21b)
(21¢)
(21d)
(21e)

(1f)

(21g)

(21h)

(21i)
(21))

(21k)
(211)
(21m)

(21n)
(210)
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(constant) : % =0, (22a)
(£) 15 =0, (22b)
() 2115 + 1175, = 0, (220)
(6) : sin@ cos O3 + sin® 0573y = 0, (22d)
(¢) : 7% + 1 cot O3 + 7’17;14, —1éss =0, (22e)
. 2m
(#) = iy — (1 - r) mit =0, (22f)
2 -1
(#2) : Pape + |27 + (1 - Tm >m] nt=0, (22g)
(6%) : 2cotOyg + 1gg + (1 — 2;71)77# =0, (22h)
(¢%) 2175, + 2r cot 917?, + riyﬁf,q, + 7sin 6 cos 013
+ <1 — 2;”) r?sin? 01y — 4résy = 0, (22i)
(¢f) : 77 4 1 cot B17 + rnﬁp —2rés =0, (22))
(¢7) = — % + 152 + 1 cot B> + 7217;*4,
—2r%¢, =0, (22k)
p0) : 13 — rcot? 0y7° — ry® + rcot Oy (221)
$0) 1 115 U U UL
+ 714y — 2r8so = 0, (22m)
-1
(b7) Py + |7 — (1 - 2;”) m] nE=0, (22n)
(#0) : cotOyf + 1ty =0, (220)
(78) : cotOyt + 1ty = 0. (22p)

Solving the above system of partial differential equations we obtain four Mei symme-
tries corresponding to the Lagrangian of the Schwarzschild metric

Xlzil XZZSE/
ds 0s (23)

S T )

3_atr 4_84)

Three Mei symmetries of the Schwarzschild metric are same as three of the Noether
symmetries of the Schwarzschild metric. In the case of the Schwarzschild metric, there is no
explicit connection found between Noether symmetries and Mei symmetries. The obtained
Mei symmetries of the Schwarzschild metric form a sub-algebra of the symmetries of the
Euler-Lagrange (geodesic) equations given by the Equations (13)—(16).

4. The Mei Symmetries for the Lagrangian Corresponding to the Kerr Black
Hole Metric

In Boyer-Lindquist coordinates, the Kerr black hole metric [17] (or, equivalently, its
line element for proper time) is given by

ds? = —c%dt?,

2 s 2
_ %drz + p2d6? + Sl;‘f[adt — (PP +a?)dg) — PAz(dt —asin?0dg)?,  (24)
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where
p2 = 1% + a”cos0, A =14 a® —2mr, (25)

m is the mass of the rotational object, a is the spin parameter or specific angular momentum

and is related to the angular momentum | by a = % When a = 0, this metric is reduced to

the Schwarzschild metric and, therefore, it is a generalized form of the Schwarzschild metric.
To begin, we write the Lagrangian for the Kerr black hole metric as

_ 2mr\ ., P25 os . SINZO_ ., 4dmarsin’f .,
L= (1 P )t + At + 070 + s 2 P te, (26)
where
¥ = [(r* +a%)? — a’sin® 0A]. (27)

The Euler Lagrange Equation (8) for the Lagrangian given by Equation (26) is

P _Zm(r2 + a2)QH n 4ma2rsin9c059ié B 4ma®r sin® 9C0599~4.)
A ot ot
2masin? 0[(r% + a2)Q + 2rp?] .,
. (s o), o8
. mQ — a’rsin’ 91,,2 N 242 sin @ cos 0 o mAQ 2 2ma sin? 6AQ) i
p2A P2 p° p°
_ [ma® sin* 0AQ) — rsin? §Ap*] P + Egz (29)
p° p>
b§_ a?sin 0 cos 0 02 4 2ma’r sin 6 cos 0 2 4mar sin 0 cos 0(r* + a?) i¢
02 06 06
a2sinfcosf , sinfcos[(r2 +a2)T — a?sin20A0?%] ., 2r .
— pZA 7.2 [( pg P ]¢2 _ Ere, (30)
_ 2maQ) b+ 4mar cot 6 i+ 2ma? sin? 0Q) + 2r(—p? + 2mr)p> "
p*A p* p*A
4 2, o
_ 2cotbp® +4ma rschos()G.gb’ (31)
o
where
Q= (r* — a?cos?0). (32)

Applying first prolonged generator on the Lagrangian given in (26) yields

) . 2mr.. A4marsin®0 . 2mQ),
XL = (! =) | 201 - 20y - S| | - 2
_ 2mQ) — a%r sin? sz 4o 2ma®sin* Q) — 2rsin? 6 ,
A2 P4
4masin? Q) . . o [207% 3 2a%sinf cos 6 ,
4ma’rsinfcosf ,,  8marsin®cosd(r? + a?)
P t°+ o
cos 0[(r? + a%)Z — a® sin® OAp?]
ot

~48) 20| + 0t~ 9 |

fp +2sin0

¢* — 2a%sin 0 cos 092} +(i?

2sin20_ . 4marsin?0 i] ' (33)

02 Xp— 02
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Following the procedure mentioned in Section 3 to obtain the following set of partial

differential equations.

(constant) : (—p? + 2mr)nk, — 2marsin® 6%, = 0,
() : (—p2 +2mr)&ss — (—p2 + Zmr)ﬂslt + 2mar sin? 917;15
mQ) 2mar sin 6 cos 0
1y IS0ty g,
.2
. . ma sin”~ 0Q)
(7): (—p2 + Zmr)ﬂsl, — 2mar sin? 91754, - 7{)2 f

mQ)
- pTWsl =0,

: 2ma’r sin 6 cos 6
(0) : (—p? + 2mr)yly — 2mar sin Oy + wﬂg

2marsinf cos 0(r? + a%) 4
- 2 s =0,
0
(@) : (2marsin® 0)&ss + (—p* + 2mr)1751¢ — 2mar sin’ 911;14,

masin?0Q ,  2marsin@cosd(r> +a?)
,02 s P2 s =0,
() 1 4(—p% 4 2mr) &gt — (—p? + 2mr)yl + 2mar sin? O+
m(—p?+2mr)Q ;  2ma’rsinfcosd(—p? +2mr) 4
6 r 6 U
P P
2mQ , 4ma’rsinfcos® , 2m2arsin®AQ) 4
+ = - 2 e S
0 0 0
dma’a®r?sin®fcosf
o !

A

0,

(—p% +2mr)
p*A
2mQ | a’sinfcosf )
2 M~ 2 (-
P p=A

2ma’rsin®fcos® 4 n 2masin® Q) ,
PZA Mg P2 My

2mar sin® 0[mQ) — a?rsin® 0]

- 02A =0,

() : (—p* 4 2mr)y), — 2mar sin® 62, +

[mQ — a?rsin® 0]y} —

+2mr) g +

202 sinf cos 0(—p% +4mr) | 1A
2 ot 3
o o
_ 4marsinf cos 0(r* + a?)
02
sin® 0 cosO(—p% +2mr), 4 2mar’sin®OA ,
[ 02 J1 — 02 r

(62) = (=p* + 2mr)1gy +

ng —2ma’r

(—0* +2mr)n;

2mar

sin? fr4y = 0,
. . 2ma sin? 6Q) .
(¢%) : (8mar sin? 0)Csp + Tﬂé — 2mar sin® 6174%4,4-
(—p? 4 2mr)
Lot

_ 2
P IINA o o — rsin 0¥t — 21
’ P

sin 6 cos (9(7/2 + az)Z — 4% sin® 0 cos 0Ap2] 77;

(34a)

(34b)

(34¢)

(34d)

(34e)

(34f)

(34g)

(34h)
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sin?0[ sin 0 cos 0(r? + a*) X — a? sin® @ cos 0Ap? |73 + A

22
(2marsinZ6) 2 Gnt 01 — rsin? 6p ]yt + ( — o +2

P6
4mar sin 0 cos 0 (1% + a2 .
mr);yt})q, — i ( )17?, =0, (34i)
(£7) : (—p* 4+ 2mr) &y — (—p° + 2mr)y}, 4 2mar sin® 673,
mQ 1 (—p?+2mr) s o 1 (=p?+2mr)
+ pTT]t -O-T[m(r +a )Q]’?t + T

Q 2 2m20)?
[maQ)] 17(}, + %113 — g [— 3a2 cos? 0 + rz} n?— ’:4A >

sin 6 cos 6 2mr(r? + a?) masin? Q)
—— [Ty U]

2
—2ma’r| 02 r 02A 02
i 2m2a®r sin? HQ) » 2ma? sin 6 cos 6(3r> — a2 cos? 0) .
t p*A ¢ o
0, (34)

(£0) : 2(—p* +2mr) & — (—p* + 2mr)yly -+ 2mar sin® Oy + 2

2 2.2,
—p* +2mr) 4m=ar sin 6 cos 0 m
= i g~ o i+ ;Qﬂg

mar cot 0

2ma*rsinfcosf 2ma’r cos? 0 (4mrp2 - 1)
- n
pz 6 pz
ma®r sin® Q) 2marsin OcosO(r? +a®) ,  Am?a’r?
ot IS LN

4m?a®r? sin 6 cos 6 2ma? sin f cos 6

(sin® 8 cos B)7# + m2a*r sin cos ;7(% _ 2ma sn}1 cos
P P
(3r* — a*cos?0) > = 0, (34k)

. masin? 00 — 2+2mr
(1) (% + 2y + "0 7+ P - )|

173+2

( )’ +

mal

1

2
— 2
M [2mar sin 6 cos 6(r% + a?)] 15

sin? 007} — ( 5
B @;72 _ 2marsinf cos 0(r> + a?)
02 ¢ 02
2ma’rsinfcosf 5 2m%a’rsintOAQ , 5
> Tp— ; m—2(=p
P P
4m2a?r? sin3 0 cos 0(r? + a?)
b
sin 0773, = 0, (341)
(#8) : (—p? + 2mr)yly — 2mar sin® Oy, — 2mar sin 6 cos 01
. a* sin 0 cos 0(—p? + 4mr) pl = 1
02 b
.2 2 cin2
ma sin” 6Q) 4 2mar~ sin” 6
m”)]ﬂé + 02 g
(i) : +dmarsin® 0%, + (—p> + 2mr)17}¢ — 2mar sin? 917;14,

masin>0Q ,  masin®@(—p? + 2mr)

13 + 4marsin® &

17;1 + 2mar

+ 2mr) sy +

[mQ+r(—p*+2

0, (34m)

[(* +a*)Q
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2marsinfcos0(r*> +a%) 5 mQ
2 = ,Tz%

+2r%0% |y} +
(—p? + 2mr)
pA
8ma3sinfcosfQ 5 2m*a’rsin® 6

o T
(2mar sin® )
pia

2ma sin? 6Q)

+ [ma® sin® 60 + r(—p* + 2mr)p |1,

(P +a*)Q

+ 2%yt — [ma?sin® Q) + r( — p?

2 2mar
o4

2
Q)
sin? 0(r? — 3a% cos? 0) % + %’7?) + (r* +a?)

2mar sin 0 cos 0
e =0 (34n)

(0¢) : 4mar sin® 0¢s + ( — p* + 2mr) 77;(]) — 2mar sin” 1,

cot 8p* — 2ma’rsin 6 cos 6

—( o )(—p2+2mr)17;,+2
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[( + a®)Z — a® sin® 0A0? | 1® + (0* + 2ma?

Solving the above system of partial differential equations yields the isometries for the
Kerr black hole metric along with the dilatation algebra d, = <%, s%) generated by the
geodetic parameter by translation and re-scaling, i.e.,

X, = 3, Xzzsi,
ds ds (38)

w2 g0

ST o Y7o

These four symmetries are the required Mei symmetries corresponding to the La-
grangian of the Kerr black hole metric. Thus, in the case of the Kerr black hole metric,
isometries and Noether symmetries form a sub-algebra of the Mei symmetries. One can
also observe that all four Mei symmetries of the Kerr black hole metric are also Lie point
symmetries of the system of equations of motion given by Equations (28)—(31), i.e., Mei
symmetries are subset of Lie point symmetries.

5. Summary

This paper focuses on Mei symmetries for the Lagrangians given by Equations (12) and (26).
The set of Noether symmetries of the geodetic Lagrangian contains three elements, two KVs
and one additional symmetry d/ds and the Noether symmetries of the Lagrangian for
the Schwarzschild metric has a five dimensional algebra, which contains the four KVs
of this metric and d/9s. This implies that the isometries are a sub-algebra of the Noether
symmetries. For both the Schwarzschild and Kerr spacetimes, Noether symmetries form a
subset of the Lie point symmetries [18,19].

Using the Mei symmetries criteria, the Euler Lagrange equations in the Boyer-Lindquist
coordinates (t,7,6,¢) are compiled one by one. The infinitesimal generator is extended and
the system of determining equations for all dependent variables is attained. The system is
then solved to determine the values of the infinitesimals.

Comparing the resultant Mei symmetries to the Lie point symmetries and the Noether
symmetries. In the case of the Schwarzschild metric, it is found that the set of Mei symme-
tries consists of four elements, three Noether symmetries and sd/ds. There is no explicit
relationship between Noether and Mei symmetries. However, the obtained Mei symmetries
of the Schwarzschild metric are found to be the subset of Lie point symmetries of the
Schwarzschild metric. In the case of the Kerr black hole metric, the set of Mei symmetries
consists of four elements, three Noether symmetries and sd/9s. All four Mei symmetries
of the Kerr black hole metric are the Lie point symmetries of the system of equations of
motion of the Kerr black hole metric. Therefore, for these two metrics, the isometries form
a subalgebra of the Noether symmetries [18,19] and the Mei symmetries form a subalgebra
of the Lie point symmetries. Notice that the Mei symmetries are the same for both the
Schwarzschild and the Kerr black hole metrics.

A general result will be worth exploring to see if the Mei symmetries of all the
spherically symmetric spacetimes form a subalgebra of the Lie symmetries. Further, it can
also be seen if there is a general relation between Noether symmetries and Mei symmetries
of the axially symmetric spacetimes.
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