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Abstract: Our work in this paper is based on the reverse Holder-type dynamic inequalities illustrated
by El-Deeb in 2018 and the reverse Hilbert-type dynamic inequalities illustrated by Rezk in 2021 and
2022. With the help of Specht’s ratio, the concept of supermultiplicative functions, chain rule, and
Jensen’s inequality on time scales, we can establish some comprehensive and generalize a number
of classical reverse Hilbert-type inequalities to a general time scale space. In time scale calculus,
results are unified and extended. At the same time, the theory of time scale calculus is applied to
unify discrete and continuous analysis and to combine them in one comprehensive form. This hybrid
theory is also widely applied on symmetrical properties which play an essential role in determining
the correct methods to solve inequalities. As a special case of our results when the supermultiplicative
function represents the identity map, we obtain some results that have been recently published.
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In [2] (p. 253), the author proved the following extension of Hilber’s double-series (1).
Letp,d >1,p t4+d!1>1land0<y=2—(p 1+ 1) =p 1 +6 1 <1 Then,

oo 00 Zrbl <K P oob§ % 3
T3 <k (z) (lzl , ®

The following continuous shape of (3) is also given in [2] (p. 254). Under the same
condition with (3), we have

1 1

/000 /Ooo Wdﬂdy < K(p,9) (/Ooo Zp(ﬂ)d19> : </Ooo F5<y)dy> 6, (4)

where K(p,6) in (3) and (4) depends on p and ¢ only.

As we all know, the classic Holder inequality plays a very important and basic role in
many areas of pure and applied mathematics. It is also a bridge to help solve problems in
depth. In [3], Holder established that

r r % r ‘B %
Faus (L) (£4) ®
=1 1=1 1=1
where {; >0,y >0(I=1,2,...,r), 4y > B >0and u~! + p~! = 1. The continuous shape

of (5) is ) )
r r Wl B
/ ¢(x)@(x)dx < ( / gb“(x)dx) ( / wﬁ(x)dx) , ©)

where y, B > 1stpu '+ B! =1and ¢, @ € C((z,7),RT).
In [4], the researchers proved that, if ¢(x) and @(x) are nonnegative continuous
functions on [z, 7], then

(/ 4>V(x)dx) '

r r
19 = /4)V(x)dx, Y = /a’)ﬁ(x)dxl o> 1 and ‘ufl _i_ﬁfl — 1,

(/r wﬁ(x)dx) f < /S<§£Zg;><p(x)w(x)dx, @)

with

where 5(.) is the Specht’s ratio function ([5]) and defined by

f1/(t-1)
S(t) := elog A1/ 1) t#1, S(1)=1

In [4], the researchers established that, if ¢, @ € C((z,7),R") and g > 0, then

r e q
/rlpﬂﬂ (x) dx < <~z[ S(?:oquJrlgx;)lP(x)qu) ,
z @1(x) (f w(x)dx)

G:/ (x)dx and F = /"Wl dx.

zZ

+1

®)

where
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In addition, they established the discrete form of (8) as follows:

Bzm+1
e < 9
— m 7
i=1 b;‘n (Xiq bi)

i=1

where B=Y" ;bjand A=Y, Zl'.”Jrl /b
In [6], the researchers proved that, if 0 < p,é < 1, and {)\,-};;1, {cuj};zl are nonnega-
tive and decreasing sequences of real numbers with k, 7 € N, then

»

i=1j

r Spokri (2;4:1 )‘ﬂ) ’ (Z]t'zl 4’t) ’
=1 (i)

N
[

, i 0—1
x Z[%(Z%) ](r—j+1> , (10)
where

2 . 112
kT [ A (T A" (D)
Spokrij = S( Lia (2 4e) )S( L [T 2

72 -
Zﬁ:l(k_?”‘l) [/\P (=, )‘T)p l] f=q (r—t+1) [lpf(ztrzl 1/’1)5 1]

B i a0r ] S( o o™

Y, {/\}, (2, 2:) ”‘ﬂ A\ [

iAoy A0 ’

()]

][lpv (22:1 lpr)éil} ’ 5 ] {lpl (Z"lrzl BIJT)&?T

= max . =

S [ (S )] i [ (0]
o)

Zi:l {l/’t( 1 ‘Pf)dilr

7
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In addition, they proved that

g{5tlp<(§:> 2(r—t+1)>%, (11)

where

(50 (3 ) (o))

W]is( détlp(%)f) 7 | %

and {A;}F, {wj}]r.zl are nonnegative sequences with k, r € N, {p;}, {¢;} are positive
sequences ¢, i are nonnegative, concave and supermultiplicative functions.
In [6], the authors proved that

Y Z’: Skr,i i€

k
i=1j=1 (ij)%

1

> (kr)%<fA$(k—i+1)>2< ; w]?(r—j+1)>2, (12)
1

i=1 j=
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where
Seriy = S (Zi_l Ak — o+ 1))5 (Z;_l w%'(r —t+ 1))
k(T 22) (5o f)
i ir2 j P52
Ai= Zs(ﬂ”))\y and O = Es( 1<% >w
— L A2 — ] 2
p=1 p=1"p =1 \ Ly Wi

For some generalizations and extensions of reversed inequalities of Hilbert-type and
Holder-type on time scales, see ([7-14]).

The primary objective of this article is to develop some new generalisations of reverse
Hilbert-type inequalities via supermultiplicative functions by using reverse Holder inequal-
ities with Specht’s ratio on T (a time scale T is defined as an arbitrary nonempty closed
subset of the real numbers R).

The structure of the paper is summarised below. Section 2 covers some of the fun-
damentals of time scale theory as well as several time scale lemmas that will be useful in
Section 3, where we prove our findings. As particular examples (when T = N), our major
findings are (10), as demonstrated by Zhao and Cheung [6].

2. Preliminaries

The forward jump operator is defined as
o(c):=influ e T:u > c}.

The set of all such rd-continuous functions is denoted by the space C,;(T,R), and for
any function Z : T — R, the notation Z7(c) denotes Z(c(c)).
The derivatives of Z() and Z /(2 of two differentiable functions Z and (2 are given by

zZ\* _ z*a-zo?
A _ 7A TN _ A Ao “~ — o
(ZO)® =Z2°04+ 270" = 2O +ZQ,<Q) aar 00’ #0. (13)
The integration by parts formula on T is
% v
/ A ZA (x)Ax = M%) Z(x)]2, — / A (x)Z (x)Ax. (14)
%) vo

The time scales chain rule ([10] (Theorem 1.87)) is
(Qo2)2(1) = Q' (Z(c))Z% (x), where ¢ € [x,0(x)], (15)

where () : R — R is continuously differentiable, and Z : T — R is A—differentiable. More
information on time scale calculus can be found at ([10,11]).
Now, we will give some properties of multiplicative and supermultiplicative functions.

Definition 1. A function L : I— R™ is multiplicative if

L(#0) = LALE), Vx{elCR (16)
Definition 2 ([15]). A function L : [— R is supermultiplicative if

L(») > L(»)L(]), V»{€lCR. (17)

where L is the identity map (i.e., L({) = {) and represents the multiplicative function. L is said to
be a submultiplicative function if the last inequality has the opposite sign.
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Lemmal. Letz € T, A € C,y(T, R) be nonnegative and 0 < v < 1. Then,

( /Z 7 A(r)Ar)7 > o /Z 7 ( /Z 7 /\(T)AT) HA(&)M. (18)
Proof. By using (15) on | ;9 A(T)AT, we obtain
[(/j)\(r)m) q g 'y(/zg)t(T)AT) HA(&), e [9,0(8)). (19)

Since { < ¢(¥), then we obtain (note 0 < y < 1) that

( /z ‘ A(T)Ar) . ( /Z 7 A(T)AT) H. 20)

By substituting (20) into (19), we can observe that

[([rcome)”

By integrating (21) from z to o(t), we obtain

’ A WAAﬁZ'y T Aac _1)L(z9)A19.
(o) oo sy

(/:(t) /\(T)AT)V > ’y/zg(t) (/20(19) /\(T)AT) 7_1)L(z9)Az9,

which is (18). O

A y—1

> 7( /Z 7 A(T)AT) AB). (21)

ie.,

Lemma 2 (Specht’s ratio [5]). Let c,d be positive numbers, v > 1and 1/ +1/6 = 1. Then,
Nsg/ss €4
5( d)c R

where
11/(-1)

- W,z £1, S(1) =1.

Lemma 3 ([5]). Let S(.) be defined as in Lemma 2. Then, S(1) is strictly decreasing for 0 < I < 1
and strictly increasing for I > 1. In addition, the following equations are true:

S(1) = 1and S(1) = s(%) VI > 0.

Lemma 4 ([12, when a = 1]). Let g,h € C([z, w]y, R") s.t. gP, hV be A—integrable on [z, w]y.
Ifu>1land1/u+1/v =1, then

5558 st

> (/ wg”(C)M);( I h”(C)Aé)ir @2)

where X = [ g"(D)AL and Y = [["hV(L)AL.
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Lemma 5 (Jensen’s inequality). Assume that (o, { € T and ro,v € R. If A € C4([C0, {1, R),
¢ € Cry([C0,ClT, (ro, 7)) and ¥ : (ro,r) — R is continuous and convex, then

1 ¢ 1 4
b4 (W ~/§o )\(T)GD(T)AT) < W /éo AMT) ¥ (p(T))AT. (23)

The inequality (23) is reversed when Y is continuous and concave.
Lemma 6. Letz € T, A, i be positive and decreasing functions, f, g are positive and nondecreasing

functions and 0 < p, 6 < 1. Furthermore, assume that ¢, ¢ are positive, increasing, concave and
supermultiplicative functions. If > 1, v > 1with 1/ +1/v = 1, then

(fZU(t) fV(l9)Al9) 4)5 [A(g) (fza(g) )\(T)AT) pl]
0L W (17 atma) oo

( 19A19)<p/5[ ( o(z) T)AT)p_l]

S

- 2) [ q>ﬁ[A Ar)p 1}&9
J7O £0(8)88) 98 (A6 (7 A()AT
o(t) () p-1 »
v(t) [ o {A(ﬁ) ( e A(T)AT)pl} A®
and
© v (1) Ay 0P M prac)
S (fz 8 ) y)qo o0 (7 y(ar)
g (1 {IP (ST ) }Ay
S ( 7@ guy Ay)(Pﬁ [tp f ® (o) AT)51:|
= maX
17(5) qoﬁ [lp y (fza )5 1]Ay
(ff@g <y>Ay) o 9@ (f;’%u)mf ' |
;S (25
@ 10 ¢ [y (S pioae) | ay

Proof. For ¢ <y, we have

(®) v)
/U AMT)AT < /U ! AT)AT,
z z

and then (where 0 < p <1)

( /Z 7 /\(T)A'c)pl > ( /Z 7w A(T)AT) " 26)

Because A is decreasing and ¢ < y, we can deduce from (26) that

A9) ( / U<l9)/\(T)AT>p1 > A(y) < / 7 /\(‘L’)A'r)pl. 27)
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Based on the knowledge B > 1, ¢ is an increasing function and (27), we can con-

clude that
o p—1 o p—1
PP [/\(19) (/ (19))L(T>AT> ] > ¢P [ A(y) (/ (y)A(T)AT) ]
Then, we obtain (where ¢ < y and f is nondecreasing) that
1 o (8) Pl
p
o? [/\(19) (/ A(T)AT) ]

> fvl(y)qﬁ [A(y) ( /Z 7w A(T)AT) pl] ,

. 1 4B o(9) p=1| . .
thus the function JEOL4 A(9) ( In )\(T)AT) is decreasing. Therefore, we have for
z < ¢ that

A%
2
| = —~| =
(v
~
<
L — |
>
—
<
~
7 N
—
2
N
>
'-i
~—
>
r\‘
N—
=
L
—_

and then

U(9)¢P [A(z) (/ZU(Z) /\(T)AT) P—ll

> 1 (2)pf l)\(l?) ( /Z o /\(T)AT) pl] . (28)

Integrating (28) over ¢ from z to o(t), we obtain

P [A(z) ( /Z 7 /\(T)AT) pll /Z " v 9)n0

> f(2) /:(t) P l)\(ﬁ) (/jw) )\(T)AT) " A9,

and then

(fzrr(t) f”(ﬁ)Aﬁ) ¢ﬁ {/\(Z) (fza(z) )\(T)AT) Pl}
£ 170 98 [ (570 Ase)” s

(29)

z

fvzﬁ)(l)ﬁ l)\(ﬂ) (/20(19) A(T)AT) Pl]

> fvl(t) oF [)L(t) (/:(t) /\(T)AT) H},

. . 1 () r=1] . :
Since the function W¢ﬁ A(9) ( /. /\(T)AT) is decreasing and ¢ < t, we

obtain
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and then
FU ()P [/\(19) (/:w) )\(T)AT) H} > F(8)9 [A(t) (/:(t) )L(T)AT) H] . (30)

Integrating (30) over ¢ from z to o(t), we obtain

o [ [A(ﬂ) (" awnr) H} A9

> ¢P lAG) (/:(t) MT)M) pl] /:(t) £ (8)A0,

thus
o) fv(9)ad)gf A1) ([ A(r)aT)"
(I rr(0)88) 9% |A(0) (7 2 >A1) } . ,
£10) I 98 [20) (J ampae) " | a0
Based on (29) and (31), we can see that
<fza(t) fv(ﬁ)Aﬁ) 4),5 |:}\(Z) (fZU(Z) A(T)AT) P1:|
>..>1

fv (z) fztf(t) 4)/3 [/\(19) (fza(ﬂ) A(T)A’r) p—l} Ad
(fz‘f(t) fV(ﬁ)Aﬁ) 4)!3 {/\(ﬂ (fza(t) /\(T)AT) p—l}
fu(t) fzcr(t) PP {A(ﬂ) (fzv(ﬁ) A(’L’)A'r) p—1

|0
Because S(.) is decreasing on (0,1) and increasing on (1, ), we have that one of

( (fza(t) f"(ﬂ)Ag) (Pﬁ [)\(z) (f:(z) A(T)AT) Pl] )
S

£ 120 08 @) (17 amar)”

|0

and

o1 170 98| A0) (ST MaT) ’”} A9

is maximum (where S(1) = 1), and it takes the shape

(7 pr()00) 8 A©) (JFO a)ar) pl}
) £1) [7 9P [A(ﬂ) (7 A(r)a) ”1] A®

{ ( (S £ (9)a8) gF [A(z) (/7 A(x)a ”1} )
= max{ S

@) [ ¢ [A(ﬁ) (7 A(x)ar) ”_1} A9

( (7 fr(9)00)¢F [A(t) () A) AT)pl} )
s
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(fzg(t) fV(l9)Al9) PP [)\(t) (fza(t) /\(T)AT) Pl]

£ 708 (200 (J70 Aac)” a0

and that is (24). In a similar manner, for ¢ and 0 < é < 1, we obtain

(S5 g (n)ay) of :1P(’7) (s lP(T)AT)H:
g'(n) J79 g {ll)(y) (7 lP(T)AT)H} Ay

(10 g ) a) o | 92) (J wimae)” |
22 7 [0 (1 pim1ac) | ay
(ST g ()ay) o# [lP(é ) (79 p(oar) H}
(@) [7) oF {l/f(y) (o lP(T)AT)H] Ay

S

=maxg S

S

which is (25). O

Throughout the article, we will assume that the functions are nonnegative rd-continuous
functions on [z, 00)T := [z,00) N T.

3. Principal Findings
Theorem 1. Letz € T, 0 < p,é < 1, A, ¢ be positive and decreasing functions and ¢, ¢ are posi-

tive, increasing, concave and supermultiplicative functions. If f, g are positive and nondecreasing
functionsand p > 1,v > 1with1/B+1/v =1, then

[ [ ewarume
(7 fr(9)00) pF [A(g) (J7© a(r)ar) ”_1}
£1(g) [ P [/\(19) ( 7@ A(T)AT) g 1] AB
o(t) p

><</Z )\(T)AT) f(t)]
1 (ff@ g’ (y)Ay) P [4)(11) ( et 1,(1(T)AT> “}
e W(‘:)S () o(y) -1

g (m) [, oP [w(y) (fz Y 1/)(T)AT> }Ay

(" poar) 5g(§)] aing
A(9) ( / 7 /\(T)AT) H] (o(r) — 19)A19> :

x ( [ [w) (™ voar) H] (o(5) - y)Ay) } @)

“1 P

(r)
>vC(p,0d,t,s,v) (/a 4”5
z

o=



Symmetry 2022, 14, 2043 11 of 19

holds for all r,s € [z,00)T, where

ote) — F03(2) |

(7 pr00)" (10 g wny)”
(77 @80) 790 ai0) (17 2|

xS
(01 8 [0) (J @ atm)ae) | @) - 010
(1 g 2180) 17 [t (7 pimiae)” |
xS o ,
2@ 17 o [90) (S pioiae) ot - oy

with
1 1

ctpme) = HEEL ([T poa) ([ oma)
/m> ( [ W)GD’S[ 0) ()79 M)A pl])

8) [70) g {)\ 17O o) P

W(g) = /:(6) 5 ( e q)ﬁ[ (£ AT)é 1} )

0—1
g'(y) [T gp [q; f "Wyt }Ay

>
S3

such that
S ( (1 0)80)9# [2(0) (f;’@ A(r)Ar)’”]
f%ﬁ{)\ (702 ) }Aﬁ
v(8)A8) gP ar)
B max{S(( (z) [ hpﬁ{)\(ﬂ[ ( pl)}Aﬁ])
S((fz £(0)80) [A()(f;’%() )’“})}
g g [A(ﬂ) (7 A(ﬂAr)”_l} s ||
and

. (7€ g (y)ay) of {w(n) (ot w(r)m)“]
g/ () [ gf {4]( ) (ST p(r)a ) 1]Ay
(

) {S(<fzo(§)gv y)Ay)q)ﬁ{ (fU’Z l/JT )51]).

8'(2) J79 9P | (ST p(x ) 1}Ay
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Proof. Denote

A(t,€)

and

) rv(9)a8)pf | A Q) ([7O A(r)aT)
WW{S(( o AM ( (0a7) })

f(f(t) oF [A )p—l]Aﬁ

Applying (18) with v = p gives us

o AMT)AT >p 0(19 T)AT pilAﬁ. (33)
([ wne) =0 [ ([ acoar)

By multiplying the previous inequality by

170 pr(8)a8) B [AQ) ( [7E A(r)AT p-1
S(( ) [ ( ) ] f(b),

@ 1098 o) (17 amar)”

|0
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we have

5 ( (J70 £ (0)a0) g8 [A@ ()79 Am)ae p—l] )
() 7 ¢# [A(ﬁ) (J7 Ay ae) ”‘1} A9
xf(t) ( / 0 )\(T)AT) ’
o(t) 50 (9)88) 9P [A(C) ()79 A(r)ae pl}
_ ”/ ( 0) 7 4>5[ )(f;’“’)A(r)AT)p‘l]M )
<roro( [ amar) "

Using the fact that f is nondecreasing and t < ¢, we obtain

( (fza(t) f"(ﬂ)Aﬂ) ¢P {/\(g) (fzﬂ(é) A(T)AT) p—l} )
S

@ 1098 | (17 Mmar)” a0

<so( [ " A7) '
o(t) (ftf(t) fV(ﬂ)A19>¢p/5 [A(g) (fza(é) A(T)AT) P—l}
>p / S i
2 g) 71 g [A(ﬂ (f (19)/\(,[>AT)P ]M
x f(8)A(9) (/:(ﬁ) A(r)Ar) HM. a0

By Lemma 6, inequality (34) is

; M(pﬂA }
( 7) [ ¢ﬂ[ 19)<fz A(T)A ) ]Aﬂ)

X f(t) (/Za(t))\(T)AT>p
> p/ (( U(t) fV(l9)Al9)¢/5 [,\(19) (fa(ﬂ) A(T)AT> p—l] )

0 7 8 [0) (J @ atmiar) " a0

p—1

X FOA(B) ( / 7 A(T)AT) )AB. (35)

Likewise, for the decreasing function ¢, the nondecreasing function gand 0 <4 <1,

we obtain
(7€ g (n)ay) of [¢(’7) (g lIJ(T)AT)(H}
5 :
g'(n) [T oF {lp(y) (o lP(T)Ar)H} Ay
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([ vnr) s
y /:(;) . ( (179 g )ay) 9P [tlf(y) (7 IP(T)AT)“} )

20 7 98 o) (1 v(ar)” oy
o ([ mar)  stay 36)

From (35), we deduce that

(fZ‘T(t) fV(l9)Al9) (pﬁ [A(g) (fza(g) )\(T)AT) p—l]
P|S il
£ [T gP {A(&) (fzaw) A(T)AT> }M

1 ; ) t)

([
o(t) s i »

o0 £0) [0 9 [20) (J7 ampae) a0

p—1

(
P
(m)AT ) f( ]

x A(9) </Za(l9) A(T)AT)

Since ¢ is a positive, increasing and super-multiplicative function, we have

f(0) fzg(t) PP [/\(19) (fza(ﬁ) A(T)AT) pl] AY

p

f(ﬁ)Aﬁ}.

X P?i) ( /Z v A(T)AT>

1 ol (fzw) fv(l9)Al9)¢’5 {/\(19) (ff(w)\(r)m pl}
> 909 | 5y [ S n 19 -
© o\ @ e (7 amar) o

X A(9) ( /z - A(T)AT)pl

Then, by using the Jensen inequality on the right-hand side of (37) (where ¢ is a
concave function), we obtain

(fZ‘T(t) fV(l9)Al9) 4)/3 [A(C) (fza(g) )\(T)AT P1:|
¢S fY(D) fZ(T(t) 4,[3 [)\(19) (fza(ﬁ) A(T)AT) p_1] "

x % (/Z‘T(t) )\(T)AT) pf(t)]

f(t)]

f (ﬂ)Aﬂ] : (37)
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o(p) /U(t) ((ff(t)f”(ﬁ)m)qﬂﬁ {A(ﬁ)(fz"“”/\(r)m pl})
> D S

PO (9) 198 |2(0) (J ampar) | a0

X F(8)6 [/\(19) ( /Z 7 )\(T)AT) pl] A®. (38)

Analogously, in the case of (36), we can see (where ¢ is a positive, increasing, concave
and supermultiplicative function) that

P

200 179 ¢ [p) (17 v(ae)” oy

)

<o ([ wonr) g(@]

42 / s ( U2 ws)e [wy) (o 1P(T)AT)5_1] )

Z W(E 5—1
WOE T e w 190 o (17 v(mar)” | ay
Xg<y)¢l¢(y) </Z ’ ¢(T)AT>
Multiplying (38) and (39), we obtain

o . /a(t) S (fza(t) f"(ﬂ)Aﬂ) (Pﬂ {/\(19) (fza(ﬁ) A(‘L’)Ar) Pl}
tE) >
#(p) |. £(8) [79 ¢ [A(ﬁ) (7 A(r)AT)pl} Ao

< F(8)9 [A(ﬂ) ( / 7 /\(T)AT) "

o (9 wav) e p) (J7 poar)”
< old /@)( yy%”{y( TT)}

y) J7¢ [ww (o w(r)Ar)“} Ay
a(y o=
xg(y)so[w(y)( [ vwac) 1]Ay. ()

Applying (22) on the right-hand side of (40), we obtain

Q(LE) > ¢lp </ F(8 A19> </:(t)¢ﬁ [A(ﬂ)(/:w)/\(r)Ar>p1]&9)%
><4)(5)< /Z U(é)gv(y)Ayy( /Z e ¢F [tﬁ(}/)( /z U(y)llf(f)AT)“]Ay> SOV

Ay. (39)

AY

Al
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Multiplying (41) by
o) f(s(2)
(170 pr(eyas) (70 <y>Ay)
v(8) A19 71 B | A
B ( )17 { @) ]

f”%vﬁ[ >(f“ (1) ) }(a() 0)80

xs< oot (17 o)

gv@fz( [ (fz plx )‘5 1}(a<s>—y>Ay'

we have

a(t) o p-1 %
@(,0)0(,E) 4><p>qo<6></z o |a0) ([ amar) ]M) (0

( (0 r@100) 12097 o (9 atmrae) " )
xS

£0) 17 90 [rco) (170 amiae) | oto) - 00

Al

x ( [ [4]@/) (/" ¢<T>AT>“] Ay> @)

(1 g @180) [ [ (7 w(miae)” |
xS .
210 17 o8 [y (S pioae) o) - vy

Using the integration over ¢ from z to o(r) and the integration over ¢ from z to o(s),
respectively, we arrive at

/ / Q(t, &) AIAC

> plr)pld) /"”) ( [ /””)Mr)m)pllw) ¥
[ o) 97 M@ (1O amar) |
0179 2(0) (J70 2ar) " o) - 010
[ ( [ oot ([ veone) Ay) 5@
o(s) v o(@) zr(m_ o-1
XS((L 2'(0)89) [7 g2 |y (17 p(a) })A;

84(&) [T oF {lp(y) (o llJ(T)Ar)M_ (0(s) — y)Ay

(£)

At

(42)
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Applying Formula (14) on the term
o(r) o(9) p—1
/ of l)\(a) ( / A(T)AT) ] (o (r) — 9)AS,

with u(8) = (¢(r) — ¢) and v2(8) = ¢f [/\(19) (fza(ﬁ) )L(T)AT) pl} , we obtain

[ [A(ﬁ) ( [ A(T)AT) H] (0(r) — 8)A0

= (o) - op@ + [ e (o),

~11#
where v(8) = fzﬂ [)\(9) (fzg(g) /\(T)Ar)p 1] A0 and then (where v(z) = 0)

/:(r) 9P [/\(19) </ZU(&) A(T)AT) pl] (o(r) — 0)AD

:/Za(r) /20(19) # l/\(e) </ZO(9)/\(T)AT>p1

In a similar vein, we note

[0 ll,,(y) (™ poar) H] (7(5) = )y

o(s) ro(y) o(6) -1
-/ /Zy(pﬁ[tpw)(/z W)Ar) 1A9Ay- (44)

Substituting (43) and (44) into (42), we have

ABAD. (43)

/Zo(s) /Zcr(r) Ot B0t B)AAE

> preo) [ ( [l ([ awac H]M) e
(1 rr0)80) [0 98 2@ (7 2m1ae) " g
h £ 70 1 g [Me) (J7@ Aoy *’1] wone |
[ ( [ o o ([ voac) Ay) '@

(1 g 0180) 17 [t (7 pimae)” | g
xS AC.
/(@) [T 7 g8 [w(e) (o tp(r)m)‘“} A6AY

o—1
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Then, by applying (22) on the previous inequality, using (43) and (44), we obtain
a(s) ro(r)
[ [ et anwaan:
z z
1

:(r) f‘/(ﬁ)Aﬂ) ' ( /Z " v (9)a0
X (/:(r) /20(19) PP l)x(())( 700 A(T)AT) .
y ( /Za(s> /Za(y) o [tp(e))( U(@)lP(T)AT>5

o (s)
o(r (/Zas gV(ﬁ)Aﬁ

v

000 (

/
/

I

==

— #(o0)(

JZz

N o R T BN
>
>
>
<
~_
=

) f”(l?)Al?)

and thus we obtain

[ ewaromwe)

fza(t)f‘/(ﬂ)Aﬂ P10 fZV(C)/\(T)AT p=1] o(t) P
x¢s(( ) [ ( )' ' P%t)(/z A(T)M) 1

1) 17D 98 (2@ (7@ amyar)” | a0

7@ ov (1A B 701 y(T)A 1 o d
y q)s((fz 8"(y) y)_q) {#’(U)(fz (1) r)_ ) 2(@) (/ (é)lp(T)AT) AEAZ
z

g1 179 o8 [p(y) ()70 poar)Hay ) WO

> uC(p,6,r,5,v) </:m P [A(ﬂ) (/:w /\(’L’)AT) pl] (o(r) 19)A19> :

x ( [ [lp(y) ([ ytome) “] (o15) - y)Ay> §

which is (32). The proof is complete. [

Remark 1. As a special case of Theorem 1, when T =N, ¢(8) = ¢p(8) =0, f(9) =g(¥) =1
and B = v = 2, we can obtain (10) demonstrated in [6].

Remark 2. As a special case of Theorem 1, when ¢(9) = ¢p(¢) = 0, and p = v = 2, we can
obtain the results demonstrated in [8].

Remark 3. As a special case of Theorem 1, when ¢(0) = ¢(0) = 0, we can obtain the results
demonstrated in [16].

4. Conclusions

In this paper, we use reverse Holder inequalities with Specht’s ratio on time scales
to develop the study of reversed Hilbert-type inequalities. This aim holds by a study on
some new generalizations of reversed Hilbert-type inequalities via supermultiplicative
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functions. In the future work, we can generalize dynamic inequalities of this article using a
fractional Riemann-Liouville integral on time scale calculus, and we can present some of
these dynamic inequalities on quantum calculus. It will be interesting to present dynamic
inequalities in two or more dimensions.
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