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Abstract: In this paper, the geodesic motion of neutral and test particles around the time conformal
(TC) Dilaton black hole (BH) is investigated using the eεg(t) as the time conformal factor in which g(t)
is an arbitrary function of time and ε is a perturbation parameter. The function g(t) leads to ( t

a ) by
utilizing the well-known approximate Noether symmetry (ANS). Furthermore, we discuss the effect
of magnetic fields and find the location of stable and unstable orbits w. r. t time, graphically. After
that, in the presence and absence of a magnetic field, we interrogate the crucial physical parameters
such as effective potential (Ue f f ), effective force (Fe f f ) and escape velocity (ν⊥). We find the unstable
and stable regions of particles for different values of angular momentum (Lz) and magnetic field (B)
near the TC Dilaton BH. Moreover, the effects of the Dilaton parameter (µ) on neutral and charged
particles are also discussed, which provide some new features. The important results in this study
could estimate the powerful relativistic jets originating from the BH.

Keywords: Dilaton black hole; perturbation parameter; conformal; magnetic fields

1. Introduction

It appears that just the action of Einstein is not enough to explore the complete universe,
at least in a high-energy domain. This action modifies the superstring terms that are like
the scalar tensor. The low-energy restraints of string theory led the gravity of Einstein to
combine with a scalar dilation field [1–3]. Even after unique solutions for string BH were
established, there was great desire to explore the required results for the scalar coupled
with general relativity, called Einstein–Dilaton gravity theory [4,5]. Even if the Dilaton
BH with a negatively cosmological constant occurs in space-time, it circumvents no hair,
specifying that a BH must originally be defined by its mass, the electric charge and angular
momentum only [6,7].

The major problem in classical electrodynamics’ Maxwell’s theory was the basic incen-
tive for presenting the different inventions of nonlinear electrodynamics in the presence of
self-energy and an indefinite electric field for point-like charged particles. Recently, non-
linear electrodynamics theory has attracted significant attention, and it has been an active
area of exploration in static and rotational black holes and geometrical physics. Nonlinear
electrodynamics such as power-law electrodynamics, logarithmics, and exponentials leads
to exact solutions of BH with thermodynamic and physical properties [8–18]. There is
an interesting fact that in any arbitrary dimension, nonlinear electrodynamics power law
theory is the only one that remains invariant under conformal transformation.

The most exciting problems in BH astrophysics are the dynamics of particles (such
as mass-less or huge, neutral or charged) around the BH. This situation warrants study of
the geometrical framework of space and time around BH [19,20]. Several theories have
been introduced related to geodesic motion in the enclosing of BHs. Chandrasekher [21]
investigated the geodesic structure of BHs such as SH, RN, and Kerr in detail. He also
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interrogated the motion of test particles by adopting the Newman–Pensore prescription. In
the movement of particles around BHs, the effect of solid gravitational attraction plays a
vital role. Due to the phenomena of the magnetic field, there is an attraction of BH within
its accretion disks. This magnetic field around BH is caused by plasma [22]. Some crucial
implementations concerning the considered models in relativistic and cosmology astrophysics
are also denoted. They also discuss the geometrical complexity as well as the complexity of
the designs of expansion for the material structure under electric charge and also explore
the aspects of cosmic progression in addition to accelerating extensions of the universe, the
new theories which are the expansions of general relativity (GR) could play a vital role.
These references also calculate the dynamical and kinematical equations in dissipative and
non-dissipative phenomena. They also explore the electromagnetic field and effects of fourth-
order gravastar [23–26]. The magnetic field interacts with both plasma and test particles,
while it does not affect the geometrical structure of BH [27–29]. Due to magnetic fields, the
transmission of energy occurs to the particles that are orbiting near the BH [30].

Frolov and Shoom [31] investigated the conditions in which a charged particle initially
revolves around a BH in a circular orbit after colliding with another particle. They also
discuss the properties of particles that move at a critical velocity and describe the escape
velocity in most stable circular orbits. Many factors of particle motion near SH and RN BHs
are examined, and a thorough investigation is described in [32,33]. From the exploration of
these significant issues emerges a fundamental problem: what could happen to the motion
of particles (neutral or charged) near the BHs w.r.t time? However, particle dynamics
around TC Dilaton BHs are not explored in the literature, most importantly, the effect
of the Dilaton parameter. Dark energy tells us about the behavior of the motion of test
particles near the TC Dilaton parameter. Various attempts [34–38] have been made, such as
the study of particle dynamics around TC BHs. These studies provide evidence that BH
space-time agrees with the TC factor without violating symmetry structure and suggests
that the curvature varies w.r.t time. The evaporation of energy from the source and the
creation of gravitational waves lead to a reduction in energy. Particles rotating around BHs
in circular paths through an equatorial plane may undergo substantial change w.r.t time.

In this work, we study an escape velocity and examine several important properties w.r.t
time, such as the effective potential (Ue f f ) and effective force (Fe f f ) for TC Dilaton BH. The
paper structure is as follows: In Section 2, we discuss the Noether and ANS for BH/TC BH
and the corresponding conservation laws. In Section 3, we study the Dilaton space-time and
its corresponding field equations. In Section 4, we study the neutral and test particle motion
around TC Dilaton BH by utilizing the effective potential, effective force, and escape velocity,
respectively. In Sections 5 and 6, observations and conclusion are presented.

2. Conservation Laws

Emmy Noether constructed the one–one relationship of conservation laws with Noether
symmetries [39–41]. Moreover, several authors [42–45] presented the spherically symmetric
formulations for f(R) and f(T) gravity using the Noether symmetries. The conservation laws
exist for all Noether symmetries. The general static spherical symmetric line element is given by

ds2
e = X(r)dt2 −

(
X(r)

)−1dr2 − r2(dθ2 + sin θdφ2). (1)

A corresponding Lagrangian for this metric is

Le =
(
X(r)

)
ṫ2 −

(
X(r)

)−1ṙ2 − r2(θ̇2 + sin θφ̇2). (2)

The generators for symmetry are [35,38]

X1
e ≡ ξe

∂

∂s
+ ηi

e
∂

∂xi + ηi
es

∂

∂ẋi , i = 0, 1, 2, 3 (3)
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which becomes the first order perturbation

Xe ≡ ξe
∂

∂s
+ ηi

e
∂

∂xi . (4)

Xe is a Noether symmetry if it satisfies

X1
e Le + (Dξe)Le = DAe, (5)

where Gauge function is Ae and D is represented by the differential operator of the form

∂

∂s
+

∂

∂xi ẋi ≡ D. (6)

One can find the solution of Equation (5) in the following form

D2 = Ae, D3 = η0
e , η1

e = 0, D6 sin φ− D5 cos φ = η2
e ,

η3
e =

(D5 sin φ + D6 cos φ) cos θ

sin θ
+ D4, D1 = ξ0.

(7)

The corresponding generators for Noether symmetries are

∂

∂t
≡ X1,

∂

∂s
≡ X2,

∂

∂φ
≡ X3, X4 ≡ − cot θ sin φ

∂

∂φ
+ cos φ

∂

∂θ
,

X5 ≡ cot θ cos φ
∂

∂φ
+ sin φ

∂

∂θ
. (8)

We use Equation (9) and obtain Table 1, which is defined in [35,38]

ξL+
∂L
∂ẋi (η

i − ξ ẋi)− A = φ. (9)

Table 1. First integrals.

Gen First Integrals
X1 2X(r)ṫ = φ1

X2 −
(

X(r)ṫ2 − (X(r))−1ṙ2 − r2(θ̇2 + sin2 θφ̇2)) = φ2

X3 −2r2 sin2 θφ̇ = φ3
X4 −2r2(cos φθ̇ − cot θ sin φφ̇

)
= φ4

X5 −2r2(sin φθ̇ + cot θ cos φφ̇
)
= φ5

Therefore, here, we just proceed to the TC metric given by Equation (1), as follows

ds2 = eεg(t)ds2
e =

(
1 + εg(t) +

ε2g(t)2

2
+ .....

)
ds2

e , (10)

in which the general TC factor is given by eεg(t). When we choose ε by 1st order perturbation
and ignore higher orders, then we obtain

ds2 = eεg(t)ds2
e =

(
1 + εg(t)

)
ds2

e = ds2
e + εg(t)ds2

e , (11)

which leads to

ds2 = X(r)dt2 −
(
X(r)

)−1dr2 − r2(dθ2 + sin θdφ2)+ εg(t)
(

X(r)dt2

− (X(r))−1dr2 − r2(dθ2 + sin θdφ2)
)

, (12)
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⇒
(
X(r)

)
ṫ2 −

(
X(r)

)−1ṙ2 − r2( sin θφ̇2 + θ̇2)
+εg(t)

(
X(r)ṫ2 −

(
X(r)

)−1ṙ2 − r2( sin θφ̇2 + θ̇2)) = L, (13)

⇒ Le + La = L, in which dot represents derivative w. r. t “s”, and Le is derived from
Equation (2), ((

X(r)
)
ṫ2 −

(
X(r)

)−1ṙ2 − r2(θ̇2 + sin θφ̇2))g(t) = La.

These Noether symmetries are of first order [27]

Xe + εXa = X, (14)

up to the gauge Ae + εAa = A, here

ηi
a

∂

∂xi + ξa
∂

∂s
≡ Xa, i = 4, 5, 6, 7 (15)

is the ANS and the approximated gauge function is Aa. X is the first order ANS if Equation (16)
is satisfied [35,38]

DA = (Dξ)L + X1L, (16)

X1 represents the first-order extension of the first-order ANS. We divide Equation (16) into
two components, such as

DAe = (Dξe)Le + XeLe, (17)

X1
a Le + X1

e La + (Dξe)La + (Dξa)Le = DAa. (18)

All ηi
e, ηi

a, ξe, ξa, Ae and Aa are the function of t, s, r, φ, θ and η̇i
e, η̇i

a is the function
of s, t, r, θ, φ, ṫ, ṙ, θ̇, φ̇. From Equation (18), we obtain a system of nineteen PDEs. Here,
D1, D2, D3, D4, D5, D6 are constants. By plugging the solution of Equation (7) in Equation (18),
we obtain the following system of PDEs:

0 = ξ1
r = ξ1

t = ξ1
φ = ξ1

θ = Aas,

0 = 2η4
s (X(r))− Aat,

0 = 2η5
s (X(r))−1 + Aar,

0 = 2η6
s r2 + Aaθ , 0 = 2η7

s r2 sin2 θ + Aaφ,

η4
φ(X(r))− r2 sin2 θη7

t = 0,

η4
θ (X(r))− r2η6

t = 0,

η4
r (X(r))2 − η5

t = 0,

η5
φ(X(r))−1 − r2 sin2 θη7

r = 0, (19)

η5
θ (X(r))−1 − r2η6

r = 0,

η6
φ − sin2 θη7

θ = 0,

D3gt(t) +
2
r

η5 + 2η5
r − ξ1

s = 0,

D3gt(t) +
X(r)− 1
r(X(r))

η5 + 2η5
r − ξ1

s = 0,

D3gt(t)−
X(r)− 1
r(X(r))

η5 + 2η5
r − ξ1

s = 0,

D3gt(t) +
2
r

η5 + 2 cot θη6 + 2η7
φ − ξ1

s = 0.
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The solution of Equation (20) is given by

Aa = D2
′
, η4

a = D
′
3, η5

a = 0, η6
a = −D

′
5 cos φ + D

′
6 sin φ,

η7
a = D

′
4 +

cos θ
(

D
′
5 sin φ + D

′
6 cos φ

)
sin θ

, ξ0 = D
′
1 + D3

s
a

, g(t) =
t
a

.
(20)

By using Equations (7) and (20), one can obtain the solution of Equation (16)

Ae + εAa = D2 + εD
′
2, η0

e + εη4
a = D3 + εD

′
3,

η1
e + εη5

a = 0, η2
e + εη6

a = −(D5 + εD
′
5) cos(φ) + (D6 + εD

′
6) sin(φ),

η3
e + εη7

a = (D4 + εD
′
4) +

cos(θ)
(
(D5 + εD

′
5) sin(φ) + (D6 + εD

′
6) cos(φ)

)
sin(θ)

,

ξ0 + εξ1 = ε
D3s

a
+ (D1 + εD

′
1),

t
a
= g(t).

(21)

The ANS generators are obtained as

ε
s
a

∂

∂s
+

∂

∂t
≡ X1,

∂

∂s
≡ X2,

∂

∂φ
≡ X3,

− cot θ sin φ
∂

∂φ
+ cos φ

∂

∂θ
≡ X4, sin φ

∂

∂θ
+ cot θ cos φ

∂

∂φ
≡ X5.

(22)

X1 symmetry obtains a non-trivial approximated part which re-scales energy contents of
the general metric as given in Table 2.

Table 2. First integrals.

Gen First integrals

X1 2ṫ
(
X(r)

)
+

((
X(r)

)
2tṫ− sL

)
ε
a = Eapprox

X2

((
X(r)

)
ṫ2 −

(
X(r)

)−1ṙ2 − r2(θ̇2 + sin2 θφ̇2))(1 + εt
a ) = Lag

X3 (1 + εt
a )r

2 sin2 θφ̇ = −Lz
X4 −(1 + εt

a )r
2(cos φθ̇ − cot θ sin φφ̇

)
= φ4

X5 −(1 + εt
a )r

2(sin φθ̇ + cot θ cos φφ̇
)
= φ5

3. The Black-Hole Solution

Suppose the following action for the 4D charged BH in Einstein gravity theory associ-
ated with a dilatonic potential [46,47]

I =
1

16π

∫ √
−gd4x

(
R + L(z, φ)− 2gγω∇γφ∇ωφ−V(φ)

)
, (23)

where V(φ) is the potential term of φ, R is the Ricci scalar, and the second term is scalar
electrodynamics Lagrangian. The scalar electromagnetic field constant is α [11,14,48], which
is given by

(−ze−2αφ)p = L(z, φ). (24)

Here, the electromagnetic potential is denoted by Aγ, Fγω = ∂γ Aω − ∂ω Aγ is the
electromagnetic field tensor and p is the nonlinear parameter. z = Fγω Fγω is the Maxwell
invariant. One can notice that the Einstein–Maxwell dilaton gravity is recovered when
p = 1. By changing the action of Equation (23), w.r.t gravitational field, electromagnetic
field, and scalar field equations, we obtain

2Rγω = V(φ)gγω + 4∇γφ∇ωφ + L(z, φ)
(
(2p− 1)gγω +

2p
z FγαFα

ω

)
, (25)
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∇γ

(
Lz(z, φ)Fγω

)
= 0, Lz(z, φ) ≡ ∂

∂zL(z, φ), (26)

dV(φ)

dφ
+ 2pαL(z, φ) = 4φ, φ = φ(r). (27)

The spherical symmetric space-time with the TC line element is given by

ds2 = (1 +
εt
a
)
(
− X(r)dt2 +

1
X(r)

dr2 + r2Y2(r)(dθ2 + sin2 θdϕ2)
)
, (28)

X(r) and Y(r) are two unknown functions of r. When we utilize these terms z =
−2(Ftr(r))2 = −2(−∂r At(r))2, it is noticed that Ftr is the non-zero element of the electro-
magnetic field, and also assume that it is a function of r. Utilizing Equation (28) into Equation
(25) gives the following differential equations for components tt, rr, and θθ(ϕϕ), respectively.

−rX(r)Y(r)(εt + a)2(X′′(r))− 2X(r)(εt + a)2(r(Y′(r))+ Y(r))(X′(r))− 3Y(r)rε2

(εt + a)2rY(r)

+ (1 +
εt
a
)
(
V(φ)− L(z, φ)

)
= 0, (29)

rY(r)X′′(r) + 2
(
Y(r) + rY′(r)

)
X′(r) + 4

(
rY′′(r) + 2Y′(r) + rY(r)φ′2(r)

)
X(r)

rY(r)
X(r)

+ (1 +
εt
a
)
(
V(φ)− L(z, φ)

)
= 0, (30)

2rY(r)
(

Y(r)− rY′(r)
)

X′(r) + 2
(
(Y(r))2 + r2Y′′(r)Y(r) + 4rY′(r)Y(r) +

r2(Y′(r))2
)

X(r) + r2Y2(r)
(

V(φ) + (2p− 1)L(z, φ)
)
− 2 = 0,

here, prime represents derivative w.r.t the arguments. Since ε2 → 0, the difference of
Equations (29) and (30) leads to

rY′′(r) + 2Y′(r) + rY(r)φ′2(r) = 0. (31)

Equation (31) can be written in the following form:

2
r

d
dr

ln Y(r) +
d2

dr2 ln Y(r) +
( d

dr
ln Y(r)

)2
+ φ′2(r) = 0, (32)

we assert an exponential function of φ(r), i.e., Y(r) = eµφ(r) in Equation (32). Here, φ = φ(r)
satisfies the following equation

µφ′′ + (1 + µ2)φ′2 +
2µ

r
φ′ = 0, (33)

A positive constant b is introduced in the solution of Equation (33), which is given as

φ(r) = β ln
( b

r

)
, β = µ(1 + µ2)−1. (34)

Dehghani and Setare [3] examined the impact of the exponential results (i.e., Y(r) = eµφ(r))
the pair µ = α and µ 6= α instance on the thermodynamic nature of 4D Dilaton BH solutions
that are nonlinear charged. Both cases µ = α and µ 6= α, with Maxwell’s electromagnetic theory,
are explored in [46,49]. We extended the concept of charged BH solutions by the power law
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of nonlinear electrodynamics. To achieve such a goal, we worked out field equations using
Equation (34). For these results, using Equation (28), the solution is provided by the following
equations for the electromagnetic field Equation (26) [3].{

Ftr(r) = qr−H ,
At(r) = ( q

H−1 )r
1−H ,

(35)

where H =
(

1 + β(αp− µ)
)

2
2p−1 with p 6= 1

2 and constant of integration is q related to the
total charge of the BH. It can be noted that the condition H > 1 has to be satisfied for the
potential function At(r), which is plausible physically (i.e. zero at infinity). Without the
dilaton field (i.e., µ = 0 = β), the indicated conditions bring down as 0 > 2p−3

2p−1 or, equally,
3
2 > p > 1

2 [14,50]. Equation (31) becomes

X′(r)− X(r)
(1− 2βµ

r

)
+

r
2(1− µβ)

( 2
r2Y2(r)

− L(z, φ)(2p− 1)−V(φ)
)
= 0. (36)

To obtain X(r), as a radial coordinate function, we obtained potential V(φ(r)). For
such an objective, let us continue towards the scalar field of Equation (27). It may be
expressed as [3](

X′(r)− X(r)
(1− 2βµ)

r

)4β

r
+ 2αpL(z, φ) +

dV(φ)

dφ
= 0. (37)

Now, the relation of both Equation (36) and Equation (37) discovered the first-order
differential equation:

dV(φ)

dφ
+

4µ

r2Y2(r)
+ 2L(z, φ)

(
αp− µ(2p− 1)

)
− 2µV(φ) = 0. (38)

The generalization form of the Liouville scalar potential is deduced from the differen-
tial Equation (38); that is

V(φ) =

{
2(Λ + Υ1)e2φ + 2Υ2φe2φ + 2Υ3e2µ◦φ, f or µ = 1,
2Λe2µφ + 2Λ1e2µ1φ + 2Λ2e2µ2φ, f or µ 6= 1,

(39)

where

Υ1 =
p(α− 2) + 1

H1b2pH1
q2p2p− 1,

µ0 = p(2H1 − α),

H1 =
1 + αp
2p− 1

,

Υ2 = − 2
b2 , Υ3 = −Υ1. (40)

µ1 =
1
µ

, Λ1 =
µ2

b2(µ2 − 1)
,

Λ2 =
2p−1β

(
αp− µ(2p− 1)

)
q2p(

β(pα + µ)− pH
)

b2pH
,

µ2 = p
(H

β
− α
)

. (41)
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The solution given by Equation (39) is consistent with the results attained in [46]. The
metric function X(r) could be obtained using Equations (35), (36) and (39) [3].

X(r) =



−m + 2
(

2− b2(Λ + Υ1) + ln( b
r )
)
( r

b )

+ p2p+1q2p

H1(H1−1)b2(pH1−1) (
b
r )

H1−1, f or µ = 1,

−mr
1
2 − 2

(
( r

b )
2
3 + 2Λ(b3r)

1
2 ln( r

L )

− 2pq2pλ(µ)

(v−1)b2(pv−1) (
b
r )

2ζ
)

, f or µ =
√

3

− m
r1−2µβ + (1 + µ2)

(
1

1−µ2 (
r
b )

2µβ − Λb2(1+µ2)
3−µ2 ( r

b )
2β
µ

+ q2p2p−1λ(µ)

(H−1)b2(pH−1) (
b
r )

2η
)

, f or µ 6= 1,
√

3.

(42)

Here, L and m are used as a dimensional and integration constant, respectively, p is
the nonlinearity parameter, and µ is the Dilaton parameter. In addition, we have

η = Hp− pαβ− 1, v =
1 +
√

3pα

(2p− 1)2
,

λ = −
µ
(

pα− µ(−1 + 2p)
)

p(H − αβ)(1 + µ2)− µ2 + 2p− 1,

ζ = p
(

v−
√

3α

4

)
− 1. (43)

If p = 1, the Equation (42) metric is comparable with [46]. Interestingly, we observe
that the TC factor preserves the structure of this BH.

Existence and Location of Horizon

Consider the time conformal metric

ds2 =
(
1 +

εt
a
)(

X(r)dt2 − (X(r))−1dr2 − r2(dθ2 + sin θφ2)
)

,

where ε is a (dimensionless) small parameter and ‘a’ is a dimensional constant equal to
time. For further findings, we use the methodology of reference [51]. Now, suppose the
class of null geodesics as

ds2 = θ̂2 = φ̂2 = 0. (44)

Here, the variational principle approach is utilized [51].

2N =
(
1 +

εt
a
)(

(X(r))t̂2 − (X(r))−1r̂2) = 0,

N =
(
(X(r))t̂2 − (X(r))−1r̂2) = 0, (45)

where ˆ represents the differentiation w.r.t u through null geodesics and N is entirely
described in [51]. By utilizing the Euler–Lagrangian equation, we have

d
du
(
(X(r))t̂

)
= 0, (46)

(
X(r)

)
t̂ = n, (47)

where n is constant of integration. Next, utilizing Equation (47) in Equation (45), we obtain [38]

r̂ = ±n. (48)
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By the chain rule
dt
dr

=
dt
du
dr
du

=
t̂
r̂

, (49)

⇒ dt
dr

= ± 1
X(r)

. (50)

After integration, we obtain

t = ±
∫
(X(r))−1dr + W. (51)

The +ve and −ve signs represent the congruence of outer and inner radial null
geodesics [51]. In Equation (51), W is the integration constant. From the above discussion,
it is observed that the factor of perturbation (1 + εt

a ) does not effect on the horizons of
the metric.

4. Dynamics of the Neutral Particle

Here, we find the escape velocity of the particle and analyze additional parameters
such as Ue f f , Lz, Fe f f , and energy about particle’s motion around Dilaton BHs w.r.t time t.
We also obtained the approximate energy (Eapprx) and approximate angular momentum
(Lz) from Table 2 [38].

Eapprx = (E− εs
a
)(1 +

εt
a
),

L2 =
(

r2ν⊥ +
L2

z

sin2 θ

)(
1 +

εt
a

)
,

where ν⊥ = θ̇2r2, E = X(r)ṫ, ẋγ ẋγ = 1. (52)

By using the normalized condition in Equation (52), we obtain

E2 − X(r)
((

1− εt
a
)
+

L2
z
(
1− 2εt

a
)

r2 sin2 θ

)
= ṙ2. (53)

The effective potential for ṙ = 0 and θ = π
2 is given by

E2 = X(r)
(

1− εt
a
+

L2
z
(
1− 2εt

a
)

r2

)
= Ue f f . (54)

Assume that the particle collides with other particles and after the collision, we
observed three possibilities: (i) escape to ∞, (ii) bounded around BHs, or (iii) captured by
the BHs [35]. The results are based on the collision process. It is noticed that both energy
and angular momentum are changed after collision [52]. We studied some constraints
before the evaluation of this situation, and observe that the momentum and initial velocity
are not changed, but energy is changed, which leads to the exploration of the particle
dynamics. Thus, Ue f f becomes

Ue f f = X(r)
( (Lz + rν⊥)

2(1− 2εt
a
)

r2 sin2 θ
+
(
1− εt

a
))

= E2. (55)

The energy of particles before a collision is less than that energy as colliding particles
provide some energy to orbital particles after a collision. The escape velocity (ν⊥) can be
found from Equation (55).

ν⊥ =
(E2(1 + 2εt

a
)

X(r)
−
(
1 +

εt
a
)) 1

2 − Lz

r
. (56)
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Next, we examined the effective potential of neutral particles and describe energy con-
ditions near the TC Dilaton BH. Figure 1 shows the behavior of Ue f f of neutral particles in
the proximity of TC Dilaton BH for various values of Lz. The left panel of Figure 1 provides
the minima of Ue f f for the values of Lz = 5,10,15 at r ≈ 0.5, 1, 1.7 for t∈ (0.5, 1), while, the
maxima of Ue f f for the values of Lz = 5, 10, 15, at r ≈ 0.5, 1, 1.7 for t∈ (0, 0.5), which is a good
agreement with [35]. New features for the dynamics of particles appear due to the Dilaton
parameter. It is noticed that increasing the Dilaton parameter, Ue f f also increases and vice
versa, which leads to the possibility that the particle may escape from the vicinity of BH.
Hence, the Dilaton parameter plays a vital role in the motion of neutral particles.

Figure 1. The graphs of Ue f f versus time t and r for ε = 1, a = 1, Λ = −3. Left panel µ = 1, p = 1,
m = 2.5, q = 1.055, b = 0.9, α = 1; middle panel µ =

√
3 then p = 1, m = 1, q = 1.055, b = 0.9, α = 1;

right panel µ 6= 1,
√

3 then p = 0.623, m = 1, q = 0.4, b = 2, µ = 0.64, α = 0.64.

Moreover, the effective force is given by

Fe f f = −1
2

dUe f f

dr

= −1
2
(
X′(r)

)(
1− εt

a
+

L2
z
(
1− 2εt

a
)

r2

)
+

X(r)L2
z
(
1− 2εt

a
)

r3 .

We investigated the effective force of neutral particles around TC Dilaton BHs, in
which attracting and repelling gravitational force generated by scalar vector tensor field
which bound the particle’s motion towards the singularity as shown in Figure 2 [53]. A
new feature appears due to Dilaton parameter, the effective force is increased considerably
for higher values of Dilaton parameter and vice versa.

Figure 2. The graphs of the effective force of neutral particles versus t and r for ε = 1, a = 1, Λ = −3.
Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1; middle panel µ =

√
3, p = 1, m = 1, q = 1.055,

b = 0.9, α = 1; right panel µ 6= 1,
√

3 then p = 0.623, m = 1, q = 0.4, b = 2, µ = 0.64, α = 0.64.
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Finally, escape velocity is the most important property which provides the information
about the fate of particle. The behavior of ν⊥ as a function of t and r is investigated for
various values of Lz in Figure 3. Escape velocity is increased, as we can see in middle
panel for higher values as compare to lower values of Dilaton parameter. Hence, it can be
summarized that the chances of particles escaping increase for higher values of Dilaton
parameters, which provides a new signature as compared to angular momentum.

Figure 3. The graphs of escape velocity of neutral particle versus r radial coordinates and t time for
a = 1, E = 1, ε = −1,Λ = −3. Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1; middle
panel µ =

√
3, p = 1, m = 1, q = 1.055, b = 0.9, α = 1; right panel µ 6= 1,

√
3, p = 0.623, m = 1,

q = 0.4, b = 2, µ = 0.64, α = 0.64.

5. Dynamics of the Charged Particle

Assume that a particle motion and its electric charge q are affected by B in the BH
exterior. Suppose that strength of B exists around the BH, which is axisymmetric and
homogeneous at spatial infinity. For the construction of magnetic field B, we utilize the
same techniques that are given in [34–37]. The Ue f f of test particles is given by

Ue f f = X(r)
(( Lz

(
1− εt

a
)

r2 sin2 θ
− B

)2
r2 sin2 θ +

(
1− εt

a
))

. (57)

Using the equatorial plane conditions, we have

Ue f f = X(r)
((

1− εt
a
)
+ r2

( Lz
(
1− εt

a
)

r2 − B
)2)

. (58)

Taking derivative of Equation (58) w. r. t r, we obtain

dUe f f

dr
= X′(r)

(
1− εt

a
+ r2( (1− εt

a )Lz

r2 − B
)2
)

+ X(r)
(

2r
( Lz(1− εt

a )

r2 − B
)2 −

4
( (Lz(1− εt

a )

r2 − B
)

Lz(1− εt
a )

r

)
. (59)

After collision in the magnetic field
(
ṙ = 0 and θ = π

2
)
, then Ue f f is

Ue f f = E2 = X(r)
(

r2( (ν⊥r + Lz)(1− εt
a )

r2 − B
)2

+ (1− εt
a
)
)

. (60)
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The ν⊥ of particle is

(√ E2

X(r)
− (1− εt

a
) + rB

)
(1 +

εt
a
)− Lz

r
= ν⊥. (61)

Now, differentiating Equation (59) w.r.t r, we obtain

d2Ue f f

dr2 = X′′(r)
(

1− εt
a
+ r2( Lz(1− εt

a )

r2 − B
)2
)

+ 2X′(r)
(

2r
( Lz(1− εt

a )

r2 − B
)2 −

4
( Lz(1− εt

a )

r2 − B
)

Lz(1− εt
a )

r

)
+ X(r)

(
2
( Lz(1− εt

a )

r2 − B
)2 −

4
( Lz(1− εt

a )

r2 − B
)

Lz(1− εt
a )

r2

+
8L2

z(1− εt
a )

2

r4

)
. (62)

5.1. Behavior of the Effective Potential of the Charged Particle

The behavior of Ue f f as a function of r and t near the Dilaton BH was examined for
various values of B. In all parts of the Figures 4 and 5, we observed that Ue f f move toward
the BH when time t increases. Thus, the chances of a particle moving toward a stable orbit
increases in the presence of B. Here, we also observed that the presence of a small value
of magnetic field at the minimum Ue f f is moving away from the horizon and decreased
ISCO width as compared to the large values of B, which is similar to [33,54]. Hence, it
is concluded that an increase in the magnetic field boosts the width of stable region. A
new feature as for the dynamics of charged particle appears due to the Dilaton parameter.
Further, it is noticed that the effective potential increases significantly for higher values
of dilaton parameter (µ) and conversly. Therefore, the chances of escaping the particle is
increased for higher values of the Dilaton parameter. Hence, It is worth mentioning that
the Dilaton parameter plays a meaningful role in the particle dynamics of BH.

Figure 4. The plots of effective potential versus t time and r radial coordinates for ε = 1, a = 1,
Λ = −3, B = 0.5, 1, 1.5. Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1, L = 1; middle
panel µ =

√
3, b = 1.5, p = 0.633, m = 1, α = 1, q = 1.5, L = 3; right panel µ = .64, m = 1, p = 0.623,

q = 0.4, α = 0.64, b = 2, L = 1.
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Figure 5. The trajectories of the effective potential of test particle versus radial coordinates r for ε = 1,
E = 1, a = 1, t = 0.5.

5.2. Behavior of the Effective Force of the Charged Particle

The Fe f f on the test particle is

Fe f f = −1
2

dUe f f

dr

= −1
2
(
X′(r)

)(
1− εt

a
+ r2( (1− εt

a )Lz

r2 − B
)2
)

− 1
2
(
X(r)

)(
2r
( Lz(1− εt

a )

r2 − B
)2 −

4
( (Lz(1− εt

a )

r2 − B
)

Lz(1− εt
a )

r

)
(63)

Figures 6 and 7 presents the behavior of Fe f f for different values of B as a function of t
and r near the TC Dilaton BH. It is noticed that the Fe f f of the test particle is repulsive for
small values of B as compared to large values. By increasing the Dilaton parameter, the
effective force also increases. Hence, the chances to escape the particle are boosted for large
values of the Dilaton parameter µ and magnetic field B.

Figure 6. The graphs of the effective force of charged particle versus radial coordinates r and time
t for ε = 1, a = 1, Λ = −3. Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1, L = 1;
middle panel µ =

√
3, b = 1.5, p = 0.633, m = 1, α = 1, q = 1.5, L = 3; right panel µ = 0.64, m = 1,

p = 0.623, q = 0.4, α = 0.64, b = 2, L = 1.
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Figure 7. The trajectories of the effective force of test particle versus radial coordinates r for E = 1,
ε = 1, a = 1.

5.3. Behavior of the ν⊥ of the Charged Particle

The expression

φ̇ = −B +
Lz(1− εt

a )

r2 sin2 θ
. (64)

implies that left side is -ve if the Lorentz force show attraction. The particle’s motion is
in the clockwise direction and same from other side. Figures 8, 9, 10 and 11 present the
behavior of ν⊥ as function of t and r for various values of a magnetic field near the TC
Dilaton BH. It is observed that the orbital motion of test particle is effected due to strong
magnetic field; therefore, it is possible for the particle to escape from the grip of BH. The
effect of the Dilaton parameter is more significant and gives fruitful results which are
described as follows:

• For µ = 0.64, near the singularity, the escape velocity is very low, as radial distance
and time increases, the escape velocity increases which is evidence.

• For µ = 1, the escape velocity is low for small radial distance, but it increases signifi-
cantly as radial distance and time increases as compared to µ = 0.64.

• Interestingly, for µ =
√

3, it is observed that the escape velocity is very high near the
BH, which provides the evidence that the Dilaton parameter µ is modeled by the dark
energy. Hence, the particle is repelled due to the effect of dark energy, so the chances
of escape are very high near the BH.

Figure 8. The plots of the escape velocity of test particle versus radial coordinates r and time t for
E = 1, ε = 1, a = 1, Λ = −3. Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1, L = 1;
middle panel µ =

√
3, b = 1.5, p = 0.633, m = 1, α = 1, q = 1.5, L = 3; right panel µ = 0.64, m = 1,

p = 0.623, q = 0.4, α = 0.64, b = 2, L = 1.
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Figure 9. The trajectories of the escape velocity of test particle versus radial coordinates r for E = 1,
ε = 1, a = 1, L = 5.

Figure 10. The graphs of the escape velocity of test particle versus radial coordinates r and time t for
Λ = −3, E = 1, ε = 1, a = 1, B = 0.5. Left panel µ = 1, p = 1, m = 2.5, q = 1.055, b = 0.9, α = 1,
L = 1; middle panel µ =

√
3, b = 1.5, p = 0.633, m = 1, α = 1, q = 1.5, L = 3; right panel µ = .64,

m = 1, p = 0.623, q = 0.4, α = 0.64, b = 2, L = 1.

Figure 11. The trajectories of the escape velocity of test particle versus radial coordinates r for E = 1,
ε = 1, a = 1, B = 0.5.



Symmetry 2022, 14, 2033 16 of 18

6. Conclusions

In this work, we studied the motion of neutral and charged particles near TC Dilaton
BHs in the presence and as well as absence of magnetic fields. The effect of the Dilaton
parameter on the fate of particles moving around the TC Dilaton parameter was noted.
Furthermore, the effect of B (magnetic field) and Dilaton parameter was examined on
Ue f f (effective potential), Fe f f (effective force) and ν⊥ (escape velocity) of charged and
neutral particles w.r.t. time. We concluded that the Dilaton parameter affects the motion of
charge and chargeless particles; as the radial coordinate increases, those particles rigorously
accelerate in the vicinity of compact objects. We also perceived the stern attraction and
repulsion of neutral particles for various values of Lz (angular momentum) and µ (Dilaton
parameter) w.r.t. time. One can notice that ν⊥ is attractive for negative values of Lz while
it is repulsive for positive values of Lz. Interestingly, the nature of ν⊥ does not change
w.r.t. time.

Additionally, in the motion of the charged particle, we detected that the minima
of effective potential shifted towards the singularity, and the width of ISCO increases
for a solid magnetic field compared to a weak magnetic field. A new feature for the
dynamics of charged particles appears due to the Dilaton parameter. It is noted that the
effective potential and effective force also enlarged significantly for higher values of Dilaton
parameter (µ) and vice versa. Therefore, the chances of escaping the particle increase for
higher values of the Dilaton parameter near the BH. Hence, it is worth mentioning that
the Dilaton parameter plays a part and parcel role in the particle dynamics of BH. In an
extended way, the Dilaton BH admits the time conformal factor by keeping the structure
of symmetry [37], due to variation in time, the angular momentum and energy are lost by
the BH in the outcome of this the geometry of BH change frequently, which explain the
phenomena of gravitational waves.
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Nomenclature

Symbol Interpretation
BH Black hole
EFEs Einstein field equation
SH − BH Schwarzschild black hole
RN − BH Reissner–Nordstrom black hole
GR General relativity
ANS Approximate Noether symmetric
φ Scalar field
z Maxwell inveriant
Ftr Electromagnetic field
R Ricci scalar
X(r) Metric function
4D Four dimension
t Time
r Radial coordinate
X′ First derivative w.r.t r



Symmetry 2022, 14, 2033 17 of 18

X′′ Second derivative w.r.t r
q Electric charge
Lz Angular momentum
P Power
Λ Cosmological constant
Ue f f Effective potential
Fe f f Effective force
ν⊥ Escape velocity
B Magnetic field
µ Dilaton parameter
Aγ Electromagnetic potential
Fγω Electromagnetic field tensor
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