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Abstract: Interpreting the complex interaction of nanostructured fluid flow with a dipole in a duct,
with peripherally uniform temperature distribution, is the main focus of the current work. This
paper also sheds light on the changes in the Nusselt number, temperature profiles, and velocity
distributions for the fully developed nanofluid flow in a vertical rectangular duct due to a dipole
placed near a corner of the duct. A finite volume approach has been incorporated for the numerical
study of the problem. It is interesting to note the unusually lower values of the Nusselt number for
the higher values of the ratio Gr/Re. Due to the nanostructure in the fluid, an enhancement in the
Nusselt number has been noted, which is strongly supported by the magnetic field caused by the
dipole. However, as the duct shape is transformed from rectangular to square, the Nusselt number is
reduced remarkably. Further, as the dipole is brought nearer to the duct corner, the Nusselt number
increases significantly. On the other hand, the flow reversal in the middle of the duct has been noted
at higher values of the ratio Gr/Re. The dipole is noted to have a low impact on the reversal flow as
well as on the temperature distribution.

Keywords: nanofluids; dipole; rectangular duct; mixed convection; laminar flow; finite volume
method

1. Introduction

Expansion or contraction of the duct has some of the most significant features that are
being used in a broad spectrum of industrial and engineering applications, such as power
generation systems, heat exchangers, combustion chambers, and electronic equipment.
Several authors have conducted extensive analyses of flows and heat transfers in these
geometries in previous decades. The majority of these studies are concerned with the control
of fluid flow and heat transport. Galanis and Rashidi [1] employed the Graetz problem
to find a new solution for an isothermal duct based on hydrodynamically developed
convection extended to mass transfer at walls and power-law fluids. Barletta [2] applied
the appropriate conditions on a flow that is parallel and onset in the fully formed area of
a tilted duct in a circular tube. This research demonstrated how appropriate boundary
conditions would help to maintain a parallel flow regime. Umavathi et al. [3] examined
free convection nanofluids duct flow and heat transfer through a porous matrix where the
fluid flow inside the porous channel was described by the Darcy–Forchheimer–Brinkman

Symmetry 2022, 14, 2007. https://doi.org/10.3390/sym14102007 https://www.mdpi.com/journal/symmetry

https://doi.org/10.3390/sym14102007
https://doi.org/10.3390/sym14102007
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0001-7152-1354
https://orcid.org/0000-0001-9829-9917
https://orcid.org/0000-0001-9438-6132
https://orcid.org/0000-0003-1847-4776
https://orcid.org/0000-0003-3151-9967
https://doi.org/10.3390/sym14102007
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14102007?type=check_update&version=2


Symmetry 2022, 14, 2007 2 of 18

model. A finite-difference approach was chosen to treat the governing model system of
equations numerically. It was discovered that the use of nanofluid caused heat transfer
enhancement. Cheng et al. [4] analyzed the convective heat transport and buoyancy
flow reversal at the entering region of a rectangular duct. Barletta et al. [5,6] had taken
the influence of viscous dissipation in a fully developed and slug laminar flow within
circular and rectangular ducts by using the Laplace transform technique for finding an
analytical solution. Mousavi et al. [7] scrutinized numerically the upshots of a non-uniform
magnetization on the biomagnetic fluid flow in a cavity where the magnetic field was
induced by a wire having an electric current and suspended outside the cavity. This
research explained how much the various magnetic force strengths affected the flow of
biomagnetic fluid for different fractions of duct constriction. A numerical analysis was
carried out to analyze heat and fluid flow in curvilinear geometries of the duct. Energy and
Navier–Stokes equations in the coordinates of curvilinear were solved using the SIMPLEM
algorithm by Öztop [8]. Abdellahoum et al. [9] offered a simulation analysis for the
turbulent convection in the flow of nanofluids passing through a horizontal duct. A two-
dimensional coordinate system was applied to determine the numerical outcomes of the
governing system, and simulation was completed for four separate nanofluids (water–CuO,
water–Cu, water–Al2O3, water–Ag) together with pure water. The laminar forced mixed
convection, heat transport, and entropy generation in rectangular three-dimensional ducts
were explored numerically in [10], where the duct of finite length was heated symmetrically
with constant wall temperature. The impacts of buoyancy force, entropy generation, and
Magnetohydrodynamic (MHD) mixed convection on nanofluids flow in a duct of an angled
step were discussed by Atashafrooz [11]. The results indicated that the Hartmann number
has a significant impact on the friction coefficient, Nusselt number, and entropy generation
patterns along the lower wall.

Sheikholeslami [12] used the finite volume method to replicate the entropy genera-
tion and water-based nanofluids turbulent flow along a circular duct with twisted-tape
turbulators inserted within the pipe. Heat transfer enhancement of nanofluids in a heating
system with a helical-twisted-tape turbulator was numerically simulated by using the finite
volume approach in [13]. The effects of pitch ratio, width ratio, and Reynolds number on
the hydrothermal behavior of nanofluids were shown graphically. The Gaussian elimina-
tion method, together with the Galerkin finite element method, have been applied to the
computing process for a double diffusion of nanofluid flow into a duct by Hussain et al. [14].
Morini and Spiga [15] suggested an analytical method for studying the transient behavior
of a Newtonian fluid in a rectangular duct having natural laminar convection. In this paper,
the energy, momentum, and continuity equations were solved by employing a Laplace
transform and twofold sine Fourier transform. Selimefendigil and Öztop [16] utilized the
finite element method to explore the influences of the double spinning cone system, as well
as a magnetic force on mixed convection in some kind of a 3-dimensional porous tube, and
the effects of various influencing factors on thermal convection, were also investigated.
Ali et al. [17] investigated how the strength of magnetic force influenced the thermal and
flow properties of nanofluids within a vertically square duct using both the spectral and
finite difference methods. Barletta et al. [18] calculated the free convection and combined
force in a rectangular vertical duct with a uniform wall. For each level wall, a different
value of heat flux was envisaged, and the energy and momentum equations were iteratively
solved by the Galerkin finite element method. Li et al. [19] interpreted the magnetohydro-
dynamic (MHD) flow of nanofluids across a permeable duct using a mesoscopic method.
To depict the Reynolds number effects, Darcy numbers, and the magnetic parameter on
the behavior of nanofluids, the lattice Boltzmann method (LBM) was chosen. The work
of Ahmad et al. [20] aimed to better understand how a magnetic field in a cavity with
dipole interaction affected nanofluid flow. The nanofluid was modeled using a single-phase
model, while the system governing the flow model was solved iteratively.

In nature, mixed convection flows, also known as hybrid forced and free convective
flows, occur in a variety of technical and industrial applications, such as electronic devices
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cooled by fans, solar receivers exposed to air currents, nuclear reactors cooled during an
actual emergency, ocean and atmosphere flows, and heat exchangers located in a low-
velocity environment. Mixed convection in a nanofluid (Al2O3–water) flow, occurring
inside a lid-driven quadrilateral cavity under the influence of magnetic force for different
conductivity structures by employing the finite element method, has been numerically
studied by Selimefendigil and Öztop [21]. Zanchini [22] examined analytically the mixed
convection for laminar and steady flow with a thermal viscosity in an annular duct. The
findings designated that the cumulative impacts of variable flow rate and buoyancy forces
on the averaged friction Fanning factor cross-section significantly affected the flow and
that the lower values of such quantities are possible. El. Hasadi et al. [23] scrutinized a
laminar mixed convection in a horizontal duct (semicircular) along with the flat wall by
employing a finite control volume approach to solve the governing energy and momentum
equations numerically. Barletta and Nield [24] analyzed forced mixed convection in a
rectangular lid-driven cavity for buoyant laminar flow in view of uniform motion, where
the standing sides were heated at various temperatures. Barletta et al. [25] examined a
fully developed flow within an axial region having electrical wire immersed in a porous
medium. The effects of MHD power, buoyancy, and heat generation were considered due
to Joule heating and viscous dissipation. The mixed convection seepage flow was evaluated
according to Boussinesq approximation and Darcy law, while the buoyancy effect was
modeled by wall temperature. The effect of mixed convection and laminar heat transport
enhancement for Lewis number, taking a tube having fixed concentration at the fluid–solid
interface and constant heat flux, was discussed by Orfi and Galanis [26]. Barletta [27]
analytically investigated mixed convection for a rectangular duct fully developed flow by
using Fourier transforms. The temperature field, the velocity field, the friction factor, and
the Nusselt number have been evaluated. In a further study of Barletta [28], the Boussinesq
approximation was employed to assess the appropriate condition for horizontal mixed
convection in a tilted duct and considered a sample case regarding an inclined plane to
explain this condition.

Nanofluids are the nanoparticle suspensions in the fluid showing substantial im-
provement in their properties at modest concentrations of nanoparticles. Many publica-
tions regarding nanofluids are about understanding nanofluid behavior, for which direct
heat-transfer enhancement plays a pivotal role in many industrial applications, such as
transportation, nuclear reactors, electronics, foods, and biomedicines. Geridonmez and
Öztop [29] presented a numerical study of nanoparticle flow and heat transport in the duct
under the influence of cross differential magnetic fields. The findings were described by
the isotherms, streamlines, vorticity contours, and Nusselt number. The thermal conduc-
tivity increased due to an increase in the size of the heater or the distinct compositions
of nanoparticles. Zhang and Zhang [30] probed the performance of pressure drop and
heat transport of magnetic nanofluids with various varying magnetic fields. The outcomes
revealed that varying magnetic fields have a stronger effect on local thermal performance
than non-magnetic fields. The numerical simulation is discussed in Ref. [31] to address the
effects of electric and magnetic fields on nanofluids in a pipe containing titanium–oxide,
silicon–oxide, diamond, and copper as nanoparticles and water as the base fluid. Abdel-
lahoum et al. [32] compared various models of viscosity for turbulent nanofluid forced
convection (Al2O3) over a thermally driven cavity. Numerical simulations were performed
by Zhang and Zhang [33] to study the thermal transmission and magnetic nanofluids’ flow
properties under magnetic field intensities, magnetic field directions, and volume fractions.
According to their findings, the effect of the thermal performance was small in a poor mag-
netic field but increased significantly in a powerful magnetic field. Ekiciler [34] numerically
analyzed flow characteristics and heat transfer by incorporating four dissimilar fluids and
modifying the position, length, and altitude of a rib mounted in a two-dimensional channel
through turbulent fluid properties and forced convection. Umavathi et al. [35] examined
free convection (double diffusive) of nanofluids inside a confined rectangular channel. The
equations for momentum and energy were written as difference equations and solved
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numerically. The influencing factors of the magnetic field, as well as nanofluid over forced
convection flow and thermal irreversibility in a conduit with an immediate contraction,
were inspected by Atashafrooz et al. [36]. Mayeli et al. [37] used numerical analysis to in-
terpret the entropy generation and convective heat transfer of the laminar nanofluids’ flow
across a channel with wavy surfaces under a magnetic field. According to the calculations,
skin friction, total entropy generation, and Nusselt number increased as the strength of a
magnetic field increased. The micropolar flow within a channel having permeable walls,
with the effect of magnetohydrodynamic, was interpreted by Ahmad et al. [38]. Not only
skin friction and Nusselt number increased with the effect of the imposed magnetic field
but micro-rotational also increased with its effect. To determine the impact of a hybrid
methodology on fluid motion and heat transfer, a numerical investigation is carried out
by Aidaoui et al. [39]. The authors considered a correlation between multiple promoting
approaches to strengthen transfer phenomena in chaotic flow, nanofluid flow, and magnetic
induction. The thermal characteristics of copper–water and aluminum oxide–water hybrid
nanofluid flow inside a complex non-Darcian porous wavy enclosure was elucidated by
Mandal et al. [40]. The left enclosure wall was assumed to be heated and wavy. They noted
that the Darcy number caused a reduction in the flow intensity. The same phenomenon was
investigated by Biswas et al. [41] and Manna et al. [42], subject to magnetohydrodynamic
effects. An analysis of hybrid nanofluid-filled enclosures with thermo-fluidic transport
and magnetic field effects was presented by Mondal et al. [43]. Further recent work is
elaborated in the refs. [44–46].

This study expresses the novel features of the problem under magnet field effects.
For the numerical analysis of the problem, a finite volume technique has been used. The
graphical and tabular results describe the dominant effects of the physical parameters
on the flow within the duct filled with nanofluids. The presence of a strong magnetic
field due to the dipole increases the Nusselt number while the Nusselt number decreases
dramatically as the duct shape changes from rectangular to square.

2. Governing Equations

The single-phase model (SPM) developed by Xuan and Roetzel [47] has been used
to model the nanofluid because the solid’s particles are super fine (less than 100 nm)
and rapidly fluidized. It may be considered that these particles act somewhat like fluids.
Figure 1 describes the location of dipole and geometry of the problem. The nanofluid
could be interpreted as a base fluid under the presumptions that there is neither motion
slip in between discontinuous phases of both the distributed microscopic particles and the
consistent liquid and that there is localized thermal stabilization between the nanostructures
and a base fluid. Thus, all energy and motion equations involving pure fluids can be directly
applied to nanofluids. However, we have to incorporate the features corresponding to
nanofluids while adopting the preexisting dimensionless relation for the base fluids to
nanofluids. Therefore, following Xuan and Roetzel [47], the governing equations for the
steady, laminar, and incompressible fully developed flow (with Boussinesq hypothesis
being used for modeling the buoyancy effect) of a nanofluid in a vertical rectangular duct
(with sides a and b), due to an external pressure gradient, may be written as:

∂u1

∂x1
+

∂u2

∂x2
+

∂u3

∂x3
= 0, (1)

ρn f

(
u1

∂u1

∂x1
+ u2

∂u2

∂x2
+ u3

∂u3

∂x3

)
= − ∂p

∂x1
+ µn f

(
∂2u1

∂x1
2 +

∂2u1

∂x22 +
∂2u1

∂x32

)
, (2)

ρn f

(
u1

∂u2

∂x1
+ u2

∂u2

∂x2
+ u3

∂u2

∂x3

)
= − ∂p

∂x2
+ µn f

(
∂2u2

∂x1
2 +

∂2u2

∂x22 +
∂2u2

∂x32

)
, (3)

ρn f

(
u1

∂u3

∂x1
+ u2

∂u3

∂x2
+ u3

∂u3

∂x3

)
= − ∂p

∂x3
+ µn f

(
∂2u3

∂x1
2 +

∂2u3

∂x22 +
∂2u3

∂x32

)
+ (ρβ)n f g(T − T0) + σn f B2u3, (4)
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(
u1

∂T
∂x1

+ u2
∂T
∂x2

+ u3
∂T
∂x3

)
= αn f

(
∂2T
∂x1

2 +
∂2T
∂x22 +

∂2T
∂x32

)
, (5)

Figure 1. Physical model of the problem.

For the present problem, the velocity field looks like:

→
V = (u1, u2, u3) = (0, 0, u3(x1, x2)), (6)

where x1, x2 , and x3 are the usual three-coordinate directions. It is assumed that the
thermal characteristics of fluid, such as dynamic viscosity, thermal conductivity, and
thermal diffusivity, do not change. The usual symbols are used for density, thermal
diffusivity, temperature, and pressure. Further, σn f is the electrical diffusivity of the
nanofluid, and B = µ0H is the magnetic field induction with magnetic field intensity

H

(
= γ

2π
1√

(x1−x0
1)

2
+(x2−x0

2)
2

)
situated at

(
x0

1, x0
2
)
. Further, T0 is a reference temperature

that describes the relation between local mass density and local temperature. Usually, the
reference temperature T0 is given by:

T0 =
1
ab

b∫
0

a∫
0

T dx1 dx2, (7)

This temperature represents the mean flow temperature at a specific cross section of
duct. The proposed flow field and the choice (0, −ε0) for the dipole location give rise the
system of equations:

∂u3

∂x3
= 0, (8)

∂p
∂x1

=
∂p
∂x2

= 0, (9)

− ∂p
∂x3

+ µn f

(
∂2u3

∂x1
2 +

∂2u3

∂x22

)
+ (ρβ)n f g(T − T0) + σn f µ0

2H2u3 = 0, (10)

u3
∂T
∂x3

= αn f

(
∂2T
∂x1

2 +
∂2T
∂x22 +

∂2T
∂x32

)
, (11)
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where H2
=
( γ

2π

)2
(

1
x1

2+(x2+ε0)
2

)
. It has been assumed that ∂p

∂x3
and ∂T

∂x3
is a constant, and

pressure is the function of x3 only with:

∂T
∂x3

=
dTw

dx3
=

∂T0

∂x3
= 4

.
qn f

kn f D
, (12)

where
.
qn f =

kn f
2(a+b)

(
b∫

0

(
∂T
∂x

∣∣∣
a
− ∂T

∂x

∣∣∣
0

)
dx2 +

a∫
0

(
∂T
∂y

∣∣∣
b
− ∂T

∂y

∣∣∣
y=0

)
dx1

)
and D = 2ab

a+b are the

constant peripherally averaged wall heat flux and the hydraulic diameter of the
duct, respectively.

The solution of Equation (11) yields to:

u3

(
4

.
qn f

kn f D

)
= αn f

(
∂2T
∂x1

2 +
∂2T
∂x22

)
. (13)

Now, we introduce the non-dimensional coordinates as:

x =
x1

a
, y =

x2

a
, σ =

b
a

, θ =
T − Tw

Tw − T0
, λ = −

a2dp
/

dx3

µ f w0
, w =

u3

u0
, H =

H
H0

, ε =
ε0

a
(14)

reduce the Equations (10) and (13) to:

λ +

(
1− φ + φ

(ρβ)s
(ρβ) f

)
(θ + 1)

(
Gr
/

Re

)(
1+σ
2σ

)2

+(1− φ)−2.5
(

∂2w
∂x2 + ∂2w

∂y2

)
−

1 +
3
(

σs
σf
−1
)

φ(
σs
σf

+2
)
−
(

σs
σf
−1
)

φ

MH2w = 0,

(15)

(
∂2

∂x2 +
∂2

∂y2

)
θ =

(
ks + 2k f

)
+ φ

(
k f − ks

)
(

ks + 2k f

)
− 2φ

(
k f − ks

)(1 + σ

σ

)2
w. (16)

where H0 = γ
2πε is intensity of magnetic field at origin, which is utilized for the dimension-

less magnetic-field strength H. Additionally, ε = ε0
a is a concerned dipole location in the

non-dimensional XY-coordinate system, σ = b
a is the aspect ratio of the duct, whereas θ

and λ are, respectively, the dimensionless temperature and pressure gradient.

3. Numerical Approach: Finite Volume Method

We note that the governing equation looks like a coupled set of Poisson equations that
we want to solve by employing the finite volume method (FVM).

For this, we first present how to discretize a general Poisson equation over a rect-
angular grid, and then we see what our set of equations looks like when discretized in
a similar manner. Around a general grid point “P”, we assume a control volume (CV)
of rectangular-shape and integrate the Poisson equation over a domain of this volume,
as follows:

∇2u = f (17)
x

cv
∇2udxdy =

x

cv
f dxdy (18)

yn∫
ys

xe∫
xw

(
∂2u
∂x2 +

∂2u
∂y2

)
dxdy =

yn∫
ys

xe∫
xw

f dxdy (19)
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The right-hand side of which is approximated as
yn∫
ys

xe∫
xw

f dxdy ≈ hk fP. Hence,

yn∫
ys

xe∫
xw

(
∂2u
∂x2

)
dxdy +

yn∫
ys

xe∫
xw

(
∂2u
∂y2

)
dxdy = fPhk (20)

yn∫
ys

{
∂u
∂x

∣∣∣∣
x=xe

− ∂u
∂x

∣∣∣∣
x=xw

}
dy+

xe∫
xw

{
∂u
∂y

∣∣∣∣
y=yn

− ∂u
∂y

∣∣∣∣
y=ys

}
dx = fPhk (21)

yn∫
ys

{
u(xE ,y)−u(xP ,y)

h − u(xP ,y)−u(xW ,y)
k

}
dy

+
xe∫

xW

{
u(x,yN)−u(x,yP)

h − u(x,yP)−u(x,ys)
k

}
dx = fPhk

(22)

yn∫
ys

{
u(xE ,y)−2u(xP ,y)+u(xW ,y)

h

}
dy

+
xe∫

xW

{
u(x,yN)−2u(x,yP)+u(x,yS)

k

}
dx = fPhk

(23)

{
u(xE ,yP)−2u(xP ,yP)+u(xE ,yP)

h

}
(yn − ys)

+
{

u(xP ,yN)−2u(xP ,yP)+u(xP ,yS)
k

}
(xe − xw) = fPhk

(24)

k
{

u(xE ,yP)−2u(xP ,yP)+u(xP ,yP)
h

}
+

h
{

u(xP ,yN)−2u(xP ,yP)+u(xP ,yP)
k

}
(xe − xw) = fPhk

(25)

or

k
{

uE − 2uP + uW
h

}
+ h
{

uN − 2uP + uS
k

}
= fPhk (26)

Our system of governing equations, when discretized in this way, becomes:

uE−2uP+uW
h2 + uS−2uP+uN

k2 − M
(1−φ)2.5 H2

PuP

= 1
(1−φ)2.5

{
1− φ + φ

(ρβ)s
(ρβ) f

}
(θP + 1)Gr

Re

(
1+σ
2σ

)2 1
(1−φ)2.5

(27)

θE − 2θP + θW
h2 +

θS − 2θP + θN

k2 =
1
d2

(
1 + δ

δ

)2
up (28)

For solving Equations (15) and (16) when discretized, using Equations (27) and (28),
the following appropriate boundary conditions are used:

w(xi, y1) = θ(xi, y1) = w
(

xi, yny

)
= θ

(
xi, yny

)
= 0,

∀1 ≤ i ≤ nx

w
(

x1, yj
)
= θ

(
x1, yj

)
= w

(
xnx , yj

)
= θ

(
xnx , yj

)
= 0.

∀1 ≤ j ≤ ny


(29)

4. Results and Discussion

We have solved the transformed system of model equations for various values of
the governing parameters (λ, σ, φ, and Gr/Re, etc.), subject to the boundary conditions,
by employing a well-known finite volume method, with the volumetric concentration of
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nanoparticles φ being the only parameter quantifying the amount of solid particles in the
base fluid. Unless otherwise stated, we have taken φ = 0.05 in the present work.

Physical quantities for the present problem are the Nusselt number Nu and the Darcy
friction factor f, which are defined as:

Nu =
q̃wD

(Tw − Tb).kn f
, f =

−dp
/

dz.D

ρn f
u0

2
/

2

. (30)

In view of Equation (14), we have:

Nu = −
k f

kn f

(
ks + 2k f

)
− 2φ

(
k f − ks

)
(

ks + 2k f

)
+ φ

(
k f − ks

) .
1
θb

, f Re = 2λ

(
1− φ + φ

ρs

ρ f

)−1

.
4σ2

(1 + σ)2 , (31)

where

θb =
1
σ

1∫
x=0

σ∫
y=0

u(x, y) θ(x, y) dx dy (32)

It is important to mention that fRe is a prior known constant quantity, which is
dependent on the fluid nature, duct shape, and the dimensionless pressure gradient.
Therefore, the impact of the governing parameters will only be studied on the Nusselt
number Nu given by Equation (30).

To assess the validity of our numerical solution, we compared our results with those
obtained from the spectral method in the limiting case when σ = 1, λ = 1, φ = 0.0, and
M = 0. For the spectral method, the solution is written in the truncated Fourier series
given below:

u(x, y) =
N1
∑

m=1

N2
∑

n=1
a(m,n) sin(mπx) sin(nπy)

θ(x, y) =
N1
∑

m=1

N2
∑

n=1
b(m,n) sin(mπx) sin(nπy)

 (33)

By making use of the orthogonality of basis functions, one arrives at:

am,n =
1

mnπ2

(
1− (−1)m)(1− (−1)n){

(Gr/Re)
4π2(m2+n2)

+ 0.25π2(m2 + n2)
} , bm,n =

am,n

π2(m2 + n2)
(34)

.
An excellent comparison of our numerical results with the Spectral method (given

in Table 1) provides a source of validation for our computational technique. In order to
present rigorous and detailed validity of our computer code, we compare (in Figure 2b–d)
our numerical results with the existing scientific literature (Ali et al. [17]) for the special
case of pressure-gradient driven flow in the square duct without any nearby laying dipole.
Excellent comparison of our heat transfer results with the related problem (Ali et al. [17]) is a
source of satisfaction for the authors. On the other hand, Table 2 shows the thermo-physical
properties of the base fluid (water) and the solid particles (silver).
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Figure 2. Cont.
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Figure 2. (a) Control volume domain at a specific mesh point P. (b) Comparison of our numerical
results for the Nusselt number Nu with literature Ali et al. [17], for the limiting case. (c) Comparison
of our numerical results along the line x = 0.5 with the literature Ali et al. [17], for the limiting case.
(d) Comparison of our numerical results along the line y = 0.5 with the literature Ali et al. [17], for the
limiting case.

Table 1. Comparison of present results for Nu in the limiting case when σ = 1, λ = 1, φ = 0.0 , and
M = 0.

Gr/Re Nu (Present Method) Nu (Spectral Method)

1 1.1746 × 104 1.1745 × 104

10 1.2292 × 104 1.2291 × 104

100 1.8436 × 104 1.8433 × 104

1000 1.4612 × 104 1.4608 × 104

5000 1.9351 × 104 1.9343 × 104

Table 2. Thermo-physical properties of nanoparticles and water.

Thermo-Physical ρ
(
kgm−3) Cp

(
Jkg−1K−1) k

(
Wm−1K−1) β

(
K−1)

Water (H2O) 997.1 4179 0.613 21 × 10−5

Silver (Ag) 10500 235 429 1.89 × 10−5

Moreover, it is interesting to note (from Table 1) the unusually higher values of the
Nusselt number Nu for the higher Gr/Re ratio. As the ratio is increased, the velocity
distribution is significantly lowered (as predicted in the next section). As a result, Equation
(13) becomes very similar to a Laplace equation with Dirichlet boundary conditions (the
function to be found is zero on the boundary), which gives the numerical solution almost
coincident to the XY-plane. Consequently, the Nusselt number, being the reciprocal of a
double integral of dimensionless temperature, becomes very large. In Table 3, we observe
the impact of the magnetic parameter M and the aspect ratio σ on the Nusselt number Nu,
for the particular case of forced convection, that is, Gr/Re = 0.
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Table 3. Nusselt number variation with σ and M for the fixed λ = 200, Gr
Re=0 , φ = 0.02 , and ε = 0.2.

σ
Nu

M = 0 M = 50 M = 100 M = 150 M = 200

0.2 18.7016 19.8204 20.9379 22.0550 23.1728
0.4 1.2432 1.4441 1.6535 1.8710 2.0967
0.6 0.3056 0.3824 0.4654 0.5546 0.6497
0.8 0.1342 0.1753 0.2207 0.2701 0.3235
1.0 0.0808 0.1073 0.1367 0.1688 0.2037

A significant rise in Nu is noted due to a strong magnetic field. However, as the duct
shape is transformed from rectangular to square form, the Nusselt number is reduced
remarkably. For the mixed convection scenario, the physical quantities of interest (that is,
Nu) is given in Table 4.

Table 4. Variation in Nu with σ and M for the fixed λ = 200, Gr/Re = 100, φ = 0.02, andε = 0.2.

σ
Nu

M = 0 M = 50 M = 100 M = 150 M = 200

0.2 1.2608 1.3143 1.3677 1.4208 1.4737
0.4 0.5254 0.5767 0.6289 0.6819 0.7359
0.6 0.2800 0.3181 0.3576 0.3984 0.4406
0.8 0.1804 0.2088 0.2384 0.2693 0.3014
1.0 0.1318 0.1537 0.1766 0.2005 0.2254

It is noted that the forced convection is far more effective quantitatively on a rectangu-
lar duct.

An analysis of Nu against both the ratios of Gr/Re (negative and positive) is provided
in Table 5. Some more discussion is required to interpret the case for which both Gr and
Re are less than zero. A cautious examination is essential in subsequent studies to further
investigate the stability of the laminar temperature as well as velocity distributions, which
is out of the aims of the current work.

Table 5. Variation in Nu with Gr/Re and M for the fixed λ = 200, σ = 0.5, φ = 0.02, and ε = 0.2.

Gr
/

Re
Nu

M = 0 M = 50 M = 100 M = 150 M = 200

−100 2.3919 4.6080 7.4516 10.8838 14.8753
−50 1.1507 1.5449 1.9836 2.4648 2.9868
0 0.5583 0.6756 0.8004 0.9325 1.0717
50 0.4289 0.4940 0.5619 0.6323 0.7053
100 0.3729 0.4173 0.4630 0.5099 0.5581

Further, Figure 3a,b are referred in order to obtain a further insight into the depen-
dence of the Nusselt number Nu on different governing parameters. Obviously, there is a
significant increase in Nu irrespective of the strength of the magnetic field produced by the
dipole (please see Figure 3a).
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Figure 3. (a) Variation in the Nusselt number with different φ and M. (b) Variation in the Nusselt
number with different λ and σ. (c) Variation in the Nusselt number with different ratio Gr

Re and ε.

Figure 4a,b give the distribution of dimensionless velocity and temperature distribu-
tions across the square duct, in the absence of any magnetic effects. The non-dimensional
pressure gradient λ is negative in the present case, which implies the existence of an up-
ward deriving force acting on the fluid. However, the ratio Gr/Re causes a downward force
in the middle of the duct (the force is not very influential near the duct walls due to the
no-slip boundary condition). An obvious point of concern is to check the possibility of flow
reversal, which can happen at the points where the velocity is negative and that cannot be
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explicitly known from the above figures. We, therefore, focus our attention on the velocity
cross-section in the middle of the duct.

Figure 4. (a) Velocity distribution in the duct for the fixed M = 0, Gr/Re = 104, σ = 1,
φ = 0.02, ε = 0.2, and λ = 10 (b) Temperature distribution in the duct for the fixed M = 0,
Gr/Re = 104, σ = 1, φ = 0.02, ε0 = 0.2, and λ = 10.

Figure 5a,b are portrayed to see how the dipole located at (0, − ε0) affects the velocity
and temperature distributions. An obvious impact is the distortion of symmetry of the
profiles. Further, as obvious from the governing equations, the intensity with which the
temperature and velocity distributions are affected, at a certain point in the flow field,
depends upon its distance from the dipole. We confirm this format.

Flow reversal in the middle of the duct is significant at higher values of the ratio
Gr/Re, from Figure 6a. Further, the dipole is noted to have a low impact on the reversal
flow as well as on the temperature distribution (Figure 6b). It can thus be inferred that the
dipole affects the velocity and temperature distributions on the duct corner that is nearest
to the dipole.
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Figure 5. (a) Velocity distribution in the duct for the fixed M = 100, Gr/Re = 104, σ = 1,
φ = 0.02, ε = 0.2 , and λ = 10. (b) Temperature distribution in the duct for the fixed M = 100,
Gr/Re = 104, σ = 1, φ = 0.02, ε = 0.2 , and λ = 10.

Figure 6. (a) Velocity distribution in the duct for the fixed Gr/Re = 104, σ = 1, φ = 0.02, ε = 0.2 , and
λ = 10. (b) Temperature distribution in the duct for the fixed Gr/Re = 104, σ = 1, φ = 0.02, ε = 0.2,
and λ = 10.
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5. Conclusions

The purpose of the paper is to study how the Nusselt number, temperature profiles,
and velocity distributions for the fully developed nanofluid flow in a vertical rectangular
duct are affected by the magnetic field produced by a nearby placed dipole. Governing
equations are discretized using a finite volume approach, and the algebraic system thus
obtained is iteratively solved. The computational technique is rigorously validated by
comparing our numerical results with the existing scientific literature for a limiting case of
pressure-gradient-driven flow in the square duct in the absence of any dipole.

It is noted that the quantity f Re is a prior known constant quantity, which is dependent
on the fluid nature, duct shape, and the dimensionless pressure gradient. Therefore, the
impact of the governing parameters has been studied on the Nusselt number only.

As the duct shape is transformed from rectangular to square, we notice more than
200% reduction in the Nusselt number, even in the presence of a very strong magnetic field.
As the ratio (Gr/Re) is increased, the velocity distribution is reduced to such an extent that
even flow reversal is predicted to occur in the middle of the duct. Finally, the temperature
distribution and the flow reversal are not significantly affected by the dipole.

The finite volume method could be applied to a variety of physical and technical
challenges in the future [48–55]. Some recent developments exploring the significance of
the considered research domain are reported in the studies [56–65].
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Nomenclature

List of symbols
H magnetic field
H magnetic field intensity
H magnetic field strength [T]
B magnetic field induction
H0 magnetic field intensity at the origin
xE ordinate of eastward located neighboring point of point P
xP ordinate of general point P
xW ordinate of westward located neighboring point of point P
xN ordinate of northward located neighboring point of point P
uE velocity at the eastward located point E
uP velocity of general point P
uW velocity at the westward located point W
uN velocity at the northward located point N
yP abscissa of general point P
yS abscissa of the ordinate of southward located neighboring point of point P
yN abscissa of the ordinate of northward located neighboring point of point P
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k grid space along vertical direction
h grid space along horizontal direction
fP value of the function at point
an,m coefficient for the spectral expression for u
bn,m coefficient for the spectral expression for u
M magnetic parameter
Nu Nusselt number
Re Reynolds number
T temperature [K]
T0 reference temperature
D hydraulic diameter of the duct
.
qn f constant peripherally averaged wall heat flux
Greek letters
θ dimensionless temperature
φ nanoparticle volume fraction
ρ density [kg.m−3]

ρs density for the solid particles
ρ f density of the base fluids
ρn f density of the nanofluids
σn f electrical diffusivity of the nanofluid
ε corresponding location of the dipole
σ aspect ratio of the duct
λ pressure gradient
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