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Abstract: In this study, inspired by the concept of B-metric-like space (BMLS), we introduce the
concept of orthogonal B-metric-like space (OBMLS) via a hybrid pair of operators. Additionally, we
establish the concept of orthogonal dynamic system (ODS) as a generalization of the dynamic system
(DS), which improves the existing results for analysies such as those presented here. By applying this,
some new refinements of the F, -Suzuki-type (F, -ST) fixed-point results are presented. These include
some tangible instances, and applications in the field of nonlinear analysis are given to highlight the
usability and validity of the theoretical results.

Keywords: fixed point; orthogonal B-metric-like space; orthogonal dynamic system; ordinary differential
equation; nonlinear fractional differential equation

1. Introduction and Preliminaries

Fixed point theory (FPT) and its applications provide an important framework for
the study of symmetry in mathematics [1-17]. The literature contains many extensions
of the concept of FPT in metric spaces (MSs) and its topological structure. Matthews [18]
introduced the notion of partial metric space (PMS) and proved that the Banach contraction
theorem (BCT) (or contraction theorem) can be generalized to the partial metric context for
applications in program verification. The concept of b-metric space (BMS) was introduced
and studied by Czerwik [19]. Recently, Amini-Harandi [20] introduced the notion of
metric-like space (MLS). Afterward, Alghamdi et al. [21] introduced the notion of BMLS,
which is an interesting generalization of PMS and MLS. While examining this with the
PMS, they ascertain that every PMS is an BMLS, but the converse does not need to be true,
showing that a BMLS is more general structure than the PMS and MLS.

The contraption of DS is a strong formalistic apparatus, associated with a large-
spectrum analysis of multistage decision-making problems (MDMP). Such problems appear
and are congruent in essentially all human activities. Unfavorably, for explicit reasons,
the analysis of MDMP is difficult. MDMP are characteristic of all DS in which the associated
variables are state and decision variables (see more, [22,23]). In recent years, Klim and
Wardowski [24], discuss the idea of DS instead of the Picard iterative sequence in the context
of fixed-point theory. Their objective was further exploited by numerous researchers in
many ways (see more details in [25]).

Recently, Gordji et al. [26] established the new idea of an orthogonality behavior in
the context of metric spaces (MSs) and provided some new fixed-point theorems for the
Banach contraction theorem (BCT) in the MSs class that is endowed with this new type of
orthogonal binary relation _L.

The main objective of this manuscript is to introduce and investigate a new concept
of OBMLS and ODS D | (, p, &) for hybrid pairs of mappings. Some new, related, multi-
valued F| -ST fixed-point theorems are established with respect to D (u,p,&). Our
investigation is completed by tangible examples and applications in ordinary differential
equations and nonlinear fractional differential equations.

Hereinafter, we recall the definition of the orthogonal set (briefly O-set) and some
related fixed-point results.
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Definition 1. [26] A O-set is a pair (C, 1) where 1.C C x C form a binary relation and C is a
non-empty set; therefore, we have

3éy € Csuchthaté L & (oregy L&) véeC.

Example 1. Define 1 on C # ¢ by é L &, where we consider C to be the collection of all people in
the world. Let & provide blood to é. Based on Figure 1, if &y is a body in so that his/her blood group
type is O-negative, we can write &y | ¢V é € C. This implies that (C, 1) is an O-set. According
to this fashion, in the O set, &y is not unique. Note that, in this logical example, & may be a body
with the blood group type AB-positive. Therefore, we write é L éyV é € C.

Figure 1. Orthogonal blood groups relations.

Definition 2. [26] A sequence {&,} on (C, L) is known as orthogonal sequence (O-sequence)
if the following condition holds true

Vi € N,é¢ L &1 (oréiq L é.

Definition 3. [26] The triplet pair (C, L, d) is known as orthogonal MS (O-MS) if (C, 1), is an
O-set and (C,d) is an MS.

Theorem 1. [26] Let triplet pair (C, L, d) be an O-complete MS (complete MS not needed) and
0 <d <1 Let y: C— C, such that the following conditions hold true:

(i) O —continuous;

(ii) O, —contraction mapping endowed with Lipschitz constant;

(iii) O, —preserving. Then, u possesses a unique fixed point. Moreover, lim ' (¢) = ¢V n € C.

Alghamdi et al. [21] introduced the notion of b-metric-like space as follows:

Definition 4. A BMLS on a non-empty set C is a function & : C x C — R+ U {0} such that, for
each &1,&,63 € Cwiths > 1, we have

(&) ifE(e1,8) = 0implies & = &;

(Cii) ¢(é1,82) = &(é,¢1);

(Giit) $(&1,83) < s[¢(é1,82) + (&2, 83)].

The pair (C, ) is known as a BMLS.
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Definition 5. Let (C, ) be a BMLS. Then, we have
(i) asequence {&,} of C converges to a point &€ € C iff

Jlim &(28) = &(2,2).
(ii) a sequence {&,} of BMLS (C,{) is known as a Cauchy-sequence, iff limy, m—oo G (&1, Enm)
exists (and is finite).
(iti) a BMLS (C, ¢) is known as complete if every Cauchy-sequence {&,} € C converges and is
endowed with T() to & € C, such that limy, m—e0 C(&n, 8m) = E(&,6) = limy_e0 £(&,8,).

Nadler [27] developed the concept of Hausdorff metric (HM) and improved the BCT
for multi-valued operators instead of single-valued operators. Herein, we investigate the
concept of HM-like in light of HM, as follows. Let (C, {) be a BMLS. For &; € Cand V; C C,
let & (81, V1) = inf{&(¢1,&) : & € Va}. Define H : CB(C) x CB(C) — [0, +0) by

H(V11V2> = max{ sup gb(élr VZ)r sup Cb(él/ Vl)}

&1eV; éeV,

for each V;, V, € CB(C). CB(C) denotes the family of all non-empty closed and bounded-
subsets of C and CL(C) denotes the family of all non-empty closed-subsets of C.

Theorem 2. Let (C,0) be a complete MS and i : C — CB(C) is known as Nadler contraction
mapping, if o € [0,1) exists in such a way that

H(pey, py) < 00(8),8) V8,8 € C.
Then, u possesses at least one fixed point (see more details in [27]).

In 2012, Wardowski [28] developed the concept of a contraction operator known as
an F-contraction and improved the Banach contraction theorem (BCT) via F-contraction,
which is the real generalization of BCP. Then, the concept of F-contraction was advanced to
the case of non-linear F-contractions with a dynamic system, justifying that F-contractions
with a dynamic system have a more general structure than the F-contraction (see more
details in [24]).

Definition 6. [28] Let V[ be the set of mapping F : Rt — R, satisfying each of the following
axioms (F;), (F;;) and (Fi;):
(F;) Y é&.,& € R such that
¢ < é = F(&) < F(é2).
(Fi) V {é&} € R, we have

lim é;, =0« lim F(¢,) = —coVa e N.
a—-»00 a—-r00

(Fii) 0 < @ < 1 exists such that limg_,o B°F(B) = 0. Let C,b) bean MSand p : C — Cis
known as F-contraction, if T € Rt — {0} exists such that

0(pé1,p82) >0 = T+ F(0(pé1,pé2)) < F(O(é1,62)) for each &1,¢, € C.
We provide some related examples of mappings belonging to V as follows:

Example 2. [28] Let V- be the set of mappings Fi, F», F3, Fy : Rt — R defined by:
(1) F((é)=Inéve>0;
(2) E(&)=é+InéVe>0;

(3) F(é) = —% Veé>o0;
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(4) F@)=In(E+e)Ve>0.
Now, we recall the following basic concept of the dynamic system (DS):
Definition 7. Let y : C — C(C) be a mapping. A set
D(p, %) = {(8a)yz0 : & € u&a-1¥a € N}.

known as DS D (u, &y) of u with respect to the starting point &. & € C is arbitrary and fixed.
In light of D(u, &), (éﬂ)ueN_{O} onward has the form (&;) (see more in [24]).

We now recall some basic concepts of F-contraction with respect to the dynamic system
(DS), as follows:

Theorem 3. [24] Let y : C — C(C) be a multi-valued F-contraction with respect toa D(u, &),
if there is a function T : R¥ — R, such that

A(80,8051) > 0 = T(d(84_1,8,)) + Fd(&s, 80s1) < Fd(8,_1,8,) Va € N.

Assume that there are &; € D(u,&y), such that liminf,_,,+ T(I) > 0 for each a > 0 and a mapping
C 2 &, — d(&,, ué,) is D(p, &) a dynamic lower semi-continuous mapping. Then, i has a fixed
point.

2. Main Results

First, to provide our new definition as a generalization of B-metric-like spaces:

Definition 8. An OBMLS on a non-empty set C with s > 1is a function { : C x C — R* U {0}
such that, for each &,,¢,,&; € C with respect to orthogonal relation (¢1 L &, L &), if the following
conditions hold:

(gl) ng(él,éz) =0 implies é] =&,

(Cie) C(&1,82) = (&, 61);

(Giii) T(&1,83) < s[0(81,82) + (&2, 83)]-

The pair (C, 7) is known as an OBMLS.

Example 3. Let C = {0,1,2,3} and { : C x C — R* U {0} is given by

(00=0 (11)=2 ¢
(02)=1 ¢03)=1 {12)=1 {13 =1 {(23)=

Ve, & € C with respect to ((&1,8) = ((6z,61) and & L &, if, and only if, &
(C, ) is an OBMLS with s = 2. The above example is not BMLS since {(1,2)
2[0(1,0) +9(0,2)].

182 # 0. Then,
=1>08=

Remark 1. Every BMLS is OBMLS, but the converse does not generally hold true.

The fashions of convergence, Cauchy sequence and completeness criteria are same as
in BMLS. The term Hausdorff metric can easily be amplified to the case of an OBMLS.

Let (C,{) bean OBMLS. Foré; € Cand V; C C, let (&1, Vo) = inf{{(é1,62) : &» € Va}.
Define Hp : CB(C) x CB(C) — [0,+0) as by

Hp(V1, V) = max{ sup {p(&, V2), sup Cb(él,Vl)}

é1 €V1 &HeVp

for each V1, V, € CB(C).
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In the following, the concept of ODS, ODS for a hybrid pair of mappings and its _L-
preservation are introduced, and some elementary facts about these concepts are discussed.

Definition 9. Let u: C — CB(C), & € C be a fixed point. A set

~

D, (u, &) = {‘ix L &uir (or a1 L éa)pen—0) 18 € Héu1Va € N}
is known as the ODS of u with &. Herein, ODS D | (u,&y) and onward has the form p | (&y).

Definition 10. Let p: C — Cand let y : C — CB(C), & € C be a fixed point. A set
D (o, 20) = {& L &as1 (07 a1 L &)uenv—(o) : Eat1 = pla € péy 1V a € N}

is known as the ODS of p and p with &. Moreover, ODS D | (p, 11, &) and onward has the form
PL (éoc )

Example 4. Define p : [0,00) — [0,00) and p : [0,00) — CB([0,0)) as by p(&) = & and
u(&) = [+ 2,00), respectively. The sequence {&y}, as given by & = /&,_1 + 2, is an p iterative
sequence of y with a starting point of 0.

Definition 11. Let (C, L) be an O-set and y : C — CB(C) are called the | -preserving of u if
uéy L ué,iq whenever &, L é,.q for« € N.

Definition 12. Let (C, L) be an O-set and p : C — C and u : C — CB(C) are called the
L -preserving of a hybrid pair of mappings if péy L péy11 C uéy L pé,,q whenever &y L &,1 for
a e N

The first main result of this exposition is given as follows.
Definition 13. Let (C,,s, L) be an OBMLS. Let p : C — Cand y : C — CB(C) are called a

hybrid pair of mappings of F| -ST-I contraction with ODS D | (u, p, &), if for some F| € YV and
T:[0,00) — [0, 00) such that

1 y y 5 y
?Sgb (08u—1, Hoés—1) = T(pn—1,08),
implying that

G2, pZur1) > 0 = T(C(Ea-1,8)) + F(L (0, pus1)) < F(C(8x-1,8)) M

Clev1,6) = 01(Z(08u—1,082) + 02(Lp (P81, 1ex—1) + 03(Tp(08n, 1Ex)

(gb (Péa—lf ,uéoc) + %] (Cb (Pém ,uéa—l)

04
+ 2s 2s

V& L& 1 (oré, 1 L&)€ D(upé) where0 < 01,09,03,04,05 < 1 such that oy + 02 +
o34+04+0s=1and1—o03 —05 > 0.

Remark 2. In our investigation, we examine that the following property does not hold true:

C(08x, p84+1) > 0, {(08y—1,08x) > 0 for each x € N )

then, there exist some ag € N, such that {(0€x,, 0€y,.,) > 0 and {(0y,, 0¢x,) = 0. Therefore, we
obtain

PCuy_1 = PCuy € Heay_y,
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which implies the existence of a common fixed point of the pair (p, u). Therefore, considering the
D(u, p,80), satisfying Equation (2) does not depress the generality of our investigation.

Theorem 4. Let (C,{,s, 1) be an O-complete OBMLS. Let p : C — C and u : C — CB(C)
are called a hybrid pair of mappings of the F | -ST-I contraction with respect to ODS D(u, p, &).
Assume that:

(O1) : If, in addition, the hybrid pair of mapping (p, i) are L-preserving;
(02) : Thereis &, € D (u,p, &) such that, for each | > 0 liminf,_,;+ T(k) > 0;
(03) : If, moreover, F,| is super-additive, i.e., for &,&, 03,04 € R, we have

F(018) + 028)) < 0,F (&) + 02F(&).
Then, p and p have a common fixed point in (C, L).
Proof. Owing to the fact that the pair (C, L) is an O-set, then there is &, € C, such that
é 1 é(oréy L é)Vve e C. It follows that &y L péy (or péy L &). Upon setting &; = pé,
& = P&, -, Exy1 = P&y Yo € NU {0}. In case there is &, = &,,, for some a € N, then
our proof of 4 proceeds as follows. Therefore, without loss, we may assume that &, # &,1

Va € N; thus, we have ((péy, p&y+1) > 0 for each « € N — {0}. Since the hybrid pair of
mapping (p, ) are L-preserving, we can write

D (o p0) = {& L &usr (08 e L &)ueriuoy  fatt = pla € 1 ¥ € N}
Thus, {&,} is an ODS D(u, p, &)). Since F, -ST-1 s a contraction operator, we have

1
ggb(Pétxfll ]/lPéafl) < g(Pétxflz Péa) Vo € N. 3)

Therefore, (1), results in the following:

F(C(Cat1,8u42) = F[G(P8k, pCr11)]
S Flow(C(péu-1,08)) + 02(0p(0a—1, Hea—1)) + 03(Cp (e, pén))
04(Cp(péu—1,4én)) | 05(Cp(0Cn, pea—1))]
+ 2s * 2s
—T[01(C(px—1, &) + 02(Cp(0Er—1, Her—1)) + 03(Cp (e, Héx))
04(Gp(pea—1,1én)) | 05(Zp (08w, Hs-1))
+ 2s * 2s ] )
<

Flo1(§(08x—1,08x)) + 02(5 (081, 0x)) + 03(C (08w, PEnt1))
+U4(§(Péa—1/péa+l)) n Us(é(pémpéa))]
23 2s
—T[01(8(0x—1,08)) + 02(L (08 —1, 08)) + 03( (08w, PEx+1))
+04(€(pe“a£1,péa+1)) n Us(é(psa,péa))]_
S S

Next, we certify the following inequality

C(8ut1,8uv2) < (8a,Eat1) YV € N ®)
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Based on the contrary, we assume that there exist r € Nin such a way that {(&,41,42) =
{(&;,8-11). Then, in view of (4) we have:

F[Z(p

= PérJrl)]
S Flo

e,
(081, 08)) + 02(Cp(0Er—1, pér_1))

(¢
03(Cu(pi, o)) + PO 101))
(s

(per, .uer—l)) ]
2s
—7lo1(§(0¢r-1,08)) + 02(Cp(0Er 1, pér 1))

+03(8o(p8r, péy)) + ‘74(@(96“2:1, §e))

+(75(§b(P52r; .uérfl»]

F[Ul(g(pérfll pé,)) + UZ(é(pevrfll Pér))
+03(2 (08, 08,41)) + 01(Z(08_1,08,11))

2s
o5( (0, pér))
+ : 2s ]
—T[o1(Z(0ér—1,08)) + 02( (081, 0¢r))

ey, PE L ér—1, 08
+03(Z(p8r, 0841)) + 1(C(p 2; Peri1))

(g(Per/PEr))]
2s
Flo1(Z(pe,—1,08:)) 4 02( (081, pEr))

s04(C(pér—1,p¢r) + L(08r, pEr41))
2s

F($(Ery1,8r42))

(75

17\

_|_

[IA

+03(¢ (08, 08,41)) +

2505((0ér 1, 0)) ]
2s

—1[01(Z(08—1, p%:)) + 02 (L (8,1, pE)))
+03(Z(pey, p2ri1)) + s04(C (08,1, 08:) + (08, pér11))

2s
n ZSUS(C(PZE:L pér)) ]
F[Ul(g(pérfll pér)) + 0'2( (per 1, per)) + 0'3( (péf’/ pér+1))
+048(0ér, pr11)) + 05(Z(0ér-1, pér))]
— (01 (0 (p8r—1,08r)) + 02(C(pr-1, p8r)) + 03(L (08, pEr41))
+0oul(pér, pér11)) + 05(8 (€1, p&r))]-

+

A

Since F, is super-additive, we can obtain

F[(1 =03 = 04)(§(&41,8r12))] = Fl(01 + 02+ 05) (p8-1,08))] = T(C(&r-1,8)),

By appealing to the above fashion, we have

T(C(-1,2))

FIE rin,2r02))]  FIE(o2 1 p2))] - =,

which, by virtue of (F;), implies that {(&,11,¢42) = {(pé,—1,p¢), which contradicts this.
Hence, (5) holds true. In light of the above observations, { (&, &11) is a decreasing sequence
in R and and is bounded from below. Assuming that there is Q) 2 0, such that

Q = lim {(&y,8y41) = Inf{{(&y,8y41) : @ € N}. (6)

x—00
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We now need to prove that () = 0. We assume, based on the contrary, that (2 > 0. For
a given € > 0, there exist a number of ¢ € N, in such a way that

{0 r11) < Q. %
By virtue of (F;), we can write:
F(8(%,8r11)) < F(Q+e). ®)

By referencing (3), we have

1
%éb (p€r—1, uper_1) = C(08r—1,087). 9

Since the hybrid pair of mappings (p, #) of F|-ST-I provide a contraction operatror,
we can obtain:

F((8r11,8042)) FlZ(peo, per41)]

€

Flo1(Z(p8r—1,08r)) + 02(Zp (08r—1, HEs—1))
a3(¢
(¢

A

(6(7,}16 )+U4(€b(Péa—1/Véa))

2s
(Pelﬂ llea l))}
2s

—7[o1(Z(08r—1,08r)) + 02(Lp (0851, Pér—1))

+03(Cp (080, Hés)) + U4(§b(pégs_1,ﬂéo))

0-5(€b (Pém ,”ézf—l)) }
2s

Flo1(Z(per—1, %)) + 02(L (0271, pE0))
+03((0, plr11)) + 04(§(per-1,0%+1))

2s
05(¢(pér, per)) ]
2s

Tl (Elp21,0%)) +02(2 08, p80)
+03(8 (080, 87 11)) + 04(8(plr—1,0%+1))

2s
05(Z(pér, pér))
+—25 ].

(75

+

[IA

+

Owing to the above hypothesis, this, in turn, yields:

F(g(é(7+1/ é¢7+2)) é F[(Tl(C(pég_LPéa)) + 0_2(5(pé0—1/‘0é¢7))
oy (Q (0t o)) + ST E 1 P%0) + £ (P2 Pr11))

2s
2505(@((’51771/ Péa))
2s J
—t[01(8(péo—1,08)) + 02((0r—1, pér))
+(T3(§(pémpég+1)) + 5(74(€(Péa—1zpéa) + C(péﬂ/péﬁ-l-l))

2s
+2805(C(p§¢;-1,péa))]
Flo1(§(08r—1,08r)) + 02(L(pér—1,p85)) + 03(5 (080, 05 11))
040 (085, 05 41)) + 05(Z(085—1,085))]
—T[01(8(pér—1,0¢r)) + 02(L(per—1,087)) + 03(E(0éc, PEr11))
+048 (-1, 08r)) + 05(Z(0€r—1,087))]

+

A

NN
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Since F, is super-additive, we can write
F[(1 = 03)0 (811, 8542)] £ Fl(01 4 02 + 04+ 05)0 (85, 8541)] — T(C(Er-1, ). (10)

By given condition 07 + 03 + 03 + 04 + 05 = 1, we get

7(C(8y-1,¢r)) ‘

F(@(r1,8012)) S P 201)) = Tyt an
Again, in light of F| -ST-I contraction, we obtain
o o o o T C e ,é 1
B0 8013)) £ P 2012) — orret))
Continuing these steps, we can write
s y y T(C (¢, 7 41)
F(g(eaﬂweaﬂaﬂ))) = F(é(%ﬂa—l)/eaﬂ)) - (100(?) (12)
3 3 7(C(&r-1,8r)
= P(g(ea+(oc—2)/ea+(tx—l))) - (1(:(730)
nt(C(e,_ , €
< F(Z(8r 8rta)) — mr( k) 1(:,13 o)
C(é,1,8
< rtre M)
1-— 03
Following & — oo, along with (F;), we have limy 0 F(g(ég+“, é(H(“H))) = —o0.

Additionally, in view of (F;;), we have

Jim F(Z(értar & (ar1))) = 0.

Therefore, there is a1 € N such that {(Erta, &rp(as1)) < QV a > a7, which is a
contradiction. Therefore, we can write:

ah_l;l;}o (Ea, EDC+1) =0=0Q. (13)
Now, we show that:
lim (&, &y) =0. (14)
n,Mm—00

Supposing, on the contrary, that for € > 0 there are sequencesy(a) and z(«) in N, we
have
T8y ) Z 608y 18 ,) <&yla) >z(a) >a(VaeN (15)

Therefore, we have

(16)

N
~—~
Nc
=
.
<
ISB(
®
~—
(%)
N
~—~
q
=
2
<
q
=
)
—
N~—
1)
N
—
Y
=
B
—_
~
@(
2
S~—

< S0 (8y By () T+ 5E
By (13), there is a; € N, such that
g(éym,éy(a)_l) < e,g(éy(u),éy(am) <eg, g(ézw,éz(am) < g (for each n > ny, (17)
which, together with (16), yields,

§(éy<‘x>,éz(w>) < 2se(V o > ap), (18)
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implies
F@(éy(a),e“z(a)) < F(2s¢) (for each a > ap). (19)
In view of (15) and (17), we have
1., € iy s
gg(ey(a),ey(am) < s <e< §(ey<a),ez(a>) YV a > ay). (20)

Applying triangle inequality, we find that

€ S0y 8y) S 58y 8yin) F 70y Bryin) T 5708008 21)
Next, we proceed to the limitas # — oo in (21) and make use of (13); then, we have

€ y
2 s ah_I)r(}o 1nf§(ey )17 €Z(a) 11 )

There also exist a3 € N such that { (¢, (a) 41, (a)+1) > 0 for each a > a3. Further, since
the hybrid pair of mappings (p, #) are L-preserving, in addition to being L -transitive, we
can write

e“y(u) 1 éz(a (oré &2y J_ ey ).

Following the F -ST-I contraction, we find that.

F(C(8y )11 8200)) = F(g(pe“ ¥ Pa(w)
S Flon(G(0ey(n)—1,082(0)-1)) + 02(C6(08)(a) -1, HEy(a) 1))
) 5 ff4(§b( () -1))
+U?>(€b(Pez(tx)fl'ﬂuez(lx)*l)) + “)251 o
05(C (022 ()1, Wy (a)-1)) A (e 5
n Z(“)Zsl y(@)-1 ] = T(CCy ()1, x(a)-1))
<

Flo1($(08y(a)—1/0(a) 1)) + 02(5 (08 (a)—1, PEy(a)))
—|—(73(€(pé( w)— l/pez(oc)))
01(G(08y(a) -1, 0%:(a)) + (G(0%:(a), PE:(a)-1))

+ 2 (22)
+05(Cb(Pe 2(2) 1/ P€y(a)) + G0y (a)r PCy(a)-1))]
2
—7(C(Cy(a)-1,Z:(a)-1))
< F[Ul(é(péy( a)— l/péz(a) 1))+0—2(€(péy(u¢)fllpéy(a)))
+03(0(08; (a) -1/ PC2(a)))
+U4(€(péy(zx)—lr pez(a)+1) + (g(péz(a)—&-llpéz(a)))
2
+(75(€(péz(:x)flrpéy(zx)+1) + C(P8y ()41, Py() )]
2
—T(C () -1/ Co(a)—1))-
In the light of (17), (18) and (19), implies (22)
F(C(0ey(), pz(ny)) < Fl(o1(2s€)) + 02(L(08y(a) -1, P8y (n)))
+0'3(€(péz(zx) péz(a))) (23)
os(se+¢€)  o5(se+e))
+ 2 + 2 }

_T(é(éy(tx)—lr éz(rx)—l))
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for & > max{ay, a3}. Taking the limit as & — co in Equation (23), we have

lim F(g(péy(lx)lpéz(a))) = —o.

n—r00

which, by virtue of (F;), implies that limy—co { (08, (), P2 (a)) = 0. Therefore, from (21), we
have

lim 72y, e) = m (T 8y 1) + 520 (@008 )
+52§(EZ +1/€ Z(a )))
=0
which implies that limy 0 (evy(a) , &5 (a)) = 0 is a contradiction. Hence, (14) holds true. There-

fore, {&,} is a O-Cauchy sequence in (C, 1 ). Since C is a O-complete OBMLS, there is a point
¢ € C, such that
{(e,¢) = lim {(#,¢) = lim {(2,&n) =0 4)

n,Mm—»00

Now, we further prove that for eacha € N

%g(éou Eat1) < (éx,c)or %g(éaﬂxéwz) < {(8xt1,0)- (25)

Assuming that there is g € N, such that

1., . . 1_.. o o
gg(eaoletx()+l) Z g(ea/ C) and £€(6a0+1160¢0+2) z g(eﬂé0+1l C) (26)

From (5) and (26), we have

g(éﬂtgléao-‘rl) é sg(éﬂéol C) + SC(C/ é(xo-i—])
1 .. 1 . .
= 2—Ss§(e,xo,ea0+1) + ?SSC(ea0+1/eun+2)
1., |
§ Eg(eﬂloretx(ﬂrl) + Eg(eaor etonrl)
§ C(éaoréa0+1)/

a contradiction. Hence, (25) holds true. Furthermore, we can see that

F(g(péut1,pc)) = Fl(018(08x-1,¢)) + 028y (pCu—1, Hér))
04(Zp(pEx—1, pc))

+03(¢p(c, pic)) + P (27)
pBerta)ly e, y,0).

F(Z(péut2,pc)) = Fl(o1(Z(pew ) + 02(Lp (08, Hérs1))
o (Golc, o)) + PelErPar ) (28)

2s

+M] — (G ).
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Let us now consider (27) that holds true, From (27), we have

F(Z(pta,pc) = Fl(01(2(p8i1,0)) +02(80 (081, 1))
+o3(ole, pe) + 5 (E(o%-1,0))
+2(e,pe)) + (& (e, pta-1))
2021, 00))] — T(C (a1, €).

This implies

F(g(péa,pC) < F[(‘Tl @(Pézxflrc)) + UZ(@(Péaflrpéixfl))

+05(5(c,pe)) + (G (p%-1,0))

+2(e,p0)) + 2 (& (e, pta-1))
+Z(ptn-1,08-1))] = T(C(éa-1,0)). (29)

From (13) and (24), there exists a4 € N for some €* > 0, such that
g(C, Péoc—l) <e, C(Péa—lrpéa—l) <&, u>ay. (30)

Therefore, (29) and (30) canbecaluclatedas follows

F(g(02a,0c)) < Fl(01(f(peu-1,¢)) + 02(C (081,080 +1))

+03(2(e,pe)) + 5 (€ + (e pc) (1)

05 4 AL
+5€7] = T(C(#-1,0)

® > ay.. As a consequence of these facts, the lateral limit as & — 00, limy—00 F({(08s, pc) =
—o0, which implies
lim ¢ (péy, pc) = 0. (32)

a— 00

Furthermore, (¢, pc) = s{(c, péx) + s (p&x, pc). Following & — oo, and using (24) and
(32), we can obtain {(c, pc) = 0. Thus, clearly, ¢ = pc € uc has a common fixed point of a
hybrid pair of mappings (p, u). O

From the above developments, we have found some important corollaries:
Corollary 1. Let (C,,s, L) be an O-complete OBMLS. Let p : C — C and i : C — CB(C) be

known as a hybrid pair of mappings of F| -ST-1I contractions with ODS. If, for some F, € V and
T:[0,00) — [0, 00), such that

1 o o o o
Egb(Pea—lr I/‘Pea—l) § g(Pezx—erea)/
implies
T(C(8u—1,€x)) + F(G(0x, pEn+1)) = F(C(Ex—1,8x)) (33)
C(Bam1,8) = 01( (0801, 08) + 02T (0801, HEa—1) + 03(Zp (082, s ))

Véy L& g (oré 1 L&) € D(up &) C(08,08xs1) > 0, where 0 < 03 < 1and 0 <
01,09 < 0, such that oy + 09 4+ 03 = 1. Assume that (01), (O2) and (O3) holds true. Then, p and
u has a common fixed point in (&, L).
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Corollary 2. Let (C,,s, L) be an O-complete OBMLS. Let p : C — C and y : C — CB(C)
be called a hybrid pair of mappings of F, -ST-11I contraction via ODS. If, for some F| € V and
T:]0,00) — [0, 00), such that

1 y y 5 y

55 50 (P81, p8a1) = L(p8a—1, 0%),

implies
T(E(8a-1,8)) + F(C(0%a, pCut1)) = F((Ca1,%)) (34)

Véy € D(p,0,8) and (08, p8y+1) > 0. Assume that (O1) and (O2) hold true. Then, p and
have a common fixed point in (C, L).

Corollary 3. Let (C,{,s, 1) be an O-complete OBMLS. Let u : C — CB(C) bea F,-ST-1V
contraction mapping involving ODS. If, for some F| € Vy and T : [0,00) — [0, 00), such that

1. y y y
zisgb(eafll Vetx) < g(ezxflr echrl)/

then this implies

T(C(&-1,80)) + F(Ho (peu, pea11)) < F(C(&—1,8)) (35)
. o L (G s
Cltr ) = 010, 8) +02((Eamr, W) + (Tp(0, ) + P E)
o 05(Cp (8, pa—1)
2s

V&, € D(u, &), Ho(uéy, tésy1) > 0, where 0 < 01,09,03,04,05 < 1, such that o1 + 02 + 03 +
o4+ 05 =1and 1 — 03 — 05 > 0. Assume that (O1), (O2) and (O3) hold true. Then, y has a fixed
point in (C, L).

Corollary 4. Let (C,{,s, 1) be an O-complete OBMLS. Let y : C — CB(C) be known as
F | -ST-V contraction mapping via ODS. If, for some F|, € V and T : [0,00) — [0, 00), such that

1. y g y
?Sgb (ea—lz ,uetx) < C(euc—lz ea-i—l)

implies

T(g(éﬂé—ll éﬂé)) + F(HO(.uéIX/ ,uétx-&-l)) § F(C(éa—lz ézx)) (36)
V &y € D(u, &) and Ho(uéy, éy1) > 0. Assume that (O1) and (O2) hold true. Then, y has a
fixed point in (C, L).

Corollary 5. Let (C,{,s, L) be an O-complete OBMLS. Let u : C — CB(C) be called an
F | -type-VI contraction mapping with ODS. If, for some F|, € VYV and T : [0,00) — [0,00),
such that

T(E(%a-1,8)) + F(Ho (pew, plur1)) = F(E(Ca-1,%)) (37)
V& € D(u,8) and H(puéy, uéyy1) > 0. Assume that (O1) and (O1) hold true. Then, y has a
fixed point in (C, L).

Corollary 6. Let (C,,s, L) be an O-complete OBMLS. Let i : C — CB(C) be called an F | -ST-
VII contraction mapping via ODS. If, for some F| € YV, T : [0,00) — [0,00) and ® : k — «
form a non-negative Lebesque integrable operator, which is summable on each compact subset of x
such that

1 y S
Zisgh(eacflr ‘1160(,1) g ’7(606711 elJchl)r
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this implies

D(s)d5) < F( /O ) b8 68)

Ho (&, péns1)

Ho (e, Wasa) > 0 = T(§(eat,ex)) +F( [

V& € D(p, &) and V given € > 0, so that [ ®(s)ds > 0. Suppose that (O1) and (02) hold true.
Then, y has a fixed point in (C, L).

Corollary 7. Let (C,,s, L) be an O-complete OBMLS. Let p : C — C and y : C — CB(C)
are called a hybrid pair of mappings of F| -ST-VIII contraction via ODS. If, for some F| € V,
T : [0,00) — [0,00) and ® : k¥ — «x a non-negative Lebesque integrable operator, which is
summable on each compact subset of « such that

1
25 50 (Pl1, 1p%a1) = §(p8a-1, 0%),
implies

®(s)65) < F( /0 (s b 39)

g(PémPé/erl)

(ot ptii1) >0 = T(Flea-1,e)) +F( [

V &y € D(u,p,&) and ¥ given € > 0 so that foe ®(s)ds > 0. Suppose that (O1) and (O2) hold
true. Then, p and y has a common fixed point in (C, L).

In the following, the first main tangible example of this exposition is given.

Example 5. Let C = RT U {0}, and let { : Cx C — R* U {0} be define {(¢,8) =
(max{é1,6,})? V é1,¢ € C. Define the binary relation L on Cby é L yifé,y € [3,n+ 4]
for some n € Nor & = 0. Then, clearly, (¢,{,s, L) is a O-complete OBMLS. The mappings
p:C—C,u:C— CB(C),F: Rt — Rand t: R — R to be considered here are as follows:

0,ifée=0;
g1, if ¢ € [2,00),

e { 070~

[3,00), if & € [1,00),

Define F : RT — Rand T: R — R by F& = In(¢) and

o { In(1) for é = 0;
¢ In(3) foré € (0,00).

Let & € ¢and L-sequence {&,} — & be as defined by &, = /€1 +2 in D(u,0,0); then, the
following cases hold true:

Case 1: Let éy =0V n € N; then, ¢ = 0 and pé, = 0 = peé.

Case 2: Let &, # 0 for some n € N; then, there exists m € N, such that & € [3,n + 4] and
8y = pé. Therefore, the hybrid pair of mappings p and y are | -continuous on D (u, p,0) but not
continuous on D(y,p). Tnking é,_1 =1,6, =2,01 = %, o =03 = %, 0y =05 = %, then

1 y y U
Egb (petxflr Vpetxfl) 2 é'(eacfl/ echrl)r

which implies
T(C(E,X,l,e“a)) + F(é(PéﬂtrpétHl)) 2 F<C(élX*1/EIX))
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V &, € D(p, ,0). Hence, Theorem (4) is not satisfied. Clearly, the hybrid pair of mapping (p, u)
is L-preserving. Taking oy = %, o =03 = 41;' oy = 05 = 12, &y = 0and é,_1 € [1,00) with
respect to &y L &, (or €y_1 L e,x) we can easily obtain

1 y y y y
?Sgb (Petx—lf .”pezx—l) < C(Pea—lfperx)/

implying that X X
T(C(-1,80)) + F(G (02w, plu11)) = F(C(8a-1,))

V&, 81 € D(u,p,&) withrespect toéy | &,_q0ré,_1 L &) € D(u,0,8) and {(08y, 08511) >
0. Therefore, all the required conclusions of Theorem (4) are fulfilled and 0 is a common fixed point
of p and p.

In the following, some applications in the context of ordinary differential equations
and nonlinear fractional differential equations are designed with respect to the integral
boundary value conditions, which are given to highlight the usability and validity of the
theoretical results.

3. Application to Ordinary Differential Equations

In this section, we investigate an application of Corollary (5) to establish the existence
of solutions to ordinary differential equations (ODE) under the influence of complex valued
mearurable functions and orthogonal binary relations L. This is in effect for our purpose.
First, we recall that the space L”(A, A, x) consists of of all complex valued measurable
functions ¢ underlying space A for each 1 < P < oo, such that

J 0w ax(y), (40)

where A is called the c-algebra of mearurable sets and « is the measure scale. Taking P = 1,
the space L'(A, A, x) consists of all integrable functions ¢ on A and defines the L! norm of
0 by

ol = [ 16 1ax(). @)
Now, we consider the following differential equations:
d
E=Y(r,u(r), rel=[0,L]; (42)
pO) =mn, 121,

where L > 0and Y : I x R — R is an integrable functions satisfying the following axioms:
(Oq) : Y(h,P),foreachP > 0and h € [;
(Op) : Vy,y" € LY(1, A, x) with respect to y(h)y'(h) > y(h) or y(h)y'(h) > y'(h) for each
h € I, there exists 6 € L(I, A,x) and T : [0,00) — [0,0), such that
5(h)| 2
Y(h, +[Y(h, R | AT 43
(Y y ()| + YOy )] < e m s (il ) 89
and )
()| + [y ()] < 5()e™™

where é(h) = f0h|5(y)|d(y). Define a mappings d : A x A — R* by

d(y,y)—sup(ly )+ |y (r)]) e (44)
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Thus, (A, d) is an OBMLS with s = 2. The _L-continuous mapping Y’ : A — CB(A) to
be considered here are as follows. Let us say that

() €n+ [ YO y())dn )

In addition, the following relation of such objects is useful. Let us define the orthogo-
nality binary relation | on A by

y Ly iffy(r)y (r) > y(r) ory(r)y (r) >y () Vre L. (46)

Further, we are now in the position to state the second main result of this exposition
as follows:

Theorem 5. If assumptions (40)—(46) (O,) and (Oy) are satisfied, then the differential Equa-
tion (42) has a solution, as follows:

A={ueC(LR):u(r)>0Vrel}.

Proof. Since &(r) = [ |6(h)|dh, we have & (r) = |5(r)| for almost everywhere r € I. Now,
we can see that Y’ is | -preserving. Forall y,y' € Awithy Ly’ and r € I, we have

r
(Y)(r) € n+ [ YO y(m)an =1 )
Therefore, it follows that (Y'y)(r)(Y'y')(r) > (Y'y)(r) and so (Y'y)(r) L (Y'y')(r).
Hence, Y’ is L-preserving. Next, we prove that Y’ is F| -contraction. Lety,yy’ € A with
y Ly andY'y L Y'y'. Forall h € I, we have
ly(n)| + |y’ ()] < (e ™ (48)

and, therefore, ,
dWﬁU=9¢ﬂﬂﬂ%ﬂV@ﬂ)fW”SMM- (49)
re

(4 1/, v)? < (14 7/6()? (50)

Owing to (49) and (Oy), we have

It follows that

IN

(YY) |+ Yy )? < [ Y y)]+ ¥, y()|

T o) ,
A@+T¢MmyﬂﬂmrwyMMF%

[ Ot + 0 0

1+7\/5(h))

d(y,y') ’ ¢
T oG TF o

d(]/,yl) eé(r) _ 1)
(I+7vd(y,y'))?

d(y']//) (eé(r) _ 1)6—5(7)
(I+7vd(y,y))?

d(]/'yl) (1 _ efé(r)>
(1+7vdy,y))?

AW.Y) g _plolhy,

(I+7vd(y,y'))?

IN

IN

IN

IN

IN

IN

IN
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Thus, it follows that
d(y.y')
a(Y'y,Y'y') < :
(1 +7yd(y,y'))?
which implies
(1+TV d(y/y,))z < 1 (51)
d(y,y') —dY'y, YY)
From (51), we can obtain
1 1
— < — 52
Ay, Y'y) —  dyy') 2
Setting F(y) = —ﬁ, it follows that Y’ is an F| -contraction. Thus, all the required

hypotheses of Corollary (5) are satisfied and we have shown that Equation (42) has at least
one solution. [

4. Application to Nonlinear Fractional Differential Equations

In this section, we developed an application of Corollary (5) to establish the existence
of solutions to nonlinear fractional differential equations (NFDE) via orthogonal binary
relations | (see more [29-32]). First, we recall the existence of solutions for the NFDE

DT(p(e)) = 92 p(2)) (1<e<1, 1€ (1,2]) (53)

with the integral boundary value conditions (IBVC)

p(0) =0, p(1) = [ pls)ds (0 < p< 1), 50

Where we can denote that the ;D" Caputo fractional derivative (CFD) of the order 7
and p : I(= [0,1]) x R — R is a continuous function. Here, (A, ||||,), A(= C(I,R)) is the
Banach space of continuous functions from I into R, endowed with the supremum norm
[Pllo = supyc;|p(é)]. Mappings d : A x A — R* are defined by

d(y,y') = Slé};(ly(rﬂ + \y’(r)Dze_é(r). (55)

Thus, (A, d) is a BMLS with s = 2. The Caputo fractional differential equation (CFDE)
can be defined with respect to order ;D" (v(¢)) by

DI(0) = s [ e/ 7190 (gas )

j=n)
where j — 1 < 5 < j,j = [7] + 1, the family [5] represents R*, T represents the Gamma
function and 7 : R* — R is a continuous function. Moreover, the Riemann-Liouville
fractional derivatives (RLFD) of order #, for a continuous function v, is defined by

D00 = iy a5 o g Ve = @)

We are now in the position to state the third main result of this exposition as follows:

Theorem 6. Suppose that there exists a function A : R x R — R, such that
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(O;) : Yy, y € A, with respect to y(h)y'(h) > y(h) ory(h)y'(h) >y
existt : [0,00) — [0, 00), such that

'(h) for each h € I, there

(A0 y0)| + A0y )2 < D (i) + [y )2 68)

(O;;) : there exists yo € A, such that A(yo(h), Pyo(h)) for each h € I, where the L-continuous
operator & : A — CB(A) is defined by

i Jo (r =& (e, p
’ 1
Pp(r) € _(2 az2)r(;7) o (1—

0" (e, p()de 59)
= 02 fo (fo &)’ <p(él,p

forp e Aandr € [0,1].
(Oyii): foreach h € ILand y,y" € A, such that A(y(h),y'(h)) > 0, implies A(Py(h), Py’ (h)) > 0.

Under the assumptions (53)—(59), and if (O;)-(Oy;;) are satisfied, then the NFDE (53) possesses at
least one solution.

Proof. Define the orthogonality binary relation L on A by

y Ly i y(ry (n) = y(r) ory(ry (1) 2y (N Vr e L. (60)
Now, we prove that ® is L-preserving. V', € Awithy L i and r € I, we have
ﬁ Jo(r= 6“)'7_14)(5,117
Pp(r) € = 172 ) fo -
T a2 fo (fo &)’ ‘P(El'

Therefore, it follows that (®y)(r)(Py')(r) > (Py)(r), and so (Dy)(r) L (®y')(r). Hence,
® is L-preserving. Next, we prove that ® is an F| -contraction. Lety,y’ € A withy L v/
and ®y L ®y'. For each 1 € I, and owing to L -continuous operator ®, one can write:

(|®y(m)] + @y’ ()] 2

- <‘F<a) o( — &) g(e,p(2))de
_(Z—jzr)mc) /01(1 — &) (g p(¢))de
+(2—§2r)r@¢) /og (/oé(é —a)" e, P(51))dé1>de“
+‘F(1a)/or<ré)a_l¢(érp’(é))dé

G -0 ey @)

&))de > 1L (61)

2r

o o (e a) ot p@)an e

;
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This, in turn, yields (owing to the above hypothesis):

(|@y(h)| + |®y (h)])?

< g [ = o @)+ (e @)
G o -9 ot p@)] + o, ple) e
gmamrey () el ot )| + lote, plen) e )ae
< ms [ D (o) 1y (o) e
2r ! qa-1l(a+1) v I
e b T @ @)
2r o a1 T(n+1) y I’ IS N
= (/0 o=l 1f<|y<el>|+ly (1) e )
< D yen) ) e (s ) I olr e
2r 1 =1 2r ¢ s =1as \ gy
‘W/o -y 1‘“%% (f maras Jao
o r a+1
< (’7+ (ly(e)] + |y (&1 IZ‘T(W+(2202)i+(22702)17(‘;+1))
(77+ _ ' 2r 1 2r o+l
< (ly(@)] + |y (21)])%e ,zléﬁ)(7+(2—a2)ﬁ+(2—(72);7(;7+1))
Therefore,
oy |+ foy' ()2 < D (g4 Jy (o) e
2 2r 1 2r o+l

sup (— + -4
A e P PR PR VL

Thus, forall y,y' € A with respecttoy Ly, &y L ®y' and A(y(h),y'(h)) > 0 for
each h € I, we have

(|@y()| + @y (1)])? < (ly(@1)| + |y (&) )% (62)
or
Ho(®y, ®y') < e "d(y,y").
By applying this to logarithm, we can write
In(Ho (®y, @y')) < In(e”"d(y,y'))
and, hence, we can easily obtain, with the setting of F(y) = In(y) ,Vy € R
©(d(y,y')) + F(Ho(®y, ®y')) < F(d(y,y))-

Thus, due to assumptions (53)—(59), all the required hypotheses of Corollary (5) are
satisfied. Therefore, Equation (53) possesses at least one solution. [

Example 6. Let CFDE, with respect to order i ;D' and its IBVB, be written as follows:

03 oy 1 p@
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and ,
i
pO) =0, p(1) = [*pls)as, (64
. g y C(y+1
wheren = 3,8 =3 and ¢(¢,p(¢)) = (;3)2 1m;€8‘§|)|.Furthermore, lp(&,p)| < 1, K= %
and therefore, after setting for
T (U1 )
T(¢) =¢. ln(m), foré € (0, 00). (65)

References

Therefore, we can apply Corollary (5). Hence, there is a solution to Equation (63) in A, along with
the conditions (64).

5. Open Problems

In this section, we pose some challenging questions for researchers.
Problem I: Clearly, the limit of the convergent sequence is not necessarily unique in BMLS.
Can the limit of a convergent sequence be unique in OBMLS?
Problem II: Can Theorem (1) be proved by the Semi-F, -contraction?

6. Conclusions

In conclusion, this manuscript deals with the new concept of OBMLS to approximate
the fixed-point results for a hybrid pair of mappings that are are introduced and studied.
In addition, a new ODS D (i, p,) is provided and determined via a hybrid pair of
mappings. A new multi-valued F, Suzuki-type contractive condition is proposed in an
OBMLS under the influence of ODS D | (, p, &). Finally, our investigation is completed
with tangible examples and applications to ordinary differential equations and nonlinear
fractional differential equations in the field of nonlinear analysis.

Some potential future works are as follows:

(i) Discuss the possibility of applying multi-valued F, Suzuki-type fixed-point results
with respect to ODS D (i, p, &) to the context of fuzzy mapping;

(ii) Discuss the possibility of an orthogonal B-metric-like space with respect to ODS
D (u,p,&) in the context of an orthogonal fuzzy B-metric-like space.
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