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Abstract: Liquid crystal director distributions have been numerically analyzed between asymmetric
anchoring surfaces, that is, infinitely strong and very weak anchoring strength interfaces. In a hybrid
aligned nematic (HAN) cell and a twisted nematic (TN) cell, HAN and TN orientations turn to a
homogeneous orientation when the weak anchoring strength is lower than a critical one. Relationships
between the anchoring strength and elastic constants of the liquid crystal were analyzed to be of
a quasi-homogeneous orientation. The quasi-homogeneous orientation returned to the original
HAN and TN orientations under voltage application. Low-driving electro-optical properties with no
threshold voltage can be obtained in a quasi-homogeneous HAN cell. A unique voltage–transmission
curve of 0–100–0% appeared in a quasi-homogeneous TN cell between the crossed polarizers.

Keywords: nematic liquid crystal; polar anchoring; azimuthal anchoring; hybrid aligned nematic;
twisted nematic; homogeneous orientation; threshold voltage; transmittance

1. Introduction

Nematic liquid crystals (NLCs) are widely applied to information displays and optical
devices of adaptive lenses, polarization grating, spatial light modulators, etc. [1]. The NLC
is usually sandwiched between two glass substrates, the surfaces of which are covered
with an alignment film. The alignment film surface has an easy axis and controls the NLC’s
orientation in the bulk of the LC cell. Conventional NLC displays are fabricated using a
strong anchoring alignment surface on both sides of the substrate to maintain a specific
NLC orientation. A Fréedericksz transition is one of the most famous electro-optical
switching mechanisms for NLCs [2], and a typical threshold voltage is approximately
1–2 volts between strong anchoring alignment surfaces. Therefore, the driving voltage for
an LC display is three times the threshold voltage or more in a typically twisted nematic
(TN) display mode.

On the other hand, some types of LC displays using asymmetric anchoring strength
surfaces, that is, infinitely strong and very weak anchoring alignment surfaces, have been
proposed to reduce the driving voltage [3–5]. Interdigital electrodes have been fabricated
on weak azimuthal anchoring substrates. A homogeneous (or TN) LC orientation in an
initial state changes to a TN (or homogeneous) orientation by in-plane field, since the LC
glides on the weak anchoring surface [6–8]. A polarization rotator has also been reported
by using asymmetric azimuthal anchoring surfaces. LC molecules glide to the in-plane
field direction on the weak anchoring surface, and LCs on the counter-strong anchoring
substrate are fixed. Then, the twist angle changes, which rotates the polarization direction
of the incident light [9].

Another interest for asymmetric anchoring surfaces with strong and weak anchoring
strengths is the competition between the anchoring effect and elastic torque. Although the
LC director prefers to align to the easy axis with the alignment surface, the actual director
at the weak surface may glide from the easy axis to minimize the free energy of the LC
cell, even if without an external field. The asymmetric polar anchoring strength has been
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theoretically investigated in a hybrid aligned nematic (HAN) cell. The HAN orientation
changes to the homogeneous or homeotropic orientation when the thickness of the LC
layer decreases to a critical thickness [10–12]. Papers have discussed the tilt angle on the
weak anchoring substrate as a function of the external electric field or magnetic field. A
flexo-electro-optic effect has also been investigated theoretically and experimentally in a
HAN cell with asymmetric polar anchorings [13]. Moreover, Strigazzi analyzed the effect
of weak azimuthal anchoring in a TN cell and the existence of the critical thickness limiting
the TN orientation construction [14].

In this paper, critical anchoring is theoretically discussed instead of the critical thick-
ness in HAN and TN cells. The LC director distributions and electro-optical properties were
numerically estimated as a function of the applied voltage. A threshold-less electro-optical
curve and a low-driving voltage voltage–transmission curve were obtained.

2. Principle
2.1. Free Energy of LC Cells

Figure 1 shows the definition of the liquid crystal director, n, with a tilt angle, θ, and a
twist angle, ϕ. Wp_0 and Wp_d are the polar anchoring strengths, and Wa_0 and Wa_d are
azimuthal anchoring strengths of the lower and upper substrates, respectively.

Figure 1. Definition of the liquid crystal director, n, and anchoring strength, W.

When Wp_0 and Wa_0 of the lower side of the substrate are strong (infinite), the total
free energy per unit area, F, in the LC cell [10,13,14] is given by:

F = Fbulk + Felectric + Fsurface

Fbulk + Felectric =
∫ d

0
1
2

{(
K11 cos2 θ(z) + K33 sin2 θ(z)

)( dθ(z)
dz

)2

+
(
K22 cos2 θ(z) + K33 sin2 θ(z)

)
cos2 θ(z)

(
dφ(z)

dz

)2
,−ε0

(
ε⊥ + ∆εsin2θ(z)

)( dV(z)
dz

)2
}

F surface = 1
2 Wp_d sin2(θd − θ(d)) + 1

2 Wa_d sin2(φd − φ(d)),

(1)

where K11, K22, and K33 are the splay, twist, and bend elastic constants; d is the thickness of
the LC layer; V(z) is the voltage potential. θd and ϕd are easy axis angles of the upper side
of the substrate. θ(0) and φ(0) at the lower side of the substrate are fixed at 0.

In the case of the HAN cell, θd is π
2 , and ϕd is 0. Without the field, the Euler–Lagrange

equation leads to the splay-bend torque balance equation [13] at the homeotropic surface
as follows:(

K11 cos2 θ(d) + K33 sin2 θ(d)
) θ(d)

d
= Wp_d sin

(π
2
− θ(d)

)
cos
(π

2
− θ(d)

)
. (2)

In the TN cell, θd is 0 and ϕd is π
2 . Therefore, the twist torque balance equation [9,15]

is given by:

K22
ϕ(d)

d
= Wa_d sin

(π
2
− ϕ(d)

)
cos
(π

2
− ϕ(d)

)
. (3)
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2.2. Critical Anchoring

In the case of the asymmetrical anchorage effect, the upper substrate was so weak that
the LC on the upper substrate could not keep the splay-bend and twist elastic torque in
bulk. Consequently, the HAN and TN orientations turned to the homogeneous orientation
without the orientation distortion as shown in Figure 2. The homogeneous orientation,
shown in Figure 2c, may be termed as quasi-homogeneous (Q-Homo) orientation.

Figure 2. Schematic models of the (a) HAN, (b) TN, and (c) Q-Homo cells.

Table 1 shows the physical parameters of the LC used in the numerical calculations,
which were typical values from a practical point of view. θ(d) was estimated as a function
of the homeotropic polar anchoring, Wp_d, using Equation (2) in the HAN cell as shown in
Figure 3a. The cell thickness, d, was 8 µm. θ(d) decreased with the decrease in the anchoring
strength and was zero at a Wp_d of 1.5 × 10−6 N/m. Such a critical value was estimated
as K11/d and was independent of K33 as also shown in Figure 3. The twist angle ϕ (d)
also decreased with decreasing Wa_d in the TN cell as shown in Figure 3b. The critical
anchoring was estimated as K22/d (=1.0 × 10−6 N/m) using Equation (3). The change in
the twist angle was experimentally confirmed by controlling the anchoring of a poly(vinyl
cinnamate) film [15].

Table 1. Physical parameters of the LC.

K11 K22 K33 (pN) ε// ε// no ne

12 8 18 15 5 1.5 1.7

Figure 3. (a) Wp_d vs. tilt angle θ(d) in the HAN cell and (b) Wa_d vs. twist angle ϕ(d) in the TN cell.F.



Symmetry 2022, 14, 85 4 of 8

3. Electro-Optical Property in the Q-Homo Cell
3.1. Q-Homo–HAN Cell

Figure 4 shows θ(d) as a function of the applied voltage in the HAN cell with the
parameter of Wp_d. The LC’s physical properties, as shown in Table 1, were used in this
section. θ(d) increased with the applied voltage and reached 90◦ at an applied voltage
higher than 3 V. In the Q-Homo state of the HAN (Q-Homo-HAN) cell with an anchoring of
1.5 × 10−6 N/m (=Wc), θ(d) increased from 0◦ without the threshold voltage. The threshold
voltage, Vth, appeared when Wp_d was less than Wc. Vth was 0.48 V in the cell when Wp_d

was 0.1Wc = 1.5 × 10−6 N/m.

Figure 4. θ(d) as a function of the applied voltage.

Figure 5a shows the LC director distributions of θ in the Q-Homo-HAN cell with the
parameter of the applied voltage. Wp_d was 1.5 × 10−6 N/m (=Wc). The LC tilt angle at the
center of the cell was 30◦ by applying a voltage of only 0.5 V. Moreover, the θ distribution
at 4 V was almost the same as that in the conventional HAN cell with infinite anchoring
on both sides of the substrate. From these curves, an effective extraordinary refractive
index < ne > was estimated as follows:

< ne >=
1
d

∫ d

0

neno√
cos2 θ(z)no2 + sin2 θ(z)ne2

dz, (4)

where no and ne are ordinary and extraordinary indices, respectively. Figure 5b shows
< ne > vs. applied voltage in Q-Homo-HAN cells with a Wp_d of Wc and 0.1 Wc. Conven-
tional Homo and HAN cells are also shown in Figure 5a. The Homo cell had a threshold
voltage of approximately 1.16 V when using the LC parameters shown in Table 1. In the
Q-Homo-HAN cell with Wc, < ne > decreased without the threshold voltage and was
approximately 1.53 at 2 V, which was almost the same value as the HAN cell. Therefore, a
large index change of approximately 0.17 was obtained in the Q-Homo-HAN cell compared
to 0.06 in the HAN cell and 0.10 in the Homo cell at 2 V.

Figure 5. (a) LC director distributions of θ in the Q-Homo–HAN with a Wp_d of 1.5 × 10−6 N/m
(=Wc). (b) Effective extraordinary refractive index vs. applied voltage in Q-Homo, HAN, Homo, and
HAN cells.
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A guest–host (GH) mode of the electro-optical property in the Q-Homo–HAN cell was
also compared with the HAN and Homo cells. Typical absorption coefficients of 0.03 and
0.3 µm−1 for short and long axes of a dichroic dye were used, respectively [16]. The incident
light was polarized parallel to the LC director of the planar aligned surface. In this case,
the maximum (homeotropic orientation) and the minimum (homogeneous orientation)
transmittances were estimated at 78.7 and 9.1%, respectively. Figure 6 shows transmittance
vs. applied voltage curves in three cells. In the HAN cell, the transmittance in the voltage
on state was higher than that in the Homo cell. However, the transmittance in the off state
was also high, and the contrast ratio was very low. The transmittance in the on state of the
Homo cell was lower, since the LCs did not reorient on both the strong anchoring planar
surfaces. The driving voltage, V90, at which the transmittance increased to T90 (=~72%) was
approximately 13 V. On the other hand, V90 could decrease to 7 V in the Q-Homo-HAN cell.

Figure 6. Transmittance as a function of the applied voltage in the GH mode.

3.2. Q-Homo-TN Cell

Figure 7 shows ϕ(d) as a function of the applied voltage in the TN cell with the
parameter of Wa_d. Elastic constants and dielectric constants shown in Table 1 were used
in this section. The polar anchoring of both sides of the substrate was infinite. ϕ(d) on
the weak azimuthal anchoring surface increased with the applied voltage, since the twist
torque in bulk decreased with the reorientation of the LC perpendicular to the substrate.
Therefore, curves had a threshold voltage which corresponded to the voltage when the tilt
angle started to increase. Vth was 1.16 V in the TN cell as well as in the homogeneous cell
when using the cell parameter shown in Table 1. When Wa_d was less than Wc, for example,
0.5 Wc, Vth increased to approximately 2.4 V. ϕ(d) turned to the original easy axis ϕd of π

2
by applying a voltage of more than 5 V. Figure 8 shows the schematic models of LC director
distribution when the voltage was applied. Its starts from the homogeneous orientation to
the TN orientation, and I call this type of LC cell a Q-Homo-TN cell.

Tilt and twist angle distributions were numerically estimated with the applied voltages
and are shown in Figure 9. The polar anchoring strength was infinite and the pretilt angles
θ (0) and θ (d) were 0◦. The distributions of θ with the respective applied voltages were
almost the same as those in a conventional TN cell using both strong anchoring surfaces.
On the other hand, the ϕ distribution changed from the homogeneous state to the TN state.
Both the θ and ϕ distributions were exactly the same as those in the conventional TN at
5.0 V.
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Figure 7. ϕ(d) as a function of the applied voltage.

Figure 8. Schematic model of LC director distribution under the respective applied voltages in
Q-Homo–TN cell (left side) and the conventional TN (right side) cell.

Figure 9. Director distributions of (a) θ and (b) ϕ.

Subsequently, the voltage–transmittance curves of the cell between the crossed po-
larizers were estimated using Jones matrix calculus [17,18] as shown in Figure 10a. The
wavelength was 550 nm, which is very close to the third minimum condition; therefore,
the transmittance in the voltage off state was 100% in the 90◦ TN cell. When the voltage
was applied, the LC director reoriented along the electric field as shown in Figure 9a,
and the twist angle distribution also changed. Thus, the polarization guiding effect was
destroyed, and the transmittance reduced to 0%. On the other hand, in the Q-Homo-TN
cell, it increased from 0 to 98.4% at 2.35 V, which was approximately two times that of the
threshold voltage. Then, it decreased to 0% again because of the same circumstances of the
TN cell. IF ∆n is 0.18, 100% transmittance can be obtained at 2.31 V. The polarization states
of the transmission light with the respective applied voltages are also shown in Figure 10b.
When the lineally polarized light parallel to the x-axis was incident on the cell, the major
axis of the elliptical polarized transmission light rotated to the y-axis when the voltage
increased to 2.3 V and then returned to the x-axis again when the voltage increased to 4.0 V.
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Figure 10. (a) Voltage–transmittance curves in Q-Homo–TN and TN cells. (b) Polarization states of
the transmission light in the Q-Homo–TN cell with the respective applied voltages.

4. Conclusions

Electro-optical properties were numerically analyzed in liquid crystal cells with asym-
metric anchoring strengths. The hybrid orientation turned to the homogeneous orientation
when the polar anchoring of the homeotropic alignment surface reduced to the critical
anchoring of K11/d. The quasi-homogeneous HAN cell had no threshold voltage. Larger
optical variations could be obtained by using a lower applied voltage compared to the
conventional homogeneous cell. The twisted orientation turned to the homogeneous ori-
entation when the azimuthal anchoring of the one side of the planar alignment surface
reduced to the critical anchoring of K22/d. The transmittance of the quasi-homogeneous TN
cell between the crossed polarizers increased from 0% to approximately 100% at a voltage
of approximately 2Vth. Liquid crystal display modes with low-driving voltages can be
clarified by using asymmetric anchoring strength.
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