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Abstract: A nonlocal gravity model (2) was introduced and considered recently, and two exact
cosmological solutions in flat space were presented. The first solution is related to some radiation
effects generated by nonlocal dynamics on dark energy background, while the second one is a
nonsingular time symmetric bounce. In the present paper, we investigate other possible exact
cosmological solutions and find some the new ones in nonflat space. Used nonlocal gravity dynamics
can change the background topology. To solve the corresponding equations of motion, we first
look for a solution of the eigenvalue problem �(R− 4Λ) = q (R− 4Λ). We also discuss possible
extension of this model with a nonlocal operator, symmetric under �←→ �−1, and its connection
with another interesting nonlocal gravity model.

Keywords: nonlocal gravity; cosmological solutions; nonsingular bounce; cosmological constant;
cosmic radiation; dark energy; dynamical change of topology

1. Introduction

The current standard model of cosmology (SMC) [1], also known as the ΛCDM
model, assumes general relativity (GR) [2] as the theory of the gravitational interaction
at all cosmic space-time scales—galactic and cosmological. According to this model, at
the current cosmic time, the universe approximately contains 68% of dark energy (DE),
27% of dark matter (DM) and 5% of visible matter. By the ΛCDM model, dark matter is
responsible for observational dynamics inside and between galaxies, while dark energy
causes accelerated expansion of the universe. The ΛCDM model also asserts that DE
corresponds to the cosmological constant and that DM is in a cold state. In the last few
decades many efforts were made to confirm the existence of DM and DE in the sky or in
the laboratory experiments, but they were undiscovered, and their existence still remains
hypothetical. A brief review of the recent investigations of DM and DE is presented in [3].

Due to its significant phenomenological achievements and beautiful theoretical prop-
erties, GR is considered one of the basic modern physical theories [4]. For example, GR
describes the dynamics of the solar system very well. Many important phenomena were
also predicted and observationally confirmed: deflection of light near the Sun, black holes,
as well as gravitational light redshift, lensing, and waves. However, GR as a theory of
gravitation has not been verified at the galactic and cosmological scales. Despite remark-
able successes, GR solutions for the black holes and the beginning of the universe contain
singularities. In addition, from quantization point of view, GR is a nonrenormalizable
theory. Note also that every other physical theory has its domain of validity, which is
usually constrained by the space-time scale, complexity of the system under consideration,
or by some parameters. There is no a priori reason that GR is an exception and should be
theory of gravitation from the Planck scale to the universe as a whole. Taking into account
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all these remarks, it follows that general relativity is not a final gravitational theory and
that investigation of its extension is needed; see [5–12] and the references therein.

Since a new physical principle that could say in which direction to extend GR has not
been invented so far, there are many approaches to its modification (for a review, see [5–9]).
One of the current and attractive approaches to general relativity modification is its nonlocal
extension; see, for example, [13–33]. The idea behind nonlocality is that the dynamics of the
gravitational field may depend not only on its first and second space-time derivatives, but
also on all higher derivatives. It means that the Einstein–Hilbert action should be extended
by an additional nonlocal term that contains the d’Alembert–Beltrami operator � which is
mainly employed in two ways: (i) using an analytic expansion F(�) = ∑+∞

n=0 fn�n, or (ii)
including in some manner operator �−1 [13–15,34], and its higher powers.

The modification of type (i) comes from ordinary and p-adic string theory, see [35] and
the references therein. This type of nonlocality improves quantum renormalizability [36–38].
Nonlocal gravity models of type (i) that have attracted much attention are given by action

S =
1

16πG

∫
M

√
−g
(

R− 2Λ + P(R)F (�) Q(R)
)

d4x, (1)

whereM is a four-dimensional pseudo-Riemannian manifold of signature (−,+,+,+)
with metric (gµν), P(R) and Q(R) are some differentiable functions of scalar curvature R, Λ
is the cosmological constant, and F (�) = ∑+∞

n=0 fn�n. To better see the effects of nonlocal
modification of GR in its geometrical sector, action (1) intentionally does not contain the
matter term. Derivation of equations of motion that are related to nonlocal gravity (1) is a
difficult task, and for details we refer to our paper [39]; see also [20].

Action (1) is rather general and contains several simple nonlocal extensions of GR.
P(R) = Q(R) = R is a case that attracted the most attention; see [16,17,24,25,40–47]. It
includes also nonlocal extension of the Starobinsky R2 inflation model [28,29]. This kind of
nonlocal investigation started in [16,17] and is an attempt to find a nonsingular bouncing
solution of the singularity problem in standard cosmology. It is worth mentioning an
interesting model when P(R) = Q(R) =

√
R− 2Λ, which contains a cosmological solution

a(t) = At
2
3 e

Λ
14 t2

that mimics an interference between dark matter (t
2
3 ) and dark energy

(e
Λ
14 t2

, Λ > 0) in flat space (k = 0). The explored cosmological parameters are in good
agreement with the ΛCDM data; see [48].

This paper is devoted to the further investigation of the nonlocal gravity model,
which is given by P(R) = Q(R) = R − 4Λ, and presented in [49]. The nonlocal term
(R− 4Λ) F (�) (R− 4Λ) appears as a generalization of R F (�) R. This model is also of
interest as the limit case of model P(R) = Q(R) =

√
R− 2Λ for |R| � |2Λ|; see Section 2.

In the paper [49], we investigated the exact cosmological solutions for Λ 6= 0, k = 0:
a1(t) = A

√
te

Λ
4 t2

, and a2(t) = AeΛ t2
. The first solution mimics an interplay between

dark energy and radiation. The second solution is a nonsingular bounce one and an even
function of cosmic time. In this paper, we consider new cosmological solutions with scale

factors of two forms: a(t) =
(

αeλt + βe−λt
)γ

and a(t) =
(
α cos λt + β sin λt

)γ, where γ is
an arbitrary real parameter.

The paper is organized as follows. In Section 2, the concrete nonlocal gravity model
is set up and some general properties of the relevant equations of motion are presented.
Section 3 contains consideration of various aspects of the corresponding cosmological
solutions: a brief review of the two previous results, relevant eigenvalue problem and
detailed analysis related to the finding of the new exact cosmological solutions. Discussion
and conclusions are presented in Section 4.

2. Gravity Model with Additional Nonlocal Term (R− 4Λ) F(�) (R− 4Λ)

Recall that the first model of form (1), where P(R) = Q(R) = R and Λ = 0, was
considered in [16]. The next nonlocal model [17] of type (1) had also P(R) = Q(R) = R,
but Λ 6= 0. Note that in [16,17], as well as in some other models (e.g., see [24,41]), a
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nonlocal operator is F (�) = ∑+∞
n=0 fn �n, where f0 6= 0. Hence these nonlocal gravity

models contain a local R2 term and present a nonlocal extension of R2 gravity; see also
nonlocal R2 inflation [28,29]. What we will consider does not contain local R2 term, i.e.,
f0 = 0.

Nonlocal gravity model under consideration is given by action [49]

S =
1

16πG

∫
d4x

√
−g

(
R− 2Λ + (R− 4Λ) F (�) (R− 4Λ)

)
, (2)

where � = ∇µ∇µ = 1√−g ∂µ (
√−g gµν ∂ν) is the d’Alembert–Beltrami operator on the

corresponding gravity background and F (�) = ∑+∞
n=1 fn �n is the nonlocal operator

with all higher order space-time derivatives. Formally, (2) is obtained from (1) taking
P(R) = Q(R) = R− 4Λ and f0 = 0. However, (2) can be also derived from action

S =
1

16πG

∫
d4x

√
−g

(
R− 2Λ +

√
R− 2Λ F (�)

√
R− 2Λ

)
(3)

which also belongs to the class of nonlocal models (1). In fact, let us start from action (3) and

consider the expansion of
√

R− 2Λ =
√
−2Λ

√
1− R

2Λ in powers of R
2Λ , where |R| � |2Λ|.

Then let us take approximation linear in R
2Λ , i.e., one obtains

√
R− 2Λ '

√
−2Λ (1− R

4Λ ).
By this way, the nonlocal term in (3) becomes

√
R− 2Λ F (�)

√
R− 2Λ ' − 1

8Λ
(R− 4Λ) F (�) (R− 4Λ), (4)

where factor − 1
8Λ can be included in nonlocal operator F (�) by its redefinition. At

the same time, the first term R − 2Λ =
√

R− 2Λ
√

R− 2Λ remains unchanged in the
linear approximation.

As it is already mentioned in Introduction, the nonlocal gravity model (3) is very
interesting and promising. It is a natural nonlocal generalization of the de Sitter model

S0 =
1

16πG

∫
d4x

√
−g (R− 2Λ), (5)

where generalization is obtained in the following way:

R− 2Λ =
√

R− 2Λ
√

R− 2Λ→
√

R− 2Λ F(�)
√

R− 2Λ. (6)

The nonlocal operator F(�) in (6) is F(�) = 1 + F (�) = 1 + ∑+∞
n=1 fn �n. The

nonlocal de Sitter model (also called nonlocal square root gravity [48]) (3) contains two
exact scale factors:

a(t) = At
2
3 e

Λ
14 t2

, a(t) = Ae
Λ
6 t2

, k = 0. (7)

The first solution in (7) mimics an interference between dark matter expansion (t
2
3 ) and

dark energy acceleration (e
Λ
14 t2

, Λ > 0) in flat space (k = 0), and the calculated cosmological
quantities are in good agreement with the standard model of cosmology; see details in [48].
The second solution in (7) is an example of nonsingular bounce at cosmic time t = 0.

Equations of Motion

The next step in the investigation of nonlocal gravity model (2) is finding the corre-
sponding equations of motion (EOM). It is done for a class of models (1) that contain (2);
the derivation is presented in [39].

According to [39], the EOM for nonlocal gravity model (1) has the following form:

Ĝµν = Gµν + Λgµν −
1
2

gµνP(R)F (�)Q(R) + RµνW − KµνW +
1
2

Ωµν = 0, (8)
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where

W = P′(R) F (�) Q(R) + Q′(R) F (�)P(R), Kµν = ∇µ∇ν − gµν�, (9)

Ωµν =
+∞

∑
n=1

fn

n−1

∑
`=0

Sµν(�`P(R),�n−1−`Q(R)), (10)

Sµν(A, B) = gµν

(
∇α A ∇αB + A�B

)
− 2∇µ A ∇νB, (11)

and P′ and Q′ denote the derivatives of P and Q with respect to R.
It is clear that EOM (8) are very complicated, comparing them to their local (Einstein)

counterpart Gµν + Λgµν = 0. Finding any solutions of (8) is not an easy task. However, in
the sequel of this article, we will see how one can find some exact cosmological solutions
when P(R) = Q(R) = R− 4Λ, i.e., in the nonlocal gravity model (2).

First, let us consider the case when Q(R) = P(R). Then, EOM (8) reduce to

Gµν + Λgµν −
gµν

2
P(R)F (�)P(R) + RµνW − KµνW +

1
2

Ωµν = 0, (12)

W = 2P′(R) F (�) P(R), Kµν = ∇µ∇ν − gµν�, (13)

Ωµν =
+∞

∑
n=1

fn

n−1

∑
`=0

Sµν(�`P,�n−1−`P), (14)

Sµν(�`P,�n−1−`P) = ∑n−1
`=0

(
gµν
(
∇α�`P(R) ∇α�n−1−`P(R) +�`P(R)�n−`P(R)

)
−2∇µ�`P(R) ∇ν�n−1−`P(R)

)
.

(15)

The further significant simplification of EOM can be obtained if P(R) is an eigenfunc-
tion of the corresponding d’Alembert–Beltrami operator �, i.e., if the following holds:

�P(R) = q P(R), F (�)P(R) = F (q) P(R), (16)

where q = ζΛ (ζ dimensionless parameter) is an eigenvalue. Note that parameter q must
have the same dimensionality as �, where the dimension of � is T−2 in natural units
(h̄ = c = 1). Hence, q has to be proportional to Λ since there is only the cosmological
constant Λ in the above EOM with dimension as �. Moreover, q = ζΛ naturally appears in
all concrete cases and there is no need for a new constant in this nonlocal gravity model
without matter. Then

W = 2F (q)P′P, F (q) =
+∞

∑
n=1

fn qn, (17)

Ωµν = F ′(q)Sµν(P, P), (18)

Gµν + Λgµν +F (q)
(

2(Rµν − Kµν)PP′ − gµν

2 P2
)

+ 1
2F ′(q)Sµν(P, P) = 0.

(19)

Both expressions in (17) are evident. Equality (18) is obtained as follows:

Ωµν =
∞

∑
n=1

fn

n−1

∑
`=0

Sµν

(
�`P,�n−1−`P

)
=

∞

∑
n=1

fn

n−1

∑
`=0

qn−1Sµν

(
P, P

)
=

∞

∑
n=1

fn nqn−1Sµν

(
P, P

)
= F ′(q)Sµν

(
P, P

)
.

(20)



Symmetry 2022, 14, 3 5 of 16

Finally, take P = R− 4Λ. Then P P′ = P = R− 4Λ and EOM become

Gµν + Λgµν +F (q)
(

Gµν + Rµν − 2∇µ∇ν + 2gµν(Λ + q)
)
(R− 4Λ)

+ 1
2F ′(q)Sµν(R− 4Λ, R− 4Λ) = 0.

(21)

In some cases, there is solution when F ′(q) = 0, and then problem (21) reduces to

F ′(q) = 0, and (22)

Gµν + Λgµν +F (q)
(

Gµν + Rµν − 2∇µ∇ν + 2gµν(Λ + q)
)
(R− 4Λ) = 0. (23)

In finding the cosmological solutions, we start from Equation (21).

3. Cosmological Solutions

In this section, we are mainly interested in the finding and investigation of some new
exact cosmological solutions of nonlocal gravity model (2).

Since the universe is homogeneous and isotropic at large cosmic scales, its evolution
satisfies the Friedmann–Lemaître–Robertson–Walker (FLRW) metric

ds2 = −dt2 + a2(t)
(

dr2

1− kr2 + r2dθ2 + r2 sin2 θdφ2
)

, (c = 1), k = 0,±1, (24)

where a(t) is the cosmic scale factor that contains information on expansion (or contraction)
and k is the constant curvature parameter.

The d’Alembert–Beltrami operator �, the Hubble parameter H and the Ricci scalar R
for the FLRW metric are

� = − ∂2

∂t2 − 3H(t)
∂

∂t
, H(t) =

ȧ
a

R(t) = 6
( ä

a
+
( ȧ

a
)2

+
k
a2

)
, ȧ =

∂a
∂t

.

(25)

Since the universe is homogeneous and isotropic, there are only two independent
equations of motion (21). It is convenient to use the trace and 00-component of (21):

(R− 4Λ)
[
F (ζΛ)(8 + 6ζ)Λ− 1

]
+

1
2
F ′(ζΛ) S(R− 4Λ, R− 4Λ) = 0, (26)

G00 −Λ +F (ζΛ)
(

2R00 +
1
2 R− 2∂2

0 − 2(1 + ζ)Λ
)
(R− 4Λ)

+ 1
2F ′(ζΛ) S00(R− 4Λ, R− 4Λ) = 0,

(27)

where S(R− 4Λ, R− 4Λ) = gµνSµν(R− 4Λ, R− 4Λ) and equality �(R− 4Λ) = q(R−
4Λ) = ζΛ(R− 4Λ) is taken into account. According to (27), we have to use

R00 = −3
ä
a

, G00 = 3
ȧ2 + k

a2 . (28)

Note that EOM (21) can be rewritten in the form of general relativity

Ĝµν = Gµν + Λgµν − 8πGT̂µν = 0 , ∇µĜµν = 0, (29)

where T̂µν is the corresponding effective energy–momentum tensor. The related Friedmann
equations to (29) are

ä
a
= −4πG

3
(ρ̄ + 3p̄) +

Λ
3

,
ȧ2 + k

a2 =
8πG

3
ρ̄ +

Λ
3

, (30)
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where ρ̄ is an effective energy density and p̄ is an effective pressure of the universe. The
corresponding equation of state is

p̄(t) = w̄(t) ρ̄(t), (31)

where w̄(t) is a dimensionless parameter that may depend on time.
It is worth noting that the Minkowski space (a(t) = const., R = Λ = k = 0) is also a

solution of EOM (26) and (27).

3.1. Two Previous Exact Solutions

In order to have more complete insight into a(t) solutions of nonlocal model (2), we
want to first briefly review the previously found two nontrivial solutions [49], and after
that present new exact solutions.

We found the following exact cosmological solutions, Λ 6= 0, k = 0:

a1(t) = A t
1
2 e

Λ
4 t2

, �
(

R− 4Λ
)
= −3Λ

(
R− 4Λ

)
, (32)

a2(t) = A eΛt2
, �(R− 4Λ) = −12Λ(R− 4Λ). (33)

We explicitly found expression for R(t), H(t), solved the corresponding eigenvalue
problems and EOM for both a1(t) and a2(t), and also found constraints on the nonlocal
operator function F (�):

(a1) : F
(
− 3Λ

)
= − 1

10Λ
, F ′

(
− 3Λ

)
= 0 , Λ 6= 0, (34)

(a2) : F
(
− 12Λ

)
= − 1

64Λ
, F ′

(
− 12Λ

)
= 0 , Λ 6= 0, (35)

that are simply satisfied by

(a1) : F (�) =
�

30Λ2 exp
(

�
3Λ

+ 1
)

, (36)

(a2) : F (�) =
�

768Λ2 exp
(

�
12Λ

+ 1
)

, (37)

respectively.
The solution of the effective Friedmann equations were also found in both cases, and

consequently, the equations of state are:

(a1) : w̄ =
p̄(t)
ρ̄(t)

=
1− 6Λt2 − 3Λ2t4

3 + 2Λt2 + 3Λ2t4 →


−1, t→ ∞

1
3

, t→ 0.
(38)

(a2) : w̄ =
−12Λt2 − 3
12Λt2 − 1

→
{
−1, t→ ∞
3, t→ 0.

(39)

(a1): This solution may be relevant to the early radiation dominant universe and to
its late accelerated expansion. The solution mimics interference between expansion with
radiation a(t) = A

√
t and a dark energy a(t) = Ae

Λ
4 t2

, Λ > 0.

(a2): The solution a2(t) = AeΛt2
is an even function of cosmic time and presents an

example of the nonsingular bounce.
We now explore the existence of new cosmological solutions with scale factors a(t)

similar to those well known in the de Sitter local model (5), but with time-dependent scalar
curvature R(t) so that �(R− 4Λ) = q(R− 4Λ), where q 6= 0. In fact, scale factors in the



Symmetry 2022, 14, 3 7 of 16

form a(t) = (αeλt + βe−λt)γ and a(t) = (α cos λt + β sin λt)γ are investigated. We see that
such solutions exist, and their significance is discussed in Section 4.

3.2. Eigenvalue Problem for New Cosmological Solutions

Let us consider the scale factor

a(t) = (αeλt + βe−λt)γ, (40)

and an eigenvalue problem

�(R− 4Λ) = q(R− 4Λ) = ζΛ(R− 4Λ), (41)

for a dimensionless constant ζ that is determined later. Equality (41) can be expanded into(
β + αe2λt

)2(
A0 + A1e2λt + A2e4λt

)
+ 2
(

αeλt + βe−λt
)2γ(

B0 + B1e2λt + B2e4λt + B3e6λt + B4e8λt
)
= 0,

(42)

where
A0 = 3kβ2

(
q− 2γ2λ2

)
,

A1 = 6kαβ
(

2(γ− 2)γλ2 + q
)

,

A2 = 3kα2
(

q− 2γ2λ2
)

,

(43)

and
B0 = β4q

(
3γ2λ2 −Λ

)
,

B1 = 2αβ3
(

6γ
(

6γ2 − 7γ + 2
)

λ4 + q
(

3γλ2 − 2Λ
))

,

B2 = −6α2β2
(

4γ
(

6γ2 − 11γ + 4
)

λ4 + q
(

γ2λ2 − 2γλ2 + Λ
))

,

B3 = 2α3β
(

6γ
(

6γ2 − 7γ + 2
)

λ4 + q
(

3γλ2 − 2Λ
))

,

B4 = α4q
(

3γ2λ2 −Λ
)

.

(44)

In the case αβ = 0, i.e., α = 0 or β = 0, the eigenvalue problem �(R − 4Λ) =
q(R− 4Λ) has a nontrivial solution in the following two cases:

1. k = 0, Λ = 3γ2λ2

2. k 6= 0, q = 2γ2λ2, Λ = 3γ2λ2.

When αβ 6= 0, then functions e2λt and
(
αeλt + βe−λt)2γ are linearly independent. In

this case, we can split Equation (42) into

A0 = A1 = A2 = 0, B0 = B1 = B2 = B3 = B4 = 0. (45)

The previous Equations (45) are satisfied in the following two cases:

1. γ = 1, q = 2λ2, Λ = 3λ2, k ∈ {0,−1, 1}, (46)

2. γ =
1
2

, Λ =
3
4

λ2, k = 0. (47)

Hence, the only two possibilities for parameter γ are γ = 1 and γ = 1
2 .

Now, let us consider the scale factor

a(t) = (α cos λt + β sin λt)γ, (48)
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and the corresponding eigenvalue problem

�(R− 4Λ) = q(R− 4Λ). (49)

Similarly as in the previous case, if we replace λ by iλ in the scale factor
a(t) = (αeλt + βe−λt)γ, we obtain that the eigenvalue problem (49) has solution in the
following two cases:

1. γ = 1, q = −2λ2, Λ = −3λ2, k ∈ {0,−1, 1}, (50)

2. γ =
1
2

, Λ = −3
4

λ2, k = 0. (51)

As result of the solution of eigenvalue problem (41), we obtained not only concrete
eigenvalue q but also possible values of γ and λ for the cosmic scale factor of the form (40)
and (48). In fact, we found that nonlocal gravity model (2) may have the following new
cosmological solutions:

a3(t) = α e
√

1
3 Λ t

+ βe−
√

1
3 Λ t, Λ ≥ 0 , (52)

a4(t) =
(

αe2
√

1
3 Λ t

+ βe−2
√

1
3 Λ t

) 1
2

, Λ ≥ 0, (53)

a5(t) = α cos

√
−1

3
Λ t + β sin

√
−1

3
Λ t , Λ ≤ 0, (54)

a6(t) =

(
α cos 2

√
−1

3
Λ t + β sin 2

√
−1

3
Λ t

) 1
2

, Λ ≤ 0. (55)

By additional requirements that scale factors, (52)–(55) satisfy equations of motion
(26), and (27) gives the possibility to determine values of α and β, fix curvature constant
k and obtain constraints on F (�) and F ′(�). In the following four subsections, we give
more details.

3.3. Cosmological Solution of the Form a3(t) = αe
√

Λ
3 t

+ βe−
√

Λ
3 t

In this case, we have

ȧ(t) =

√
Λ
3

(
αe
√

Λ
3 t − βe−

√
Λ
3 t
)

, ä(t) =
Λ
3

a(t), (56)

R(t) = 4Λ + (6k− 8Λαβ)a(t)−2, (57)

H(t) =

√
Λ
3

(
1− 2βe−

√
Λ
3 ta(t)−1

)
, (58)

R00 = −Λ, G00 = Λ + (3k− 4Λαβ)a(t)−2. (59)

The corresponding eigenvalue problem has the following solution:

�(R− 4Λ) =
2
3

Λ(R− 4Λ), F (�)(R− 4Λ) = F
(2

3
Λ
)
(R− 4Λ). (60)

Using the solution of eigenvalue problem (60), the trace and 00 component of EOM are(
4αβ

Λ
3
− k
)(

T0 + T1e2
√

Λ
3 t
+ T2e4

√
Λ
3 t
+ T3e6

√
Λ
3 t
+ T4e8

√
Λ
3 t
)
= 0, (61)(

4αβ
Λ
3
− k
)(

Z0 + Z1e2
√

Λ
3 t
+ Z2e4

√
Λ
3 t
+ Z3e6

√
Λ
3 t
+ Z4e8

√
Λ
3 t
)
= 0, (62)
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where

T0 = β4
(

12ΛF
(

2
3

Λ
)
− 1
)

,

T1 = 4αβ3
(

12ΛF
(

2
3

Λ
)
− 1
)

,

T2 = −6αβ

(
αβ

(
1− 12ΛF

(
2
3

Λ
))
− 16

3
ΛF ′

(
2
3

Λ
)(

k− 4αβ
Λ
3

))
,

T3 = 4α3β

(
12ΛF

(
2
3

Λ
)
− 1
)

,

T4 = α4
(

12ΛF
(

2
3

Λ
)
− 1
)

,

(63)

and

Z0 = β4
(

1− 12ΛF
(

2
3

Λ
))

,

Z1 = 2β2
(

2αβ− 6ΛF ′
(

2
3

Λ
)(

k− 4αβ
Λ
3

)
+ 3F

(
2
3

Λ
)
(k− 4αβΛ)

)
,

Z2 = 6αβ

(
αβ +

4
3

ΛF ′
(

2
3

Λ
)(

k− 4αβ
Λ
3

)
+ 2F

(
2
3

Λ
)
(k− 2αβΛ)

)
,

Z3 = 2α2
(

2αβ− 6ΛF ′
(

2
3

Λ
)(

k− 4αβ
Λ
3

)
+ 3F

(
2
3

Λ
)
(k− 4αβΛ)

)
,

Z4 = α4
(

1− 12ΛF
(

2
3

Λ
))

.

(64)

These two equations are polynomials in e2
√

Λ
3 t. Both equations are clearly satisfied if

αβ = 3k
4Λ . On the other hand, if αβ 6= 3k

4Λ , it remains to solve the system of equations

T0 = T1 = T2 = T3 = T4 = 0, Z0 = Z1 = Z2 = Z3 = Z4 = 0. (65)

Equations of motion are satisfied in the following three nontrivial cases:

(i) : αβ =
3k
4Λ

, (66)

(ii) : αβ = 0, F (2
3

Λ) =
1

12Λ
, F ′(2

3
Λ) =

1
24Λ2 , k 6= 0, (67)

(iii) : αβ = − k
4Λ

, F (2
3

Λ) =
1

12Λ
, F ′(2

3
Λ) = 0. (68)

(i): In the first case, we have R(t) = 4Λ. For k = 0, we have αβ = 0 and consequently,

a(t) ∼ e±
√

Λ
3 t. Additionally, since Λ > 0, a(t) =

√
3
Λ cosh

√
Λ
3 t requires k = +1, while

a(t) =
√

3
Λ sinh

√
Λ
3 t if k = −1.

(ii): In the second case α = 0 or β = 0. For α = 0 we have a(t) = βe−
√

Λ
3 t and

R(t) = 6ka(t)−2 + 4Λ. Analogously, for β = 0 we have a(t) = αe
√

Λ
3 t and

R(t) = 6ka(t)−2 + 4Λ.
(iii): In the third case, we have R(t) = 4Λ + 8ka(t)−2. If k = −1 there is ϕ such that

α + β =
1√
Λ

cosh ϕ, α− β =
1√
Λ

sinh ϕ.
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Now, we can transform scale factor a(t) = αe
√

Λ
3 t

+ βe−
√

Λ
3 t to

a(t) =
1√
Λ

cosh(ϕ +

√
Λ
3

t), k = −1. (69)

If k = +1, there is such ϕ that

α + β =
1√
Λ

sinh ϕ, α− β =
1√
Λ

cosh ϕ.

Consequently, we can transform scale factor a(t) = αe
√

Λ
3 t

+ βe−
√

Λ
3 t to

a(t) =
1√
Λ

sinh(ϕ +

√
Λ
3

t). (70)

The effective energy density and pressure are given by

ρ̄ =
3

8πG
(k− 4

3
Λαβ)a(t)−2, p̄ = − 1

8πG
(k− 4

3
Λαβ)a(t)−2. (71)

For k 6= 4
3 Λαβ, the corresponding w̄ parameter is w̄ = − 1

3 .

3.4. Cosmological Solutions of the Form a4(t) =
(

αe2
√

Λ
3 t

+ βe−2
√

Λ
3 t
) 1

2

According to solution (47) of the related eigenvalue problem, in this case, k = 0. The
corresponding Ricci scalar is

R = 4Λ. (72)

The EOM yield the condition
αβ = 0. (73)

Hence, there are only solutions a(t) ∼ e±
√

Λ
3 t, what is what we have in the Einstein

theory of gravity. Since the corresponding eigenvalue is zero, i.e., �(R− 4Λ) = 0, solutions

of the form a4(t) =
(

αe2
√

Λ
3 t

+ βe−2
√

Λ
3 t
) 1

2

are trivial at the classical level from the point

of view of the nonlocal gravity model under consideration.

3.5. Cosmological Solutions of the Form a5(t) = α cos
√
−Λ

3 t + β sin
√
−Λ

3 t

In this case, we have

ȧ(t) =

√
−Λ

3
(β cos

√
−Λ

3
t− α sin

√
−Λ

3
t), ä(t) =

Λ
3

a(t), (74)

R(t) = 4Λ + 6(k− (α2 + β2)
Λ
3

a(t)−2, (75)

H(t) =

√
−Λ

3
(β cos

√
−Λ

3
t− α sin

√
−Λ

3
t)a(t)−1, (76)

R00 = −Λ G00 = 3(k− Λ
3
(β cos

√
−Λ

3
t− α sin

√
−Λ

3
t)2)a(t)−2. (77)

The corresponding eigenvalue problem has the same solution as in the previous case
(60), i.e.,

�(R− 4Λ) =
2
3

Λ(R− 4Λ), F (�)(R− 4Λ) = F (2
3

Λ)(R− 4Λ). (78)



Symmetry 2022, 14, 3 11 of 16

Trace and 00 component of equations of motion read(
k− Λ

3
(α2 + β2)

)(
U0 + U1e2i

√
−Λ

3 t
+ U2e4i

√
−Λ

3 t
+ U3e6i

√
−Λ

3 t
+ U4e8i

√
−Λ

3 t
)
= 0, (79)(

k− Λ
3
(α2 + β2)

)(
V0 + V1e2i

√
−Λ

3 t
+ V2e4i

√
−Λ

3 t
+ V3e6i

√
−Λ

3 t
+ V4e8i

√
−Λ

3 t
)
= 0, (80)

where

U0 = (α + iβ)4
(

1− 12ΛF
(

2
3

Λ
))

,

U1 = 4(α + iβ)3(α− iβ)
(

1− 12ΛF
(

2
3

Λ
))

,

U2 = 6
(

α2 + β2
)(

(α2 + β2)

(
1 +

64
9

Λ2F ′
(

2
3

Λ
)
− 12ΛF

(
2
3

Λ
))
− 64k

Λ
3
F ′
(

2
3

Λ
))

,

U3 = 4(α + iβ)(α− iβ)3
(

1− 12ΛF
(

2
3

Λ
))

,

U4 = (α− iβ)4
(

1− 12ΛF
(

2
3

Λ
))

,

(81)

and

V0 = (α + iβ)4
(

1− 12ΛF
(

2
3

Λ
))

,

V1 = 4(α + iβ)2
(
(α2 + β2)

(
1 + 4Λ2F ′

(
2
3

Λ
)
− 6ΛF

(
2
3

Λ
))

+ 6k
(
F
(

2
3

Λ
)
− 2ΛF ′

(
2
3

Λ
)))

,

V2 = 6(α2 + β2)
(
(α2 + β2)

(
1− 16

9
Λ2F ′

(
2
3

Λ
)
− 4ΛF

(
2
3

Λ
))

+ 8k
(
F
(

2
3

Λ
)
+

2
3

ΛF ′
(

2
3

Λ
)))

,

V3 = 4(α− iβ)2
(
(α2 + β2)

(
1 + 4Λ2F ′

(
2
3

Λ
)
− 6ΛF

(
2
3

Λ
))

+ 6k
(
F
(

2
3

Λ
)
− 2ΛF ′

(
2
3

Λ
)))

,

V4 = (α− iβ)4
(

1− 12ΛF
(

2
3

Λ
))

.

(82)

We consider these equations as polynomials in e2i
√
−Λ

3 t. It is clear that the equations
are satisfied for α2 + β2 = 3k

Λ . In the other case, α2 + β2 6= 3k
Λ it remains to solve the

following system of equations

U0 = U1 = U2 = U3 = U4 = 0, V0 = V1 = V2 = V3 = V4 = 0. (83)

Equations of motion are satisfied in the following two nontrivial cases:

(i) : α2 + β2 =
3k
Λ

, (84)

(ii) : F (2
3

Λ) =
1

12Λ
, F ′(2

3
Λ) = 0, α2 + β2 = − k

Λ
. (85)

(i): In the first case, we have R(t) = 4Λ.
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(ii): In the second case, we have R(t) = 4Λ + 8ka(t)−2. Taking k = +1, there exists ϕ
such that

α =
1√
−Λ

sin ϕ, β =
1√
−Λ

cos ϕ.

Now, we can transform scale factor a(t) = α cos
√
−Λ

3 t + β sin
√
−Λ

3 t to

a(t) =
1√
−Λ

sin(

√
−Λ

3
t− ϕ). (86)

The effective energy density and pressure are

ρ̄ =
3k−Λ(α2 + β2)

8πG a(t)2 , p̄ =
Λ(α2 + β2)− 3k

24πG a(t)2 . (87)

For k 6= Λ
3 (α

2 + β2) we have w̄ = − 1
3 .

3.6. Cosmological Solutions of the Form a6(t) =
(

α cos 2
√
−Λ

3 t + β sin 2
√
−Λ

3 t
) 1

2

In this case,
R = 4Λ, k = 0. (88)

From the equations of motion follows

α2 + β2 = 0. (89)

Hence, there are no nontrivial solutions of the form

a6(t) =

(
α cos 2

√
−Λ

3
t + β sin 2

√
−Λ

3
t

) 1
2

.

4. Discussion and Conclusions

To have a more complete presentation of the contents of this paper, some main consid-
erations should be discussed. These considerations include the gained new cosmological
solutions, used eigenvalue method and nonlocal operator.

On new cosmological solutions. Section 3 is related to the finding of new cosmological
solutions of nonlocal gravity model (2). In a class of possible scale factors of the form
a(t) = (αeλt + βe−λt)γ, we found four new solutions when γ = 1 and no nontrivial
solutions if γ 6= 1. The new solutions are

a(t) = A e±
√

Λ
3 t, R(t) =

6k
A2 e∓2

√
Λ
3 t

+ 4Λ, k = +1,−1, Λ > 0. (90)

a(t) =
1√
Λ

cosh
(√Λ

3
t
)
, R(t) = 8kΛ

1

cosh2 (√Λ
3 t
) + 4Λ, k = −1, Λ > 0. (91)

a(t) =
1√
Λ

sinh
(√Λ

3
t
)
, R(t) = 8kΛ

1

sinh2 (√Λ
3 t
) + 4Λ, k = +1, Λ > 0. (92)

a(t) =
1√
−Λ

sin
(√−Λ

3
t
)
, R(t) = −8kΛ

1

sin2 (√−Λ
3 t
) + 4Λ, k = +1, Λ < 0. (93)
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Recall that in the de Sitter (anti-de Sitter) (5) case, analogous solutions are

a(t) = A e±
√

Λ
3 t, R = 4Λ, k = 0, Λ > 0. (94)

a(t) =

√
3
Λ

cosh
(√Λ

3
t
)
, R = 4Λ, k = +1, Λ > 0. (95)

a(t) =

√
3
Λ

sinh
(√Λ

3
t
)
, R = 4Λ, k = −1, Λ > 0. (96)

a(t) =

√
−3
Λ

sin
(√−Λ

3
t
)
, R = 4Λ, k = −1, Λ < 0. (97)

Comparing (90)–(93) with (94)–(97), we can note that for the same cosmological con-
stant Λ, there are analogous scale factors with the same time dependence, but with different
curvature constant k. This fact can be interpreted as change in topology in de Sitter (anti-de
Sitter) space by the inclusion of the nonlocal term of the form (R− 4Λ)F (�)(R− 4Λ);
see (2). For example, exponential expansion (94) in a flat de Sitter universe remains
exponential (90) by nonlocal transition into closed or open de Sitter space. We can
also conclude that this kind of nonlocality changes the constant space-time curvature
(R = 4Λ) to the time-dependent one (R = R(t)). It is worth noting that in the nonlo-
cal square root gravity model (3), there is a cosmological solution with the scale factor

a(t) = Ae±
√

Λ
6 t, Λ > 0, k = +1,−1, with scalar curvature R(t) = 6k

A2 e∓
√

2
3 Λ t

+ 2Λ;
see Section 3.3 in [48]. This case is similar to (90) presented in this paper. We expect that
analogous cases exist in some other examples of transition from the local to nonlocal de
Sitter model.

On the eigenvalue method. In our approach, to solve equations of motion in the case
of a homogeneous and isotropic universe, an essential role is the possibility to solve the
corresponding eigenvalue problem �(R(t) − 4Λ) = q(R(t) − 4Λ), where q = ζΛ. Λ
appears here on the basis of dimensionality. Analogous solutions of (90)–(93) and (94)–(97)
have the same Hubble parameter H(t) = ȧ

a and, consequently, the same d’Alembert–
Beltrami operator � = − ∂2

∂t2 − 3H(t) ∂
∂t .

One can easily see that solution of �(R− 4Λ) = q(R− 4Λ) implies the solution of the
following eigenvalue problem:

�−1(R− 4Λ) = q−1(R− 4Λ), q 6= 0. (98)

In other words, operators � and �−1 have the same eigenfunctions R(t)− 4Λ, but
with different eigenvalues q and 1/q, when q 6= 0.

On the nonlocal operator. The solvability of the eigenvalue problem (98) gives rise
to introduce an extended version of the nonlocal operator F (�) = ∑+∞

n=1 fn�n to the
following one:

F (�) =
+∞

∑
n=−∞

fn �n =
+∞

∑
n=1

fn �n + f0 +
+∞

∑
n=1

f−n �−n, (99)

where f0 = 0 in (2) nonlocal gravity model. Note that the nonlocal operator (99) is
symmetric under interchange n ←→ −n. This extended nonlocal operator satisfies the
eigenvalue problem F (�)(R− 4Λ) = F (q)(R− 4Λ), where

F (q) = ∑
n 6=0

fn qn =
+∞

∑
n=1

fn qn +
+∞

∑
n=1

f−n q−n. (100)

In Section 3, we could replace F (�) by this one in (99) with f0 = 0, and the same new
scale factors would be obtained with the same constraints on this extended F (�). Note
that now eigenvalues are q = 2

3 Λ, Λ 6= 0 and q−1 = 3
2

1
Λ , Λ 6= 0 for all four new solutions.
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Note that the finding of each new cosmological solution induces two restrictions on
nonlocal operator F (�). At this stage, an explicit form of F (�) is not necessary.

On further investigations. The absence of the additional degrees of freedom, particu-
larly ghosts, should be an important property of nonlocal gravity. A ghost-free condition
is investigated in paper [43] for models of form (1), which includes our model (2); see
also [21,50] and the references therein. To avoid a ghost, nonlocal operator F must sat-
isfy some conditions that depend on the background cosmological solution. This needs
detailed investigation of the second variation [39] of action (1) and is a subject for future
consideration.

As shown in Section 2, nonlocal gravity model (2) can be derived from nonlocal de
Sitter gravity (3). These two models together contain cosmological solutions that mimic the
interference of dark energy with radiation and dark matter in the flat universe. Both models
also have a nonsingular bounce solution. Hence, at the cosmological scale, these nonlocal
models imitate some effects that are a part of cosmic history described by standard model
of cosmology (ΛCDM model). This situation gives rise to continue with developments of
this nonlocal gravity approach and explore the influence on astrophysical effects at the
galactic scale and the solar system. In addition, the possible inflation, cosmic microwave
background (CMB) and cosmological perturbations should be investigated [51].

Conclusions. At the end, it is worth noting the main results presented in this paper.

• Four new exact cosmological solutions are obtained.
• Effective energy density and effective pressure are computed for all new solutions.
• Change of space topology by nonlocal gravity is noted.
• A connection between nonlocal gravity models (2) and (3) is shown.
• The method of finding eigenfunctions R(t)− 4Λ is further elaborated.
• Nonlocal operator F (�) can be naturally extended by the addition of �−1 in a sym-

metric way.
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