symmetry

Article

Symmetries and Solvability of a Class of Higher Order Systems
of Ordinary Difference Equations

Kgatliso Mkhwanazi ¥ and Mensah Folly-Gbetoula **

check for
updates

Citation: Mkhwanazi, K.;
Folly-Gbetoula, M. Symmetries and
Solvability of a Class of Higher Order
Systems of Ordinary Difference
Equations. Symmetry 2022, 14, 108.
https://doi.org/10.3390/
sym14010108

Academic Editor: Danny Arrigo

Received: 6 December 2021
Accepted: 5 January 2022
Published: 8 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Mathematics, University of the Witwatersrand, Johannesburg 2050, South Africa;
1477029@students.wits.ac.za

* Correspondence: Mensah.Folly-Gbetoula@wits.ac.za

t These authors contributed equally to this work.

Abstract: We perform Lie analysis for a system of higher order difference equations with variable
coefficients and derive non-trivial symmetries. We use these symmetries to find exact formulas for
the solutions in terms of k. Furthermore, a detailed study for a specific value of k is presented. Our
findings generalize some results in the literature.
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1. Introduction

A Norwegian mathematician, Marius Sophus Lie (1842-1899) is responsible for the
discovery of the transformations of variables and its properties. He began by investigating
the continuous groups of transformations that would leave the differential equations
invariant and his work created what is now known as symmetry analysis of differential
equations. Lie’s original aim was to set a general theory for the integration of ordinary
differential equations which was similar to the work that was done by Galois Abel [1] on
algebraic equations in 1888. During the nineteenth century, Lie developed and applied the
symmetry analysis of differential equations [2]. The theory that he developed enabled one
to derive the solutions of differential equations in an algorithmic way that did not require
any special guesses. There has been a lot of interest in the way Lie approached differential
equations and notable mentions include the work done by Sedov Leonid Ivanovich [3]
and Garrett Birkhoff [4] on the dimensional analysis. Their individual work proved to be
important in the understanding of Lie’s approach to differential equations because they
showed that Lie’s theory gave pertinent results in applied problems. Before this, there
was a German mathematician Hermann Weyl (1885-1955) who in 1928 took interest in the
abstract theory of Lie groups, and the term Lie group was coined by him in the same year.
There has been a restoration of interest in Lie’s theory in recent decades and during these
decades there has been a lot of crucial progress that was made from an applied point of view
or a theoretical one. Lie’s theory involves a lot of tedious and cumbersome calculations. Lie
group analysis has been and is still an essential tool in various fields like physics, number
theory, differential equations, differential geometry, analysis and more.

Many researchers have investigated the application of Lie symmetry analysis to
difference equations. Systematic algorithms and methods dealing with the derivation of
symmetries for difference equations are now recorded and well documented. Some of the
first works can be traced back to Maeeda [5,6] who developed an algorithm for obtaining
continuous point symmetries of ordinary difference equations. Levi and Winternitz [7],
Hydon [8], Quispel and Sahadeva [9], among others, have greatly contributed to the use of
the Lie’s theory to difference equations.

Just like differential equations, difference equations have applications in real life
(simple and compound interests, loan repayments, biological population dynamics, etc.).
In general, difference equations are the perfect tools for describing phenomena that hap-
pen in discrete time steps. For example, in biological populations without overlapping
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generations, the growth of population takes place in discrete time steps and is modeled
by difference equations (see [10]). An example of a typical model is that of semelparous
populations which are insect populations with a single reproductive period before death.
If we denote by N, the number of adults in the nth breeding time and ag the average
number of eggs laid by an adult, the model turns out to be

aoNn
14+ tN,

)

Nn+l =

for some constant t. See [10] for more details. Let x denote the carrying capacity of the

%=1 "and the model is known as the Beverton-Holt model [10].

environment. Then, t = =

Note that (1) implies that

— Nn
Nn+2 - MI (2)

where a = 1/a% and b = t(ag + 1) /a3.
In [11], the authors solved and dealt with the recursive equations:

Xn—1Yn-3 Yot = Yn—1Xn-3
yn—l(l + xn—l]/nf?)) ’ " xn—l(il =+ ]/n—lxn73) ’

Xn41 = (3)
where the real numbers x_3, x_», x_1, X9, ¥_3, ¥_2, y_1 and yp are the initial conditions.

In [12], the author determined and formulated the analytical solutions of the rational
recursive equations:

Xn—1Yn—3 Yn—1Xn—3 @)

x - 7 - 7
i yn—l(:tl + xn—lynfé}) Ynt1 xn—l(:Fl iyn—lxnf?))

where x_3, x_», x_1, X0, Y—3, Y—2, Yy—1 and yg are the initial conditions, which are arbi-
trary non-zero real numbers.

Note that appropriate change of variables transform equations in (3) and (4) into
equations similar to (2).

The aim of this study is to generalize the results in [11,12] by studying the system of
ordinary difference equations

Un—10n—k-1 Opil = Up—k-1Yn—1
7 Un+1 — 7
vn—k+1(An + Bully—10p—k—1) Upy—k+1 (Ci+ Dty _j—194—-1)

Upt1 = ®)
where A;, B,, C, and D, are real sequences, using a symmetry method. Note that
U_j_1,---, Uo, U_f_1,---, Vg are the initial conditions. For a similar work, see [13].
Understanding Lie groups and being able to use them is important because there is a
lot that can be done with Lie groups, for example, we can get the Lie algebra action for a
linear object by getting the derivative of the Lie group action. This is useful because when it
comes to linear objects, it is much simpler to work with a Lie algebra than directly working
with a Lie group. This is just one example of the many useful ways Lie groups can be used.

2. Preliminaries

In this section, we introduce some basic definitions and theorems needed in the work.
Most of our definitions can be found in [8,14].

Definition 1. A forward OAE has the form
Uptk = (/J(Tl, Un, Upt1,- '-/unJrkfl)/ neb, (6)

The domain D of the forward OAE is said to be a regular domain if w,, # 0,n € D.
Here, the notation w ,, stands for 37“;.
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Definition 2. A parametrized set of point transformations,
Ie:x—%(xe), €€ (eg€1), (7)

where eg < 0 < €1, is a one-parameter local Lie group if the following conditions are satisfied:

1. Tgis the identity map, so that £ = x when € = 0.

2. Ty =Ty for every 6, ¢ sufficiently close to zero.

3. Each %4 can be represented as Taylor series in € (in a neighborhood of € = 0 that is determined
by x), and therefore

2u(x;€) = xo + €84 (x) + O(e?), a =1,...,N. 8)

Definition 3. Consider ii = U(u, ), with ¢ = 0, expand in Taylor series,

ﬁ—u+s(au )+g2<32u )—i— )
o2 |, 20\ 0e2 |,
up to first order, we have

i= u+e<aag g—o) + O(?). (10)

Definition 4. A symmetry generator of (6) is denoted by U and is given by

0
aunkafl

U:Q%—FSQ +-- 4810 (11)

aunJrl

where Q is the characteristic of the group of transformations.

In the above definition, S/Q(n,u,) = Q(n + 7, uyj). The operator S is known as the
shift operator.
Consider the system of ordinary difference equations of the form

Unk2 = W1 (Unsk, On, Oni2), Ongkgo = @W2(Un, Unt2, Unik), (12)

where the independent variable is 7 and the dependent variables are u,,, v, and their shifts.
Consider the group of transformations

(7’1/ Up, Un) — (n/ iy = uy +eQq (n/ un)

13
+O(€2)/5n = Uy + SQZ(”/ Un)""o(ez))- -

In (13), the characteristic of the group of transformations is Q = (Qj,Qz). The
infinitesimal generator corresponds to
u = Qlaun + Qzavn’ (14)

where 9, = %. In this work, we will need the kth extension

UM = Q18 + Q2dy, + 57Qidu, ., + 57 Q2du,,, + 5 Qudu, , + 5 Qdy,,  (15)

of (14).
For the set of solutions of (12) to be mapped to itself, the following linearized symme-
try conditions

sk, — UMw; =0 and S*2Q, — Ulw, =0, (16)
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whenever (12) is true, must be satisfied. If the conditions given in (16), that is,
Qj(n+k+20;) — ull (Qj) = 0,j = 1,2, are satisfied, then the group of transforma-
tions (13) is a symmetry group.

3. Symmetries and Solutions of the System of Difference Equations

Equivalently, Equation (5) can be written as

Up+kUn
On+2(n + bty 1 0n)’
UnUntk
n2(cn + dptinvy k)’

Uptk42 =W1 =
(17)

Optk+2 =W2 =

where a;, by, ¢, and d, are real sequences. Applying (16) to (17) yields

Apty Q2
Opy2(an + bty 0n)?
Up4+kOn SZQZ anOn Sle
U%Jrz (an + bnunJrkvn) On42 (an + bn”n-i—kvn)z

_ Sk+2 O+

=0, (18)

k+2 cnVnkQ1
—842Q, + ¥ 7
Un2(Cn + dntinVy k)
”nvn+ks2Ql Cn“nSkQZ

U2 o (cn + dnttnvyig)  Uny2(Cn + dntin®y k)2

=0. (19)

After a set of long calculations, we get a system of determining equations for the
characteristics Q; and Q;. Solving this system, we get

Qo(n,vp) = Ayvy,  and  Q1(n,uy) = ayuy, (20)
provided that
&y +Ayyx =0and Ay + a1, =0. (21)
Using (21), we have that
Qypak — ttn = 0. (22)
The characteristic equation corresponding to (22) is giving by
P —1=0. (23)

Basically, r are the 2k-th roots of 1, which are obtained as follows:

’,Zk :ei(0+2pﬂ)/ (24)
that is,
r :ei(szkn) (25)

for any 2k successive values of p € Z, say 0 < p < 2k — 1. This is the same as saying that

r=e(f), 0<p<2k-—1. (26)
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It follows that the solutions a;, of (22) are given by
ay =" =), 0<p<ok—1. 27)
Using (21), we have that

A =— Xptk
i(n+k)pm

=—e t , 0<p<2k—1. (28)

Therefore (thanks to (14), (20), (27) and (28)), the system (17) has the following 2k
symmetry generators:

: d : d
u :elpmz/kunﬁ _ ezprf(n+k)/kvnal (29)

where 0 < p < 2k — 1. Thanks to (20), the canonical coordinates [15] are given by

du 1 dv 1
1 n 2 n
Sy = | =——=—Inlu,| and s:/iz—lnv. 30
" / Ql(n/ Mn) Ky | n| " . QZ(n/Un) An | n‘ (30)
Motivated by (21), we let Y, = aysl + )LnJrksflJrk = In|uyv,,x| and X, = Aus3 +
“n+k531+k = In|vyt,.g|. For a better understanding, we use X, = exp{—X,}and
Y, = exp{—Y,}. We then get the invariants
1 1
X, = and Y, = . (31)
Unlyik UnUp1k

Here, (31) is invariant under the group transformations of (20). In other words, the
action of the symmetry generators, given in (29), on (31) gives zero. It is worthwhile
mentioning that the symmetries together with the constraints on a;, and A, have helped us
to come up with the appropriate change of variables that will lead to the reduced system of
equations. This is just one of the many roles of symmetries.

Using (31), (5) is reduced to a second-order difference equations:

Xyy2 = apXy + by and Y10 = ¢, Yy +dy. (32)

The closed form solutions of (32) are, respectively, as follows:

n—-1 n—1 n—1
Xonti = Xi(H a2k1+i> +) <b21+i I ”2k2+i>r (33)
k1=0 1=0

ky=I1+1

n—1 n—1 n—1
Yonti = Yi(H C2k1+z’) +3. <d2l+i 11 C2k2+i>/ (34)
1=0

k=0 kp=1+1
fori =0,1.
From (31), we get that
Y, X
Upt2k = Xinun and vy, 4ok = Yinvn' (35)
n+k n+k

Performing iterations on (35), respectively, leads to the following:

n=1 Y. . n-1 ¥ .
2km-+j 2km-+j

gkt =t [ [ X and vgpyj =0 [ | Yo, (36)
m=0 “*2km+k+j m=0 t2km+k+j
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wherej=0,1,2,...,2k— 1.

The subscript of X and Y in (33) and (34) is 2n 4 1, where i = 0,1 but the ones of
X and Y in (36) are 2km + j and 2km + k + j, where j = 0,1,2,...,2k — 1. Therefore, we
want to write 2km + j and 2km + k + j in the form similar to 2n 4 i. We know that any
positive integer r can be written as ¥ = k|r/k| 4+ t(r),0 < t(r) < k — 1, where 7(r) denotes
the remainder when r is divided by k. Hence,

2km+j = 2<km—|— BJ> +7(j) (37)
and
2km+k+]—2<km+{ ;—]J>+T(k+]’). (38)

Now;, (37) and (38) are of the form similar to 2n + i, as 7(j) and 7(k + j) will either be
0 or 1. Substituting (37) and (38) into (36) leads to the following;:

n—1 Y. i .
2(km+| 4
uzkn+]' — M]' H X ( WH‘I_ J)+T(]) (39)
m=0 (kar[ J)+r(k+])

and

Ko+ ) +et) )

(km+L J)+T(k+])

n—1
V2kn+j = Yj H Y
m=0
Using (33), (34) (39) and (40), we get the following;:

n—1
Udkntj = Uj H
m=0

km+ km+ km+
14)-1 , Lot 14]-1
Y () kH Corte() | T v IZ d21+r(j)k [T comyie(j)

1=0 =0 2=I+1
Jom+ Jem- Jom- !
+ + +
151 -1 15— 15 -1

1
X (ktj) klleoﬂzklﬂ(kﬂ) t X EO b21+T(k+j)k2:rll+?2k2+r(k+j)

that is,

T(k+j)+k Pt (k+j)
Haknej = 1 H Ur(j)Or(j)+k
krm+- km+ km+
14]-1 141 14]-1
IT coppiry | For(pOr(yek Lo | d2iee) T1 Cokpin(y)

k=0 1=0 ko=I+1 (41)
km+ km+ km+
Lk+/J 1 kﬂj 1 Lkﬂj 1

H a2k1+r(k+]) + Ut (kt-j)+k V7 (k+]) ; b2l+T k+]2 I1 52k2+r(k+])

1, =
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and, similarly,

= U (kg ) Utk j)+k

m=0  Hr(j)+kV(j)
km+- km+- km+
151 NE 14)-1
[T a0 x| +Ue()rav2()) Z boricy T1 a2my4<(j)

U2kn+j = Yj

k1=0 ky=I+1 (42)
I I
541 -1 51
IT coryrekajy | + UeterpOethrprk & | D2rcrj) TT Corprehr)
k1=0 1=0 ko=I+1

Back-shifting the equations above by k yields

Tl U (kg ) U (k) —k

m=0  He(j)—kV(j)
km+- km+- km+
141 141 411
k]UO Cokr2) | T U0 0eG) B | Dareey T Coraie)

Unkn+j—k = Uj—k

ko=1+1 (43)
km+ km+ km+
|51 Mila |51

HA2k1+r(k+]) + U (k) U (k) + (k) Z le+r(k+j;( rlI+1A2kz+r(k+j)
l_ 2=

and

(k) —kVt(k+))
,Eo Ue(j)Ur(j)—k
km+ km+ km+
141 151 151
leIO Agkye() |+ (i) V() +(—k)

U2kn+j—k = Uj—

1=0 kp=1+1 (44)
kkar kkar kkm+ ’
152]-1 15521 S

H C2k1+r(k+]) + U (k) +(—k) Y (k+) ZZO D21+T(k+j2 ]_l[+1C2k2+r(k+j)
ky=0 = 2=

forj=0,1,2,...,2k — 1. Equations (43) and (44) are the solutions of (5).

3.1. The Case When Ay, By, C, and D, Are Constant Sequences
Letting Ay = A,B, = B,C;, = Cand D, = D for all n simplifies (43) and (44)
as follows:

Uokn+j—k =
km+-
ckm L4l £ Du (o -L%szlc
i U (k4 ) O (k-+f)—k M+ o (45)
i
=0 () —kVr(j) | oy

LI
e 14 :
AT By orjye ) £ A
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and
U2kn+j—k =
et L km+ 4] -1 l
ARTLE) 4+ B Oy (— y A
o n—1 uT(k+j)—kUT(k+j) 7(j) “T () +(—k) = (46)
! m=0 uT(f)vT(]')*k kair?r,1
2

k+j
Ckm-‘rLT]J +Dur(k+]')+(—k)vr(k+j) L ¢

wherej=0,1,2,...,2k - 1.

3.2. A Detailed Study of the Case k = 2

One of the aims of this section is to verify the results in [11,12]. To achieve this, we
substitute k = 2 into (45) and (46). It yields the following:

C2m+[%j +D N ) Cl
Ugptj—2 = Uj zﬁ Re(a) Priae))=2 e lgo (47)
TR L () —20(j) '

24
AT 4 Bur 00 0aj) 2 L A

and
" 2m+|]-1 l
A“MTL2) 4+ Bu N( A
B Tl (o4 j)-20r(2+4)) HT() () +(-2) lgo
Ogntj2 = vj2 [ | > , (48)
i (Ve )

24§
cam+l 5t 4 Duro4j)+(-2)Vr2+j) & c

where j = 0, 1,2, 3. For the sake of clarity, we can rewrite (47) and (48) in expanded forms
as follows:

2m—1
C¥" 4+ Du_yvy Y, C!
1=0

n—1
Ugv_»o
Ugp—2 = U2 H

e 2, (49)
m=0 *—2Y0 A2m+1 4 Bugv_p Y. Al
1=0
) 2m—1 I
1, o C“" 4+ Du_qvq IZ C
161 =0
ugn—1=u_1 ] = T (50)
m=0 "~ A2m+1+Bu11)_1 Y Al
1=0
2m
1, o Ccm+l 4 Du_jsvq Y, C!
_ 09-2 1=0
Z’147’1 - uO H 1/[7200 2m+1 ’ (51)
m=0 A2m+2 4 Bugv_p Y. Al
1=0
2m
1 C¥+1 4 Du_qov; ), C
1¢V-1 =0
Ugpn+1 = Uq H ’ (52)

U_109 2m+1
A2m+2 + Buqv_4 Z Al
1=0

m=0
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2m—1
1 AP L Bugv_, Y Al
U_209 1=0
Ugp—2 =02 H P ’ (53)
Ugo_ m
m=0 "0%=2 com41 4 Du_sv Y. C!
1=0

2m—1

- AP 4 Byjv_q Y Al
U_1v 1=
Og1 =01 [ | ” ; . zom , (54)
m=0 "17=1 ~om+1 +Du_qvy Y. C!
=0
2m
1 AP+ 4 Bugy_, ¥ Al
U_20q 1=0
o4 =09 | | T R (55)
m=0 H0Y=2 ~pp 1o e
C + Du_5v, E C
1=0
2m
I A" L Byio_q Y Al
U_101 1=0
Oy =01 [ | (56)
=0 U10_1 ) 2m+-1 ;
- C2m+2 4 Du_qv; Y. C
1=0
Theorem 1. The following system of equations
Up-10p-3 Up—30p—1
Upi1 = and v, = , 57
" 0n—1(A + Buy_19,3) " un—1(C+ Duy 30, 1) &7
has a 2-periodic solution if u_3 = u_1,v_3 = v_1, U_30_3 = U_pV_p = % and A = C,
B=D #0.

Proof. Letu_3 =u_1,v_3 =v_1 and u_30_3 = u_sv0_p = (1;3’4), where A =C,B=D
in the exact Equation (49). Then,
cny(1-0) % ¢
n—1
Ugp—2 =U_2 H l:20m
m=0 A2m+1 4 (1 _A) Y Al
1=0

(58)

=u_j.

Following the same procedure as above on Equations (50)-(56) gives uy4,_1 = u_q;
Ugy = UQ; Usp1 = Uy and Vg1 = V_1; Vg = V0; Vap41 = 01. [

Below is a graph that illustrates the theorem above. Figure 1 is when we let
A=C=2 B=D= -0125u; = 4,uy = 1,v1 = 2 and vy = 8 into the system
of Equation (57).
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3_—u(n)
—= vin)
7]
6
5
c
>
g
Z 4 'R E ! i ! | i
I
3 1 I i A
AR AR b unnang,
T [ 4 R L L R
RN R
24 'II |
i

0 10 20 30 40 50
n
: _ Up—10p—3 _ Upn—3U0n—1
Figure 1. Plof of u,, 1 = =04, 0 3) Vg1 = =010, o)

Ifwelet A=B = C =1and D = —1, then Equations (49)—(56) reduce to Theorem 4
in [11] as shown below:

(12" — g0 3 (1)

m
n—1
Upv_2 i=1
Ugp—2 =U_2

1)2m+l +ugo_p L (1)i
" ugv_p (—((2m)u_pvg — S)
o Y—200 1+ (2m+1)ugv_»
(~1)" (0)" (0-2)" :ﬁouzm)u_zvo ]
(u2) (o) T [(2m + Duiow_a 1]

m=0

:u_2

(59)

Just as above, we similarly obtain the following:

(—1)" (1) (0 5)" T [@m+ 501 — 1]
Ugp—1 = — m=0 p (60)
(u-s)" (1) T [(2m+2)uy0-5+1]

m=0

(=1)" (1) (0-2)" TT [(2m + e300 — 1]

m=0

(u_2)"(w0)" T [(@m + 2)ugw_s +1]

m=0

Ugp = ’ (61)
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(~1)" ()" (o0)" T (24 Duyor —

Ugp1 = —) , (62)
(u_l)n(vl)n I:[O[(Zm + 2)1/[10_1 + 1]
(—1)" (u—2)" (00)" TT [(2m)itg0—2 +1]
Ugp—2 = p— m=0 ’ (63)
(1/[0)”(0,2)” UO[(ZTH + 1)11,200 — 1]
(=1)"(u_a)" (1) TT [(2m + D105 +1]
Vg1 = — m=0 , (64)
(4-2)"(v-2)" T [(2m + D301 ~ 1]
(=1)" (u_2)"(20)" T [(2m + 1)1igp_2 + 1]
V4 = =0 , (65)
(uo)”(v_z)" 1":[0[(2111 + Z)u_200 — 1]
(1) (1) (00)™ TT (20 + g0y +1]
Vani1 = = (66)
(ug)™(v_q1)" I:[O[(Zm +2)u_qv1 — 1]

Similarly, if welet A = B = C = D = 1, then Equations (49)—(56) reduce to Theorem 1
in [11], as shown below:

(12" + (a0 Y- (1)

1
Ugp—p = U zn| | Hof-2 =1 (67)
weo = U_ :
=0 U—200 2m+1

(12 + (Dugv—o ¥, (1)1
i=1

In the above equation, we performed index shifting. Now,

L ugv_p 14 (2m)u_pvg
o Y—200 1+ (2m + 1)ugv_»

Ugp—2 =U_2

n_l upv—_p 14 (2m)u_sv
o U200 1+ (2m + 1ugv_o

= u_z

Thus, (49) simplifies to

(10" (0-2)" T [(2m)uu_300 + 1]
Ugp 2 = nnio . (68)
(u_p)"1(vp)" 1:[0[(2111 + 1Dugv_n + 1]

Following the same procedure as above, Equations (50)—(56), respectively, result in the
following equations:

()™ (0_3)" T1 [(@m + Du_30_1 +1]
a1 = =0 : (69)

m=0
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(ug)" 1 (v_2)" H [(2m +1)u_pv +1]
m=0
Uy = —1 ’ (70)
(u—2)"(vo)" HO[(Zm +2)ugv_p +1]
m=
n—1
(u_1)"(v_3)" TI [(2m + 1)u_30_1 +1]
Hapy1 = =0 : (71)
(u_3)"(v_1)" 0[(2m+2)u 10-3 +1]
m=
n—1
(u_p)"(vo)" O[(Zm)uov_z +1]
m=
Ogp—2 = 1 ’ (72)
(o) (v_2)"1 0[(2m +1)u_ov9 +1]
m=
n—1
(u_3)"(v_q)"H1 O[(Zm +1u_qv_3+1]
m=
Vg1 = — , (73)
(u_1)"(v-3)" HO[(Zm +2)u_3v_1 +1]
m=
n—1
(u_2)" (vg)" HO[(Zm +1)ugv_p +1]
m=
U4p = n_1 ’ (74)
(u0)"(v—2)" T [(2m + 2)u_zv9 + 1]
m=0
n—
(u_3)"(v_q)" H [(2m +1)u_qv_3+1]
Vant1 = r— : (75)
(u_1)"(v_3)" HO[(Zm +2)u 301 +1]
m=
When k = 3 in (5), the resulting OAEs are
Upiq = Up—-10n—4 and Upp1 = Uy —40p—1 (76)

Op—2(a+buy_10,_4) up—2(c+duy 40, 1)

Example 1. We get the illustration below (see Figure 2) when we let a
b=d=1 u_y4 =7, ug3 =5 u, = -00971, u_q1 =7, uy =
v_3=9,0,=001,v_1=—-3andvy =2in (76).

= C
1, U_y4 = 3,

Example 2. Lettinga = c =1, b =d = -1, u_4 = 088, u_3 = 035 u_, = 0.79,
u_1 =095, ug =031, v_4 =077, v_3 =033, v_, = 0.16, v_1 = 0.35and vy = 0.75 in
(76) yields Figure 3.
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4. Conclusions

In this study, we looked at a system of (k + 2)th order ordinary difference equations.
We investigated these equations by finding the symmetry generators (29). We then used the
canonical coordinates to find the invariants in (31) of which led us to get the closed form
solutions (33) and (34). Performing iterations resulted in (36), where we used the floor func-
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tion definition and back-shifted the resulting equations to obtain the solutions (43) and (44)
of (5). We performed a detailed study of the case where k = 2. The reason for studying this
case is that we wanted to show that the work done in the articles [11,12] are special cases of
our results. In fact, for different combinations of values of A, B,C and D, which we get
from the articles [11,12], we obtain the following important results:

Equations (49)-(56) are reduced to equations in Theorem 2 in [11] when we set
A=B=1landC=D = —1.

Equations (49)—(56) are reduced to equations in Theorem 3 in [11] when we set
A=B=D=1andC=-1.

Equations (49)—(56) are reduced to equations in Theorem 4 in [11] when we set
A=B=C=1land D = —1.

Equations (49)-(56) are reduced to equations in Theorem 1 in [12] when we set
A=C=1landB=D = —1.

Equations (49)—(56) are reduced to equations in Theorem 2 in [12] when we set
A=C=-1land B=D =1.

Equations (49)-(56) are reduced to equations in Theorem 3 in [12] when we set
A=D=1land B=C= —1.

Equations (49)—(56) are reduced to Theorem 4 in [12] when we set A = D = —1 and
B = C = 1. We also stated and provided the proof for the existence of 2-periodic solutions.
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