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Abstract: This paper aims to prove fixed point results for cyclic compatible contraction and Hardy—
Rogers cyclic contraction in symmetric spaces. Our results generalize the results of Kumari and
Panthi (2016) proved for cyclic compatible contraction and modified Hardy-Rogers cyclic contraction
in the generating space of a b-quasi metric family and b-dislocated metric family. After that, as an
application, we prove a fixed point result in symmetric pre-probabilistic metric spaces (PPM-spaces).
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1. Introduction

Metric spaces are characterized by the applicability of several conventions. Wilson [1]
has observed and introduced two such applicable conventions i.e., semi-metric spaces
and symmetric spaces. For the first time during 1922 in the area of fixed point theory,
Banach brought out the concept of contraction mapping and it was later called the Banach
Contraction Principle. Further, during the course of time, many authors like Ciric [2],
Reich [3], Kannan [4], etc., have extended and made this principle more widespread
in mathematics.

Later in 2003, this Banach Contraction Principle was further generalized by Kirk et al. [5]
with the use of cyclic contraction and by Karpagam and Agrawal [6] with the use of
the concept cyclic orbital contraction and examined for the existence of fixed points for
such maps.

In 2016, Kumari and Panthi [7,8] introduced new versions of Hardy—Rogers type
cyclic contraction (known as modified Hardy—Rogers cyclic contraction) and the concept of
cyclic compatible contraction and proved fixed point theorems for these contractions in
b-dislocated metric family and in the generating space of a b-quasi metric family respec-
tively. In 1976, Cicchese affirmed the first fixed point theorem for contraction mapping
in semi-metric spaces. Further, for this class of spaces, fixed point results were attained
by Jachymski et al. [9], Hicks and Rhoades [10], Aamri and Moutawakil [11], and the
references cited therein.

In this paper, we prove coincidence and fixed point theorems for cyclic compatible
contraction and Hardy—Rogers cyclic orbital contraction in symmetric spaces. Our results
generalize the results of Kumari and Panthi [7,8] proved for cyclic compatible contraction
and modified Hardy—-Rogers cyclic contraction in the generating space of a b-quasi metric
family and b-dislocated metric family. Additionally, we derive a fixed point result in
symmetric pre-probabilistic metric spaces (PPM-spaces).
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2. Preliminaries and Definitions

Definition 1 ([12]). A symmetric space is a pair (U, d) consisting of a non-empty set U and a
non-negative real valued function d defined on U x U such that the following conditions hold for
ally,vel,

(i) d(p,v)=0ifand onlyif u =v,

(i) d(p,v) = d(v,p).

The open ball having centre y € U and radius r > 0 is outlined by
BU,r)={vel:duv) <r}.

Several properties in symmetric spaces are analogous to the properties in metric spaces
but not all, due to the absence of the triangle inequality.

A sequence {y,} C U is forenamed as d-Cauchy sequence if for given € > 0, there is
N € Nsuch that d(pm, un) < € forall m,n > N.

In every symmetric space (U, d), one may bring up the topology t(d) by defining
the family of closed sets as follows: a set A C U is closed if and only if for each y €
X,d(u, A) = 0implies y € Awhered(p, A) = inf{d(p,a):a € A}.

Let d be a symmetric space on a set i and for e > 0 and any y € U, let B(p,e) = {v €
U:d(u,v) < e}. Atopology t(d) onU is given by G € t(d) if for each u € G, B(u,e) CU
for some € > 0. If for each y € U and any € > 0, B(y, €) is a neighbourhood of y in the
topology #(d) then a symmetric space d is a semi-metric. A sequence is d-Cauchy if it
entertains the usual metric condition.

Definition 2 ([13]). Let (U, d) be a symmetric space.

(i) (U,d)is S-complete if for every d-Cauchy sequence {u, }, there exists an element y in U with
limy—e0 d(ptn, u) = 0;

(i))  (U,d) is d-Cauchy complete if for every d-Cauchy sequence { i, }, there exists an element u
in U with limy, o fn = x with respect to t(d);

(iii)  f : U — U is d-continuous if limy, e d(pin, pt) = 0 implies imy, o0 d(ftn, f1t) = 0;

(iv) f:U — U ist(d)-continuous if limy, e un = p with respect to t(d) implies im0 fin =
f 1 with respect to t(d).

If d is a semi-metric on U, then limy, 0o d(ptn, ) = 0 is identical to limy, e pn = p
with respect to t(d), d-continuity of f is identical to #(d) continuity of f, S-completeness of
(U, d) is identical to d-cauchy completeness of (U, d).

The conditions mentioned below can be used as partial replacements for the triangle
inequality’s absence in the symmetric space (U, d) :

(W) limy o d(pn, vn) = 0 and limy_ye0 d (v, &n) = 0 == limy—co d(pin, &) = 0;
(W3) limy—yo0 d(pin, ) = 0 and lim, 0 d(pty, v) =0 = u =v;

(MT) there exists s > 1 such that for any p, v, € U, d(u, &) <s(d(p,v)+d(v,¢)).
The property W3 was induced by Wilson [1], W by Mihet [14], and MT by Czerwik [15].

Definition 3. Let f be any self mapping defined on a non-empty set U then y € U is said to be a
fixed point of f if fu = .

Definition 4 ([7]). Let P and Q be non-empty subsets of a set UU. Amap A: PUQ — PUQ s
said to be a cyclic map if AP C Q and AQ C P.

In the following, since P and Q will be always considered as closed sets and (U, d)
a S-complete (d-Cauchy complete) symmetric (semi-metric) space, then, without loss of
generality, we can suppose U = P U Q. Indeed, closed subsets of S-complete (d-Cauchy
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complete) symmetric (semi-metric) spaces define S-complete (d-Cauchy complete) sym-
metric (semi-metric) subspaces.

Definition 5 ([8]). Let (U, d) be a S-complete symmetric space and T, S be two mappings. Then T
and S are said to be weakly compatible if they commute at their coincidence point u € U, that is,
Tu = Sy implies TSy = ST.

3. Main Results

In this section, we prove some fixed point theorems in the relation of a symmet-
ric space.

Definition 6. Let U = P U Q be a symmetric space. Suppose A, B : U — U are cyclic mappings
such that AU C BU and there exists x € (0,1) such that

d(A?'u, Av) < kd(A*" 1y, B) 1)
forany y,v € Pand n € N. Then A and B are forenamed as cyclic compatible contraction.

Theorem 1. Let d be a bounded symmetric (semi-metric) having property W and (U, d) is S-
complete (d-Cauchy complete). Presume that P and Q are non-empty closed sets and contained in
U. Suppose A, B : PUQ — P U Q is a cyclic compatible contraction and BU is closed, BU C U.
Then, A and B have a point of coincidence in P N Q. In addition, weakly compatibility of mappings
A and B will give exactly one common fixed point in P N Q.

Proof. Let jip € P be an arbitrary point. Since AU C BU, we may define g € U such that
Apo = By and p; = By where y; € U. Hence we can outline the sequence {y, } and

{7} inl by
A,un = Byu, Byn = Un+1 (2

forn € NU{0}. Then {uz,} € Pand {yp,41} € Q forany n € NU {0}. Here,

A'ug = A" 1Byg = A"ty = - = Ay,

d(Byan—1, Byan)
d(Apzn—1, Apian)
d(Apan, Api2n-1)
d(A*" o, Apon—1)
d(A* g, Bpoy—1)
d(BY2n—1, Bpian-1)
xd (b2, Hon—1)-

d(ton, on+1)

(VAN
2 &

Similarly

d(Byan, Byani1)
d(Ap2n, Apiani1)
d(A*" o, Apizn41)
d(A*" o, By i1)
d(By2n—1, Bani1)
= «d(Han, H2n+1)-

d(,u2n+1/ ,uZnJrZ)

IN I
2

|
=

Inductively, for every n € N, we get

A(pn, png1) < «"d(po, u1)- 3)
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w=w(y,v,n) € {dBu,Bv),d( A" u, Bu),d(A" v, Bv),

Since k € (0,1) therefore " — 0 as n — oo and hence limy,—sco d(pn, py+1) = 0.

By W, we have limy, ;o d(pin, pintp) = 0, therefore {y, } is a d-Cauchy sequence in
the S-complete symmetric space U. Then, there exists subsequences {B*"yo} € P and
{B?"~194} € Q such that both converge to some § in 4. Since P and Q are closed in U,
therefore p € PN Q.

Due to the closeness of BU, there is v € U such that

Bv = B. @)

From the above argument, property W and (4), there exists sequences {.A?" 13} in P and
{A?"=244} in Q such that both converge to B.
Consider

d(A*" g, Av) < xd(A*"2p, B).

By letting n — oo,
d(B, Av) < xd(B, Bv).

This returns d(pB, Av) = 0. Thus
B = Av. 5)

From (4) and (5), we have Av = Bv = B. Thus v is a point of coincidence for A and B.
From the weak compatibility, we get

AB = Bp. (6)
Consider,
A(Bp,B) = lim d(AB, A" )
< K}EI;od(AZ”_zyo, BB)
= xd(B,Bp)
This implies (1 — «)d(B, BB) < 0. Therefore, d(pB, Bf) = 0.
Thus B = BS.

From (6), we get AB = BB = B. Hence f is a common fixed point of A and B.
Concerning uniqueness, let 1 and B, be two common fixed points of A and 5.
Consider,

d(B1,B2) = ,}i_f&d(f‘znflﬂow‘lﬁz)
< x lim d(A*" "2, BBy)

= Kd(ﬁl, B,Bz)
= «xd(p1,B2)

This implies (1 — «)d(B1,B2) < 0.
Since 0 < x < 1, therefore 1 = B.
This finalizes the proof. [J

Theorem 2. Let d be a bounded symmetric (semi-metric) having property W and (U,d) is S-
complete (d-Cauchy complete). Presume that P and Q are closed sets and contained in U. Suppose
A,B:PUQ — PUQ are cyclic mappings such that range of A contained in the range of B and
BU is closed, BU C U where A, B C U are non-empty and closed. Suppose for any y,v € P,
n € Nand x € (0,1) there exists

d(.A”fly, Bv) + d(A”flv, By) }
2
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such that d(B"u, Bv) < kw for n € Nand v € P. Then, A and B have a point of coincidence in
PN Q. In addition, weakly compatibility of mappings A and B will give exactly one common fixed
point in PN Q.

Proof. Let yp € P be an arbitrary point. Since AU C BU, we may define vy € U such that
Apo = By and p3 = By where y; € U. Hence we can outline the sequence {y, } and
{7n} inU by

-A,un = Byy, Byn = Un+1 (7)
forn € NU{0}. Then {pup,} € Pand {uz,+1} € Q forany n € NU {0}.
Here,
Ay = A" 1Byg = A"ty = = Ay
Consider
d(pz, 1) = d(Byy, Bro)
= d(Ap, Apo)
< Kw
where
d(A%uy, Bug) +d (A%, B
w € {d(B,ulrB,”O)/d(AOVLBI/ll)rd(AOﬂOI B,UO)/ ( Hi .MO) 5 ( Ho ‘141)}
d(uq, +d(ug,
= (Al ), (s, ), o, ), ) F Ao t)
= {d(p1,0),0}
Therefore,
d(p2, p1) < xd(p1, po)-
Similarly,
d(uz, p2) = d(Byz, By1)
= d(Apz, Apr)
< xw,
where
d(A%uy, Buy) +d (A%, B
€ {dBpa, Bu) A s, Bp) d( gy, Bpy), A2 BT AL B2 )y
{d(p2, p1), d(p2, w2),d(p1, p1), d(p2, pa)
= {d(p2,m),0}
thus

xd(p2, p1)

d(ps, p2) <
< «2d(u1, po)

hence V n € N, by using induction, we get

d(pns1, pn) < &"d(p, po)-

Since x € (0,1) therefore k" — 0 as n — oo and hence lim, o d (41, ptn) = 0.

By W, we have limy, e d(ptn, pintp) = 0, therefore {1, } is a d-Cauchy sequence in
the S-complete symmetric space U. Then, there exists subsequences {B2"7y} € P and
{B?"~194} € Q such that both converge to some B in U. Since P and Q are closed in U,
therefore p € PN Q.
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Since BU is closed, there is v € U such that
Bv = B. (8)

From the above argument, property W and Equation (8), there exists sequences
{A2" 145} in P and { A%y} in Q such that both converge to f.
Consider

d(Av,B) = d(B%v,Bv)
< xd(Bv, B%)
= xd(v,v) =0,
i.e, d(Av, Bv) = 0 implies that
Av = Bv. )

Thus from (8) and (9), we get Av = Bv = B. Thus v is a point of coincidence for A
and B.
From the weak compatibility, we get

AB = BgB. (10)
Consider

d(Ap,p) = d(B*B,Bp)
xd(BB, B)
xd(AB, B)-

IN

This implies (1 — «)d(AB, B) < 0.
Therefore, d(.AB, ) = 0 since (1 —«x) > 0.
Thus

B = AB. (11)
From (10) and (11), A = B = B.
Concerning uniqueness, let 1 and B, be two common fixed points of A and 5.
Consider,

d(B1,B2) = d(Ap1, Ap2)
d(B%B1,BB2)
xd(Bp1, B2)
xd(B1, B2)-

IN

This implies (1 — x)d(B1,B2) < 0.
Since 0 < x < 1, therefore f1 = B2.
This finalizes the proof. [

Now, before defining the modified Hardy—Rogers cyclic contraction, we recall the
property MT.
(MT) there exists s > 1 such that for any u, v, € U, d(y, &) < s(d(u,v) +d(v,)).

Definition 7. Let (U, d) be a S-complete symmetric space having property MT and let P and Q
be non-empty closed subsets of U. A cyclic map A : PUQ — P U Q is forenamed as modified
Hardy—Rogers cyclic contraction if we have d(Au, Av) < ad(p,v) + pd(p, Av) +xd(v, Ap) +

d (v, Av) [1-+d (1, Ap) d(v,Av)+d(v,Ap) | d(uAp)[1-+d(v,Ap)
8d(v, Av) + 1= 11/+[d(y,v]; ) + Ao, Al A 1id(ﬁ,v[)+d(z,,45)]’ V. wv € U where

a,B,x,6,1,A p > 0with sa + (sz+s)/3+2521c+5+17+/\+sp <lands>1.
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Theorem 3. Let d be a bounded symmetric (semi-metric) having properties Wz, W, MT and (U, d)
is S-complete (d-Cauchy complete). Presume that P and Q be non-empty closed sets and contained
inU. Suppose A : PUQ — P U Q is a d-continuous modified Hardy—Rogers cyclic contraction.
Then A has exactly one fixed point in P N Q.

Proof. Let y be an arbitrary point in /. Outline a sequence {, } as py+1 = Ap, ¥V n e N.

d(Ap, A2p) = d(Ap, A(Ap))
< ad(p, Ap) + pd(p, A%p) + xd(Ap, Ap) + 6d(Ap, Ap)
d(Ap, A2pl +d(p, Aw))) | d(Ap, Ap) +d(Ap, Ap)
1+d(p, Ap) 1+d(Ap, A2u)d(Ap, Ap)
d(p, Ap)[1+d(Ap, Ap)]
1+d(u, Ap) +d(Ap, A%u)
= ad(u, Ap) +sBld(u, Au) + d(Au, A%u)] + 2sxd (pu, Ap)
+6d(Ap, Ap) + nd(Ap, A2p) + Ad(Ap, Ap) + pd(p, Ap),

+1

which implies

(1—sp—06—n—A)d(Ap, Au) < (a+ s +2sx+ p)d(p, Ap).

Clearly,
d(Ap, Ap) < kd(p, Ap).
where k = % < 1
Similarly,
d(APu, Ap) < kd(Ap, Ap)
< Kd(p, Ap).

In general, we get
d(A"p, A ) < K, Ap).

Since k € (0,1) therefore k" — 0 as n — co and hence limy, 0o d( A"y, A" 1u) = 0.

By W, we have limy, o d( A"y, A""Pu) = 0 forn € Nand p > 1, therefore { A"}
is a d-Cauchy sequence in the S-complete symmetric space Y. Since (U, d) is S-complete,
therefore there exist ¢ € U with lim, o d(A"p, &) = 0. Then, there exists subsequences
{A?"u} € Pand {A?" 1y} € Q such that both converge to ¢ in U. Since P and Q are
closed in U, therefore ¢ € PN Q. This gives PN Q # ¢.

Now, we will show that AZ = ¢.

Since A is d-continuous therefore lim;,_,co d(A" "'y, AZ) = 0. Now we get that
d(AE, &) = 0because (U, d) satisfies Wj.

Thus A¢ = ¢. Hence ¢ is a fixed point of A.

Finally, to attain the uniqueness of the fixed point, let {; and ¢, be two fixed points
of A.

Then we have

d(¢1,62) = d(Ag1, Al)

wd(G1,G2) + Bd(G1, Ada) + xd (G2, Agr) +6d (82, AC2)

d(G2, Ag)[1 +4d (61, AZ1))) (G2, AG2) +d (82, A1)
1+4d(G1,Ag2) 1+d(82, A2)d (82, A1)

(&1, AG1)[1 +d (G2, AG1)]

1+4d(&1,62) +4d(&2, AL2)

= (a+pB+x)d(G1,82) +Ad(82,61)

IN

+1 +A

+p
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d( A%, A%p)

which implies
d(81,82) < (a+ B+x+A)d(81,G2),

and this implies
d(61,82)(1—(a+B+x+A)) <0

Thus d(&1,¢2) = 0, hence &1 = &.
This finalizes the proof. [

Definition 8. Let (U, d) be a S-complete symmetric space having property MT and let P and Q be
non-empty closed subsets of U. A cyclicmap A : PUQ — P U Q is forenamed as Hardy—Rogers
cyclic orbital contraction if there is y € Pand 6 € (0 ) such that for any v € U and
n € N it holds

_ 1
7 14-3s+3s2

d(A?u, Av) < 0[d (A2, A1) 4+ d(v, Av) + d(AZ ", Av) + d(v, A% ) + d(AY ).

Theorem 4. Let (U, d) be a S-complete symmetric space having property W, W3, MT, P and
Q be closed non-empty sets contained in U. Suppose A : PUQ — P U Q is a d-continuous
Hardy—Rogers cyclic orbital contraction. Then, A has exactly one fixed point ¢ in P N Q.

Proof. Let y be an arbitrary pointin P. Since A is a Hardy-Rogers cyclic orbital contraction,

d(Ap, Ap) 01d(Ap, A%) +d(u, Ap) + d(Ap, Ap) + d(p, Ap) +d(Ap, )]
01d(Ap, A%p) + d(pu, Ap) + s(d(Ap, p) + d(p, Ap))
+s(d(p, Ap) + d(Apu, A2p)) + d(Ap, )]

(04 (25 +5)0 + 0]d (1, Au) + (6 +50)d(Au, A%u)

IN N

which implies

d( A2, Ap) < 6(2+ 3s)

S Toa(rs) AW

Similarly,

01d (A%, Ap) + d(Ap, Ap) + d (A%, A2p) + d(Ap, Ap) + d(A%p, Ap)]
0d(A%u, A3u) + 0d(A%u, Au) + 0[s(d(A%u, Au) + d(Apu, A%n)]

+0s[d(Ap, A2p) + d(A%u, A3u)] + 0d(A%u, Au)

(04250 + 0s + 0)d (A, Ap) + (0 + 50)d(A3u, A%u)

IAIA

which gives
6(2 4+ 3s)

3., 42 2
That s,
d(Au, Ap) < kd(A%p, Ap)
< Kd(Ap,p)
9(2+3
where k = %

By continuing the same process, we get
d(A"p, A"p) < K'd(Ap, p).

Since k € (0, 1) therefore k" — 0 as n — co and hence limy, 0o d( A" 1y, A"u) = 0.

By W, we have limy,_,c d(A"p, A"Pu) = 0 for n € N, and p > 1, therefore { A" u}
is a d-Cauchy sequence in the S-complete symmetric space Y. Since (U, d) is S-complete,
therefore sequence { A"} converges to some ¢ € U i.e., lim, 0 d(A"u, &) = 0. Then,
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there exist subsequences {A?*u} € P and {A?*~!u} € Q such that both converge to & in
U. Since P and Q are closed in U/, therefore ¢ € PN Q. This gives PN Q # ¢.

Now, we will prove that A¢ = C.

Since A is d-continuous therefore lim,_,co d(A"*1y, AZ) = 0. Now we get that
d(Ag, &) = 0because (U, d) satisfies Ws.

Thus A¢ = ¢. Hence ¢ is a fixed point of A.

Finally, to attain the uniqueness of the fixed point, let {1 and &, be two fixed points
of A.

Then we have

d(¢1,62) = d(Ag1, Al)
< ad(81,82) + Pd(E1, ALp) + kd (o, ALy) + 0d(&p, AL)
+17d(§2, AGo)[1 +4d(81,AG1)]) A (G2, AG2) +d(82, A1)
144d(¢1,Ag2) 1+d(G2, Ag2)d (82, AS1)
_i_yd(é'l,/l@ﬁ)[l +d(82, AG1)]
1+d(81,82) +d(G2,Al2)

= (a+B+x)d(C1,82) +Ad(82,81)

which implies
d(C1,82) < (a+ B+x+A)d(81,C2),

and this implies
d(E, &)1 — (e +B+x+A)) <0.

Thus d(&1,¢2) = 0, hence &1 = &.
This finalizes the proof. [J

4. Applications
Fixed Point Result in PPM-Spaces

We now take into consideration the applications to probabilistic spaces. The definitions
mentioned below appeared in Hicks and Rhoades [10].

A real valued function f defined on the set of real numbers is a distribution function
if it is non-decreasing, left continuous with inf f = 0 and sup f = 1. H denotes the
distribution function defined by H(t) = 0 fort < 0, and H(t) = 1fort > 0.

Definition 9. Let U be a non-empty set and F a function on U x U such that F(u,v) = F,, isa
distribution function. Consider the following conditions:

(i) Fuu(0) =0forall y,vinl;

(i) Fuy=Hifandonlyif y =v;

(iii) Fy,v = Fv,pu'

(iv) IfFyu(e) =1land F,z(0) =1, then F, ¢(e +6) = 1.

An F satisfying (i) and (ii) is called a pre-probabilistic metric structure (PPM-structure)
on U and the pair (U, F) is called a PPM-space. An F satisfying (iii) is forenamed as symmetric.
A symmetric PPM-structure F satisfying (iv) is a probabilistic metric structure (PM-structure)
and the pair (U, F) is a probabilistic metric space(PM-space).

Let (U, F) be a PPM-space. Fore, A > 0,and yu € U, let

Ny(e,A) ={velU:F(e) >1—-A}.

A topology t(F) on U is defined as follows: G € t(F) if for every u in G, there is an € > 0
such that N (e,€) C G. Ny (e, €) may not be a t(F) neighbourhood of . If it is , then t(F) is said
to be topological.

Let (U, F) be a symmetric PPM-space. A sequence {,} is a fundamental sequence if
limy;, i —s00 Fyuyu () = 1V £ > 0. If for every fundamental sequence {p, }, there is an element
€ U such that limy, y; e0 Fy, 1 (t) = 1V t > 0, then the space is complete.
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Let (U, F) be a symmetric PPM-space. Set
0, i € Ny(€,€ orall €>0
sup{e :y & Ny(e,€),e > 0},otherwise.

Here d is a bounded symmetric for U.
Now, we state a lemma proven by Hicks and Rhoades [10].

Lemma 1. Let (U, F) be a symmetric PPM-space. Define d as in Equation (12). Then
(1) d(u,v) <tifandonlyifF,,(t) >1—t;

(2)  d is a compatible symmetric space for t(F);

(3)  Fu,u(t) = 1forall t > 0if and only if d(pn, ) — 0;

(4) (U, F) is complete if and only if (U, d) is S-complete;

(5)  t(F) is topological if and only if d is a semi-metric.

In the above lemma, it was shown that Fy, ,,(t) — 1V t > 0iff d(puy, p) — 0. Thus,
the conditions W, W3 outlined earlier are equivalent to the under-mentioned conditions
respectively:

(PW) Fy, v, (t) = 1and F, ¢, (t) — 1forallt > 0imply F, = (t) — 1

(PWs3) Fy, u(t) = 1and Fy, ,(t) — 1 forall t > 0 imply y = v.

Theorem 5. Let (U, F) be a complete symmetric PPM-space that satisfies the properties (PW), (PW3)
and let P and Q be non-empty closed subsets of U. Suppose A,B : PUQ — P U Q are cyclic
mappings such that AU C BU and for x € (0,1),

FAZH—]H,BV(t) >1—t — FAZHM,AV(Kt) >1—«t (13)

YV uvel,ne N,t>0and BU is closed, BU C U. Then, A and B have a point of coincidence
in PN Q. Additionally, weakly compatibility of mappings A and B will give exactly one common
fixed point in PN Q.

Proof. Let d be as defined in Lemma 1. Now d is a bounded compatible symmetric for f(F).
Lemma 1 also gives (U, d) is S-complete and d(y,v) < tif F,,(t) > 1 — t. Presume that A
and B are such that Equation (13) holds. Let € > 0 be given, and set t = d(A%" 'y, Bv) +¢.
Then t = d(A?"*~ 1y, Bv) < t gives Fpon,, 5, (t) > 1—tand (13) yields Fyon,, 4, (xt) >
1 — «t. Hence d(A?"u, Av) < xt = xd(A?"~u, Bv) + ke. Due to arbitrary €, d(A?"u, Av) <
kd(A?"~ 1y, Bv). We noted above that the fact that F satisfies (PW) and (PWj) is equivalent
to the fact that d satisfies (W) and (W3). We now put on Theorem 1. Hence the result
holds. O
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