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Abstract: In recent years, the problem of underdetermined blind source separation (UBSS) has
become a research hotspot due to its practical potential. This paper presents a novel method to solve
the problem of UBSS, which mainly includes the following three steps: Single source points (SSPs)
are first screened out using the principal component analysis (PCA) approach, which is based on the
statistical features of signal time-frequency (TF) points. Second, a mixing matrix estimation method
is proposed that combines Ordering Points To Identify the Clustering Structure (OPTICS) with an
improved potential function to directly detect the number of source signals, remove noise points,
and accurately calculate the mixing matrix vector; it is independent of the input parameters and
offers great accuracy and robustness. Finally, an improved subspace projection method is used for
source signal recovery, and the upper limit for the number of active sources at each mixed signal is
increased from m− 1 to m. The unmixing process of the proposed algorithm is symmetrical to the
actual signal mixing process, allowing it to accurately estimate the mixing matrix and perform well
in noisy environments. When compared to previous methods, the source signal recovery accuracy is
improved. The method’s effectiveness is demonstrated by both theoretical and experimental results.

Keywords: underdetermined blind source separation; principal component analysis; OPTICS;
potential function; subspace projection

1. Introduction

Blind source separation (BSS) refers to the problem of separating source signals from
the mixed observation signal when the signal mixing process is unknown [1–3]. In recent
years, it has become a research focus, which is widely used in speech signal processing [4,5],
biomedical signal processing [6,7], radar communication signal processing [8–10], fault
diagnosis [11,12], and other fields. The number of observation sensors is often taken
for granted in real applications, but the number of source signals is unknown and often
exceeds the number of observation signals [13]. In this case, the BSS problem is known
as underdetermined blind source separation (UBSS). Currently, the sparse component
analysis (SCA) method is primarily employed to solve the UBSS problem [14,15], which
usually involves two steps: mixing matrix estimation and source signal recovery.

Mixing matrix estimation is the premise of accurate signal recovery. The SCA-based
mixing matrix estimate approach takes advantage of the signal’s linear clustering charac-
teristic, which is sparse enough to solve the mixed vector. As the observed time domain
signal often cannot meet the sparse condition, it is often transformed to the TF domain
through short time Fourier transform (STFT) and Wigner–Ville Distibution (WVD) [16,17].
A method called degenerate unmixing estimation technique (DEUT) was proposed by Jour-
jine et al. [18], which requires speech signals to meet W-disjoint orthogonality in TF domain.
Nevertheless, this condition is very strict for TF signals. In literature [19], a time–frequency
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ratio of mixtures (TIFROM) method was proposed, in which each source only needs to
appear separately in a set of small adjacent TF windows. This method automatically
determines the single-source TF region based on the variance of the TF field. Because the
accuracy of the mixing matrix estimation is directly affected by the performance of the
single source point (SSP) detection method, a large number of methods have emerged:
those based on the angle difference of the real and imaginary parts of the TF points [20],
sparse coding [21], the sparsity of source signals [22], etc. The selected SSPs are taken as the
input of the clustering algorithm. The potential function method [23] is one of the earliest
methods proposed in UBSS research, and it has strong robustness under the condition of
strong noise or insufficient data samples, but it also has its limitations. For example, it can
only be used in two-dimensional observation signals, and the number of source signals
needs to be known. Recently, the application of combined clustering algorithm shows a
growing trend. This is due to the fact that the combined approach can accurately estimate
the column vector of the mixing matrix while determining the number of source signals,
overcoming the limitations of a single clustering methods. DBSCAN-Hough employs
density-based spatial clustering of application with noise (DBSCAN) to determine the
number of clusters and Hough algorithm to locate the cluster center [24], and the AP-K
algorithm uses affinity propagation (AP) clustering to determine the distribution of clusters
and determines the initial point for K-means clustering [25]. In [26], DBSCAN was used to
perform cluster analysis to automatically find the number of clusters and the correspond-
ing cluster center, and clustering by fast search and find of density peaks (CFSFDP) was
utilized to determine the cluster center.

At present, the commonly used source signal recovery algorithms mainly rely on
the sparsity of the signal in the transform domain. In order to find the sparse `0-norm
solution, the relaxation strategy is adopted to take the minimum `1-norm solution as the
effective approximation. The shortest path method proposed by Bofill [23] for two observed
signals is the application of the minimum `1-norm solution in the two-dimensional case.
In [27], source signal reconstruction was transformed into a sparse minimization model
based on `p-norm, and the restored signal was solved by the iterative Lagrange multiplier
method. The authors of [28] proposed the smoothed `0-norm method to approximate the
minimum `0-norm, and the continuous Gaussian function was used to approximate the
`0-norm to obtain the sparse solution. In recent years, source signal reconstruction has
been transformed into various optimization models, such as compressed sensing [29,30]
and non-negative matrix factorization [31,32], all of which have achieved good results.
Under the assumption that the number of simultaneous active source signals at any TF
point does not exceed the number of observed signals, Aissa-el-Bey proposed a source
signal recovery method based on subspace projection [33]. However, when the number
of actual source signals is different from the assumed number, the estimated performance
will degrade.

Based on the above analysis, it can be seen that the UBSS problem needs to be studied
further, and a method with high accuracy, strong robustness, and a wide range of applica-
tion needs to be proposed. Aiming at these objectives, this paper explores and proposes a
novel method to solve the UBSS problem. The solution is to find the mixing matrix first,
and then restore the signal, which is the symmetry of the actual signal mixing process.
The SSPs are first screened out using principal component analysis (PCA), which is based
on the short-term stationary properties of speech signals and the statistical characteristics of
the TF points in the subinterval of the TF domain. Then, a mixing matrix estimation method
combining OPTICS and potential function is proposed. OPTICS generates a decision graph
based on the distribution density of SSPs regardless of the setting of parameters. It is
easy to remove noise points and determine the number of source signals. The improved
potential function can be used to determine the column vectors of the mixing matrix, which
is suitable for multidimensional observation signals and has strong robustness. Finally,
a method combining the subspace projection and the minimum `1-norm of the number of
source signals is used for source signal recovery.
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The rest of this paper is organized as follows. In Section 2, the mathematical model for
UBSS is introduced. In Section 3, the methods of SSP screening, mixing matrix estimation,
and source signal recovery are introduced in detail. Section 4 gives the experimental results.
The content and work of this paper are summarized in Section 5.

2. Mathematical Model of UBSS

In the time domain, the BSS model of underdetermined instantaneous mixing can be
defined as

x(t) =


x1(t)
x2(t)

...
xm(t)

 =


a11 a12 . . . a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn




s1(t)
s2(t)

...
sn(t)

 = As(t) t = 1, 2, . . . , T (1)

where s(t) = [s1(t), s2(t), · · · , sn(t)]T represents n source signals, and x(t) = [x1(t), x2(t),
· · · , xm(t)]T represents m mixed signals. A = [a1, a2, . . . , an] ∈ Rm×n(m < n) is the un-
known mixing matrix. The main purpose of UBSS is to accurately separate the source
signal s(t) when only the observed signal x(t) is known. In order to ensure that the source
signal can be separated, the mixing matrix needs to satisfy the following assumptions:

Assumption 1. Any m×m submatrix of the mixing matrix A is full rank.

The solution of the UBSS depends on the sparsity of signals. Speech signals typically
overlap in the time domain, and they do not meet the sparsity condition. As a result,
the STFT is utilized to convert the signals into the TF domain for analysis and processing,
and the transformed model is shown as follows:

X(t, f ) = AS(t, f ) (2)

For signals in the TF domain, the following assumptions need to be met:

Assumption 2. For each source signal Si(t, f ), there is a TF region (t, f ) satisfying |Si(t, f )|
�
∣∣Sj(t, f )

∣∣, j ∈ [1, n], j 6= i, that is, the signal is sparse sufficiently.

For sufficiently sparse observed signals which satisfying assumption 2, there exists a
certain TF region where only one signal dominates. The observation points in the region
show linear clustering characteristics, as shown in Equation (3). The slope depends on the
column vector [ai1, ai2, . . . , aim]

T . This property can be used to estimate the mixing matrix
accurately.

x1(ti, f j)

ai1
=

x2(ti, f j)

ai2
= . . .=

xm(ti, f j)

aim
(3)

3. The Proposed Method

The method proposed in this paper includes three steps: SSP screening, mixing matrix
estimation, and source signal recovery. The complete processing flow chart is shown in
Figure 1:

Mixing matrix estimation 

Step1:

Source signal 

number estimation 

based on OPTICS

SSP screening method 

based on PCA

Data preprocessing

TF Domain Signals

The proposed method

Observed Signals STFT

Step2:

 Mixing matrix 

estimation based 

on improved 

potential function

improved subspace 

projection method

Signal recovery

Recovered source signals

Figure 1. Block diagram of the proposed method.
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3.1. SSP Screening Method Based on PCA

After STFT, the time-domain observed signal xi is converted to the TF domain Ωi.
Divide Ωi into disjoint subintervals with time length ∆t0 and frequency length ∆ f0, the TF
points in subinterval ∆Ωi can be expressed as

∆Ωi = {xi(t, f )|t ∈ (k1∆t0, (k1 + 1)∆t0), f ∈ (k2∆ f0, (k2 + 1)∆ f0)} (4)

where k1, k2 ∈ Z. As the speech signal can often remain stable in a short time interval,
the subinterval can be used as an independent unit, and PCA can be used for SSP screening.
The processing steps of the algorithm are as follows.

Suppose a vector X(t, f ) composed of observed signals from the same TF interval.
Perform decentralized preprocessing first:

X(t, f )← X(t, f )− E[X(t, f )] (5)

where E[X(t, f )] represents the average value of the observed signal, and the autocorrela-
tion matrix of the mixed signal is

Rx = E[X(t, f )XH(t, f )] = E[AS(t, f )SH(t, f )AH ] = ARsAH (6)

where [·]H is the conjugate transpose. Carry out the eigenvalue decomposition of Rx:

Rx = UΣUH (7)

where U = [u1, u2, . . . , um] is the unitary matrix composed of eigenvectors, Σ = diag(λ1, λ2,
. . . , λm) is a diagonal matrix, and the eigenvalues are assumed to be arranged in de-
scending order λ1 ≥ λ2 ≥ . . . ≥ λm. When the TF points in the subinterval ∆Ωi are SSPs,
rank(Rx) = 1, then the eigenvalue satisfies{

λ1 6= 0
λ2, . . . , λm = 0

(8)

In this case, the autocorrelation matrix of mixed signals can be written as

Rx = akE[sk(t, f )2]aH
k = u1λ1u1

H (9)

where sk(t, f ) is the source signal, ak is the mixing matrix column vector corresponding to
sk(t, f ), and u1 is the eigenvector corresponding to the eigenvalue λ1. Therefore, the SSP
interval can be screened by judging the value of the principal eigenvalue. Because of
the existence of noise in practice, λ2, . . . , λm = 0 is often difficult to be guaranteed, so the
threshold ϕ is set to relax the conditions for SSP screening:

|λ1|
m
∑

i=1
|λi|
≥ ϕ (10)

where ϕ is a value close to 1, indicating that only one source signal is dominant in the
region. The subinterval satisfying Equation (9) can be considered as the SSP interval.

3.2. Mixing Matrix Estimation

In this section, a mixing matrix estimation method based on the combination of
OPTICS and improved potential function method is proposed. First, OPTICS generates the
decision graph, determines the number of source signals, and eliminates the noise points.
The cluster center, i.e., the mixing matrix vector, is then determined by calculating the local
potential of observation points within the class.
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3.2.1. Source Signal Number Estimation Based on OPTICS

OPTICS is a clustering method based on data density, which can be regarded as an
improvement based on DBSCAN [34]. DBSCAN needs to dynamically adjust parameters
to adapt to the data distribution under different circumstances and getting the correct
categorization, which limits its application. OPTICS calculates and stores the distance
information of the sample points and sorts it in a way that produces an ordered list of the
distribution of the sample data, reflecting the density structure within the data.

For any observation signal Xi(t, f ) ∈ Ω in TF domain after SSP screening, it can be
regarded as a point in m dimensional space. To ensure the effect of OPTICS, the low-energy
points are first deleted, as shown in Equation (11). Then, use Equation (12) to normalize
and project the remaining points. The projection process is to find the symmetry about the
origin of the points on the negative semi-axis, which can make the data distribution more
dense and facilitate the processing of the clustering method. Set a low energy threshold λ
and retain the points where the energy is greater than the threshold.

‖X(t, f )‖ ≥ λ (11)

X̃(t, f ) = sign(xm(t, f ))
X(t, f )
‖X(t, f )‖ (12)

The processed observation signal is regarded as a set of points distributed in space,
denoting as Ψ = {x̃1, x̃2, . . . , x̃l}. For each sample data point, OPTICS introduces two
parameters: the neighborhood radius (ε) and the number of sample points specified in the
neighborhood (MinPts). Two definitions are given: core-distance and reachability-distance.
In traditional OPTICS, the concepts of neighborhood radius, core-distance, and reachability-
distance are all based on the Euclidean distance to measure the distribution of data. When
solving the problem of UBSS, as the input data are the normalized observation signal,
the angle between the data vectors can objectively reflect the density of the data compared
to the Euclidean distance, so the distance in this paper is defined as

ϕ(xi, xj) = 1−
〈

xi, xj
〉
= 1−

n

∑
k=1

xik·xjk (13)

The relevant explanations for the remaining definitions are as follows:

Definition 1. The calculation equation of the core-distance is as follows:

CDε,MinPts(x̃i) =

{
UNDEFINED Card(Nε(x̃i)) < MinPts
ϕ(x̃i, x̃MinPts) Card(Nε(x̃i)) ≥ MinPts

(14)

where Nε(x̃i) represents the neighborhood with point x̃i as the center and ε as the radius.

Card(N) is the number of elements contained in set N, and points satisfying
Card(Nε(x̃i)) ≥ MinPts are called core objects. Equation (14) indicates that if x̃i is not
the core point (the number of points in ε neighborhood is less than MinPts), then there is
no core-distance. If x̃i is the core point and ε′ is the radius, it can just meet the requirement
that the number of core points is MinPts, then ε′ is the core-distance.

Definition 2. The calculation equation of the reachability-distance is as follows:

RDε,MinPts(x̃i, x̃j) =

{
UNDEFINED Card(Nε(x̃i)) < MinPts
max(CD(x̃i), ϕ(x̃i, x̃j)) Card(Nε(x̃i)) ≥ MinPts (15)

If x̃i is not the core point, there is no reachable distance. If x̃i is the core point and the
distance between x̃j and x̃i is greater than the core-distance of x̃i, the reachability-distance
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is ϕ(x̃i, x̃j). If the distance from x̃j to x̃i is less than or equal to the core-distance of x̃i, then
the reachability-distance is equal to the core-distance of x̃i.

The specific steps for applying OPTICS to estimate the number of source signals are
as follows:

Input: the observed signal point set Ψ, radius of neighborhood ε, minimum number
of points in the neighborhood MinPts

1. Create a result queue OrderedList, which is used to store processed points in the order
of processing; create an ordered queue SeedsList, which is used to store the points that
will be processed, and arranged in ascending order of reachable distance;

2. If Ψ is not empty, select the core object p from the point set and add it to the Or-
deredList. Find the unprocessed objects in its neighborhood and put them in the
SeedsList, and reorder SeedsList according to the reachability-distance. If Ψ is empty,
the algorithm ends;

3. If the SeedsList is not empty, select the first object (the object with the smallest
reachability-distance) into the OrderedList; if the SeedsList is empty, go back to step 2;

4. If object q is the core object, select the unprocessed objects in its neighborhood and
put them in SeedsList. Then update the reachability-distance and sorting of the objects
in SeedsList; If q is not a core object, return step 3;

The algorithm flow chart is shown in Figure 2.

p

OrderedList 

   p 

o

p

o SeedsList

SeedsList 

q

SeedsList

 q  OrderedList

  q 

q

SeedsList SeedsList

Figure 2. OPTICS processing flow chart.

Draw a graph for the observed signal points according to the processing order of
the objects in the OrderedList, and take the reachability-distance as the ordinate. Clusters
appear as valleys in the decision graph. The deeper the valleys are, the denser the data
distribution is. The larger the reachability-distance is, the farther away the distribution of
the points is from the center of the cluster, which can be regarded as outliers. According to
the number of valleys in the figure, the number of cluster centers in the observed signals
can be determined, that is, the number of source signals. Figure 3 shows the decision
diagram of the OPTICS algorithm. Set the threshold value α, as shown in Equation (16).
The points where the reachability-distance exceeds the threshold value are regarded as
outliers which need to be deleted.

ρ = α · (min{Lmax(CDε,MinPts(x̃i))} −max{Lmin(CDε,MinPts(x̃i))}) x̃i ∈ Ψ (16)

where Lmax(·), Lmin(·) represent the local maximum and local minimum, respectively.
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Figure 3. OPTICS algorithm decision diagram.

3.2.2. Mixing Matrix Estimation Based on Improved Potential Function

Through OPTICS, outliers that affect the clustering effect are removed, and observa-
tion points are grouped into different clusters according to their density. In this section,
an improved potential function method is used to calculate the local potential of the ob-
servation points within the cluster and determine the cluster center, which overcomes
the shortcoming that the traditional potential function method cannot be applied to the
high-dimensional observation signals and retains the advantage of its strong robustness.

Suppose that after OPTICS, the data are divided into r clusters, and the number of
data in each cluster is {k1, k2, . . . , kr}. Assuming that for a certain cluster n, the number of
data is kn, then the local potential function of any element xn

i in the cluster can be calculated
as follows:

Φ(xn
i ) =

kn

∑
j=1
‖xn

i ‖ · f (ϕ(xn
i , xn

j )) j, i ∈ {1, 2, . . . , kn}, j 6= i (17)

The basis function f (·) selects a piecewise function, and the equation is as follows:

f (θ) =
{

eθ − 1 θ ≥ 0
0 θ < 0

(18)

ϕ(·) is the cosine of the angle between any two vectors, and the smaller ϕ(·) is,
the closer the two vectors are.

ϕ(x, y) =
x · y
‖x‖‖y‖ (19)

For a certain vector xn
j , the greater the number of vectors with less deviation from its

direction is, the greater its local potential. In the case of the same deviation angle, the vector
with high energy value has a greater contribution than low energy one.

3.3. Source Signal Recovery Based on the Improved Subspace Projection Method

According to the theory of subspace projection, in the linear instantaneous mix-
ing model, for the observed signal xt(t, f ) at a certain moment, it is assumed that the
number of source signals simultaneously acting at this time is k, which, respectively,
corresponds to the mixing vector a1, . . . , ak, where {1, . . . , k} ∈ {1, 2, .., n}. The observed
signal can be regarded as distributed in the subspace formed by the mixing vectors,
Sk = span(a1, a2, . . . , ak). The source signal recovery method based on subspace projection
proposed in literature [33] assumes that the number of effective source signals at any TF
point is strictly less than the number of mixed signals. In other words, if m observed signals
exist, at most m− 1 source signals can exist at any TF point.
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When using this method, define the projection error matrix Qk:

Qk = I −Ak(A
H
k Ak)

−1AH
k (20)

Assuming that the number of active source signals at any time is k = m− 1, the active
column vector of the mixing matrix at that TF point is determined by finding the smallest
projection error:

{a1, a2, . . . , ak} = arg min{‖Qk · xt(t, f )‖|Ak} (21)

When the actual number of source signals is u(u < m− 1), even if the projection
error takes the minimum value, as in Equation (22), the estimation result will produce
additional errors. This is due to the existence of interference in practice, and the ideal state
of Equation (22) is difficult to achieve. When the number of estimated source signals is
greater than the actual value, errors will be introduced into the estimation result, as shown
in Equation (23). Therefore, it is necessary to accurately estimate the number of source
signals at the TF points.

‖Qm−1 · xt(t, f )‖ =

∥∥∥∥Qm−1 ·
u
∑

i=1
ausu(t, f )

∥∥∥∥
=

∥∥∥∥Qu ·
u
∑

i=1
ausu(t, f )

∥∥∥∥
= 0

(22)

ŝ =


ŝi + ni i = {k1, k2, . . . , ku}
nj j = {ku+1, . . . , km−1}, j ∩ i = ∅
0l l = {km, . . . , kn} , l ∩ i = ∅, l ∩ j = ∅

(23)

Suppose the set Λ is a set of submatrices composed of random permutation of mixing
matrix vectors, the number of vectors contained in the submatrices increases from 1 to
m− 1, and the number of elements in the set is l = C1

n + C2
n + . . . + Cm−1

n . For the submatrix
Ak ∈ Λ, the projection length of any observed point xt(t, f ) in the subspace formed by Ak
can be expressed as

Pk=
∥∥∥Ak(A

H
k Ak)

−1
AH

k · xt(t, f )
∥∥∥ (24)

Define a parameter that measures the size of the projection:

Dk=
Pk

‖xt(t, f )‖ (25)

Set the threshold value µ; if the maximum projection is greater than µ, the vector can
be considered to play a dominant role at the TF point xt(t, f ), as shown in Equation (26) and
Equation (27). Therefore, the recovery signal can be obtained as shown in Equation (28):

max(Dk) ≥ µ k ∈ {1, 2, . . . , l} (26)

Ak = arg max
A1,...,Al

{Dk|k ∈ {1, 2, . . . , l}} (27){
ŝk = [ŝk1(t, f ), . . . , ŝkm(t, f )]T = (AH

k Ak)
−1AH

k x(t, f ) k={k1, k2, . . . , km} ∈ {1, . . . , n}
ŝj = 0 j ∈ {1, . . . , n}, j ∩ k = ∅

(28)

For the observation point which does not satisfy Equation (26), assuming that the
number of active source signals is k = m, the minimum `1-norm method is used, and the
combination of all possible source signals is calculated by Equation (29):{

ŝk = [ŝk1(t, f ), . . . , ŝkm(t, f )]T = Ak
−1x(t, f ) k={k1, k2, . . . , km} ∈ {1, . . . , n}

ŝj = 0 j ∈ {1, . . . , n}, j ∩ k = ∅
(29)
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The recovered signal ŝ(t, f ) satisfying Equation (30) is the estimate of the source signal:

ŝ(t, f ) = min
s
‖s(t, f )‖1 s.t.Aks(t, f ) = x(t, f ), k = 1, . . . , Cm

n (30)

The method in this paper determines the number of active source signals at each TF
point by judging the size of the subspace projection. Combined with the minimum `1-norm
method, the number of active source signals at each TF point is changed from a fixed value
with the upper limit of m− 1 to a range (1, m).

For the convenience of simplified expression, the steps of the proposed UBSS method
are summarized in Algorithm 1.

Algorithm 1 The proposed method for UBSS.

Input: Mixed observation signals x(t).
Output: Estimated recovery signals ŝ(t).

1: STFT is used to transform the time-domain observation signals x(t) into TF observation
signals X(t, f );

2: Equation (4) is used to divide the TF domain into several disjoint subintervals;
3: Set threshold ϕ, and adopt Equation (5), Equation (6), Equation (7) for the TF points in

∆Ωi to obtain its eigenvalues. Equation (10) is used to screen SSPs within ∆Ωi. Perform
this step for all subintervals;

4: Set threshold λ, perform Equation (11) and Equation (12) to SSPs. The processed points
set is denoted as Ψ;

5: OPTICS is used to classify and determine the number of sources for Ψ, as shown in
Figure 2. Set threshold ρ and use Equation (16) to remove noise points;

6: For the points in each cluster, the local potential value are calculated by Equation (17)
to determine the cluster center and obtain the estimated mixing matrix Â;

7: Equation (24) and Equation (25) are used to calculate the projection parameters. Set
parameter µ, and judge the condition in Equation (26). If true, Equation (27) and
Equation (28) are used to estimate the signal; otherwise, Equation (29) and Equation (30)
are used. Perform the above operations for each set of observed signals to obtain the
recovered signals ŝ(t, f ) in TF domain;

8: The recovery signals ŝ(t) are obtained by iSTFT of ŝ(t, f );

4. Results and Analysis
4.1. Algorithm Performance Evaluation Criteria

As there is a problem of column vector ordering uncertainty in the mixing matrix esti-
mation result, first, the order of the column vector is adjusted according to the principle of
the smallest angle between the obtained result and the actual mixing matrix column vector.

The normalized root mean square error (NMSE) is used to evaluate the accuracy of
the mixing matrix estimation, and its equation is as follows:

NMSE= 10log10


m
∑

i=1

n
∑

j=1
(âij − aij)

2

m
∑

i=1

n
∑

j=1
a2

ij

 (31)

where m and n are the number of rows and columns of the mixing matrix, respectively. âij

and aij represent the elements of estimated mixing matrix Â and actual mixing matrix A
located in row i and column j, respectively.

The signal-to-interference ratio (SIR) is used to evaluate the recovered signals. The SIR
is defined as

SIR = 10 lg(

K
∑

k=1
s2

i (k)

K
∑

k=1
(ŝi(k)− si(k))

2
) (32)
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where si represents the i-th source signal, and ŝi represents the recovery signal correspond-
ing to the i-th source signal, K is the length of the signal sequence.

When verifying the robustness of the algorithm, signal-to-noise ratio (SNR) is used to
measure the extent of signal coverage by noise, and its expression is as follows:

SNR = 10 lg(

K
∑

k=1
(xni(k)− xi(k))

2

K
∑

k=1
(xi(k))

2
) (33)

where xi represents the i-th pure observation signal and xni represents the i-th observation
signal with noise.

4.2. Experimental Results and Analysis

The three experiments in this section verify the effectiveness of the proposed algorithm.
The source signal is selected from LibriSpeech (http://www.openslr.org/12/, accessed on
20 January 2021), which is a read speech data set based on LibriVox’s audio books. The
sampling frequency of the signal is 16kHz. The software platform for the experiment is
MATLAB R2019a.

4.2.1. Experiment 1 A Complete Blind Source Separation Experiment

In experiment 1, 20,000 sampling points were selected as the four speech source
signals, which were mixed to form three observed signals. The mixing matrix A is given as
follows:

A =

 0.8005 0.6587 −0.2456 −0.3480
0.1291 −0.6002 −0.6028 0.7974
0.5853 0.4538 0.7591 0.4930

 (34)

Figure 4 shows the time domain waveform of mixed signal.
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Figure 4. Time domain waveform of mixed signal.

Table 1 shows the parameter settings for Experiment 1.

Table 1. Experiment 1 parameter settings.

Parameter ∆t0 ∆ f0 ϕ λ α µ

Value 3 3 0.99 0.2 0.1 0.99

The scatter diagram of the observed signals in the time domain is shown in Figure 5a.
As the signal does not meet the sparsity assumption in the time domain, the linear clus-
tering characteristic described in Equation (3) does not appear. After the signal sparsity

http://www.openslr.org/12/
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is enhanced by STFT, the TF domain scatter diagram of the observed signal is shown in
Figure 5b and four clustering lines can be observed clearly. The scatter diagram of the
remaining points after SSP screen is shown in Figure 5c. It can be seen that the outlier
and noise points are effectively removed, and the line is clearer, which is beneficial to the
accurate estimation of the mixing matrix.

Figure 5. (a) Time domain scatter plot of the observed signals. (b) TF domain scatter plot of the
observed signals. (c) TF domain scatter plot after SSP screening

Take the normalized SSPs as the input to the OPTICS algorithm. Taking the processing
order of data points as the horizontal axis and the reachability-distance as the vertical
axis, the algorithm decision diagram can be obtained as shown in Figure 6a. It can be
seen that there are four obvious valleys in the figure, and the reachability-distance of data
points in the valleys is close to 0, indicating that the SSPs form four tight clusters, and the
cluster distribution is shown in Figure 6b. Set the denoising threshold ρ, represented by
the red line in Figure 6a. The points with reachability-distance which are greater than ρ are
regarded as noise points and removed. The normalized scatter diagram after denoising is
shown in Figure 6c, indicating that the points in the cluster are closely distributed. Using
the improved potential function method to estimate the cluster center for the points in each
cluster, the estimated mixing matrix can be obtained as follows:

Â =

 0.8021 0.6603 −0.2371 −0.3471
0.1205 −0.5983 −0.6009 0.7996
0.5848 0.4539 0.7633 0.4899

 (35)

Figure 6. (a) Decision diagram of OPTICS algorithm. (b) Normalized scatter diagram before noise
removal. (c) Normalized scatter diagram after noise removal.

The improved subspace projection method is adopted to recover the source signal.
The comparison between the source signals and the recovered signals is shown in Figure 7.
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Figure 7. Comparison of source signal and recovery signal.

In this experiment, the NMSE estimated by the mixed matrix is −42.7103dB, and the
SIRs of the four recovered signals are 34.4644dB, 20.3956dB, 17.0444dB, and 37.6604dB,
respectively, with an average SIR of 27.3912dB. It can be seen that the algorithm can recover
the source signal accurately.

4.2.2. Experiment 2 Mixing Matrix Estimation Error

In the second experiment, in order to verify the accuracy of the proposed mixing matrix
estimation method, we selected four speech signals and compared the accuracy of the
proposed mixing matrix estimation method with DBSCAN-Hough [24], AP-Kmeans [25],
and potential function method [23]. To compare the robustness of the method when dealing
with noise, Gaussian white noise is added to the mixed signal. As the potential function
method can only be applied to two-dimensional observed signals, the mixing matrix is
selected as follows:

A =

[
0.9872 0.7392 0.3773 −0.3999
0.1592 0.6735 0.9261 0.9165

]
(36)

In DBSCAN-Hough, β = 180. In potential function method, λ = 5, h = 0.2, K = 90.
The results of the four algorithms are compared as shown in Figure 8.
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Figure 8. Comparison of estimation accuracy of mixing matrix
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DBSCAN-Hough and AP-Kmeans have a similar process with the mixing matrix esti-
mation algorithm proposed in this paper. They use DBSCAN and AP clustering algorithms
to classify the original data, respectively, and then use Hough transform and K-means
to determine the cluster center within the cluster. According to the experimental data in
Figure 8, when the SNR is high, both DBSCAN-Hough and the algorithm in this paper can
obtain high accuracy, but the accuracy of AP-Kmeans and potential function method cannot
be further improved. When the SNR is low, DBSCAN-Hough has a large error, mainly
because DBSCAN is difficult to classify the data accurately at this time, and AP clustering is
also difficult to classify the data accurately due to the influence of noise. The two methods
above have a strong dependence on parameters. The proposed algorithm can also achieve
better results at low SNR because the OPTICS algorithm reflects the density structure
between the data and does not depend on the input parameters. According to the decision
graph, the distribution of clusters can be determined intuitively and the noise points that
affect the clustering effect can be removed. In addition, the improved potential function
method can not only determine the cluster center accurately, but is also more practical
than the traditional potential function method, which can be applied to the situation where
the observed signal is greater than 2.

4.2.3. Experiment 3 Compares the Accuracy of Source Signal Recovery

In experiment 3, in order to verify the effectiveness and accuracy of the improved
source signal recovery algorithm based on subspace projection, the proposed method
was compared with the minimum `1-norm method and the original subspace projection
method. k represents the number of active source signals at any TF point in the original
subspace projection method. Four segments of speech signals are mixed to get three mixed
signals, which are separated in TF domain and restored to the time-domain signal by
Inverse STFT. The recovery performance of the source signals is evaluated by the SIR.
Without considering the noise, the source signal recovery effect of each method is shown in
Figures 9 and 10.

Figure 9. Comparison of time domain recovery signals with different methods. (a) Source signals (b)
mixed signals. (c) The signals recovered by proposed method.
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Figure 10. Comparison of time domain recovery signals with different methods. (a) The signals
recovered by the minimum `1-norm method. (b) The signals recovered by the original subspace
projection (k = m− 1). (c) The signals recovered by the original subspace projection (k = m− 2).

As can be seen above, compared with the original subspace projection method, the im-
proved subspace projection method has better effect, and the time domain waveform is
closer to the original signal. However, the results are similar to the minimum `1-norm
method. In the original subspace projection method, the recovery effect of k = m− 1 and
k = m− 2 is similar, so the SIR of the recovered signal is quantitatively analyzed in Table 2.

Table 2. SIR comparison of signal recovery using different methods.

Algorithm
The SIR of the Recovered Signal

ŝ1 ŝ2 ŝ3 ŝ4 Average

Minimum `1-norm method 30.6500 17.4698 28.5059 30.6469 26.8182
Original subspace projection

method (k = m− 1) 11.6024 8.9246 10.8156 13.7702 11.2782
Original subspace projection

method (k = m− 2) 11.5598 9.6417 10.7634 13.8636 11.4571
The proposed method 32.6860 17.7190 28.9573 33.3265 28.1722

The performance of the proposed method is compared with other methods when
different levels of noise are added to the mixed signal. Figure 11 shows the SIR of the four
recovered signals, and Figure 12 shows the average SIR. In order to eliminate the influence
of the estimation error of the mixing matrix on the experimental results and guarantee
the persuasiveness of the results, the actual mixing matrix is given as a known condition.
In this experiment, set parameters µ = 0.99.

According to the results in Figures 11 and 12, the original subspace projection method,
when k = m− 1 and k = m− 2, has similar and poor signal recovery effects under different
SNR conditions. The proposed method not only increases the upper limit of active sources
at each TF point from m− 1 to m, but also determines the number of active sources
according to the projection value of each point in space, which makes the algorithm more
accurate. The performance of the proposed algorithm is better than the other two methods.
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Figure 11. Signal recovery performance of different methods: panels (a–d) correspond to ŝ1, ŝ2, ŝ3,
and ŝ4, respectively.
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Figure 12. Comparison of average SIR of signals recovered by different methods.

5. Conclusions

In this paper, a novel method for solving the UBSS of linear instantaneous mixing
signals is proposed. First, in order to obtain better sparsity, the signal is transformed from
the time domain to the TF domain, and the SSPs are screened using the PCA method,
which is based on the statistical features of TF points. Then, the density-based OPTICS
clustering method is introduced to determine the data cluster distribution and the number
of source signals from the decision graph visually, which facilitates further elimination of
outliers. The improved potential function is used to determine the column vectors of the
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mixing matrix. Finally, the source signal recovery step combines the minimum `1-norm
method and subspace projection method that determine the number of source signals as a
prerequisite. Simulation results show that the proposed method can realize its functions
effectively, and perform better than other methods when dealing with different levels of
noise. This method is more widely applicable.
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