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counterintuitive in its original formulation, is represented as a natural commutative product in this
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group is isomorphic to the group of all symmetries of the embedded scator space, i.e., isometries (in
the space of dimension 2") preserving the scator quadrics.
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1. Introduction

The scator algebra was introduced by Fernandez-Guasti and Zaldivar in a series of
papers, starting from [1]. The elliptic case can be considered as yet another approach to
hypercomplex numbers [2] with the corresponding theory of holomorphic functions [3,4],
while the hyperbolic case has potential physical applications, usually related to deforma-
tions and generalizations of Lorentz symmetries of the special theory of relativity [5,6]; see
also [7,8]. In this paper, we confine ourselves to the hyperbolic case, closely related to a
specific deformation of the Lorentz symmetry. To be more precise, we consider a real linear

0 o 0
space Rt with a fixed basis of unit vectors: e, ey, . . ., e, (their squares are assumed to be
+1). An element 2 € R1*" is denoted as:

0 [ o0 o [ 0
a= (ap; a1, az, ..., ay) = apey + a1e1 + ...+ axe, = ag+ a1+ ... +ae, (1)

where ag, a3, . . ., ap are real numbers (ag is a scalar component, and a4, . . ., 4, are referred to

as director components). The unit scalar ey is usually omitted; compare the last equality of
(1). The decomposition into scalar and director components is crucial for many properties
of scators, including their characteristic nondistributive multiplication.

Scators form a large subset of R!*" (denoted by S'*"), which consists of all ele-
ments with a nonvanishing scalar component and lines along director components. In
other words,

S =S U {a e R : 3 (2 = aper) ), @)

where: .
S .= {a e R gy £ 0} . (3)

Note that in our earlier papers, SL™" was usually denoted by S’; see [9,10].
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0
Definition 1. Thescatorproductoftwoscators,fz’ = (ag;ai,...,an) € S""andb = (by; by, ..., by)
0
€ S, is denoted by ab = (co; €1,---,¢n). In the hyperbolic case, it is defined as follows [11,12]:

0
e Forabc Sk+n,

e Other cases are as follows:

0 L 0 akbkb
(akek) (bo + Z% b]‘ej> = agby + boakek + Z( b )e] ,
= =1

e ©®)

0 [
(akek) (b]B]) = akbjékj ,
where by is Kronecker’s delta.

The above definition implies the commutativity of the scator product. Another useful
property is the compatibility of the scator product with the dilation, i.e.,

0

(A8)(ub) = (Ap)(@b)  (for A,y € R) 6)

The scator product is nondistributive (i.e., usually, (gc + }j)g #* Xz + i}g) and nonas-
sociative (although the associativity holds if all involved factors and their products have
nonvanishing scalar components). We point out that scator multiplication admits zero
divisors, for instance: the scator products of (a9, a1, ao) and (bo, by, —by) are equal to zero.

The hypercomplex conjugation of scators maps ek into ek, namely:

Q% = (ag, —ay,...,—ay) (7)

Similarly, as in the case of the complex numbers, the scator norm is defined by a scator
product of the scator and its hypercomplex conjugate:

la||* = aa ®)
Then, the application of Definition 1 yields:
00 o1 a .
Az =dTT(1-%) (i a £0),
k=1 0

0
lagex||* = —a? .

)

In particular, for large |ag|, the scator norm becomes close to the standard Minkowski
metric, which is one of main reasons for considering scators as a peculiar extension of
special relativity:

n
2 2 2 2
a]]? ~ a} — Z ap  (if ag> ) ap). (10)
=1 k=1

The definition of the scator product presented above is far from being obvious or
natural. The first issue we would like to address in the next section is a clear and intuitive
motivation for Definition 1.
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1,

e, ..

In our recent paper, we proposed an extension of the scator product in S!*2 on the
whole space R1*2 [13]. Here, we follow an alternative path. We show that not only the
definition of the scator product, but also its domain (2) is, in a sense, natural.

2. Fundamental Embedding

Our main tool to understand the scator product and scator geometry is the so-called
fundamental embedding, introduced in [9]; see also [10,13]. The fundamental embedding F
maps the scator space St into A", where the space A" is the algebra over R generated
(using addition and multiplication, which is assumed to be commutative, associative, and
distributive over addition) by elements ey, . . ., e, satisfying (in the hyperbolic case):

eer =1, ee; = ejey (1 < ] <k< n) . (11)

The basis elements of A" are of the form e 7, where | is a multi-index defined by
a subset {iy,...,im} of {1,2,...,n},ie, ey = e, ;, = e ...e,. Inparticular, we have
the unit element ey, = ey = 1, vectors, bivectors, multivectors, and the element e, =
eer...ey,:

.,8n, ejkze]-ek (j<k),..., €. iy =€ -8 (i1<...<im),..., Cmax - (12)

A linear space A" is isomorphic to Clifford and Grassmann algebras (although the
multiplicative structures of all these spaces are totally different) [14,15].

In order to the motivate definition of the fundamental embedding, which appears at
the end of this section (see Definition 2), we introduce some useful notions. First, we denote

by 7t the natural projection of the vector space A" on the space spanned by 1,(031, e
(compare (1)):

n
7'[(25[]8]) =ap+ Zakgk. (13)
J k=1

We consider the following subset of Al":

n

St = {ae AV : a =[] (ao + awex)}, (14)
k=1

where ag1, a9y, . . ., a0, and ay1, a1y, . . ., 41, are real parameters. Then, fora € St+n, nt(a) is
of the form (13), where:

n n
ap = Haok , ay := ﬂlkHﬂo]‘ . (15)
k=1 =1
j#k
We denote also:
StHm.— {a e §" . gy £ 0}, (16)

where, obviously, ag = ag1aqy - . - ag, fora € S,

Theorem 1. There exists a one-to-one correspondence between 7t(S'*") and S'™" and a one-to-one
correspondence between S+ and S1H,

Proof. Let us take a € S1*"; see (14). We have two cases. First, a # 0, which implies
agr # 0fork =1,...,n. In this case:

ax = Likﬂo , (17)

and we can rewrite a € SI*" as:
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a=ap H <1 + ek) = ag H( ek) (18)

Aok

Therefore, any element a € SI*" is uniquely defined by its projection 7t(a); see (15)
and (18). Hence, there is a bijection between S+ and 7t(S1"). Moreover, obviously, we
can identify n(S}f”) with SI*7. In other words, to any scator a= (ag,m,...,a,) with a
nonvanishing scalar component, there corresponds exactly one element a € S1*" such that
n(a) = 2. Thus, a one-to-one correspondence between S1*" and S!*" is shown.

In the second case (a9 = 0), the situation is more complicated. Note that ag = 0 if and
only if there exists m such that ap,, = 0. Then, as a consequence,

n
[Taoj=0 for k#m, (19)
i=1
fk
and due to (15), 7t(a) reduces to:
m(a) =0+ almem H agj = amem . (20)
J#m

Thus, for ay # 0, 7t(a) has to be proportional to en. We point out that if a9; = 0 for
any j # m, then a,, vanishes, and as a consequence, 77(a) = 0. Therefore, the case ag # 0
corresponds to the second part of the scator set (2), which ends the proof. O

A one-to-one correspondence between S!*" and S!*" is realized by the projection 7.
What is more, the projection 7w maps the multiplicative structure of SI*" into the scator
multiplication. In a sense, this fact can be treated as a derivation of the scator product.

Theorem 2. The multiplication in the space SL*" (induced from the natural commutative product
in A7), mapped by the projection 71, yields the scator product in the scator space SL"; see (4). In
other words,

n(a)r(b) := mt(ab)  (forany a,b € SI*), (21)

can be treated as a definition of the scator product for elements from the space SL™".

Proof. Elements of SI*" are given by Formula (18). Straightforward computation yields:

bk bk

b
ab = qag H (1 + Oek> bo H(l + b€k> = apbg H(l + ZI(;TI(; <ak + bg)ek) . (22)

ag

Then, the coefficients of 7t(ab) by 1,ey, ..., e, yield the Formula (4), which ends the
proof. O

The scator product is defined for all scators with a nonvanishing scalar component.
However, as shown below, the result of this multiplication can be outside of this set.

The projection 7 is not an isomorphism between S!*" and S!*", because neither
S+ nor SIH" are closed with respect to the multiplication. In the one-dimensional case,

we have:
a0<1+a181>b0<1+b161> —ﬂobo(l—l—albl‘f‘ <al+b1>81) . (23)
ag bo obo ap by

Therefore, in the case a;b; = —apby, the above result is proportional to e;, and as a
consequence, it does not belong to SI*". In the general case (22), the situation is analogous.
If a;, by, = —agby, then ab is proportional to ey
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b b
ab = (boay — aobm)em H (1 42k (”" + bk)ek> (24)
0

k;ém

Finally, we would like to address the problem of extending Theorem 2 on all elements
of §'*", including elements of the form (24). Note that:

n(ek ﬁ(l + che])) = gk . (25)

j=1
17k
for any values of n — 1 parameters «; (j # k), which means that the preimage of e; under 7
is very large.
Fortunately enough, choosing the simplest element in this preimage, namely ey, we
obtain the required extension of Theorem 2. In other words, we embed the scator space
S"into S"*1 € Al in the way leading uniquely to the scator product of Definition 1.

Definition 2. The fundamental embedding F : S'" — Al is defined as:

F(»‘%):ao]ﬁ(uj’;ek) (if a9 £0),

(26)
F(llkgk) = aiey (kzl,...,n).
Corollary 1. For any ag and ay, we have:
F(ag + llkgk) = ap + aiey . (27)

Remark 1. F is a bijection between S\ and S1T7. What is more, 7t restricted to SI*" coincides
with F~1, which means that in this case, F o 7w = id.

The main advantage of the fundamental embedding is a natural motivation for the
definition of the scator product proposed by Ferndndez-Guasti. (Definition 1). Indeed, we
can present the following alternative definition of the scator product; see [9].

Theorem 3. The formula:
0 [
ab = n<F(2)F(b)> , (28)
is equivalent to Definition 1 of the scator product.

Proof. The first part of Definition 1, given by Equation (4), follows from (28) directly by
Theorem 2. The second part, given by Equation (5), can be directly computed, as follows.

" (F (“kgk)F (bo + i bjgf> > - <a"boek H( l}joef>> o (bk ot Z o ) @)
j=1

ekH(1+ e]> = e+ 2

]1
k
where we took into account that:
b.ee bbeee bcbie
”" 722 L e +2"” (30)
1i=1
- i#] J#k

In these computations, we used the relations (11). Note that the terms replaced by
dots are bivectors or multivectors of higher order. Finally,
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7'[(13 (akgk)l-"<bjgj)) = mt(axbjexe;) = axb;dy; , (31)
which ends the proof. O

Remark 2. The scator product is, in general, nonassociative. Indeed,

(ab)e = re(F(a)F(b) )¢ = n(F (n(F(Z)F(Z)))F(Z)) _ n(F o n(P(Z)F(Z))F(Z)),
(32)
a(be) = (F()F(©)) = n(F(Z)F<n(P(Z)F(Z))>> — n(p(Z) Fo n(P(Z)F(Z))).

[
Both expressions would be identical, equating n(F (Z)F (b)F (8))/ provided that F o T = id.
The last equality is true only when restricted to SI*"; compare Remark 1. For instance, we have:

(101)e, = 7t(ere1) €2 = €3,
(33)

o0 0 0 0
ei(erex) =eym(erer) =0.

In this case, we see clearly that 7t(ejeq)7t(ex) = 7t(eje1ez) # 7(eq)t(erer).

Nonassociativity is usually related to the quantum aspects of physical systems (see [16-18]).
An attempt to involve quantum effects has been made also in the case of scators [19].

3. Group Structure of the Embedded Scator Space

The set S*" is closed under multiplication. Indeed, for any a,b € S+, we have:

n n

ab = | [ ((aox + arxex) (box + bixer)) = | [ (aokbox + arxbix + (aokbix + arcbox)ex) - (34)
=1 =1

In order to determine the group structure, we have to consider the invertibility of the
elements of S1*". As usual, conjugate elements (compare (7)) are useful in this context.
Hypercomplex conjugation at the level of the space A" is realized by the reflection
e, — —e(k=1,...,n). Thus:

n n

aa” = [ T((ao; + asjej) (a0; — avye;)) = [ [(ag; — o)) (35)
1

j=1 j=
Hence, if |agj| # |ay;| forallj=1,...,n, then:

L (36)

T2 2
H(ﬂo]‘ - ‘11]‘)
j=1
The following elementary equality is very helpful.
€=1 = agbo +anbux — e(aokbax + arbor) = (aok — exany) (box — ebu)  (37)

Therefore, the product of an element proportional to 1 + e, (i.e., such that ag, — a1 = 0)
by any element of the set S!™" is proportional to 1 =+ e, as well.

Corollary 2. An element of S'" is noninvertible if and only if it is proportional to 1 + e for at
least one value of k (1 < k < n).

The next corollary is another direct consequence of (37).
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Corollary 3. The product of two invertible elements is invertible. Invertible elements of S+ form

a multiplicative group, which is denoted by S} "

mov *

Theorem 4. The set defined by:
n
S i={ac A" a=ag[J(1+arer), ao>0, |a|<1fork=1,...,n}, (38)
k=1

is a commutative, simply connected, multiplicative group.

Proof. We compute the product of two elements of the form of (38) (parameters corre-
sponding to the second element are marked with a prime).

n n
aa’ = agagy | [(1 4 axer) (1 + age) = apag [ [ (1 + apa + (a + ag)ey). (39)
k=1 k=1

It is convenient to use a bijection:

R> ﬂk > N = tanht?k S (—1,1) . (40)
Then: ; . ,
aa’ = agag [ (1 + agay) (1 + ek>, (41)
]:!:[1 IE 1+ ockocli
where: , o e
oy + o tanh 0y + ta h ,
fry = nh . 42
1+apa; 1+ tanh @y tanh 0 tanh (8, + &) (42)
Taking into account that:
n
apag [ [(1 + aga) >0 and [tanh(d + &) <1, (43)

k=1

we conclude that aa’ is of the form of (38).
The inverse element always exists and is computed as a special case of (36):

n

Yo (1 —agep)

R (44)
ao [T(1—af
T1(1-43)
Simple connectedness follows immediately if we consider the following homotopy:
n
a(t) = (1 —t+ tag) H(l + takek) , (45)

k=1

where t € [0,1]. O
Remark 3. One can easily see that:
S1++n — F(SE_”) , (46)

where: .
S i={a:a9>0, |ag| <lao| for k=1,...,n} (47)

is closely related to the “restricted space subset” [11] (scalar components of scators from the restricted
subset can be both positive and negative).
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The bijection (40) suggests a convenient parameterization of the group S} using the
exponential representation. Indeed, taking into account (11), we compute:

0 & (%) 2]+1
exp(Orer) = Z + il = cosh O + ey sinh 9 . (48)
j=0 j=0 2+
In other words,
exp(0ex) = cosh ¥ (1 + tanh dyey ) , (49)
and finally,
14 e, = % (where a; = tanhdy). (50)
k
Therefore,

n n n
exp (Z ﬁkek> = | [ (cosh 8 + e, sinh &) = (H cosh 19k> (1+egtanh @) . (51)

k=1 k=1 k=1

Thus, any scator from S} can be represented as:

n
a= nL exp (2 19kek> ) (52)
[ ] cosh & k=1

Theorem 5. Any element a € S}y;” can be represented as:
a=tea (53)
whereay € Sf” and | is a multi-index.

Sl+n

Proof. Given an element a of inp 7

we use the following identity,
6]‘(1 + Déjej) = 0(]*(1 + (Xj_le]') (for o #0), (54)

wherever the coefficient « j> 1. Thus, the element a can be expressed, up to the sign, as a
product of some number of basis vectors (i.e., shortly, e;) multiplied by an element of Sf".
Hence, we obtain (53). O

4. Embedded Scator Space as an Intersection of Quadrics in a Higher-Dimensional Space

We showed that the set of scators, S!*7”, is embedded in the space AL of dimension
2". In this section, we study the geometry of the embedding S C A", assuming tacitly
that the basis (12) is orthonormal (i.e., A¥" ~ R?"). The coordinates in the space R%" are
denoted by xj, where | is a multi-index.

The embedded scator space seems to consist of two parts. The first part, defined by
the condition xg # 0, contains scators parameterized by xg, x1, . . ., X in the following way:

n
H<1+ek> —xo—i—lee,—i—z y ee]—i—z YOy xxéxkele]ek—i— (55)
i=1j=i+1 i=1j=i+1k=j+1 *0

We denote by x;; the coefficient of x by e;; = e;e;, and in general, the coefficient of x by
ej is denoted by xj. Thus:

P Y M. Ris. Sy Sy S (56)
1 X0 ’ el = xkil T creccr ity
0

and we may shortly write down:
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x:Zx]e]. (57)
J

The norm of x is identified with the norm of the corresponding scator (i.e., ||x|? :=

|7t (x)||?), but the formula ||x||? = xx* holds, as well:

2 . ooT X\ 1 Xk T X
x| = xx :xOH 1+ekx—0 H 1—e =) = x§ -2 (58)
k=1 k

k=1 X0 =1 0
Therefore,
2.2 2.2.2
n n nooX7XS k n noox; X5 X
Htz:x%—ZxﬁnL E 2]—2 2 Z Z; +..., (59)
k=1 i=1j=i+1 %0  i=lj=it1k=j+1 X0
and taking into account (56),
2 2 V2,7 v g2 S = 2 2
IxP=x-Yg+Y. Y 2= Y Y o+ =YD, (0
k=1 i=1 j=i+1 i=1 j=i+1k=j+1 ]

where |]| denotes the cardinality (number of elements) of the multi-index J.

Corollary 4. The scator metric in SLT" coincides with the pseudo-Euclidean metric (60) in the
2"-dimensional space A", The metric (60) has signature zero.

The second part of the embedded scator space, corresponding to xo = 0, appar-
ently consists of n coordinate axes (lines along ey, ..., e,;). However, we suggest another
interpretation (planes instead of lines), motivated by the following low-dimensional cases.

4.1. Scator Transformations for N = 2 as Isometries in a Four-Dimensional Space of Zero Signature

Let us consider the case n = 2. An element x of A!?, given by:
X = X0+ x1€1 + X€2 + X12€1€2, (61)

is an embedded scator if and only if one of the following possibilities hold:

X1X2
x12 = 7 xO # O ’
X0

xXo=x1=2x12=0, (62)
XOZX2ZX12:O.

It is tempting to replace conditions (62) by one equation x1xp = xpx12, defining a
quadric in A2

X = X9 + x181 + X287 + x102€1€2 , X1X2 = XgX12 - (63)

The equation x;x, = xgxj2 is not equivalent to (62), because the constraint x1p = 0
is not its necessary consequence. However, we conjecture that the quadric (63) can be
more fundamental than (62). Therefore, we find transformations preserving the following
quadratic constraints:

X3—x}—x5+x3,=C,
(64)
x1xX2 — X012 =0,
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where C is a constant. This system of two equations can be rewritten in the following,
equivalent, form:

(x0 +x12)* = (11 +x12)> = C,

(65)

(x0 —x12)* = (11 —x2)> = C,
which means that this is an intersection of two hyperbolic cylinders. The most general
linear transformation (modulo reflections) preserving these two quadrics is a system of
two hyperbolic “rotations” (boosts):

o+ X2 \ _ [ coshg sinhg X0 + x12
f1+% ) \ sinhg coshg x1+x2 )
o — %12 \ _ [ coshy sinhy X0 — X12
X1 — Xo - sinhy coshy X1 —x2 )

where ¢ and 1 are constant parameters. It corresponds to the following linear transforma-
tion in the space Al2:

Xo a+c a—c b+d b—d X0
X172 :1 a—c a+c b—d b+d X12 (67)
% 2 b+d b—d a+c a-—c x|
o) b—d b+d a—c a+c X2
where:
a=coshg, =sinh¢, c=coshy, d=sinhy. (68)

Equation (67) can be shortly written as # = Ax. Note that A is symmetric (AT = A).
Moreover,

10 0 O 10 0 O

rfl 01 0 O 1 01 0 O
A 00 -1 0 A= 00 -1 0 ’ (69)

00 0 -1 00 0 -1

which means that A € O(2,2). We can verify in a straightforward way that detA = 1,
which means that A € SO(2,2).

Theorem 6. The orthogonal transformation (67) can be realized as a multiplication by the unit
scator exp(01e1 + Bre;), where tanh & = By (k =1,2):

X = exp(tie; + tex) x = y172(1 — Brer) (1 — Boez) x, (70)

where v = —— (k=1,2).
V1B

Proof. Taking into account (61) and performing the multiplication on the right-hand side
of (70), we obtain:

YT172(%0 — B1x1 — B2x2 + B1B2x12) ,
%1 = 7172(=P1xo + x1 + B1fax2 — Pax12) ,
X2 = y172(—B2x0 + B1f2x1 + x2 — B1X12) ,
¥12 = 1172(B1B2x0 — Bax1 — P1x2 + X12)

Xo

(71)
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or in the matrix form:

Xo 1 Bip2 —B1 —B2 Xo
o | _ BB 1 =B —P1 X12
- =7172 B —Pa 1 B1B> 5 . (72)
% B> —B1 P1f2 1 X

Matrices (67) and (72) are identical if:

a=v172(1+B1B2) ,
b= —7172(B1+B2).,

73
c=m172(1-B1B2), (73)
d=y172(B2— 1) -
Computing B1 and B, from (73), we obtain the inverse transformation:
b+d sinh ¢ 4 sinh b—d sinh ¢ — sinh
pr=— ot = SIS g, OO SIS gy

a+c  coshg+coshy’ a+c  coshe+coshy’

One can check by straightforward computation that the other two equations resulting
from (73), namely:

—_

(a—c), (75)

N~

Y172 = E(ﬂ +c), Y172B81B2 =

are then identically satisfied (taking into account a?> —b?> = 1and ¢ — d?> = 1). Therefore,
substituting (74) into (70), we obtain the matrix A given by (67). O

4.2. Embedded Scators as the Intersection of Quadrics in the Case N = 3
If xo # 0, then the general element of A'?, given by:

X = X + X161 + X287 + X3€3 + X12€182 + X13€1€3 + Xp3e0e3 + X123e182€3 , (76)

is an embedded scator if the last four coordinates are parameterized by the four first
coordinates as follows:

X1X2 X2X3 X1X3 X1X2X3
Xp=-——, Xp3=-——, X3=——, X|p3=—5 . (77)
X0 X0 X0 Xy

Equation (77) implies that the scator norm is a pseudo-Euclidean norm in eight-
dimensional space A'3:

2 2 x% x% x% 2 2 2 2 2 2 2 2
[[x[]* = x5 1‘; -3 2 =X — X7 — X3 — X3+ X1p + Xi3 + X3 — Xip3 - (78)
0 0

The system (77) can be rewritten as the intersection of nine quadrics:

X1X2 = XpX12 , X12X3 = X0X123 , X13X23 = X3X123 ,
X1X3 = X0X13 , X13X2 = X0X123 , X12X23 = X2X123 , (79)
X2X3 = XpX23 , X23X1 = X0X123 , X12X13 = X1X123 -

These equations are not independent, of course. Now, we can ask about the conse-
quences of (79) in the case of xg = 0. First, it follows from the three equations on the left
that at least two of the three coordinates x1, x2, x3 vanish. Suppose that x; = x, = 0. Then:

x3x12 =0, x12x13 =0, X12x23 =0, X13X23 = X3X123 - (80)
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Hence, either x15 = 0 and x33x23 = x3X123 Or X3 = x13 = X3 = 0. Analogous results
follows if we take x; = x3 = 0 or x = x3 = 0. Thus, we arrive at the following set of
general solutions to the system (79):

x = e3(x3 + x13€1 + x23€2 + X123€1€2), X13X23 = X3X123 ,
x = ey(xp + x1081 + X23€3 + X123€1€3), X12X23 = X2X123 , (81)
x = eq(x1 + x12e2 + X13€3 + X123€0€3), X12X13 = X1X123 -

Note that the solution x3 = x13 = x23 = 0 (when x1 = x2 = 0) is included as a special
case of the second equation of (81). Therefore, the subset xg = 0 reduces to the union of
three two-dimensional quadrics; compare (63). We conjecture that a similar property holds
in higher dimensions, as well.

5. Lorentz Transformation vs. Scator Transformation

Lorentz transformations form the well-known group of symmetries of the 1 + 3-
dimensional Minkowski space. In this section, we compare the Lorentz group with the
group of symmetries of the embedded scator space introduced in Section 3.

5.1. Lorentz Transformation in the Matrix Form

The Lorentz transformation can be represented in the following matrix form [20]:

i=Lx, (82)
where x = (xg, x1,x2,x3)T and:
v —7b1 —7pB2 —7B3
14 g2 2 7
—vB1 + mﬁl mﬁlﬁ2 WIBLBS
L= (83)

2 2 2
B2 Bapr 1+ qBE  gBabs

2 2 2
—vBs BB BB 1+ B3

where: . . 3

= =14+ p .. 84
and B2 = p% + B3 + B3. The Lorentz factor v is defined for |8| < 1. We can decompose L
as follows:

1 -1 —B2 —B3 0 20 ) 0 0
_ —p1 1 0 0 Y=11 0 —B—-F  Pip2 B1B3
L= s 0 1 0 |TE 0 e BB s | &
B3 0 0 1 0 Bsp Bsfr  —B1— B3

where we applied the identity:

y=1_ ¥ _ 1 3,
e LA Rt (86)

Thus, taking into account (84) and (86), we can easily expand L in the Taylor series
with respect to B1, B2 and B3. The series is convergent in the open ball |B] < 1.
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5.2. Scator Transformation

As a natural analogue of Lorentz transformations in the scator space, one takes multi-
plications by unit scators [5,6], because, preserving the scator norm, they are isometries of
the scator space S!*3:

S L0 L0 0
(%o + T1e1 + Tae2 + T3e3) = ”(717273(1 — Bre1) (1 — B2e2) (1 — 13383)F(§)) (87)
where we use the fundamental embedding F and the projection 7r: Al — SI*+3,

The scator transformation (87) preserves the scator norm (78) and, considered as a
transformation in the space R'3, is nonlinear:

- X1 X2 X3
Xo Xo“rﬂz%( ,leo) < B2 xo) ( B3 xo) ,

Xk _
fk:f()( %o ﬁ") (k=1,2,3).

1- B

(88)

It becomes linear when considered in the larger space R?", as described in Section 4.
We propose here also another approach, which consists of linearizing the nonlinear
transformation (87) with respect to variables xg, x1, . .., x;,. Then:

(%o + X1e1 + Xoeo + %3e3) = 7(117273(1 — B1e1) (1 — Baez) (1 — Baes)(xo + x1€1 + X202 + Xx3€3)). (89)

Rewriting it in the matrix form, we obtain:

Xo 1 =B —B2 —Bs3 RY)
¥ —B1 1 BiB2 PBiBs X1
= 717273 (90)
X2 —B2 B2f1 1 B2Bs X2
X3 —Bs BB B2 1 X3

This linearized approach can be also be viewed at as identifying the Minkowski space
with scators in the “additive representation” R1*", while the elements of the transformation
group are identified with scators in the “multiplicative representation” [11]. It is worth
noting that the scator transformation (90) is defined on a larger domain (the open cube
|Bx| < 1for k =1,2,3) than the Lorentz transformation.

The components of Formula (88) are reminiscent of the Lorentz rule for the relativistic
sum of velocities (in the one-dimensional case), which has motivated some physical appli-
cations [5,6]. Certainly, the commutative properties of the scator product look promising
in comparison to Einstein’s addition of vector velocities, which is neither associative nor
commutative, and an extra rotation is necessary to satisfy gyro-group properties [21,22].
However, comparing the matrices (83) and (90), we see that the scator approach yields
results that, in general, are quite different from the classical special relativity. In order to
obtain physically plausible conclusions, one should apply scators in a very special range of
variables and parameters.

6. Conclusions

In the generic case, the scator product, proposed by Ferndndez-Guasti and Zaldivar [1],
is induced by another product (in another space, namely A'"), which is commutative, asso-
ciative, and distributive over addition. The space Al spanned by vectorsey (k =1,...,1))
and their products, may be understood as a commutative analogue of the geometric alge-
bra or the Clifford algebra [14,15]. In this context, we can interpret ej; as bivectors and e;
(where ] is a multi-index) as multivectors. The set F(S!*") (the fundamental embedding of
scators with nonvanishing scalar component) has a natural group structure reminiscent of
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a commutative analogue of the Clifford (or Lipschitz) group [23]. Theorems 1 and 2 show
that this group is, indeed, a natural model of the scator space. Another interesting feature
of the space Al is the metric structure induced by the scator metric. It turns out that this
is a pseudo-Cartesian metric (the squared norm of basis multivectors e; is one for even
multiple indices and —1 for odd multiple indices). Section 4 presents a new interpretation
of the scator product as an isometry (orthogonal transformation) in this space.
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