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1. Introduction

In this paper, we consider the ordinary fractional differential equation with sequen-
tial derivatives

D, (a(t)Df, (1)) = Ar(Hg(t, (1), te (0,1), M

subject to the integral-multipoint boundary conditions
o®(0)=0, k=0,...,n—2, D}, 0(0) =0,
p p 7 - o @)
Q(l)D(H-v(l) = QQ(E)DO-}-v(g)I D0+U(1) = Z/O D0+v(t) de(t)f
=1

wherew € (1,2], e (n—1,n,neN,n>3,peN,1,€R,i=0,...,p,0< 7 <7 <
<< <B-1,7%>1,A>0,a>0¢ec(0,1),9:[0,1] = (0,00) is a continuous
function, g : [0,1] x (0,00) — [0, o) is a continuous function which may have singularity
at the second variable in the point 0, the function 7 : (0,1) — [0, o) is continuous and may
be singular att = 0and/ort =1, DS n is the Riemann-Liouville fractional derivative of
order g, forg = «a, B, Y0, 71, -- -~ Yps and in (2) we have Riemann-Stieltjes integrals, where
Hj, j =1,...,p are bounded variation functions. The general boundary conditions (2)
cover some symmetry cases for the unknown function. For example, in the case p = 1,
Yo = 71 and H; is a step function given by Hq(t) = {0, t = 0; 1, t € (0,1]}, the last
condition from (2) becomes the symmetry condition D% v(1) = D{? v(0) for the fractional
derivative of order 7 of the unknown function v. Besides, if g = 1 = 1, then we find the
periodicity condition for the first derivative of function v, namely v’(1) = v/(0).

We present some assumptions on the functions g and r, and intervals for the parameter
A such that problem (1), (2) has at least one positive solution. By a positive solution of (1), (2)
we mean a function v € C[0, 1] satisfying (1) and (2) with v(t) > 0 for all t € (0, 1]. In the
proof of our main theorem we use some results from the fixed point index theory. Positive
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00 (0)

=0, k=0,...,0—2; DZw(0)=0, D w(1) = Z/O P o(t) dk;(t),
j=1

solutions for such fractional problems are of great practical importance for describing
nonlocal processes with memory, which determines the relevance of the chosen research
topic. In what follows we present some recent results connected with our problem (1), (2).
In [1], the authors studied the fractional differential equation

Dy, w(t) + ph(t)g(t, w(t)) =0, t € (0,1), 3)

subject to nonlocal boundary conditions
mo ol
w(0) = w'(0) = -+ = 0" D(0) =0, D w(1) = Y. [ DfwdKir), @
i=1"

where vy € R,y € m—1,n,n € N,n >3,,m €N, i € Rforallj =0,...,m,
0<O << <im<G<7v-1% >1K;j=1,...,mare bounded variation
functions, y is a positive parameter, the function g(t, w) is nonnegative and it may have
singularity at w = 0 and the function h(t) is nonnegative and it may be singular at the
points t = 0 and/or t = 1. They gave various assumptions for the functions & and g, and
established intervals for the parameter u such that problem (3), (4) has at least one positive
solution. The expression for intervals of y are given by using the principal characteristic
value of an associated linear operator. The fixed point index theory was used in the proof
of the main theorems. By using the Guo-Krasnosel’skii fixed point theorem, a related
semipositone problem is also studied in [1]. In [2], the authors studied the system of
fractional differential equations with sequential derivatives

{ Dg;EDg;v(t)) +ug(t,o(t),w(t)) =0, t € (0,1), -
DJ? Déiw(t)) +up(to(t),w(t)) =0, te (0,1),
with the coupled boundary conditions
=0, k=0,...,p—2; D3Lo(0) =0, DX o(1) = Xn:l /01 DY w(t) dH;(t),
T (©)

where 71, 12 € (0,1],01 € (p—1Lpl, 02 € (—1,9,,p, €N, p,g >3, nmeN,a; €R
forallj =0,1,...,.n,0 < <ap < - - <y < Pog<dp—1, B0 > 1,[3j € R for all
i=01....m0< B <Pr< - <Pm<ay<db—1a >1u>0v>0¢and
Y are continuous functions which change sign and they may be singular at the points
t=0and/ort =1, Hj,j =1,...,nand ICj,j =1,...,m are bounded variation functions.
They present various assumptions for the nonsingular/singular functions ¢ and 1, and
intervals for parameters y and v such that problem (5), (6) has at least one or two positive
solutions. They applied the nonlinear alternative of Leray-Schauder type and the Guo-
Krasnosel’skii fixed point theorem in the proofs of the main existence results. We also
mention the papers [3-7], and the books [4,8-18] with their references for other results
obtained in the last years and for applications of the fractional differential equations and
systems in various fields.

The structure of the paper is as follows. In Section 2 we study a linear fractional bound-
ary value problem associated to our problem (1), (2), and we present the associated Green
functions with their properties and bounds. Section 3 is concerned with the main existence
theorem for (1), (2), and an example illustrating our result is presented in Section 4.

2. Preliminary Results

We consider the fractional differential equation

D, (q(1)D§, v(t)) = z(1), t € (0,1), 7)
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with the boundary conditions (2), where g € C([0,1], (0,00)) and z € C(0,1) N L'(0,1). We
introduce the following numbers

p
A =1—af®l, Ay = (5 70 Z /3 ,, /19!3 11 434,(9). ®)

Lemma 1. If Ay # 0and A, # 0, then problem (2), (7) has the unique solution v € C[0,1]
given by

0= /o1 gz(t’ﬁ)(q(lg) /01 G1(9,0)z(0) dC)«iﬂ, te0,1], ©)
where
Gi(t,9) = g1(t,8) + “i‘llgl(g, 9, (t,9)€[0,1] % [0,1], 10)
with . B y
sils®) = F(la){ z“‘lg - gg“—l,_o(sg_si) o< 10,§ Pesst (1)
and
Go(t,8) = go(t,9) + ~ f(/ 93i(T, 9) dH; (T )), (t9) €[0,1]x[0,1], (12)
with

(5,8) = 1 [ sPT1—8)f 01— (s—9)f 1, 0<8<s<1,
S V)= )| Pl (1—9)F 10, 0<s<9<1,
1 P11 —9)fnl (s —9)f~7i71, 0<9<s<1, (13)
83i(s, 9) = T(B— ) | sP 7 (1 — 9)f—10-1
7i) s (1-9) , 0<s<8<.
i=1,...,p

Proof. We denote by q(t)Dg ,0(t) = w(t). Then problem (2), (7) is equivalent to the
following two boundary value fractional problems

(1) { Dg, w fz)ZZ(t), te (0,1),

w(0) =0, w(l) =aw(),
and
DE o(t) = w(t)/q(t), t€ (0,1),
(1) o(0) =0, k=0,...,n—2, DI Z/ DY o (8) dH,(8).

By Lemma 4.1.5 from [12], problem (I) has the unique solution w € C[0, 1] given by

—/01 Gi(t,9)2(9)do, t € [0,1], (14)

where G is defined in (10). By Lemma 2.4.2 from [9], problem (II) has the unique solution
v € C[0,1] given by

—/01 G, 9)w(9)/q(9)d9, t € [0,1], (15)

where G, is defined in (12). Now by using (14) and (15) we obtain the solution v for
problem (2), (7) which is given by relation (9). O
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By applying some properties of functions g1, g2, g3i, 1 = 1,..., p presented in (11)
and (13) (see [9,12]), we deduce the following result.

Lemma 2. If H;, j = 1,..., p are nondecreasing functions, Ay > 0, Ay > 0, then the Green
functions Gy and G, given by (10) and (12) have the following properties:

(@) G1, G2 : [0,1] x [0,1] — [0, 00) are continuous functions;

(b) G1(t,9) < J1(9), YV (t,9) € [0,1] x [0,1], where

T1(0) = hy (9) + Ailgl(e;, 9), ¥o€[0,1],

and hy(8) = r(l (1 9+l 9 elo0,1);

(c) Qz(t,é‘;cg J2(9), ¥ (t,0) € [0,1] x [0,1], where

1 Pl
®) =1a(®) + - ) [ gl 0) dti(0), Vo € 0.1),
i=1"

and hy(9) =

iy (1= 0)F 11— (1-0)0), 0 € 1]
(d) Go(t, 0

5 (1—
) > F175(8), ¥ (t,9) € [0,1] x [0,1].
By using Lemma 2, we easily obtain the following lemma (see also [12]).

Lemma 3. If Ay >0,y >0, H;, j=1,...,p are nondecreasing functions, and z € C(0,1) N
LY(0,1) with z(s) > 0 for all s € (0, 1), then the solution v of problem (2), (7) given by (9) satisfies
the properties v(s) > 0 forall s € [0,1] and v(s) > tP~1o(y) forall s, € [0,1].

3. Existence of Positive Solutions

In this section we present some conditions on the functions g and , and intervals for A
such that there exists at least one positive solution of (1), (2). We introduce the Banach space
X = C[0,1] with supremum norm ||o|| = sup,(y4) [v(s)|, and we introduce the cones

C={veX, v(s)>0,Yse01]}, S={veX, vs)>sPv|, Vs [0,1]} CC.

We define the operator £ : C — C and the linear operator 7 : X — & by

£o( /\/ G2(t,8) g5 (/ G1(8, 7)r(1)g( ,v(T))dT)dﬂ, te01], vec,
/ Go(t,) ) (/ G1(8,7)r (~c)d~c>d19, Fe[0,1], ve X

We observe that v is a solution of problem (1), (2) if and only if v is a fixed point of operator
5 For 6 > 0 we introduce the sets Sy = Bg NS and Sy = Bg NS, (Bg = {v € X, ||v]| < 6},
={ved, |lv] <0},0Bg={ve X, [v]| =0}.

We give now the assumptions that we will use in this section.

(Hha e (1,2, e (n—1n,neNn>3,peN 3 e€R,i=0,...,p0<7 <7 <

<Yy <rw<B-Lr=>1,A>0a>0,¢c(01),q:[01 — (0,00)isa

continuous function, H; : [0,1] — R, i =1,..., p are nondecreasing functions, A > 0,
and Ay >0, Ay > 0(Aq, Ap are given by (8))

(H2) The function r € C((0,1),[0,00)) and 0 < fo 0) dd < oo.
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(H3) The function g € C([0,1] x (0,00),[0,00)) and for any 0 < 6; < 6, we have

hm sup / ))do =0,
06592\89
m 7

where I,;, = {O,%} U [m—_l 1}.

Lemma 4. We suppose that assumptions (H1)—(H3) hold. Then for any 0 < 6; < 0, the
operator £ : Sg, \ Sp, — S is a completely continuous operator.

Proof. By using (H3), we find that there exists a number m; > 3 with the property

sup r(9)g(d,v(8))dd < 1. (16)
’06392\591 Iml

For v € Sy, \ Sp,, we find that there exists wy € [61, 62] such that ||| = wp, and then

tF=10; < tPlwy < o(t) <wp < 62, YVt € [0,1].

Let M; = max{g(t,y), te {1 } Y€ [;191,92} } By Lemma 2, (H2), (H3)
m

my’ 7711
and (16), we deduce

sup Eu(t) = sup /\/ Ga(t, 19 (/ G1(0,T)r(7)g( ,v(r))d‘c)dﬂ

0€85,\S5, veSs, \s(,

svegrl\asg A / 70) 25 ( /0 jl(r)r(f)g(r,v(r))dr)dﬂ
SUGEZSSGA / Ta(6 q(lﬁ)</ Jﬂr)r(r)g(r,v(r))dr)dﬂ
+U€;;1{>Sﬁ Al Jz(ﬂ)qé?) ( /1"1“1 T()r(0)g(t,0(7) dT) 49

mp—1

< Ao | 2(0) s do-+ avt ([ Talo) - o) ( [ A dr)

iy

<A ( [ o) o) (140 [ rinyar) <,

where J19 = max,e(gq) J1(s) > 0. This gives us that the operator € is well defined.

Next we show that £ : Sy, \ Sp, = S. Indeed, for any v € Sp, \ Sp, and t € [0,1],
we have

o(t) :A/O Gt 9) </ G1 (8, 7)r(1)g( ,U(T))dT)dt?
<[ J2<19>q(1ﬂ)(/ G1(8, ()3 (x, v(r))dT)cw,

and then

1€0| < /\/01 jZ(ﬂ)q(lﬂ) (/01 Gi(8, T)T(T)g(T,U(T))dT) a9,

By Lemma 2, we also obtain

B 1 1 1
Eo(t) > Ath 1/0 jz(ﬂ)qw)(/o Ql(ﬁ,r)r(r)g(r,v(r))dr>d19
> t6-1)|g0||, Ve [0,1],
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hence v € S. Then £(Sp, \ Sp,) C S.

We prove now that £ : S, \ Sp, — S is a completely continuous operator. We assume
that D C Sy, \ S, is an (arbitrary) bounded set. By using the first part of the proof, we
deduce that £(D) is uniformly bounded. We show next that £(D) is equicontinuous. For
€ > 0 there exists a natural number m, > 3 satisfying the condition

L 7(9) !
sup r(9)g(8,v(0))dd < € ( d19> .
0S4, \So, Ly 4A 10 \Jo 4(8)

Because G, (s, ¢) is uniformly continuous on [0,1] x [0,1], then for the above € > 0 we
deduce that there exists p > 0 such that for any t1, t; € [0,1] with |t; — 2| < pand ¢ € [0,1]

we have
Go(t1, ) — Golba, 8 € T )
t,0) — iy, < / ) .
Here M, = max{l,max{g(t,y), te [m%, mfngl}, yE [;191,92] }} and rp = max{1,
my
max{ (9), 9 e [mZ,mrznzl}}}.

Therefore for any v € D, ty,t, € [0,1] with |t} — t5| < p, we find

(€0)t) — (€0) ()
| [ Galt1,0) — G0 (/ G1(8,¥)r (m(r))dr)dﬂ]

<2 sup 01 0) ( /1 Jl<r>r<T>g<r,v<r>> w) @9
+A iIEJIDJ |g2(t1, 0) — Ga(ta, 19)|q(119) (/n}zmz T (t)r(t)g(T,o(T)) dT) dg
<5+5=e

So we obtain that £(D) is equicontinuous. By the Arzela-Ascoli theorem, we deduce that
& :Sp, \ Sp, — S is compact.

We prove next that & : Sy, \ Sy, — S is continuous. We assume that v, vg € Se, \ Sp,
foralln > 1, and ||vy, —vg|| = 0as n — oco. Then 6; < ||v,|| < 6, forall n > 0. By (H3),
for € > 0 there exists a natural number m3 > 3 satisfying the condition

1 1
sup / (8,0 ))d19<4ulo</ J(8 q(ﬂ)d19> . (17)

068%\8

Because g is uniformly continuous in {m%, mfngl] X [mﬁl_lel, 92] , we find
3

o . 1 M3—1
nll_r}rolo\g(ﬂ v, (0)) — g(8,v9(8))| =0, uniformly for ¢ € [1113' s ]

Therefore by using the Lebesgue dominated convergence theorem, we deduce

mz—1

/ " H(8)|g(8, 0n(8)) — g(8,00(9))] 4 — 0, as 1 — co.

1

m3

So, for the above € > 0 there exists another natural number my such that for all n > my
we obtain

mz—1

-1
[, rolso,0m0) - g0, monlds < ([ mio)sas) L as)

m3
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By (17) and (18) we conclude that
[Evn — Evo
< swp A [ o) [ [ AE@rElsmon(s) sl v ) do
> (19) g 7 Yn ’

‘06592 \591

v s A [ 1(/1'"3 T()r(D)|g(,0n(r)) — g, 00(x IdT>

0€84,\ S, q(19) i3
§€+2_e Vn > my.

So we find that £ : Sp, \ Sy, — S is a continuous operator. Therefore £ is a completely
continuous operator. [

Under assumptions (H1)-(H3), by using the extension theorem, the operator £ has a
completely continuous extension (we also denoted it by £) from S to S.

By using the Krein-Rutman theorem in the space C[0, 1] and similar methods as those
used in the proof of Lemma 3.2 from [1], we obtain the following lemma.

Lemma 5. We suppose that assumptions (H1) and (H2) hold. Then the spectral radius r(F) # 0
and F has an eigenfunction {1 € C \ {0} which corresponds to the principal eigenvalue r(F), that
is F{1 = r(F){1. Sor(F) > 0.

By using a similar approach as that used in the proof of Lemma 4 for operator £, we
deduce that F(S) C S.

Theorem 1. We suppose that assumptions (H1)—(H3) hold. If

0 < g := lim sup max M < gf) := liminf min 8(t,y) < o0,
y—o0 tE[O 1] y y—0+ tE[O,l] y
then for any A € LN S there exists at least one positive solution v(t), t € [0,1] of
T el (F) 0 () ’ el
problem (1), (2), (we use here the conventions ﬁ = oo and % = 0+).
Proof. Let A € BN S . For g, there exists wy > 0 such that g(7,y) >

forall T € [0,1] and y € [0, w1]. Hence for any v € dS,,, we obtain

o( A/gztﬁq (/ G1 (8, 7)r (,v(r))dr)dﬂ
/ Go(t,0) q(lﬁ (/ G1(0, T)r (T)dT)dﬁ— r(lﬂfv(t), Vte[0,1].

We suppose that £ has no fixed point on 985, (if not, the proof is finished). We will
prove that
v—Ev# v, Vo €ISy, v>0, (19)

where (; is given in Lemma 5. We assume that there exist v; € 95, and v; > 0 such
that v1 — £v1 = 11¢3. Thenv; > 0 and v1 = vy + 1101 > v1{3. We denote by vy =
sup{v, v1 >v{1}. Thenvy > 11, v1 > 1p{; and

Evy > (]__)]:vl_ (;__)1/0.7-"51 vol1.
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So vy = Evy + 1181 > w1 + 1101 = (Vo + v1){1, which represents a contradiction with the
definition of vy. Then relation (19) holds, and by [19] we conclude that

i(€,8u,,8) =0. (20)

For g3,, we deduce that there exist # € (0,1) and w, > wy such that g(7,y) < ﬂﬁy
forall T € [0,1] and y € [wy, o). We introduce the linear operator F; : X — X by

Fro(t) = 17% / Ga(t, 19 (/ G1(8, T)r(7)v(T) d‘f)dﬁ,

forall t € [0,1] and v € X. The above operator F; is bounded, and F3(S) C S. Because
n € (0,1) we find r(F;) = 7 < 1. We consider the set Y = {v € S\ By, vv =
Ev with v > 1}. Forv € S, we denote by K(v) = {t € [0,1], v(t) > wy}. Thenforv € S,
we have v(t) > wy forall t € K(v), and so

g(to(h) < ’7)\7(}')0(”' vVt e K(v). (21)

By relation (21) and the definition of linear operator F, we find forany v € &, v > 1 and
t € [0,1] that

o(t) < vo(t) = (Ev)(t) = )\/ ot §)—— (/ G1(8,7)r(7)g( ,U(T))dT)da

1
— A/O Qz(t,ﬂ)qw)(/K )gl(ﬁ,T)r(T)g(T,v(T))d'r>dl9

( ( 011\K(o) G1(9, T)r(T)g(T,v(T))dT) do

n_ [ 1
< 77 Jo g2(t/l9)(/1<(v) G1(8, t)r(t)v(t) dr)d& (22)
jﬂT)r(T)g(T,i?(T))dT) dd
7 1 1
—— | Gy ,19)( A G1 (0, T)r(T)v(T) d'r)dﬂ
dﬁ) Mz = Fio(t) + Ao </01 32(19)0](119)1119) Ms,

where 7(7) = min{v(7),wy} for any T € [0,1]; this function satisfies the inequalities
w1 TP~ < B(1) < wpforallT € [0,1]; J10 = SUPsc(o1 J1(s)and M3 = SUP,eS,, \Su, fol r(9)
xg(8,v(9))dd, (as in the proof of Lemma 4 we find that M3 < o). By the Gelfand
formula we know that (I — F;)~! exists and (I — F;)~! = ¥£°, Fi, which gives us
(I — F1)~1(S) C S. This together with (22) imply

o(t) < (I—F1)” (MloM?,/ T (8 O] dl9> Vteo,1],
and so
o(0) < Ahotta (|| B9 a0 (1= F) 1, Ve o]

which implies that the set / is bounded. We choose now w3 > max{w,, sup{||v||, v € U}}.
We find vo # Ev for all v € S, and v > 1. By [19], we deduce that

i(€,80,,S) =1. (23)
By (20), (23) and the properties of the fixed point index, we conclude that

1,803 \ Suo, S) = i(€, Sy, S) — i€, Sy, S) = 1.
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Then operator £ has at least one fixed point on S, \ S, which represents a positive
solution of problem (1), (2). O

4. An Example
Let“:%rﬁ:%(”:4)1}7:2/‘1:%/‘3:%170:%/71:%172:%‘7(7)—T+1
forall T € [0,1], Hy(t) = I forall T € [0,1], Hy(1) = {%, Tel0,i); Y, te [%,1]},
_ 1
r(T)—4T(1_T)3forall'(€(01) g(t,x) = f—l—r—}—erorallTe[ 1] and x > 0.

We consider the fractional differential equation

a3 1 7 _ A 5/, 2, 1
D, (H_lD ())_ 4t(1_t)3< (t) +t +702(t)>, te(0,1), (24

with the boundary conditions

{v(O)—v/(O)—v"w):o Di?0(0) =0, Dffo(n) = Bofo(3).

9/4 1/6 115/3,, (1
Dyyo( 4foD dt + D0+v(§)-

We have A; ~ 0.23730259 > 0 and A, ~ 1.15334282 > 0, and so assumption (H1) is

satisfied. In addition we find fo 0)d® ~ 4.44288294 € (0, 00), and then assumption (H2)
is also satisfied. B
For0 < 6 < 6, v € Sp, \ Sp, and I, = [0 l} U [mT*l,l],we obtain

’m

1 , 1
Am:/lmr(ﬂ)gw,vw))dﬁ:/lmm(wvw)wu g v2(ﬁ)>dt9
<f+ b

1
(195/291)

). van=er
= (V02 +1) / \/T \/7/ 927/28 1,@)3/4

dd,

and then limy,_ supvegez\&)1 Am = 0, because ¢1(0) = W € L'(0,1) and

0(0) = m € L'(0,1). So assumption (H3) is satisfied. In addition we find

g%, = 0 and g} = co. Then by applying Theorem 1, we conclude that for any A € (0, )
there exists at least one positive solution v(t), t € [0,1] of problem (24), (25), satisfying the
condition v(t) > t5/2||v|| for all t € [0, 1].

5. Conclusions

In this paper we study the fractional differential Equation (1) with sequential deriva-
tives and a positive parameter, subject to general nonlocal boundary conditions (2) contain-
ing Riemann-Stieltjes integrals and fractional derivatives of various orders. The function
g from the equation is a nonnegative continuous function and it may be singular at the
second variable in the point 0, and the function r is also nonnegative continuous one and
it may be singular at the points t = 0 and t = 1. The general boundary conditions (2)
cover some symmetry cases (as periodicity conditions for derivatives) for the unknown
function. By using an application of the Krein-Rutman theorem in the space C[0, 1], and
some theorems from the fixed point index theory, we prove that problem (1), (2) has at least
one positive solution v(t), t € [0,1]. To illustrate our main existence theorem, we finally
present an example.
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