symmetry

Article

Three-Way Multi-Attribute Decision Making Based on
Outranking Relations under Intuitionistic Fuzzy Environments

Zengtai Gong * and Le Fan

check for

updates
Citation: Gong, Z.; Fan, L.
Three-Way Multi-Attribute Decision
Making Based on Outranking
Relations under Intuitionistic Fuzzy
Environments. Symmetry 2021, 13,
1384. https://doi.org/10.3390/
sym13081384

Academic Editor: Basil Papadopoulos

Received: 2 July 2021
Accepted: 20 July 2021
Published: 29 July 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China; fanle17@163.com
* Correspondence: gongzt@nwnu.edu.cn

Abstract: With the increasing complexity of the human social environment, it is impossible to
describe each object in detail with accurate numbers when solving multiple attribute decision-
making (MADM) problems. Compared with the fuzzy set (FS), the intuitionistic fuzzy set (IFS) not
only has obvious advantages in allocating ambiguous values to the object to be considered, but
also takes into account the degree of membership and non-membership, so it is more suitable for
decision makers (DMs) to deal with complex realistic problems. Therefore, it is of great significance to
propose a MADM method under an intuitionistic fuzzy environment. Moreover, compared with the
traditional 2WD, by putting forward the option of delay, the decision-making risk can be effectively
reduced using three-way decision (3WD). In addition, the binary relations between objects in the
decision-making process have been continuously generalized, such as equivalence relation which
have symmetrical relationship, dominance relation and outranking relation, which are worthy of
study. In this paper, we propose SWD-MADM method based on IF environment and the objective
IFS is calculated by using the information table. Then, the hybrid information table is used to solve
the supplier selection problem to demonstrate the effectiveness of the proposed method.

Keywords: outranking relation; three-way decision; intuitionistic fuzzy set; IF loss function; IF MADM

1. Introduction

Selecting one of these alternatives based on the information provided in real life is the
main purpose of MADM, which is to rank a series of alternatives and determine the best
one. In addition, in the face of different types of attributes, it is extremely important to make
reasonable decision results when dealing with MADM problems. Many scholars have gone
deep into MADM and made remarkable achievements in all aspects. There are a number
of classical approaches to deal with MADM problems, such as the VIKOR method [1,2],
the TOPSIS method which is used to find the alternative that is closest to the positive ideal
solution and farthest from the negative ideal solution [3], ELECTRE method is designed to
construct the outranking relationship of alternatives [4], Vinogradova provided MADM
methods as a component of mathematics-based optimization [5], Chen et al. [6] used
hybrid MADM model to evaluate and improve the performance of product design, etc.
However, most methods seldom consider the delay of decision-making, which will increase
the risk of decision-making. In order to make up for this shortcoming, Zhan et al. [7] used
the 3WD theory to solve MADM problems and put forward a vaild decision rule.

The researches which were reported in [8-11] inspired that IFSs, put forward by
Atanassov [12], are as well as a crucial evaluation form aiming to describe the uncertainty.
The original fuzzy set only considers membership degree [13-15], however, IFS has the
characteristics of both membership degree and non-membership degree [12], it provides
a more reasonable method to describe uncertainty. In recent years, intuitionistic fuzzy
values (IFVs) and intuitionistic fuzzy set (IFS) are deeply developed and studied, for
example, Chen [16] clarified the positive and negative evaluation effects (or optimism
and pessimism). Considering a combination of ELECTRE and VIKOR, Cali et al. [17]
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developed a novel outranking based multi criteria group decision making. Liu [18] de-
fined an evaluation function for the decision-making problem to measure the degrees
and presented the concept of intuitionistic fuzzy point operators. Du [19] studied the
subtraction and division operations over intuitionistic fuzzy values which derived from
the Hamming distance between them by the optimization method. Yang [20] investigated
two possible solutions to the problem of constructing a shadowed set from an Atanassov
intuitionistic fuzzy set. Gao et al. [21] proposed a novel target threat assessment method
under intuitionistic fuzzy multi-attribute decision making environment. Zou et al. [22]
used a linguistic-valued intuitionistic fuzzy formal decision context to solve the individual
financial investment problem.

Compared with fuzzy information and accurate information, intuitionistic fuzzy in-
formation can summarize and describe the uncertain and complex fuzzy characteristics
more comprehensively in the process of multi-attribute decision-making so that deci-
sion makers can obtain more comprehensive, real and effective information, and reduce
decision-making errors caused by incomplete information. Furthermore, intuitionistic
fuzzy information has compressibility, in which the decision makers can process, organize,
summarize information. In addition, decision makers can deal with intuitionistic fuzzy
information by appropriate methods, which can reduce the loss of effective information
and enable decision makers to make scientific decisions. For example, based on intuition-
istic fuzzy environment, Ecer [23] used MARCOS technique to make decisions and rank
insurance companies, Kumar [24] proposed a novel IF-reliability approach to evaluate
failure probability of the system, etc. [18,25-27].

Yao’s scientific and reasonable explanation for 3WD is derived from Decision-theoretic
rough sets (DTRSs), which, on the basis of Bayesian minimum risk, is able to make deci-
sions through actual semantics [28]. The theory of 3WD, started by Yao [29], is regarded as
a trisecting-acting-outcome (TAO). 3WD extends the usual 2WD (accept or reject) model
though adding a non-commitment option. In addition, in the course of medical diagnosis,
for instance, doctors often use the 3WD method aiming to make decisions. In other words,
doctors could decide to treat, not treat, or keep patients under observation according to
patients’symptom. The attitude towards an object depends on which domain it is in, the at-
titude of acceptance in the positive domain, the attitude of rejection in the negative domain,
the attitude of relaxation in the boundary domain. It is a new perspective of tolerance for
error which fits our habit of thinking under uncertainty. So, 3WD, based on DTRSs, has
drawn the attention of scholars and gotten rapid development since its birth. For example,
investment options [30], medical diagnosis [31], environmental managements [32], energy
project selection [8], infectious disease diagnosis problem [33], etc.

In a word, the combination of 3WD and MADM is a new direction for further research
in this paper. Particularly, a 3WD method, under IF environments, is intended to be
put forward via outranking relationships and decision risks. A hybrid information table
has been put forward by the combination of IF MADM matrix and loss function table.
Furthermore, we also make use of the proposed 3WD method to solve a supplier selection
problem.

2. Preliminaries

In this section, we briefly review some concepts of IFSs, Bayesian decision procedures
and the ELECTRE method.

2.1. Intuitionistic Fuzzy Set
Definition 1 ([12]). Let U be a universal set and an IFS X is represented as:

X = {(a,ux(a),vx(a))|a € U},

where px, vx : U — [0,1], such that px(a) +vx(a) < 1, a € U. Here, ux(a), vx(a),
respectively, stand for the membership degree and non-membership degree of a to X. The hesitancy
degree of a € U is given by tx(a) = 1 — ux(a) — vx(a). According to the notations reported
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in [34,35], « = (pa, Vo) is named as intuitionistic fuzzy value(IFV), which satisfies 0 < py, vy < 1
and 0 < py + vy < 1.

Example 1. Let X be an IF concept of youth and the set of alternatives be U = {ay,ay,a3}. The
IFVs a1 = (May, Vay) = (0.6,0.4), ap = (May, Vay) = (0.6,0.2), a3 = (Yas, Vas) = (0.6,0) represent
the membership degree and non-membership degree of the concept of youth for each alternative,
respectively. According to mx(a;) =1—0.6—04 =0, mwx(a) =1—-0.6—-02 = 0.2 and
nix(az) = 1—0.6 — 0 = 0.4, the alternative ay in U is certain and alternatives a, and as are
uncertain. Moreover, by comparison we have rtx(ap) < 1tx(asz).

Definition 2 ([12,34,36,37]). Given two IFVs & = (pa, Vo), B = (pp,vp) and a positive real
number A, some operations can be defined as follows:

(D a = (va, pa);

2)a@p = (pa+pip— Haptp vavp) = (1= (1= pa) (1= pip), vavp);

G a@p = (papp, 1 — (1 —va)(1 = vp));

@) A= (1= (1—pa)",v3);

Gt = (g, 1— (1—va)t);

(6) (Distance function) d(a, B) = 5 (|sa — pp| + [va — vg| + |1p + Vg — ta — val);

(7) 0 © B = (Jacp Vacp), where

up’

o ”f‘:”ﬁ if o > pp and vy < vgand vg > 0and vy1ig < mavp
Hacp = .
0, otherwise

and

—~ if o > Hp and v, < Vg and vg > 0 and VaTlg < TTaVp
1, otherwise
(8) & @B = (Macp Vacrp), Where
. g—‘*, if o < 1 and v, > Vg and Hp > 0 and HaTlp < TTalip
I/l“@/g = B

0, otherwise

and

1% Q -
“op 1, otherwise

__ {Vl":/v;, if o < pgand vy > vgand pg > 0and py g < Tajip
Definition 3 ([25]). Let an IFV a = (pa, Vo), then the score function of « is calculated as:
S(a) = pa — Va,
The accuracy function of a is defined as
H(a) = pa + va,
where —1 < S(a) <1and 0 < H(a) < 1.

Definition 4 ([25]). Given two I[FVs a = (pq, Vo) and B = (ug,vp), we confirm their relation-
ships below:

(1) If S(u ) S(B), then B is smaller than «, denoted by « > pB;
(2) If S(w) < S(B), then a is smaller than B, denoted by a < B;
(3) If S(u ) (B), then

(i) If H(a) = H(B), then a is equal to B, denoted by « = f;
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(ii) If H(a) > H(PB), then B is smaller than «, denoted by a >~ pB;
(iii) If H(x) < H(B), then w is smaller than B, denoted by « < p.

Proposition 1. Let x1, ap be two IFVs, when py, > pia,, Va
TTa, Vay, We have the equation:

L S Vay, Vay > 0and v, my, <

(01 San) ®ap = ay.
Proof. For two IFVs a7 and a5, we have
(01 O ap) P ag
=(B=R 20 6 (g, )

1_le2 Hay
Hay — Hay Vi
= 1_ 1 1 7
(- (- Bty ), )
=(1 = (1= pay = Hay + Ha)s Vay)
:(#0‘1'1/’11)
=N7.

O

Proposition 2. Let aq, ap be two IFVs, when oy < Moy OF Vg > Vgy OF Vgy < 007 Vg Ty, >
Tla, Viy, We have the equation:
(01 San) ®ap = ay.

Proof. For two IFVs a; and a5, we have

(01 S az) B ay

( ’ ) (Vﬂlrvﬂlz)

( ) 1 _lez) 1]/062)
(,”112'1/“2)

=uy.
O
Definition 5. For an IFV w, the negative operation of a can be defined as follows:
-a = (1,0) ©a.
According to Propositions 1 and 2, we obtain -« &« = (1,0).

2.2. 3WD

Let U be a set of alternatives. For any X C U, let ® = {X, =X} be the state set of
alternatives which means each alternative a € U or not. A = {a p,ag,a N} is the action set,
where ap, ag and ap denote a € POS(X), a € BND(X) and a € NEG(X).

For any alternative a € U, the expected loss funtions associated with taking three
actions R(awq|[a]g)(><= P, B, N) as follows [8]:

R(apl[a]r) = xppP(X|[a]r) + xpnP(—X|[a]r),
R(ap|la]r) = xBpP(X|[a]r) + xBnP(—X][a]r),

R(an|[alr) = xnpP(X|[alr) + xnnP(—=X][a]r), 1)

~— —

where [a]g represents the equivalence class that contains a, xpp, xgp and xnp represent
the loss function of actions ap, ap and ay when a belongs to X, respectively. Analogously,
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XpPN, xpN and xnn denote the loss function of actions ap, ap and ay when a belongs to
—X, respectively.

For any A C U, P(A|[a]r) represents the conditional probability of an alternative a.
By virtue of the properties of the conditional probability, we have:

P(Al[a]r) + P(-Alla]r) = 1. )
According to the realistic explanation of the loss functions, we can get
xpp < xBp < Xnp and XpN > XBN = XNN- ®)
the following decision rules are given via Bayesian theory:

(P) If R(ap|[a]r) < R(agl|la]r) and R(ap|[a]r) < R(an|[a]g), thena € POS(X),
(B) If R(ap|[a]r) < R(ap|[a]r) and R(ag|[a]r) < R(an|[a]r), thena € BND(X),
(N) If R(ayn|[a]r) < R(ap|[a]r) and R(an|[a]r) < R(agl|la]r), thena € NEG(X). (4)

~— —

2.3. The Determination of an Outranking Relation by the ELECTRE-I Method

In 1969, Roy [38] proposed the ELECTRE-I method, which process some choice prob-
lems in MADM. Let U = {ay,4,...,4,} be an alternative set, C = {A1, A, ..., Ap} be
an attribute set and W = {wj, wy, ..., wy } be a weight vector. The ELECTRE-I method
constructs an outranking relation based on the following steps:

e Construction of three indicator sets
I+ ={jli= 1,2,...,m,Ajj > A},
Ji =il =12,00 m, Aij = A},
Ji ={ili=12...,m A < Ay},

where A;; is the evaluation value of the alternative 4; under the attribute A;.
¢ (Calculation of the concordance index

Ji= ), wi+ ) wj

[ S
" Yieps @i
it=v -
L Wi
Zfejit /

*  Concordance test
Set 6 € (0.5, 1], if the alternatives a; and a; meet the conditions J; > d and J; > 1,
it passes the concordance test. The lager the value of J, the stricter the requirement
that a; is superior to a;.
*  Calculation of discordance index

where p denotes a given veto threshold.
*  Non-discordance test
If the alternatives a; and a; satisfy requirement G; < 1, it passes the non-
discordance test.
e  The determination of the outranking relationship

If the alternatives a; and a; pass both the concordance test and the non-discordance
test, i.e., [y > 4, [ > 1 and G;; < 1, then the alternative a; outranks the alternative a;,
denoted as a;5a;.
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X =

3. A New 3WD Method under IF Environments

Next, we will obtain the objective IFS X, outranking relations via ELECTRE method
and the conditional probability based on IF environments. Finally, we build the decision-
theoretic rough intuitionistic fuzzy set(DTRIFS) model.

3.1. The Determination of IFSs

In general, both FS and IFS are given subjectively, which obviously will have subjective
influence in the decision-making process. Therefore, we intend to objectively calculate IFS
based on the IF information table. The specific process is as follows:

LetU = {ay,ay,...,an}, C = {A1,Ay,...,An} and E = {Eq, Ey, ..., Ex} represent n
alternatives, m attributes and k experts. The IF-multi-attribute information table is given in
Table 1. Aggregated IF-multi-attribute information is given in Table 2.

Table 1. The IF-multi-attribute information table of k experts.

Ay A, - A
1 1 1
ay X171 &1 T X1m
Rl — : : :
1 1 1
Ay Dénl Oénz e Dénm
13 13 13
ay &1 X1 S X1m
Rk — : : :
k k k
Ay Dénl anz s Dénm
w w1 wy ce Wi

Table 2. Aggregated IF-multi-attribute information table.

Aq A, - A,
1 B B12 e Bim
an ,Bnl ,BnZ T Bum
w w1 wy e Wiy

In Table 1, txﬁj(i =12,...,nj=12,...,ml1=1,2,...,k) are IFVs which denote the
evaluation value of the alternative g; by the Ith expert under the attribute A;. The weight of
the attribute A; and the expert E; are indicated by w; and 7;. Here, Y wj=1, 25‘21 7 =1

]
According to the IF matrix and the IFWA aggregation operator, the IFS X can be

determined as follows:
— 1 .2 ky _ 1 2 k

k k
S s i ®

1=1 1=1

& B wiBij

wlﬁllea'“@wmﬁlm+w2,821®'--@wm,82m_’_“._f_wlﬁnl@-“@wm,gnm

a1 ap An

(6)

ai

These terms are well explained in the following example:
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Example 2 ([17]). Table 3 is an IF multi-attribute information table given by three experts. Suppose
that U = {ay,ay,a3} is a set of three alternatives and five criteria C = {A1, Az, A3, Ay, As}.
The weights of three experts are 0.369, 0.330 and 0.301, respectively. The value of each expert’s
assessment of each alternative a; with respect to attribute Aj is given in Table 3:

Table 3. The IF-multi-attribute information table of schemes.

Aq As A3 Ay As

aj (0.60,0.30) 0.70,0.20) (0.50,0.40) (0.80,0.10) (0.50,0.40)
a (0.70,0.20) 0.80,0.10) (0.80,0.10) (0.80,0.10) (0.80,0.10)
az (0.80,0.10) 0.60,0.30) (0.70,0.20) (0.70,0.20) (0.70,0.20)

(
(
(
m (0.70,020)  (0.60,0.30)  (0.70,020)  (0.70,020)  (0.50,0.40)
RP= a (0.70,020)  (0.80,0.10)  (0.80,0.10)  (0.80,0.10)  (0.60,0.30)
(
(
(
(

Rl

az (0.70,0.20) 0.70,0.20) (0.60,0.30) (0.80,0.10) (0.70,0.20)

m (0.60,0.30) 0.50,040)  (0.70,020)  (0.80,0.10)  (0.50,0.40)
a (0.60,0.30) 0.80,0.10)  (0.70,020)  (0.80,0.10)  (0.70,0.20)
a3 (0.50,0.40) 0.80,0.10)  (0.80,0.10)  (0.60,0.30)  (0.60,0.30)

w 0.144 0.219 0.210 0.305 0.122

R3

According to Table 3 and Equation (5) , we obtain Table 4:

Table 4. Aggregated IF-multi-attribute information table.

Aq Ay As Ay As

a1 (0.6360262)  (0.6150.282)  (0.638,0.258)  (0.771,0.126)  (0.500,0.400)
a,  (0.673,0.226)  (0.800,0.100)  (0.774,0.123)  (0.800,0.100)  (0.716,0.177)
a3 (0.699,0.191)  (0.705,0.188)  (0.708,0.186)  (0.714,0.180)  (0.673,0.226)
w 0.144 0.219 0.210 0.305 0.122

Then we can obtain the following result using Table 4 and Equation (6):

X = {(a1,0.668,0.224), (a5,0.770,0.126), (a3,0.704,0.190) }.

In other words, objective IFS of the “good scheme” X is calculated. In particular, the
evaluation value of the scheme needs to be normalized if the attribute types are different [7].

3.2. DTRIFS Based on an Outranking Relation

Definition 6. The outranking relation S is determined via the ELECTRE-I method [38], the IF-
ELECTRE-I method [39], IF-multi-attribute information table and the score function, an outranked
set is defined as follows:

Va € U, [a]s = {b| aSb Ab € U}. (7)

Proposition 3. Based on the given IF-multi-attribute information table, for a; € U, there exists
ar € U, zfAi]- - At]-, A]- € C, then we have

a € [aj]s. 8)
Proposition 4. IfSA,,j > SAU, then Ajj = Ay;.

Proof. Obviously, it can be proved directly by score function. [

Then, we illustrate this in Example 3.
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Example 3. By means of Definitions 3, 4 and the ELECTRE-I method, we stipulate 6 = 0.6 and
p = 0.2. Based on Definition 6, we obtain the outranked set as follows:

[a1]s = {a1},
[a2]s = {ay,a2,a3},
las]s = {a1,a3}. )

3.3. Objective Conditional Probability P(X|[a]s) Based on IF Environments

Definition 7. The conditional probability determined by an outranked set and an IFS is defined
as follows:

a)s X (b
P(X|ids) = 20 (1)
By wvirtue of Definition 5, we have:
P(=X][als) = (1,0) © P(X][a]s)- (11)

Proposition 5. P(X|[a]s) and P(—X|[a]s) meet the following condition:
P(X|[als) ® P(=X]|la]s) = (1,0).
Proof. For any a € U, we have

P(X|[a]s) @ P(—=X|[a]s)
_ Docfa)X(b) _ Bpelas—X(b)

|[a]s] |[a]s]
_ Opeja)s (X(b) @ 2X(b))
B |[a]s]
_ (1,0
~ lals]
= (1,0)

O

Remark 1. (1) The aforementioned conditional probability is an IFV which is compared with the
common one(a real value). This is obviously an extension.

(2) IF X is a fuzzy set, based on IF environment P(X|[a]s) degenerates into the case under fuzzy
environment [7]. Similarly, the conditional probability, a form put forward by Yao, is a degenerate
form [40].

Example 4. By analyzing Example 3, the conditional probability is determined according to the
above method.

To illustrate the above process, we use the alternative a3 as a demonstration.

P(X|[as]s) = ij[f;];]j(b) _ X(m) G;X(”?’) — (0.687,0.206).

3.4. 3WD Methods Based on IF-MADMLFT

Then, we will present a hybrid information table composed of IF multi-attribute
information table and loss function table.

Definition 8. A new hybrid information table will be defined as IF-MADMLFT = (MADM, LFT),
where the [IF--MADM = (U,C, A W) is an IF multi-attribute information table, A € IFSs, LFT =
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(U, X« ) is a loss function table, x4 € IFSs, * means the weight of loss function is not taken into
account. IF-MADMLFT is shown in Table 5:

Table 5. The IFMADMLFT information table.

u Aq Aj o Am Xpp XBP XNP XNN XBN XPN
m D‘%y Sy “’fl "‘%2r- Yy 04]1(2 Tt “%mr Ry Di]fm xer(a1)  xsr(a1)  xwnp(am1)  xnn(a1)  xen(a1)  xen(ar)
Ay Wy, 08 by 0hy b oah xpp(a2)  xep(a2)  xne(a2)  xnn(a2)  xen(a2)  xen(a2)
an  aly,oak aly ek, ad ek xpp(an)  xep(an)  xne(an)  xnn(an)  xen(an)  xen(an)
w w1 wy . Wiy * * * * * *

From the hybrid information table, we can get that for each the value of 2; which can
be expressed as n 4 6 vectors:

F(a;) = (Ai, Az, - -, Aim, xpp(ai), xp(ai), xne(ai), xan(ai), xan(ai), xpn (a;)),

where Ajjis obtained by using a}j,. . .,oci.‘j from the Equation (5).
Forany a;(i =1, 2,..., n), by means of the realistic explanation of the loss functions,
we have:
xnp(ai) = xgp(ai) = xpp(ai); xpn(ai) = xpn(ai) = xnn(a;)-

The IF-expected losses R(ax|[a]s) (><= P, B, N) of taking three actions are calculated

as follows:
R(ap|[a]s) = (xpp @ P(X|[a]s)) ® (xpn @ P(=X][a]s)),
R(agllals) = (xpp ® P(X|[a]s)) ® (xan ® P(—=X|[a]s)),
R(an|[a]s) = (xnp ® P(X[[a]s)) & (xnn @ P(=X][a]s)). (12)

In light of Bayesian minimume-risk criterion, we have:
(Pr) If R(apl[als) < R(ap|[a]s) and R(ap|[a]s
<R

]
(Br) If R(ap|[a]s) = R(ap|[a]s) and R(ag|[a]s
(Np) If R(an|[a]s) < R(ap|[a]s) and R(an|[a]s) < R(agl|[a]s), thena € NEG(X). (13)

o ~—
o —
o —

< R(ayn|[a]s), thena € POS(X),
= R(ayl[a]s), thena € BND(X),

By virtue of the definition of score functions, we have:

(Pr) X SR(ap|ja]s) < SR(ag|lals) A SR(ap|la]s) < SR(aylials)s @ € POS(X),
(B1) If SR(ag|a]s) < SR(aplia)s) A SR(ag|[a)s) < SR(an|lals): @ € BND(X),
(ND) T S(ayials) < Sk(apllals) 2D SR(anllals) < SReaslials) @ € NEG(X). (14)

3.5. Decision Making Methods under IF-DTRSs

In decision making problems, the ranking of alternatives is undoubtedly the most
important aspect that helps the decision maker to select the optimal solution. We first
divide all the alternatives into three regions, then according to a DM’s preferences for the
rules (Pr) — (Ny), we can obtain the order of all alternatives:

(Pr) = (Br) = (Ny).

4. Application of the Novel 3WD Method to IFFMADMLFT

We plan to study the new 3WD IF-DTRS model aiming to solve the practical IFMADM
problem in this chapter.
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4.1. The Description of the Problem

Many traditional MADM methods have solved the classical problem of supplier
selection. However, these existing methods often neglect one point, that is, the actual
decision-making process needs more information and evaluation; because of this, these
methods are easy to lead to too harsh decision-making results, which may not maximize
the interests of the enterprise. It is very often for enterprises to inspect or evaluate suppliers
further so as to decrease potential risks or losses. Therefore, adding further investigation as
another way to the decision results is necessary which is able to make the decision-making
process more careful, rigorous and is better as well as more comprehensive to inspect
suppliers. Then, we will illustrate the new 3WD model proposed in this paper with an
example of the supplier selection.

Suppose that U = {aj,ay,...,a,} can be seen as a set of component suppliers.
C = {A1, Ay, ..., An} is a set consisted of m different index evaluation aspects and
E ={Ej,Ey,..., E;} is aset of k heads of departments.

Let A = {Aj; € IFSs|a; € U, Aj € Gi=1,2,...,m;j=12,.... m =1,2,...,k}
denote the evaluation set of the alternative a; under the attribute A; with the lth expert.
Letwj, 7 € 0,1)(=12,...,ml=1,2,...,k) denote the weights of the attributes Aj
and the experts E; satisfying Z;»":l w; = 1 and Zé‘zl T, = 1, respectively. Nowadays,
let W = {wj,wy,...,wn} represent weight vector of every attribute. Here, we call
(U,C,E, A, W) an IF MADM matrix for the supplier selection. The problem for enter-
prises is to decide an optimal supplier from all suppliers of product components. The
heads of departments evaluate all suppliers of product components based on previous
experiences and determines a comprehensive evaluation set X. In general, the intuitionistic
fuzzy set X represents a concept of “good supplier”. We express the final conclusion as the
optimal suppliers of product components, excluding selecting suppliers and the supplier
that need additional evaluation and inspecting. In other words, in light of (U,C,E, A, W),
supplier selection problem can be divided into three region, namely POS(X), BND(X)
and NEG(X) .

Assume that xpp(a;), xpp(a;) and xnp(a;) are the loss functions for taking the actions
ap, ap and ay when a supplier 4; is considered to be a good supplier, whereas xpn(a;),
xsn(a;) and xnn(a;) are the loss functions for taking the actions ap, ap and ay when a
supplier 4; is considered to be a bad supplier.

4.2. An Application of the SWD Method under IF Environments

For each supplier 4;, the evaluation value in the IFMADMLEFT which can be expressed
as 11 + 6 vectors:

F(a;) = (An, A, -+, Aim, xep(ai), xsp(ai), xne(ai), xnn (ai), xan(ai), xen(ai),

where Aj; is obtained by using Al.l].,. . .,Aifj from the Equation (5) and xpp(a;), xsp(a;),
xnpe(a;), xnn(ai), xpn(a;), xpn(a;) are the corresponding loss functions of a;.

In order to ensure the correctness of the decision, we need to normalize the IF multi-
attribute information table. Suppose I; and I, are benefit attribute set and cost attribute set,
respectively.

If j € I, we have

Bij = Al']' %) 112%)31 Al] (15)
If j € I, we have
Bjj = 12‘21 Aij @ Ajj, (16)

where B;; aggregated by evaluation values of k experts is represented by the evaluation
value of the supplier a; with respect to A;.

First of all we can get the IF-outranked set [a]g for each supplier 4 € U. Then,
according to the evaluation values of suppliers and the weights of attributes, we can obtain
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an objective IFS X, which means the concept of “good supplier”. Next, we can calculate
the conditional probability P(X|[a]s) of the [F-outranked set of the supplier a with respect
to the IF concept of the “good supplier”X. In addition, each supplier a has corresponding
loss functions in relation to three action and two states.

The IF-expected losses R(aw|[a]s)(><= P, B, N) of each supplier a € U are computed
as follows:

R(ap|[als) = (xpp ® P(X|[a]s)) ® (xpn @ P(=X][a]s)),
R(ag|[a]s) = (xgp ® P(X|[a]s)) ® (xpn @ P(=X][a]s)),
R(an|[a]s) = (xnp ® P(X[[a]s)) & (XN @ P(=X][a]s))- (17)

According to Bayesian the minimum-risk decision making rules, we have:

(Pr) If R(apl[a]s) < R(ag|[a]s) and R(ap|[a]s) < R(an|[a]s), thena € POS(X),
(By) If R(ag|[a]s) = R(ap|[a]s) and R(ap|[a]s) = R(an]|[4a]s), thena € BND(X),
(Np) If R(an|[a]s) < R(ap|[a]s) and R(an|[a]s) < R(ap|[a]s), thena € NEG(X). (18)

In light of three decision rules which can be simplified to Equation (14), the associated
loss which is the risk of taking the final decision for a supplier a is defined as follows:

loss(a) = min{S(ap|lals)s SR(as]lals) SR(an]lals) }- (19)

The associated loss of supplier 2 depends on the region of a. Namely if a € POS(X),
finally supplier 4 is selected and the associated loss is Sg(4,|(as)-

We can rank all the suppliers ay, ay,. . ., a4, ultimately via two rules as follows:

(1) According to a DM’s preferences for the rule (P;) — (Np), the priority order of
all alternatives is (P;) > (B;) > (Nj), which means that the priority of the suppliers
in POS(X) is greater than the suppliers in BND(X) and the priority of the suppliers in
BND(X) is greater than suppliers in NEG(X). This type fits our semantic interpretation.

(2) Suppliers in the same domain are ranked in descending order of their respective
losses, which is in line with reality.

For example, if a1, ap € POS(X), a3 € BND(X), as € NEG(X) and loss(ay) >
loss(az), then the final order is ay = a1 > ag > ag.

4.3. An Algorithm of SWD-MADM Method

Algorithm 1 is aim to solve the supplier selection problem in IF environment based on
3WD-MADM method, the algorithm of the above method is summarized as follows:

Input: An [F-MADMLFT (U,C,E, A, W, X)-

Output: The sorting of all suppliers and the optimal suppliers.

Step 1: Aggregate the IF-MADMLEFT by Equation (5).

Step 2: Standardize the IFFMADMLEFT by Equations (15) and (16).

Step 3: The IF-outranked set [a]s of each supplier a is acquired via Definition 6.

Step 4: The concept of the IFS X is determined in accordance with (U, C, E, A, W, x)-

Step 5: Compute the conditional probability P(X|[a]s) and P(=X]|[a]s).

Step 6: Calculate the expected loss function R(awq|[a]s)(><1= P, B, N) of each supplier
a via Equation (17).

Step 7: Determine that each supplier a is eventually selected, or not selected, or
requires further investigation using the decision rules.

Step 8: The corresponding loss value of each supplier is computed by Equation (19).

Step 9: Use the two rules (1)—-(2) to rank all suppliers.
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Algorithm 1 : The algorithm of IF-3WD-MAMD method for supplier selection.

Input:
An IF-MADMLFT=(U, C,E, A, W, x«)
Output:
The ranking of all suppliers and the best supplier
1: fora; € U do
2:  normalize: Bij, i=12,...,nj=12,...,m
3: ifj € I;, then Bjj = Ai]' @ max A,‘]’

1<i<n
4: lf] S 12, then Bl] = 11’;1};111 Al] (%) Al]
5: end for
6: Given the values of parameter J and p
7: fora; € U do
8: calculate: [a;]s = {b| a;SbADb € U}
9: end for

10: fora; € U do
11:  calculate: §;; = (1 —T1, (1~ yfj)Tl,Hé‘zl(vf]-)Tl)

D" . wiBii
12:  calculate: X =)} 4 %]ﬂ”
1

13: end for

14: fora; € U do

15:  calculate: P(X|[a;]s) = %ﬁ(b)

16: end for l

17: fora; € U do

18 calculate: R(ap|[a;]s), R(ap|[ai]s), R(an|[ai]s)
1 caleulate: Sg(ap|[o,)s)s SR(ag]lnls)’ SR(ay|lails)

20: end for

21: fora; € U do

22 1 SR(ap|la)s) = SR(ap|lals) then

2 A SR(pla)s) < SR(ayl[a]s) then
24: then a; € POS(X), else

25: a; € NEG(X)

26: end if

z: else if Sg(ag(n]s) < SR(ay|la)s) then
28: then a; € BND(X) else
29: a; € NEG(X)

30: end if

31: end if

32: end if

33:  end if

34: end for

35: fora; € U do

36:  calculate: all suppliers loss values loss(a;)

37.  if a; € POS(X), then loss(a;) = SR(”PH‘H]S)

38: ifa; € BND(X), then loss(a;) = Sg(ay|[a,5)

39: ifa; € NEG(X), then loss(a;) = Sg(ay|[a]s)

40: end for

41: fora;, a; € U do

42:  if a;, a; are in the same domain and loss(a;) < loss(a;), then a; = a;
43:  else According to the decision rules : POS(X) > BND(X) > NEG(X)
44: end for

45: return : The ranking of all suppliers and the best supplier

5. Illustrative Examples

We use an example to show that the new IF 3WD is reasonable.
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5.1. Numerical Example and Analysis

In order to prove the effectiveness of the novel IF-3WD method and the algorithm, we
will study a realistic [IF MADM example of supplier selection.

Ten component suppliers can be considered as a set of alternatives U = {ay,ay,...,410}
when a core manufacturing enterprise to select suppliers of product components. The man-
ufacturer established relevant index evaluation system according to previous experience
with four criteria which are technical level (A1), service level(Ajy), business ability(A3) and
enterprise environment(A4). The weights are calculated, respectively, 0.22, 0.22, 0.36 and
0.2. Leaders from different departments have been gathered by manufacturer to evaluate
ten suppliers on the basis of the developed index evaluation system. These estimates
have been summarized and analyzed at present, hence, step 1 has been completed. A
supplier has two states: a good supplier or a bad supplier. In real life, for the benefit of
the enterprise, the enterprise should collect more information to decide which suppliers to
choose and which not to choose, and further consider which suppliers. Therefore, the head
of the business unit needs to divide the ten potential suppliers into three regions, namely,
acceptance ap, rejection ay and the indetermination ag. The IF-MADMLEFT is shown in
Table 6 where x means the weight of loss function is not taken into account and the score
function in relation to each attribute’s IF evaluation value is expressed in Table 7.

Table 6. The IFMADMLEFT information table of suppliers.

u Aq A Ajs Ay XPP XBP XNP XNN XBN XPN

4 (0603) (0204) (0303) (01,05 (01) (0.11,074) (0.33036) (01) (0.11,0.72)  (0.37,0.25)
4 (0405) (0702 (0.604) (0503) (01) (0190.77) (057,034 (0,1) (0.13,0.84) (0.37,0.55)
4, (0503) (01,06) (0402) (03,04 (01) (013,070) (0.35032) (0,1) (0.09,0.76)  (0.37,0.29)
a; (0702)  (0901) (0305 (0802 (01) (022072) (0.72,023) (0,1) (0.11,0.82)  (0.30,0.58)
as  (0.601)  (0.602) (03,03) (0502 (01) (0.150.66) (0.49,020) (01) (0.07,0.79)  (0.21,0.46)
4 (0.1,08) (0305 (02,04) (0501) (01) (0.07,078) (027,037) (01) (0.18,0.65) (0.51,0.23)
a;  (0405) (0306) (0402) (0305 (01) (012,074 (0.36038) (0,1) (0.12,077)  (0.44,0.35)
a5 (0206) (0.603) (0.801) (0402 (01) (0.240.64) (0.60,022) (0,1) (0.09,0.83)  (0.30,0.48)
ag (0.3,0.4) (0.8,0.1) (0.5,0.4) (0.6,0.3) (0,1) (0.18,0.75) (0.58,0.28) 0,1) (0.12,0.82) (0.32,0.51)
ap  (0401)  (0.1,03) (0304 (0505 (01) (011,071) (033029 (01) (0.11,0.73)  (0.350.28)
w 0.22 0.22 0.36 0.2 * * * * * *

Table 7. The score table of suppliers.

u Aq A, As Ay
a 0.3 -0.2 0 —-04
ap —0.1 0.5 0.2 0.2
a3 0.2 —05 0.2 —0.1
ay 0.5 0.8 —02 0.6
as 0.5 0.4 0 0.3
ag -0.7 -0.2 -0.2 0.4
az -0.1 -0.3 0.2 -0.2
ag —0.4 0.3 0.7 0.2
a9 —0.1 0.7 0.1 0.3
aio 0.3 —-0.2 —-0.1 0

5.2. Description of the Proposed Method

Next, we use the algorithm presented in Section 4.3 to process the supplier selection
case described in Section 5.1. The steps are shown below:

In Step 1, these evaluation values have been aggregated and analyzed, so Step 1 has
been completed.
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In Step 2, since all four attributes are all benefit attributes, this step has been accom-
plished.

In Step 3, the [F-outranked set [4;]s(i = 1,2,...,10) of each supplier a; € U is acquired
by virtue of Definition 6 and the ELECTRE-I method (6 = 0.6, p = 0.2).

In light of Table 7, we have

[a1]s = {m}, [ag]s = {a6},

[a2]s = {a2, a6, a7}, a7]s = {a7},

las]s = {as, a7}, [as]s = {ae, as},

[a4]s = {a1,a4,a5,a6,a10}, lag]s = {a2,a6,a7,a9},
[as] [

as|s = {all as, as, e, a7, alO}/

In Step 4, the evaluation values of Table 6 are integrated by an IFWA operator to obtain
X which shows the concept of the “good supplier”.
Taking the supplier a3 as an example, we can calculate it as follows:

w1A1(a3) © wrAz(a3) © wzAsz(az) © wsAs(az)
=0.22(0.5,0.3) 6 0.22(0.1,0.6) & 0.36(0.4,0.2) & 0.2(0.3,0.4)
= (0.350,0.320).

By virtue of aggregations, we can obtain the IFS X below:

X = {(a1,0.330,0.354), (a2,0.571,0.341), (a3,0.350,0.320), (a4, 0.705,0.239), (a5,0.488,0.199),
(a6,0.274,0.371), (a7,0.360,0.374), (ag,0.606,0.217), (a9, 0.579,0.278), (a19,0.331,0.289) }.

In Step 5, the conditional probability of the IF-outranked set of each supplier with
respect to the IF concept of the “good supplier” is calculate as follows:

P(X|[a1]s) = W — (0.330,0.354), P(X|[a6]s) = W — (0.274,0.371),
P(X|[a2]s) = W — (0.416,0.362), P(X|[a7]s) = W = (0.360,0.374),
P(X|[a3)s) = W — (0.355,0.346), P(X|[as]s) = W — (0.465,0.284),
P(X][ag)s) = W — (0.453,0.283), P(X][ag]s) = W = (0.462,0.339),
P(X|[as]s) = W = (0.359,0.311), P(X][ay0)s) = W = (0.331,0.289).

We can compute the conditional probability P(—X|[a;]s)(i = 1,2,...,10) of each
supplier according to Proposition 5:

P(—X|[as]s) = (1,0) & P(X][as]s) = (1,0) & (0.355,0.346) = (1,0).

In Step 6, by virtue of Equation (17), the expected loss function R(aw|[a]s) (>= P, B, N)
of each supplier a is computed. Take the supplier a3, for example:

R(apl[as]s) = (xpp ® P(X|[a3]s)) ® (Xpy © P(=X][a3]s))
= ((0,1) ® (0.355,0.346)) & ((0.37,0.29) ® (1,0))
— (0.37,0.29).
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R(ag|[as]s) = (x5p ® P(X|[as]s)) & (X ® P(=X][as]s))

= ((0.13,0.70) ® (0.355,0.346)) & ((0.09,0.76) ® (1,0))

= (0.1320,0.6109).

R(ay|[as]s) = (xnp ® P(Xl[as]s)) & (xNn ® P(=X][as]s))

= ((0.35,0.32) ® (0.355,0.346)) @ ((0,1) ® (1,0))

= (0.1242,0.5553).

The expected loss values of all suppliers are shown in Table 8.

Table 8. The expected losses of suppliers.

u R(ap|[ai]s) R(ag|[ai]s) R(an|[ai]s)

a (0.37,0.25) (0.1423,0.5990) (0.1089,0.5866)
a (0.37,0.55) (0.1987,0.7168) (0.2371,0.5789)
o (0.37,0.29) (0.1320,0.6109) (0.1242,0.5553)
2 (0.30,0.58) (0.1987,0.6553) (0.3262,0.4479)
o (0.21,0.46) (0.1200,0.6049) (0.1759,0.4488)
ag (0.51,0.23) (0.1957,0.5600) (0.0740,0.6037)
ay (0.44,0.35) (0.1580,0.6446) (0.1296,0.6119)
o (0.30,0.48) (0.1916,0.6160) (0.2790,0.4415)
do (0.32,0.51) (0.1932,0.6845) (0.2680,0.5241)
a1 (0.35,0.28) (0.1424,0.5795) (0.1092,0.4952)

In Step 7, we calculate the scores Sg(,,.(a]s) (== P, B,N), as shown in Table 9.

Table 9. The Sg(,,_|(a]s) values of suppliers (== P, B, N).

u SR(ap|[ails) SR(ag|[ai]s) SR(an|lails)
ay 0.12 —0.4567 —0.4777
ap —0.18 —0.5181 —0.3418
as 0.08 —0.4789 —0.4311
ay —0.28 —0.4566 —0.1217
as —0.25 —0.4849 —0.2729
ag 0.28 —0.3643 —0.5297
ay 0.09 —0.4866 —0.4823
ag —0.18 —0.4244 —0.1625
ag —0.19 —0.4913 —0.2561
a0 0.07 —0.4371 —0.3860

By virtue of Equation (17) and the score function, we calculate each supplier a’s
expected losses shown in Table 8 and Sg 4, |[a]5) (= P, B, N) shown in Table 9. These two
are under the three actions.

According to the decision rules (P;) — (N) and Equation (19), we compute the associ-
ated loss of each supplier a; € U(i = 1,2,...,10) which shown in Table 10.
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Table 10. Decision rules and associated loss of suppliers.
u Decision Actions Associated Loss(4;)
a Ny —0.4777
ap B; —0.5181
as B[ —0.4789
as B[ —0.4566
as B —0.4849
ag Ny —0.5297
ay B; —0.4866
ag B; —0.4244
ag B[ —0.4913
aio BI —0.4371

We have the following conclusions via the decision rules (P;) — (Nj): POS(X) = @,
BND(X) = {ay,a3,a4,a5,ay7,as,a9,a10}, NEG(X) = {ay,a¢}. Therefore, the corresponding
results are described below: no supplier is the optimal one, a1, a4 are not recommended
and ay, a3, a4, as, ay, ag, g, a1o need further consideration.

Finally, according to the decision rules P; > By > Ny and the associated loss of each
supplier, we can get the final ranking of 10 suppliers, i.e., a, > ag > a7y > as > az > a4 >
ajg > ag > ag > a1 Thus, the supplier a; is recommended as component supplier. If the
enterprise is eager to choose a supplier to supply components, a; can be reluctantly selected.
Otherwise, the enterprise needs to further investigate and collect more information to select
the optimal supplier to avoid potential risks and maximize the interests of the enterprise.

6. Conclusions

With the complexity of society and the actual need of real life, in the face of all kinds of
conditions, the company needs to choose the optimal scheme of minimum risk, its purpose
is to maximize interest with the company, so it belongs to MADM problems, on the other
hand, the decision results of MADM problem is further subdivided into three regions,
which help the company to choose a plan, do not choose options or consider options further.
Thus, the MADM approach is combined with 3WD to enable all alternatives to be not only
sorted, but also to reduce risk. The results and analysis are as follows:

1. There are four evaluation indicators in the supplier selection problem, which are tech-
nical level (A1), service level(A,), business ability(A3) and enterprise environment(Ay).
Business ability(As3) is the attribute with the highest influential weight and the ability
of finance, supply, cooperation as well as development and economic efficiency are var-
ious aspects of business ability. In addition, product development capability, product
quality and reliability are included in the level of technology; price, reputation, after-
sales service satisfaction belongs to the service level; enterprise environment primarily
covers the compatibility of economic and technological environment, geographical
environment and enterprise culture.

2. Through the 3WD-MADM method, since a; is the first in the whole sort and the risk
is minimal, the supplier a; is the best choice.

In this paper, a new 3WD model, applied to the supplier selection, has been put
forward aiming to solve IF MADM problems. On the basis of IF-ELECTRE-I method, an
outranking relation has been introduced and the outranked set has been constructed. A
hybrid information table has been put forward by the combination of IF MADM matrix
and loss function table. Then, the corresponding 3WD model has been investigated. We
have demonstrated the effectiveness of the 3WD method though applying the proposed
method to the problem of supplier selection. This study does not consider the availability
of linguistic variables, so future papers will focus on establishing various new decision
models by combining hesitating intuitionistic fuzzy environments, linguistic variables and
rough sets, so as to provide more academic and practical values for many problems.
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