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Abstract: This work considers the creation of electron-positron pairs from intense electric fields in
vacuum, for arbitrary temporal field variations. These processes can be useful to study quantum
vacuum effects with ultra-intense lasers. We use the quantized Dirac field to explore the temporal
Klein model. This model is based on a vector potential discontinuity in time, in contrast with the
traditional model based on a scalar potential discontinuity in space. We also extend the model by
introducing a finite time-scale for potential variations. This allows us to study the transition from a
singular electric field spike, with infinitesimal duration, to the opposite case of a static field where
the Schwinger formula would apply. The present results are intrinsically non-perturbative. Explicit
expressions for pair-creation as a function of the potential time-scales are derived. This work explores
the spacetime symmetry associated with pair creation in vacuum: the space symmetry breaking of the
old Klein paradox model, in contrast with the time symmetry breaking of the temporal Klein model.

Keywords: QED; Klein paradox; Dirac equation; temporal processes; pair production

1. Introduction

The Klein paradox is one of the oldest problems associated with the Dirac equation,
and can be explained by the creation of electron-positron pairs at a potential boundary [1,2].
The original model is based on a sharp discontinuity of the scalar potential, which creates
a local electric field responsible for particle-pair creation. This model has been explored
in many different ways along the years, not only in quantum vacuum [3,4] but also in
material media, such as graphene [5].

A simple variant of this model could be conceived, where the spatial step of the scalar
potential is replaced by a temporal step of the vector potential. The electric field located
at a spatial boundary is then replaced by an electric field occurring at a given temporal
boundary. Such a model could be called the temporal Klein model. It is also formally
similar to time-refraction, a model introduced in quantum optics [6,7] to describe a sudden
temporal change of the refractive index of an optical medium, with emission of photon
pairs. Here, instead, we have a sudden change of the vector potential, where emission of
photon pairs is replaced by emission of electron-positron pairs.

This temporal Klein (or time-refraction) configuration is particularly interesting for
the study of vacuum effects by intense laser pulses, a problem that became popular in
recent years [8–11]. Intense electric field spikes can be created by an accumulation of high-
harmonics of the laser field [12,13]. We have recently shown that high-harmonic pulses
could excite photon superradiance in vacuum [14]. But, in order to apply the temporal
Klein model to possible laser experiments, we need to introduce a finite duration for the
electric field spike. In that sense, our aim is to extend this model to the case of a vector
potential transition with finite duration.

The simple configuration which led to the original Klein paradox corresponds to
a singular electric field located at an infinitesimal region of space, the sharp boundary
between two regions. In the opposite limit, we have the celebrated Schwinger result for a
constant field existing everywhere [15,16]. Another important configuration corresponds
to oscillating fields, as first considered by Reference [17]. In more recent years, the case of
variable electric fields has been explored by many authors [18–22]. Here, we return to the
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problem of a variable electric field, but paying special attention to the temporal boundaries,
and exploring a possible bridge between the two extreme cases: (i) an instantaneous field
and (ii) a constant field with infinite duration.

This work considers the creation of electron-positron pairs from intense electric fields
in vacuum, with arbitrary temporal field durations. We use canonical quantization of the
Dirac field. Starting from a temporal Klein model, based on a step-wise vector potential,
we expand it to the case of a generic time-scale. We then study the transition from an
instantaneous field, as in the basic Klein model, to the extreme case of a constant electric
field, characteristic of the Sauter-Schwinger mechanism. Our results are intrinsically
non-perturbative. Explicit expressions for the pair creation probability as a function of
the potential time-scales are derived. This could eventually be useful for ultra-intense
laser experiments using high-harmonic generation. Furthermore, this work explores
the spacetime symmetry associated with pair creation in vacuum: the space symmetry
breaking of the old Klein paradox, in contrast with the time symmetry breaking of the
present temporal Klein model. They both lead to particle-pair creation.

The structure of this paper is the following. In Section 2, we state the basic equations
of our model, including the quantized Dirac field and define the temporal version of the
Klein model. In Section 3, we consider the extreme case of an instantaneous change of
the vector potential and derive the probability for particle-pair creation. In Section 4,
we study a more realistic configuration, where the vector potential changes over a finite
time-scale τ, and discuss two opposite limits: the infinitesimal and the infinite time-scale.
Although mainly focused on the temporal Klein model, our pair-creation probability is also
valid for arbitrary temporal variations. A brief discussion of oscillating fields is included.
Finally, in Section 5, we state some conclusions.

2. Basic Formulation

The fermionic field ψ(x) is described by the Dirac equation, which can be written in
the usual form [

γµ
(
i∂µ − eAµ

)
−m

]
ψ = 0 , (1)

where we use ∂µ = ∂/∂xµ, the 4-position xµ = (t, r), and the 4-potential Aµ = (V, A).
The metric tensor is gµν = diag(1,−1,−1,−1), and we use c = 1 and h̄ = 1 units. Here,
m and e are the particle mass and charge (for electrons, it will be: e = −|e|). Finally,
the standard representation is used for the γ-matrix [16]. In a constant external potential,
we get positive and negative energy solutions ψ±(x), of the form

ψ+(x) = u(p) exp(ipµxµ) , ψ−(x) = v(−p) exp(−ipµxµ) , (2)

where pµ = (ω, p) is the 4-momentum, and the energy ω and momentum p satisfy a given
relation. In order to see the explicit form of this relation, we rewrite Equation (1) as

i∂tψ = ( ¯̄α · k + βm + eV)ψ , (3)

with k = p− eA, and γµ = (β, βαi), for i = 1, 2, 3. Positive energy solutions, correspond to

ψ = e−iωt
[

ϕ
χ

]
, (4)

where ϕ and χ are two-component column vectors. Replacing this in Equation (3), we get

χ =
σ̄ · k

(ω + m− eV)
ϕ =

(ω−m− eV)

σ̄ · k ϕ , (5)

where the components of σ̄ are the Pauli matrices. This establishes a relation between ω
and p, for plane wave solutions of the Dirac equation in a constant potential. On the other



Symmetry 2021, 13, 1361 3 of 10

hand, Equation (5) defines the relative amplitude of the large and small components, ϕ and
χ, of the spinor field ψ(x).

Let us focus on a temporal change of the vector potential. In contrast with the original
Klein model, but in the same spirit, we assume V = 0 and a spatially uniform vector
potential with a temporal step-wise variation, such that

A(t) =
A
2

[
1 + tanh

(
t
τ

)]
, (6)

where τ defines the time-scale of the potential change, during which a significant elec-
tric field exists, as determined by E(t) = −∂tA(t). The magnetic field remains absent,
B = ∇×A = 0, as A is assumed uniform. Of particular interest is the limit τ → 0, where
the vector potential is determined by an Heaviside function: A(t) = AH(t). This defines
an electric field spike at t = 0, as described by a Dirac delta function, E(t) ∝ δ(t), which
we expect to induce the formation of electron-positron pairs. Such a configuration can be
seen as the temporal equivalent of the original Klein paradox model and, at the same time,
the fermionic analogue to time-refraction of quantum optics [6].

Without loss of generality, we assume A(t) = A(t)e3, with an electric field directed
along the z-direction. The relations (5) allow us to write

χ =

[
k p∗⊥

p⊥ − k

]
ϕ , ω =

√
k2 + (p2

⊥ + m2) , (7)

where k = (pz − eA). The transverse momentum p⊥ can be integrated in the mass and,
from now on, will be ignored. Quantization of this fermionic field leads to the following
field operator [16]:

ψ(x) = ∑
s,p

[
bspuspe−iωpt + d†

spvspe+iωpt
]
eip·r/h̄ , (8)

where the positive and negative energy states E = ωp are defined in accordance with
Equation (1), and s specifies the two possible, up (s =↑) and down (s =↓), spin states. The cre-
ation and annihilation pairs of operators (b†, d†) and (b, d) satisfy the anti-commutation relations{

bsp, bs′p′
}
= (2π)3δ3(p− p′)δss′ ,

{
dsp, ds′p′

}
= (2π)3δ3(p− p′)δss′ , (9)

where {a, b} = ab + ba. In the presence of a static and uniform vector potential, the spinors
u↑p and u↓p, and their corresponding antiparticle spinors, are determined by

u↑p =


1
0
k

E+m
0

 , u↓k =


0
1
0
−k

E+m

 , v↑k =


−k

E+m
0
1
0

 , v↓p =


0
k

E+m
0
1

 , (10)

where E =
√

k2 + m2, and the charge is e = ∓|e| for positive or negative energy states.

3. Temporal Discontinuity

Let us start with the case of an abrupt temporal change at t = 0, corresponding to
τ → 0 in Equation (6). Noting that the Dirac Equation (1) stays valid for all times, we need
to satisfy the temporal continuity of ψ(x) at t = 0. This implies the equality

ψ(x)|t=0 ≡ ψ(r, t = 0−) = ψ̃(r, t = 0+). (11)
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Using Equation (8), and noting that the temporal discontinuity leaves the momentum
p unchanged, only modifying the energy from E to Ẽ, we conclude that, for every state
(sp), the following equality holds:[

bspusp + d†
spvsp

]
=
[
b̃spũsp + d̃†

spṽsp

]
. (12)

At this point, we consider the unitary operator Ssp, defined by

Ssp = exp
[
θp

(
b†

spd†
s′p − ds′pbsp

)]
, (13)

where s′ 6= s, and θp is an angle to be specified. A relation between the old (t = 0−) and
the new (t = 0+) operators can be establish as b̃p = S−1

p bpSp, and d̃p = S−1
p dpSp, where

we have used the simplified notation p ≡ (sp). For instance, for s =↑, we have b̃p ≡ b̃↑,p
and d̃p ≡ d̃↓,−p. We also have S−1

p (θp) = Sp(−θp). From this, we establish the following
Bogoliubov transformation:

b̃p = Apbp + Bpd†
p , d̃†

p = −Bpbp + Apd†
p . (14)

where A = cos θp, and B = − sin θp. These two coefficients satisfy the obvious relation
|Ap|2 + |Bp|2 = 1, characteristic of fermions. In the case of bosons (e.g. photons), we would
have |Ap|2 − |Bp|2 = 1, instead. Replacing this in Equation (12), we can easily get

ũp = Apup + Bpvp , ṽp = −Bpup + Apvp . (15)

In order to find the coefficients A and B, we can use the explicit form of the spinors
(up, vp) and (ũp.ṽp), given by Equation (10). After normalization, we can then obtain,
for the spin state s =↑, the following expressions:

Ap =
√

αα̃

[
1 +

kk̃
(E + m)(Ẽ + m)

]
, Bp =

√
αα̃

[
k̃

(Ẽ + m)
− k

(E + m)

]
, (16)

where the quantities (k, k̃) and (E, Ẽ) are given by: k = |p|, k̃ =
√

p2
⊥ + (pz − eA)2,

E ≡ ωp =
√

k2 + m2, and Ẽ ≡ ω̃p =
√

k̃2 + m2. In Equation (16), we have used the
spinor normalization factors

√
α =

E + m√
k2 + (E + m)2

,
√

α̃ =
Ẽ + m√

k̃2 + (Ẽ + m)2
. (17)

This discussion shows that a temporal discontinuity of the vector potential, occurring
at t = 0, and the resulting transformation of Equation (14), lead to vacuum condensation,
or in other words, to particle creation. In order to describe this process, let us consider
the vacuum state, |0〉. In the absence of a perturbation (at t < 0), it is defined by bsp|0〉 =
dsp|0〉 = 0, for the annihilation operators introduced in Equation (8). This vacuum state
can be slip into double vacuum states for particle-antiparticle pairs, |0, 0〉sp, where the
particle has momentum p and spin s, and the antiparticle has momentum −p ad a different
spin s′ 6= s, such that the total vacuum state is

|0〉 = Πsk|0, 0〉sp . (18)

Double Fock states with one particle and one antiparticle can be generated by the
creation operators, as:

b†
spd†

sp|0, 0〉sp = |1, 1〉sp . (19)
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The occurrence of a sudden potential transition, at t = 0, changes the vacuum state
and leads to a vacuum condensate of particle-antiparticle pairs, such that [23,24]∣∣0̃, 0̃

〉
sp = Ssp|0, 0〉sp , (20)

where the operator Ssp was defined in Equation (13). It can be shown that the perturbed
vacuum is orthogonal to the original one, 〈0

∣∣0̃〉 = 0, from where it is concluded that a
perturbative theory is not valid. This is a well-known result from quantum field theory [23].
Equation (19) also shows that the initial vacuum can be expanded into the new pair states, as

|0, 0〉sp = ∑
ñ=0,1

Cñ|ñ, ñ〉sp . (21)

States of the type |ñ, ñ′〉sp, with n′ 6= n, are disregarded, in order to maintain vacuum
symmetry. Appropriate normalization then leads to the following coefficients:

C1 = βpC0 , C0 =
eiϕ√

1 + β2
p

, (22)

where βp = Bp/Ap = − tan θp, and ϕ is an arbitrary phase. The probability for pair
creation after a temporal discontinuity at t = 0 will then be given by

Pp(1) =
∣∣∣sp〈0, 0

∣∣1̃, 1̃
〉

sp

∣∣∣2 = |C1|2 =
β2

p

1 + β2
p
= B2

p , (23)

where we have used A2
p + B2

p = 1. Conversely, the probability for vacuum to remain
vacuum will be (for any given state sp) equal to Pp(0) = 1− Pp(1) = A2

p. In more explicit
terms, we can write

Pp(1) = αα̃

(
k̃

Ẽ + m
− k

E + m

)2

. (24)

In order to illustrate this result, it is useful to consider the case of particles which are
created nearly at rest, such that (k ' 0, E ' m). We can also write

k̃ = am , Ẽ = m
√

1 + a2 , (25)

where a = eA/m is the normalized potential, and

Ap =
√

αα̃ , Bp =
√

αα̃

(
a

1 +
√

1 + a2

)
. (26)

This then leads to the following probability for particle-pair creation

Pp(1) =
a2

a2 +
(

1 +
√

1 + a2
)2 . (27)

This result is illustrated in Figure 1. The maximum possible probability is Pmax = 1/2,
and can only the attained asymptotically, for a2 → ∞. As previously mentioned, this is a
non-perturbative result, which is associated with an instantaneous electric field, created at
t = 0 by a potential discontinuity, represented by τ → 0 in Equation (6). In some sense, this
is opposite to the Sauter-Schwinger process, which is associated with a constant electric
field, which would correspond to τ → ∞ in the same equation.
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Figure 1. Probability Pp(1) for particle pair creation by a potential discontinuity at time t = 0,
with normalized amplitude a = eA/m (black curve). For reference, the maximum probability, Pmax,
is also shown (in blue).

We can see that, for a2 � 1, the probability for pair creation seems quite high, but this
result has no immediate physical meaning, as it can be seen in the following. A possible
way to produce a nearly instantaneous electric field is to use two counter-propagating
laser pulses with a large amount of high-harmonic components, with frequencies nω for
n = 1, 2, . . . , N � 1, and nearly constant amplitudes. Such laser pulses are currently
created in the laboratory [12,13]. But, the field is never instantaneous, and, even for a
very large but finite number N, a finite duration will persist. This will drastically reduce
the above probability. Generalization of the present analysis to a finite duration field is
discussed next.

4. Finite Time Scales

The general case of an arbitrary vector potential A(t) can be replaced by a sequence of
infinitesimal temporal Klein processes. This sequence is described by a dynamical coupling
between operators [25], as defined by

bp(t) = B′p(t)d
†
p(t) exp

[
2iϕp(t)

]
, d†

p(t) = −B′p(t)bp(t) exp
[
−2iϕp(t)

]
, (28)

where phase ϕp(t) =
∫ t

ωp(t′)dt′, and ωp(t) = E(t) is the instantaneous particle en-
ergy corresponding to momentum p. This is generalization of the discrete Bogoliubov
transformations (14). Starting from Equation (16), we can easily get

B′p(t) =
√

α(t) ∂t

(
k

E + m

)
, (29)

where k = [pz − eA(t)] and E =
√

k2 + m2, as before. This can also be written as

B′p(t) =
1

2E

√
2E(E + m)

[
1

E + m
− k2

E(E + m)2

]
∂tk . (30)

Using ∂tk = −e∂t A = eE(t), we finally get

B′p(t) =
eE(t)√

2E(E + m)

m
E

. (31)

At this point, we should note that, for small a = eA/m, we can use E ' m, and we get
the approximate expression

B′p(t) '
eE(t)
2E2 m . (32)
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This agrees with Equation (24) of [18], if we reintroduce the transverse momentum,

replacing m by
√

p2
⊥ + m2. Solving the coupled Equation (28), for given initial conditions

defined at t = t0, we obtain

bp(t) = Āp(t)bp(t0) + B̄p(t)d†
p(t0) , d†

p(t) = Āp(t)d†
p(t0)− B̄p(t)bp(t0) , (33)

with the new coefficients

Āp(t) = cos[rp(t)] , B̄p(t) = sin[rp(t)] . (34)

Here, the squeezing parameter rp(t) is defined as

rp(t) =
∫ t

t0

B′p(t
′) exp

[
2iϕp(t′)

]
dt′ , (35)

and B′p(t) is determined by Equation (31). Again, we find here the expected fermionic
relation |Āp(t)|2 + |B̄p(t)|2 = 1, valid at all times. In order to proceed further, it is now
convenient to rewrite Equation (31) as

B′p(t) = eE(t) f (a) , f (a) =
m
E

1√
k2 + (E + m)2

. (36)

For particles created nearly at rest, we simply have k2 ' a2 and E = m
√

1 + a2. We
should also note that

k2 + (E + m)2 = m2
[

a2 +
(

1 +
√

1 + a2
)2
]

. (37)

In the exponential factor of Equation (35), we can use Equation (6), such that

ϕp(t) = m
∫ t

t0

√
1 + (a2

0/4)[1 + tanh(t′/τ)]2dt′ , (38)

where we have used the normalized amplitude a0 = eA/m. Here, we have to assume that
t0 � −τ. Let us focus on the case of a large field amplitude, such that a2

0 � 1. In this case,
the potential term will dominate over the mass term in most of the region |t/τ| � 1. We
can then use the approximation: tanh(t/τ) ' (t/τ), and write

ϕp(t) = m
∫ t

−τ

√
1 + (a2

0/4)[1 + (t′/τ)]2dt′ , (39)

Introducing the normalized imaginary time η = −ia0(1 + t/τ)/2, we get

exp
[
2iϕp(t)

]
= exp

{
−4

m
a0

(∫ 1

0

√
1− η2dη

)
+ iφp(t)

}
, (40)

where φp(t) represents an oscillatory phase given by

φp(t) = 2mτ
∫ t

t∗

√
1 + (a2

0/4)[1 + (t′/τ)]2dt′ , (41)

with t∗ = (2/a0 − 1)τ. Noting that
∫ 1

0

√
1− η2dη = π/4, we get the approximate expres-

sion

exp
[
2iϕp(t)

]
' exp

[
−π

mτ

a0

]
=

[
−π

2
Ec

E0

]
. (42)

Here, we have used the electric field amplitude E0 = ma0/2eτ, which is the electric
field applied during the interval ∆t = 2τ, and introduced the critical field Ec = m2/e.



Symmetry 2021, 13, 1361 8 of 10

In this exponential factor, we recognize the well-known Schwinger result. The oscillatory
phase φp(t) is also proportional to the ratio Ec/E0, and for this reason contributes little to
the final value of the squeezing factor r(t). For simplicity, it will be ignored. We are now
able to estimate the probability for particle-pair creation after a potential discontinuity with
duration 2τ, as

Pp(t ≥ τ) =
∣∣B̄p(t)

∣∣2 = sin2[rp(t)|] . (43)

For small values of |rp(t)| � 1, we simply get

Pp(t ≥ τ) ' Fp(a0)
2 exp

[
−π
Ec

E

]
, (44)

with the auxiliary function

Fp(a0) =
1
2

∫ a0

−a0

dy√
1 + y2

[
y2 +

(
1 +

√
1 + y2

)2
]1/2 , (45)

where a0 = 2τeE0/m, and the variable of integration is y = a0t/τ. This shows that the
temporal Klein model with a finite temporal time-scale leads to a result that is similar to the
previous discrete model of Section 3, but multiplied by the Schwinger exponential factor.

Detailed numerical comparison of the first factor in the probability of Equation (44)
shows that the discrete model is valid in the region a2

0 ≤ 1, where Fp(a0)
2 ' Pp(1), as given

by Equation (27), but starts to diverge significantly in the region, a2
0 � 1. In particular, it

tends to Pp(1)/2 in the limit of extremely large fields a2
0 → ∞, as illustrated in Figure 2a.

On the other hand, the influence of the exponential factor in Equation (44) is critical
to the overall probability (see Figure 2b). This exponential factor is always dominant
and drastically reduces the total probability, except in the extreme case of an infinitely
sharp discontinuity, when τ → 0. Our approach is, therefore, able to establish a clear link
between the temporal Klein model, describing electric fields with an infinitesimal duration,
and the Schwinger model corresponding to electric fields with an infinite duration.

(a) (b)

Figure 2. Temporal Klein model with a finite duration τ. (a) Comparison between the probability Pp(1), given by the
discrete model of Equation (27) (in red), and the factor Fp(a)2 defined in (45) (in black); (b) comparison between Fp(a)2

(in black) and the probability Pp(t ≥ τ), given by Equation (44), for Ec/E = 10 (in red).

Although we have focused on the potential discontinuity with a tangent hyperbolic
temporal shape, as dictated by Equation (6), the squeezing parameter rp(t) and the prob-
ability Pp(t ≥ τ), given by Equations (35) and (43), stay valid for generic temporal field
variations. We could, in particular, apply them to the case of periodically oscillating fields.
For an arbitrary temporal variation, Equation (43) can be replaced by

Pp(t) '
∣∣∣∣∫ t

t0

dt′
∫

dω Fp(ω) exp
[
−iωt′ + 2iϕp(t′)

]∣∣∣∣2 , (46)
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where Fp(ω) is the Fourier transform of the function Fp(t) = eE(t) f (a). The dominant
contributions will correspond to ω ' 2m. For a standing wave configuration with frequency
ω0, which satisfies the vacuum momentum conservation, this would lead to ω0 ' 2m,
as expected. But, for large values of the oscillation amplitude a0, the intrinsic nonlinear
character of the function f (a) will determine multiphoton pair creation processes, such
that nω0 ' 2m, with integer n� 1. But this is outside the scope of the present work.

5. Conclusions

In this work, we have explored the temporal Klein model, associated with a sharp
discontinuity of the electromagnetic vector potential. This model could be relevant to
experiments using ultra-short electric field spikes in vacuum, as those created by intense
laser pulses with a very high-harmonic spectral content.

We have considered the quantized fermionic field described by the Dirac equation,
and we have focused on the influence of a finite temporal duration of the electric field
spikes. Using this approach, we were able to derive general expressions for the probability
for electron-positron pair creation in vacuum. This allowed us to establish a clear connec-
tion between two important models, that of a sharp discontinuity of the vector potential
with negligible duration, and that of a constant electric field with infinite duration. This
connection confirms the relevance of the Schwinger result for fields with a finite duration
and, at the same time, is able to determine its limits.

The present results could also be used to study arbitrary oscillating fields, as briefly
discussed, and to establish appropriate source terms for particle kinetic equations. But con-
siderable work has already been done in that direction [18–21], and, for this reason, we
have focused on the temporal Klein model. Finally, we note that our analysis assumes
uniform potentials. An extension to space and time varying potentials is also possible, in a
way similar to that used in Reference [22]. These problems will eventually be explored in a
future publication.
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