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Abstract: The study of even functions is important from the symmetry theory point of view because
their graphs are symmetrical to the Oy axis; therefore, it is essential to analyse the properties of even
functions for x greater than 0. Since the functions involved in Wilker—-Huygens-type inequalities
are even, in our approach, we use cosine polynomials expansion method in order to provide new
refinements of the above-mentioned inequalities.
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In [4], E. Neumann and J. Sdndor proved the following inequality

3- 5 fcosx>dfor0<x< 2. @)
sin x 2
In the paper [2], the inequality (7) is established with another bound
3L+cosx—4 > iJcrjsinx (8)
sin x 10 ’

for x| € (0,%).
In the same work, [4], E. Neumann and J. Sdndor also showed the hyperbolic variants
of the inequalities (3) and (4)

X

Zsinhx—l—tanhx—3>0,forallx750 9)
and 5
X x
(o) g —2> 0. forallx £0. (10)
In the paper [3], the inequality (10) is written with another bound
X 2 X 2 5.
(sinhx) T fanhx 2< 45" sinh.z, ()

for x > 0.
The hyperbolic counterpart of the inequality (7) is:

X
sinh x

+coshx —4 >0, forall x # 0. (12)

These inequalities were extended in different forms in the recent past. We refer to [1-17]
and closely related references therein. Some of the recent improvements were obtained using
Taylor’s expansion or Padé approximation of the trigonometric functions involved.

In [6], we improved the Huygens and Wilker inequalities using the cosine polyno-
mial method.

The aim of this work is to reformulate the inequalities (3)—(12) using again the cosine
polynomial method. The main idea is that the functions involved in the above inequalities
are even, so can be expanded in trigonometric series:

X X

. —3=ay + bycosx+ cycosx + ...,
sinx tanx

x \2 X
( - ) + —2=ay+bycosx+cycos2x + ...,
sin x tanx

x
3—— +cosx—4 =a3+bzcosx+c3cos2x + ...,
sin x
X X

2 -
sinh x * tanh x

—3=ua4+bygcosx +cgcos2x+ ...,

x 2 X
( - ) + — 2 = a5+ bs cos x + ¢5cos2x + ...,
sinh x tanh x

X
33— hx—4= b 2
sinhx+cos x ag + bg cOS X + cg COS2x +

The above functions can be also expanded as hyperbolic cosine polynomials:

X X

———+ ——— —3=ay+bycoshx+cycosh2x + ...,
sinhx = tanhx

2
(siny;x) + tarfhx —2 = ag + bgcosh x + cgcosh2x + ...,
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3 .x 4+ cosx —4 = a9 + by cosh x + cg cosh2x + ... .
sin x

In the following we will present our method for the first function.
We introduce the function F; (x) by

Fi(x) = a1 + by cos x + ¢1 cos 2x.

. . x x
The power series expansion of 2—— +
sinx tanx

— 3 — Fi(x) near O is
(a1 — b1 — 1) + 2o2(by + 1) + —x*(~5by — 80c —|—2)+O<x6)
1= —a)+ 53 U+ 150 1 1 .

In order to increase the speed of the function Fj(x) approximating
x x

- — 3, we vanish the first coefficients as follows:
sin x tanx

—al—bl—cl =0
b1 +4C1 =0
—5b1 —80c1 +2=0

1 4 1
E, bl — —% arld C] — %
Then, we obtain

and we obtain a; =

2 il + il 737i+icosx7ic:032x—ix6+
sinx tanx 10 30 30 210
R Ae - — O(x™4)
554400 16511040 !
or, equivalently,
x x 21 ¢ 17 10 31 12 14

_3_(]1— - i
sinx | tanx 51 7o) =55 Y s5a00" T Tes1i040” T O(x )

Using the same algorithm, we find

X 2 X 8 2 1 6 1 8 163 10 12
22— (1- = — (@) ,
(sinx) T lanx g1 o) = 2+ 1050% + g31600% T (x )

x 2 2 3 6 1 g 19 19 12
TS ()
3oinx Teos¥ g(1—cosx)" = 152" = 1260% + T5ga00* T OF

7
X + X 3 1 (1—cos x)2 LI 1 %10 4+ 31 12+ O<x14>,

sinhx ' tanhx =~ 15 T 12600 T 1425600 16511040
(sirfchx>2 + tarichx m2- %(1 — cosx)” = _;Exé + 14100x8 N 7418(1194300x10 + O(xu)’
3& 4+ coshx —4 — %(1 — cosx)2 = 81—4x6 — 16180x8 — 1331056x10 + O(xlz),
ﬁ + ﬁ —-3- %(1 — coshx)2 = —ﬁaf — 55i100x10 + ﬁxu +O(x14>,

Xy ad 8 2 1 6 1 s 163 1o 12
(sinhx) * fanhx g5 (1~ coshx) 63" T 100" ~ 831600" +O(x )

and

X a2 2 3 s 1 g 19 g 12
SSinhx+coshx 4 5(1 coshx)” = 1409( 1680x 1584003( +O<x )
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2. Main Results

Using the Fourier trigonometric series method we can establish our main theorems,

which are refined and simple forms of the inequalities (3)—(12).

Theorem 1. (Wilker-Huygens-type inequalities)
(i) The following inequality
2

X X 1
_t —(1—
sinx tanx 3> 15( cos x)

holds for all 0 < |x| < g
(ii) The following inequality

X \2 X 8 2
(sinx) +tanx_2>ﬁ(l_cosx)

holds for all 0 < |x| < g
(iii) The following inequality

2
3- tcosx—4> Z(1 — cos x)?
sinx 5

holds for all 0 < |x| < g

Theorem 2. (Wilker—Huygens-type inequalities for hyperbolic functions)

(i) For all x # 0, one has

X X 1 >
Zisinhx + tanhx -3< E(l — cosh x)”.

(i1) For all x # 0, one has

X \? X 8 2
(sinhx) * tanh x —2< E(l_COth) '

(iii) For all x # 0, one has

X 2 2
3m +coshx —4 < 5(1 — cosh x)”.

Theorem 3. (Mixed type of Wilker—Huygens inequalities)
(i) For all x # 0, one has

X X 1 2
zsinhx+tanhx -3 > E(l—cosx) .

(ii) Forall x,0 < |x| < 1.50618, one has

X \?2 X 8 P
(sinhx) * tanh x —2< E(l—cosx) '

(iii) For all x # 0, one has

X
sinh x

2
+coshx —4 > 5(1 — cosx)*.

3. The Proofs of the Theorems

We first prove two lemmas.

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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Lemma 1. (i) For every x > 0, one has

2sinh x > sin2x.

. T
(ii) For every x € (0, E)' one has
12—1 sinx + 45x + %xcosx —112sinx cos? x > 0.

(iii) ~ Forevery |x| € <O, g), one has

4(1 —cosx)? > x¥sinx.
Proof. (i) We consider the function
g:[0,00) = R, g(x) = 2sinh x — sin2x.
The derivative of the function g is

¢'(x) = 2coshx—2cos 2x
2(coshx —1) +2(1 — cos2x) >0, forall x > 0.

Then g is increasing on [0, c0). As g(0) = 0, we find that ¢ > 0 on [0, ).
(i) We define the function

11 123
p: (0, g) - R, px) = 5 sin x + 45x + —Xcosx — 112 sin x cos? x.

We can rearrange p as follows

11 123
p(x) = 5 sinx(l — cos? x) +— cos x(2x — sin2x) 4 45 (x — sin x cos? )

7T
For x € (O,E),we have
sin x cos® x = ‘sinxcoszx‘ < |sinx\ =sinx < x

It follows that p > 0 on (O, g)

(iii) We introduce the function
h: (0, g) — R, h(x) = 4(1 — cosx)? — x3sin x.

An alternate form of & is

— sin (o E —6sin 4 25in 3
h(x) = ZSIHZ(X cos 5 6s1n2+2s1n2).

Using the formula
sin3x = 3sinx — 4sin’ x,
we have X X X
— _9ain 243 L Qa3
h(x) = Zsm2 (x cos 5 8sin 2).
The Adamovi¢ and Mitrinovié¢ inequality (see, e.g., ([8] p. 238)) asserts that

(cos x)% <y

X
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s
holds for every (O, E) . _
Therefore, we obtain that & (x) > 0 for every (O, E) O

Lemma 2. For every x # 0, one has
4(1 — cosx)? < x¥sinh x.
Proof. We define the even function
r(x) = x¥sinh x — 2cos2x +8cosx — 6,x > 0.

We have
#'(x) = x> cosh x — 8sin x + 4sin 2x + 3x* sinh x,

) (x) = —8cos x + 8cos 2x + 6x% cosh x + (6x + x°) sinh x,
) (x) = x(18 4 x2) cosh x + 8(sin x — 2sin 2x) + (6 + 9x?) sinh x,
r®) (x) = 8(cos x — 4cos2x) + 12(2 4 x2) cosh x + x(36 4 x2) sinh x,
) (x) = x(60 4 x2) cosh x — 8(sin x — 8sin 2x) + 15(4 4 x2) sinh x

and

r(®)(x) = —8(cos x — 16 cos 2x) + 6(20 + 3x2) coshx + x (90 + x2> sinh x.

From Lemma 1, (i), we deduce that cosh x > % forall x € R.
Then,

5 —cos2x

r®)(x) > —8(cosx — 16.cos2x) + 120 - 1

+ 18x2 cosh x + x(90 + x2) sinh x,

or, equivalently,

2
() (x) > (14cosx - 5) + % 4 18x% cosh x + x(90 + x?) sinh x > 0 for all x > 0.

Therefore, 5 is strictly increasing on (0,c0). Since (> (0) =0, it follows that

r®)(x) > 0 for all x > 0. Continuing the algorithm, we finally find that 7 > 0 on (0,00). [

Proof of Theorem 1. (i) Due to the form of the inequality (13), if the inequality (13)
holds for 0 < x < g, then it holds for —g <x<0.

Therefore, we can consider x > 0.
The inequality (13) takes the following equivalent form:

30x 4 15x cos x — 45sinx — sinx(1 — cos x)* >0, 0 < x < %

We introduce the function

fi: (O, g) — R, fi(x) = 30x + 15x cos x — 45 sin x — sin x(1 — cos x)°.
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The derivative of the function f; is

fi(x) = 30+ 15(cosx — xsinx) —45cosx —

- (cos x(1 — cos x)? + 2sin x(1 — cos x) sinx)
— o (306 X XX oo
= 251n2(3051n2 15xc052 smz(cosx cos“ x + 2 sin x))
. . E . E 2. . f
= 2sin > (sm > (3 COS” X cosx—|—28) 15x cos 2).
The function
(o —ain” 2. _ fad
fa: (O, 2) =R, fo(x) = sin 7 (3cos x cosx+28) 15x cos >

has the derivative

3 1 15
filx) = cosé(zcoszx—zcosx—l)+sin;(—6sinxcosx+sinx+2x)
X .9 X . X . . 15
= —cos=sin” =(3cosx +2) +sin = | —6sinxcosx +sinx + —x
2 2 2 2
Esinf(x—sinxcosx)
2 2
1
= gsin%(x—sinx—ksinx(l—cosx)).

Since f; > 0 on (O, g), it follows that f, is strictly increasing on (0, g) As f,(0) =0
we obtain that f, > 0 on (O, g)

Then, f{ > 0 on (0, g) Using the same arguments, we finally find that f; > 0

on (O,g).

(i) The functions involved in the inequality (14) are even functions, so it is sufficient to
T
prove for x € (O, E)'

We write the inequality (14) as follows:
45x2 4 45x sin x cos x — 90sin? x — 8sin? x(1 — cosx)* > 0, 0 < x < g
We define the function
T 2 : .2 L2 2
fa: (0, E) — R, f3(x) = 45x° 4 45xsinx cos x — 90sin” x — 8sin” x(1 — cos x)*.
Elementary calculations reveal that

1
f5(x) = 45x(2 + cos 2x) — % sin2x — 8(2sin x — sin2x)(cos x — cos 2x),

fb,(z) (x) = 8sin % (45 cos g(sin X — xcos x) — 8sin’ g cos x(8cos x + 7))
The function

fa: (O, g) =R, fa(x) = 45cos%(sinx — xcosx) — 8sin’ gcosx(Scosx +7)
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has the derivative

/ o X ﬁ o 2 X\ _
falx) = sz[z( sin x + x cos x + 4x cos 2)

. x(3 x 5 .X . .
851r12<2c052(8cos x+7cosx) 51r12(16smxcosx+7smx)>]

11 123
= sin % (2 sinx + 45x + —Xcosx — 112sin x cos? x + 6 cos x(x — sin x)) .
According to the second part of the Lemma 1, we have

11 123
?sinx + 45x + 7xcosx —112sinxcos?x > 0

on (0, g) We also have

on (O,%).

We obtain that fi > 0on (O, g) , then fy is strictly increasing on (O, g)

As f4(0) = 0, we prove that f4 > 0 on (0, g)

6cosx(x —sinx) >0

Therefore, féz) > 0on (0, g) Using the same arguments, we finally find that f3 > 0

on (0,%).

(iii) We can assume that x € (0, E) .

We rewrite the inequality (15) as follows:

15(x —sinx) —sinx(1 —cosx)(7 —2cosx) >0, 0 < x < g

The function

f5: (O, g) — R, f5(x) =15(x —sinx) — sinx(1 — cos x)(7 — 2 cos x)

has the derivative

fa(x) = 15(1 —cosx) —
- (cos x(1 — cosx)(7 — 2cos x) + sin® x(7 — 2 cos x) + 2sin® x(1 — cos x))
= 15(1 —cosx) —

—(cosx(1 —cosx)(7 —2cosx) + (1 —cosx)(1+ cosx)(9 —4cosx))
= (1—cosx) (6—12cosx+6coszx)
= 6(1—cosx)’.

2
f5(0) = 0, we find that f5 > 0 on (0, g)

This completes the proof of the Theorem 1. [J

The function ff is > 0 on (0, ), hence f5 is strictly increasing on <O, E). Since

2

Proof of Theorem 2. (i) We assume that x > 0. We have to prove the following in-
equality:

30(x — sinh x) 4 15(x cosh x — sinh x) — sinh x(1 — cosh x)* < 0

forall x > 0.
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We introduce the function fg : (0,00) — R,
fo(x) = 30(x — sinh x) + 15(x cosh x — sinh x) — sinh x(1 — cosh x)?.
The derivative of the function fg is
f¢(x) = 2sinh % (15x cosh % + sinh % <728 — 3cosh? x + cosh x) ) .
The function f7 : (0,00) — R,
f7(x) = 15x cosh g + sinh % (—28 — 3 cosh? x 4 cosh x)

has the derivative

fr(x) = —% sinh g(sinh 2x — 2x).

Since f7(x) < 0 on (0,00), it follows that f is strictly decreasing on (0, c0). Since
f7(0) = 0, we have f; < 0 on (0,0), then f} < 0on (0, ).

Hence, f; is strictly decreasing on (0, o).

As f4(0) = 0, we finally obtain that fs < 0 on (0, ).

(ii) We have to prove that
45x2 4 45x sinh x cosh x — 90 sinh? x — 8 sinh? x(1 — cosh x)? < 0

for all x > 0.
The function fg : (0,00) = R,

fg(x) = 45x? + 45x sinh x cosh x — 90sinh? x — 8 sinh? x(1 — cosh x)2

has the derivatives:

fi(x) = ?(Zx — sinh 2x) + 45x(cosh 2x — 1) — 16 sinh x(1 — cosh x)*(2 cosh x + 1)

and

féz) (x) = 90(1 — cosh 2x) + 90x sinh 2x — 16(1 — cosh x)? (7 cosh x + 8 cosh? x).

To find critical points of the function f8(3), first, we calculate the derivative f8(3):
%) (x) = —2(2sinh x + 61 sinh 2x — 54 sinh 3x + 32 sinh 4x — 90x cosh 2x).

Solving the equation féS) (x) = 0yields x = 0.

Therefore, the only critical point of the function féz) is x = 0. Then, we evaluate féz)
at the critical point and at the endpoint of the domain:

£20) =0, lim £%(x) = —co.

X—00

Hence, the function fg(z) has a global maximum at x = 0: féz) (0) = 0.

Then, f{ is strictly decreasing on (0, c0). As f§(0) = 0, we obtain f{ < 0 on (0, c0).

It follows that fg is strictly decreasing on (0,00). As fg(0) = 0, we find fg < 0
on (0,00).

(iii) We have to prove that

15(x — sinh x) + 5sinh x(cosh x — 1) — 2sinh x(1 — cosh x)? < 0
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for x > 0.
We consider the function

fo:(0,00) = R, fo(x) = 15(x — sinh x) + 5sinh x(coshx — 1) — 2sinh x(1 — cosh x)2.
The derivative of the function fo is
fo(x) = —48sinh® g
Then f§ < 0 on (0, c0), hence fy is strictly decreasing on (0, ).
As f9(0) = 0, we find that fo < 0 on (0, 0).

The proof of the Theorem 2 is complete. []

Proof of Theorem 3. (i) Since the functions involved in the inequality (19) are even
functions, we can assume that x > 0.

The inequality (19) takes the equivalent form:
30x + 15x cosh x — 45 sinh x — sinh x(1 — cos x)? > 0 for all x > 0.
We consider the function
f10: (0,00) = R, fo(x) = 30x + 15x cosh x — 45 sinh x — sinh x(1 — cos x)*.
The derivatives of the function fj is

flo(x) =30 — 30 cosh x + 15x sinh x — (1 — cos x)(cosh x — cosh x cos x + 2 sinh x sin x),

f1(§) (x) = —15sinhx + 15xcoshx —
- (sin x cosh x — sin x cosh x cos x + 2 sinh x sin® x+-

+(1 — cos x) (sinh x + sinh x cos x 4+ 3 cosh x sin x)),
fl(g)(x) = coshx(—6 sin® x 4+ 5cos? x — 4 cos x — 1) + sinh x(15x — 2sin x cos x — 4sin x),
fl(g) (x) = sinhx(—4 sin® x + 3 cos? x — 8.cos x + 14) + 3 cosh x(5x — 8sin x cos x),

fl(g) (x) = coshx(1 — cos x)(49 + 41 cos x) + (15x 4 8sin x — 38 sin x cos x) sinh x,

The function
s:(0,00) = R,s(x) = 15x + 8sinx — 38 sin x cos x

has the positive roots x = 0, x ~ 0.85321. Then, s < 0 on (0,0.85321) and s > 0 on
(0.85321, o). Tt follows that £\)(x) > 0 on (0.85321, co).
If x € (0,0.85321) C (O, g), then fl(g) (x) can be rewritten as

fl(g) (x) = coshx(1—cosx)(49+41cosx)—
—15x sinh x 4+ (15(2x — sin2x) 4+ 8sin x(1 — cos x)) sinh x.
The function
t:(0,00) = R, t(x) = coshx(1 — cosx)(49 + 41 cos x) — 15x sinh x

has the positive roots x = 0, x ~ 2.34534 and ¢t > 0 on (0, 2.34534).
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Hence, fl(g)(x) > 0 on (0,00). It follows that fl(é‘) is strictly increasing on (0, ).

As f1(§ ) (0) =0, we find fl(g) > 0 on (0, ). Continuing the algorithm we finally obtain that
f10 > 0on (0, OO)

(i) We also can assume x > 0.

We write the inequality (20) as follows:
45x2 + 45x sinh x cosh x — 90 sinh? x — 8 sinh? x(cosx — 1)2 <0, for 0 < x < 1.50618.
The function
fi1: (0,00) = R, f7(x) = 45x + 45x sinh x cosh x — 90 sinh? x — 8sinh? x(cos x — 1)*.
has the derivative

f11(x) =90x — % sinh 2x 4 45x cosh 2x — 8(cos x — 1)? sinh 2x + 8 sin x(cos x — 1) (cosh 2x — 1).

The equation f{,(x) = 0 has the positive roots x = 0, x ~ 1.35234. Moreover,
fi1(x) < 0 for x € (0,1.35234). Then, f1; is strictly decreasing on (0,1.35234) and it is
strictly increasing on (1.35234,1.50618). Since f11(0) = 0 and f11(1.50618) = 0, it follows
that fll < 0on (0, 1.50618).

(iii) As in the above theorems, we can assume x > 0.

We rearrange the inequality (21) as follows:
15x 4 5sinh x cosh x — 20 sinh x — 2sinh x(1 — cos x)* > 0, for all x > 0.
We introduce the function
fi2:(0,00) = R, fg(x) = 15x + 5sinh x cosh x — 20 sinh x — 2 sinh x(1 — cos x)?.
Easy computation yields

fi5(x) = 5sinh? x + 5 cosh? x — 2<c052 X —2cosx + 11) cosh x +4sinx(cosx — 1) sinhx + 15,
fl(g)(x) = 2sinhx(—2 sin® x + cos® x — 11) +4coshx(5sinhx +2sinx(cosx — 1)),

fl(g) (x) = 20sinh?x 4 20cosh? x — 20 cosh x — 2(cos x — 1)* cosh x +
+12sinx(cosx — 1) sinh x — 2sinh x(2sinx(cosx — 1) 4+ 6sinx cos x) —

—6 coshx<2 sin? x — 2(cos x — 1) cos x)
and
fl(;L) (x) = 2sir1hx(—4sir12 x 4 3cos? x — 8cosx — 11) + cosh x (80 sinh x — 48 sin x cos x).

According to the first part of the Lemma 1 we have 2sinh x > sin2x for all x > 0.
Then,

cosh x(80sinh x —48sinxcosx) = coshx(32sinhx + 48sinh x — 24 sin2x)
> 32cosh xsinh x.

Therefore, we find that

fl(g)(x) > 25inhx(—4sin2x +3cos’x —8cosx — 11+ 16coshx).
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In the following, we will prove that the function
h:(0,00) = R, h(x) = —4sin® x + 3cos® x —8cosx — 11 + 16 cosh x

is positive on (0, c0).
The derivatives of the function h are

W' (x) = 8sinx — 7sin2x + 16 sinh x

h?(x) = 8cosx—14cos2x + 16cosh x
2(4cosx(1 — cos x) + 7sin” x + 8(cosh x — 1) +8(1 — sin? x) + 5sin? x).

Since the function h(?) > 0 on (0, %) it follows that ' is strictly increasing on (0, co).
As 1'(0) = 0, we get i’ > 0 on (0, c0). Continuing the algorithm, we finally obtain that
h > 0on (0,0c0).

Hence, we deduce that fl(g) > 0 on (0,0). Using the same arguments as above, we
finally find that f1, > 0 on (0, ).

The proof of the Theorem 3 is complete. []

Remark 1. (1) From the Lemma 1, (iii), it follows that

1
(1 —cosx)? > 6—0x3sinx, for0 < |x| < =,

&l =

| o
=T ST

4

2
(1 - cosx)? > Ex3sinx, for0 < |x| <

3

alN A
NI o

1
(1 —cosx)? > —x3sinx, for 0 < |x| <

10

Therefore, we also improved the inequalities (5), (6) and ( §).
(2) From the Lemma 2 and Theorem 3, we find that

x 2 X 8 2 2 3.
(sinhx) +tanhx 2<E(1 COS X) <Ex sinh x

forall x, 0 < |x| < 1.50618, hence we improved the inequality (11).

4. Conclusions

The function .
. sin x
sinc(x) = p

occurs in Fourier analysis and its applications in signal processing. The Fourier transform
of the sinc function is a rectangle, and the Fourier transform of a rectangular pulse is a sinc
function. The sinc function also appears in analysis of digital-to-analogue conversion.

In our work, Taylor expansion of the error function between the truncated sum of
the first terms of the cosine series of the functions involved in Wilker-Huygens-type
inequalities and the functions themselves is carried out. Then the best approximation of
the functions which improve Wilker-Huygens-type inequalities is obtained.

These new approximations give sharp bounds to the functions sinc(x) and

_ tanx

tanc(x) = .
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For example, the inequalities

sinx 3 T
< 5 5,0 <|x| < =
x 4 —cosx+ 5(1—cosx) 2
and 1
T
_ ~(1— 20 =
tan x sinx + 15( cosx)7,0 < Jx| < 2

are very sharp and interesting for further studies.
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