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Abstract: This paper studies the global stability analysis of a mathematical model on Babesiosis
transmission dynamics on bovines and ticks populations as proposed by Dang et al. First, the global
stability analysis of disease-free equilibrium (DFE) is presented. Furthermore, using the properties of
Volterra–Lyapunov matrices, we show that it is possible to prove the global stability of the endemic
equilibrium. The property of symmetry in the structure of Volterra–Lyapunov matrices plays an
important role in achieving this goal. Furthermore, numerical simulations are used to verify the
result presented.
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1. Introduction

The study of epidemiology plays an essential role in understanding the pattern of
disease transmission and prevention. Therefore, the important role that mathematical
models play in epidemiology should not be overlooked. A mathematical model can help
researchers describe the dynamics of infectious diseases, predicting system behaviors and
also adopting a strategy to control the disease [1–8].

Bovine babesiosis (BB) is a tick-borne disease of cattle caused by protozoan parasites
of the genus Babesia, order Piroplasmida, phylum Apicomplexa. The Babesia bovis,
Babesia bigemina and Babesia divergens are the principal species of Babesia that cause
BB. Morbidity and mortality vary greatly and are influenced by several factors, such
as prevailing treatments employed in an area, previous exposure to a species/strain of
parasite, age, cattle breed, and vaccination status. All Babesia are transmitted by ticks
with a limited host range. Blood infected with Babesia parasites and associated vectors of
infected blood (especially ticks, but also by mechanical means) are the sources of infection.
Bovine Babesia species are principally maintained by subclinically infected cattle that have
recovered from disease and by tick vectors via transovarial transmission. The principal
vectors of B. bovis and B. bigemina are Rhipicephalus spp. ticks and these are widespread
in tropical and subtropical countries. The major arthropod vector of B. divergens is Ixodes
Ricinus. Babesiosis has an important economic impact in the livestock sector of tropical
regions [9–12]. The mathematical models of bovine Babesiosis have recently attracted an
increasing amount of attention from researchers [13–17]. Aranda et al. [14] investigated the
dynamical behavior of the tick-borne diseases. They determined the system’s equilibria
and performed stability analysis. In this model the total population of bovine NB(t)
divides into three classes, namely bovines who may become infected (S̄B(t)-susceptible),
bovine infected by the Babesia parasite ( ĪB(t)-infected) and bovine who have been treated
for Babesiosis (C̄B(t)-controlled) and the population of ticks NT(t) is divided into two
categories, namely, ticks who may become infected (S̄B(t)-susceptible) and ticks infected
by the Babesia parasite (S̄B(t)-infected).
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One of the important issues in studying epidemiological models is to study the
stability analysis of equilibrium points. Recently, the global stability of the endemic equi-
librium has received considerable attention and several techniques were discussed [18–20].
Dang et al. [16] investigated the model of Babesiosis disease in more detail. They also ex-
amined the local stability of the disease-free equilibrium (DFE) by calculating eigenvalues.
The authors in [16] stated “Since it is difficult to study the global stability property of this
equilibrium point by analytical methods, we will do it by means of numerical simulations,
as in Examples 1 and 2”. Consequently, it is necessary to apply an analytical method to
confirm that point E∗ is asymptotically stable.

In order to extend the results of [16], we present the stability analysis of equilibria
for this system with a simple approach. Liao and Wang [21] proposed a combination of
the Lyapunov function method and Volterra–Lyapunov matrix properties and proved
the global asymptotic stability of the endemic equilibria. This method does not meet
the challenges of the Lyapunov function method including determining the appropriate
Lyapunov function and coefficients. The method of Volterra–Lyapunov stable matrices [21],
is modified using two Lemmas and reducing the dimensions of the matrices to overcome
the problems exhibited by the standard technique (presented in [21]), while in some parts of
the original method this technique is not used [22–24]. This approach transfers the analysis
from differentiable functions to related matrices. A key point in the proposed method is
its direct computational implementation. The importance of symmetry in computational
science has been shown in recent research. In the process of proving the stability of
equilibrium points in the present work, the symmetry of the matrices is one of the main
conditions. This is mentioned in the definition of a positive (negative) definite matrix.
Accordingly, when defining the Volterra–Lyapunov stable matrices, the symmetry of matrix
CA + ATCT is a fundamental precondition.

The structure of this article is as follows. Section 2, presents the model formulation,
equilibrium points of the Babesiosis disease and the stability analysis of disease-free
equilibrium (DFE). Section 3 discusses the global stability of the E∗. The simulation results
for different values of the parameters are given as two examples in Section 4. Finally,
Section 5 presents the final results.

2. Mathematical Model

We consider the mathematical model of Babesiosis disease for bovine and tick popula-
tions that was formulated by the following system of differential equations:

dS̄1(t)
dt

= (µ1 + α1)C̄(t)− β1S̄1(t)
Ī2(t)
N2(t)

,

dĪ1(t)
dt

= β1S̄1(t)
Ī2(t)
N2(t)

− λ1 Ī1(t),

dC̄1(t)
dt

= λ1 Ī1(t)− (µ1 + α1)C̄(t), (1)

dS̄2(t)
dt

= µ2 pĪ2(t)− S̄2(t)
Ī1(t)
N1(t)

,

dĪ2(t)
dt

= S̄2(t)
Ī1(t)
N1(t)

− µ2 pĪ2(t).

In order to describe the model, the assumptions are stated in Table 1.
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Table 1. Description of the disease model.

Bovine Population Description Ticks Population Description

N1(t) Total N2(t) Total

S̄1(t) Susceptible S̄2(t) Susceptible

Ī1(t) Infected Ī2(t) Infected

C̄1(t) Controlled - -

All the parameters are positive. A detailed discussion on the stability and optimal
control of this system can be seen in [14,16].

Since C1(t) = 1− S1(t)− I1(t), we focus our study on the following reduced system:

dS1(t)
dt

= (µ1 + α1)(1− S1(t)− I1(t))− β1S1(t)I2(t),

dI1(t)
dt

= β1S1(t)I2(t)− λ1 I1(t), (2)

dI2(t)
dt

= β2(1− I2(t))I1(t)− µ2 pI2(t).

2.1. Equilibrium Points

The goal of this part is to find the equilibrium points of the system (2). Let us introduce
the disease-free equilibrium E0

E0 =
(

S0
1, I0

1 , I0
2

)
= (1, 0, 0).

Furthermore, the endemic equilibrium (if it exists) is calculated

E1 = (S∗1 , I∗1 , I∗2 ),

where E1 satisfies the following equilibrium equations

(µ1 + α1)(1− S∗1 − I∗1 )− β1S∗1 I∗2 = 0, (3)

β1S∗1 I∗2 − λ1 I∗1 = 0, (4)

β2(1− I∗2 )I∗1 − µ2 pI∗2 = 0. (5)

Finally, we will have:

S∗1 =
β2λ1(µ1 + α1) + pλ1(µ1 + α1 + λ1)µ2

β2[α1(β1 + λ1) + λ1µ1 + β1(λ1 + µ1)]
,

I∗1 =
(µ1 + α1)(β1β2 − pλ1µ2)

β2[α1(β1 + λ1) + λ1µ1 + β1(λ1 + µ1)]
,

I∗2 =
(µ1 + α1)(β1β2 − pλ1µ2)

β1β2(µ1 + α1) + pβ1(µ1 + α1 + λ1)µ2
.

Utilizing the next-generation matrix method [25], the basic reproductive rate can be
calculated as

R0 =
β1β2

λ1µ2 p
.
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2.2. Stability of the Disease-Free Equilibria

Here, we discuss the global asymptotic stability of E0 by the following Theorem. Note
that for the system (2) the positive invariant set is defined as

Γ =
{
(S1, I1, I2) ∈ R3

+ : 0 ≤ S1 + I1 ≤ 1, 0 ≤ I2 ≤ 1
}

,

Theorem 1. Consider the model (2) written in the form

dS
dt

= F1(S, I),

dI
dt

= F2(S, I), (6)

F2

(
S0,0
)
= 0,

where S ∈ Rm and I ∈ Rn indicate the uninfected and the infectious populations. Moreover,
E0 = (S0, 0) is the disease-free equilibrium of the model.

Furthermore, Hypotheses (H1) and (H2) are established:

Hypothesis 1 (H1). For dS
dt = F1(S, 0), S0 is globally asymptotically stable;

Hypothesis 2 (H2). F2(S, I) = AI − F̂1(S, I), with F̂2(S, I) ≥ 0 for (S, I) ∈ Ω, where the Jaco-
bian matrix A = ∂F2

∂I (S
0, 0) is an M-matrix, that is all off-diagonal elements of A are non-negative.

Then provided that R0 < 1 the disease-free equilibrium E0 =
(
S0

1, I0
1 , I0

2
)
= (1, 0, 0) is

globally asymptotically stable

Proof. Let us consider S = S1, I =
[

I1
I2

]
. When I1 = I2 = 0, the uninfected subsystem

(S1) changes to

dS1

dt
= (µ1 + α1)(1− S1), (7)

which has the solution

S1(t) = 1 + e−(µ1+α1)t(S1(0)− 1), (8)

irrespective of the initial value S1(0), we obtain

lim
t→∞

S1(t) = 1,

and this confirms that S0 = 1 is globally asymptotically stable, that this condition (H1)
holds for this model.

Next, the infectious subsystem (I1 and I2) is equivalent to

dI
dt

= F2(S, I) =

 β1S1 I2 − λ1 I1

β2 I1 − β2 I1 I2 − µ2 p I2


=

 −λ1 β1

β2 −µ2 p

 I1

I2

−
 0

β2 I2 I1


= AI − F̂2(S, I),

where
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A =

 −λ1 β1

β2 −µ2 p

,

and

F̂2(S, I) =

 0

β2 I2 I1

.

If I(0) > 0, then I(t) ≥ 0. Since A is an M-matrix; therefore using the variation
formula, we have

0 ≤ I(t) = eAt I(0)−
∫ t

0
eA(t−r) F̂2(S(r), I(r))dr ≤ eAt I(0). (9)

Since A is M-matrix, when R0 < 1 then A has a dominant eigenvalue m(A) < 0 and
we have lim

t→∞
||eAt|| = 0, thus

lim
t→∞

I(t) = 0. (10)

Therefore, E0 is globally stable and the proof is complete.

3. Stability Analysis of the Endemic Equilibria
3.1. Notations

This section focuses on the stability analysis of E∗. The following definitions and
notations are the requirements of this process.

Assumption 1. Let M has the property of symmetry and is a positive (negative) definite, in this
case M is written M > 0(< 0).

Lemma 1 ([26]). If there exists a positive diagonal matrix Cn×n > 0 such that CA + ATCT < 0
then An×n is Volterra–Lyapunov stable.

Lemma 2 ([26]). If there exists the diagonal matrix Cn×n > 0 such that CA + ATCT > 0 then
An×n is diagonally stable.

Proposition 1 ([26,27]). The A =

[
a11 a12
a21 a22

]
is Volterra–Lyapunov stable if and only if:



a11 < 0,

a22 < 0,

det(A) = a11a22 − a12a21 > 0.

Proposition 2 ([28,29]). Consider the nonsingular An×n = [aij], (n ≥ 2), the positive diagonal
matrix Bn×n = diag(b1, · · · , bn) and C = A−1, such that:

ann > 0,

B̃Ã+(B̃Ã)
T
> 0 ,

B̃C̃ +(B̃C̃ )
T
> 0,
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then, there is bn > 0 such that BA + AT BT > 0.
It is noteworthy that we delete the last row and column of the matrix A and signify it with

matrix Ã(n−1)×(n−1).

3.2. Global Stability of the Endemic Equilibrium

The purpose of this section is to investigate the stability analysis of the E∗ by the
classical Lyapunov method with the aid of Volterra–Lyapunov stable matrices [24].

Let us introduce the biologically feasible domain of (2) as follows

Ω =
{
(S1, I1, I2) ∈ R3

+ : 0 ≤ S1 + I1 ≤ 1, 0 ≤ I2 ≤ 1
}

.

which is clearly a positively invariant set in R3.
Consider the Lyapunov function

L = z1(S1 − S∗1)
2 + z2(I1 − I∗1 )

2 + z3(I2 − I∗2 )
2, (11)

where z1, z2 and z3 are positive constants. The derivative of L along solutions of (2) is

dL

dt
= 2z1(S1 − S∗1)

dS1

dt
+ 2z2(I1 − I∗1 )

dI1

dt
+ 2z3(I2 − I∗2 )

dI2

dt
,

= 2z1(S1 − S∗1)[−(µ1 + α1)(S1 − S∗1)− (µ1 + α1)(I1 − I∗1 )− β1S1 I2 + β1S∗1 I∗2 ]
+ 2z2(I1 − I∗1 )[β1S1 I2 − β1S∗1 I∗2 − λ1((I1 − I∗1 ))]
+ 2z3(I2 − I∗2 )[β2(I1 − I∗1 )− β2 I1 I2 + β2 I∗1 I∗2 − µ2 p(I2 − I∗2 )].

By adding and subtracting expressions β1S∗1 I2 and β2 I1 I∗2 to the first and second
brackets, one can obtain

dL

dt
= 2z1(S1 − S∗1)[−(µ1 + α1)(S1 − S∗1)− (µ1 + α1)(I1 − I∗1 )− β1S1 I2 + β1S∗1 I∗2 + β1S∗1 I2

− β1S∗1 I2] + 2z2(I1 − I∗1 )[β1S1 I2 − β1S∗1 I∗2 + β1S∗1 I2 − β1S∗1 I2 − λ1(I1 − I∗1 )]
+ 2z3(I2 − I∗2 )[β2(I1 − I∗1 )− β2 I1 I2 + β2 I∗1 I∗2 + β2 I1 I∗2 − β2 I1 I∗2 − µ2 p(I2 − I∗2 )].

therefore, we have

dL

dt
= −2z1(µ1 + α1 + β1 I2)(S1 − S∗1)

2 − 2z1(µ1 + α1)(S1 − S∗1)(I1 − I∗1 )

− 2z1β1S∗1(S1 − S∗1)(I2 − I∗2 )− 2λ1z2(I1 − I∗1 )
2 + 2z2β1 I2(S1 − S∗1)(I1 − I∗1 ) (12)

+ 2z2β1S∗1(I1 − I∗1 )(I2 − I∗2 )− 2z3(µ2 p + β2 I∗1 )(I2 − I∗2 )
2

+ 2z3β2(1− I2)(I1 − I∗1 )(I2 − I∗2 )

= X(ZQ + QTZT)XT ,

where X = [S1 − S∗1 , I1 − I∗1 , I2 − I∗2 ], Z = diag(z1, z2, z3), and

Q =


−(µ1 + α1 + β1 I2) −(µ1 + α1) −β1S∗1

β1 I2 −λ1 β1S∗1

0 β2(1− I2) −(µ2 p + β2 I∗1 )

 (13)

Remark 1. The following theorem considers the stability analysis of E∗. To accomplishing it,
we must meet the conditions of Proposition 2. Decrease the dimension of the matrix −Q3×3 to
−Q̃2×2 matrix, and then use Proposition 1. Through these steps, one can conclude that Q is
Volterra–Lyapunov stable.
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Theorem 2. Suppose that Equation (13) specifies the matrix Q3×3, then Q3×3 is Volterra–
Lyapunov stable.

Proof. By Proposition 2, one can derive the following conditions for proving the Volterra–
Lyapunov stability of Q.

Condition 1. −Q33 > 0.

Condition 2. −Q̃ is diagonal stable.

Condition 3. H = −̃Q−1 is diagonal stable.

1. Clearly −Q33 > 0.

2. Let us delete the last row and last column of matrix −Q and call it matrix −Q̃. It
follows that

−Q̃ =

 µ1 + α1 + β1 I2 µ1 + α1

−β1 I2 λ1

. (14)

−Q̃11 > 0, and −Q̃22 > 0. And

det(−Q̃) = λ1(µ1 + α1 + β1 I2) + β1 I2(µ1 + α1) > 0

Therefore, −Q̃ is diagonal stable.

3. Finally, using Proposition 1, the diagonal stability of −̃Q−1 is determined. Let us

delete the last row and last column of matrix Q−1 and define the matrix H = −̃Q−1.
One derives that

H = −̃Q−1 =
1

det(−Q)

 H11 H12

H21 H22

,

where,

H11 = (µ2 p + β2 I∗1 )λ1 − β1S∗1 β2(1− I2),

H12 = −[(µ1 + α1 + β1 I2)(µ1 + α1) + β1S∗1 β2(1− I2)],

H21 = β1 I2(µ2 p + β2 I1),

H22 = (µ1 + α1 + β1 I2)(µ2 p + β2 I∗1 ).

Obviously, H22 > 0. Now, we show H11 > 0. Since, 0 ≤ I2 ≤ 1, therefore,

β1S∗1 β2 I∗2 > β1S∗1 β2 I∗2 (1− I2),

from the Equation (4), we obtain that

λ1 I∗1 β2 > β1S∗1 β2 I∗2 (1− I2),

and (5) gives,

λ1(µ2 pI∗2 + β2 I∗1 I∗2 ) > β1S∗1 β2 I∗2 (1− I2),



Symmetry 2021, 13, 1272 8 of 14

consequently, we have

λ1µ2 p + λ1β2 I∗1 − β1S∗1 β2(1− I2) > 0.

In addition, using H11 > 0, we show that det(−Q) > 0:

det(−Q) = (µ1 + α1 + β1 I2)[λ1µ2 p + λ1β2 I∗1 − β1S∗1 β2(1− I2)]

+ (µ1 + α1)[β1 I2(µ2 p + β2 I∗1 )] + β1S∗1(β1β2 I2(1− I2)) > 0. (15)

Hence, it is clear to see:

det(−̃Q−1) =
1

det(−Q)
(H11H22 −H12H21) > 0,

−̃Q−1
11 =

1
det(−Q)

H11 > 0,

−̃Q−1
22 =

1
det(−Q)

H22 > 0.

Therefore, one can conclude that −̃Q−1 is diagonal stable.

In summary, the above steps confirm the conditions of Proposition 2 and one can
conclude the Volterra–Lyapunov stability of matrix Q. This completes the proof.

Theorem 3. If R0 > 1, then the endemic equilibrium E∗ = (S∗1 , I∗1 , I∗2 ) of model (2) is globally
stable in Ω.

Proof. Theorem 2 concludes that there exists a positive diagonal matrix Z such that ZQ +
QTZT < 0. Therefore, dL

dt < 0 when X 6= E∗ and this ensures the global stability of the
endemic equilibrium point.

Remark 2. The above results can be extended to other biological models. It is noted that, in [16],
the authors did not discuss the globally stability of the disease free and endemic equilibrium and
only discussed the global stability of E∗ by means of numerical simulations.

4. Numerical Results

In this section, we assess numerically Theorem 3 by means of two examples.

Example 1. Suppose that system (2) has the parameters β1 = 0.003, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5.

The basic reproduction number is such that R0 = 0.0675 < 1 and the system (2) has
only the disease free equilibrium of E0 = (1, 0, 0) . The numerical simulation of system (2)
with initial conditions is illustrated in Figures 1 and 2, all solutions converge to the E0.
In Figure 3, by the phase plane portrait of (S1, I1), we see that three solutions converge
to the E0 with three different initial conditions. Figures 4–6, show the phase diagram of
(S1, I2), (I1, I2) and (S1, I1, I2), with three initial conditions. Therefore, it can be seen from
these figures that all solutions converge to the disease-free equilibrium point under the
mentioned initial conditions.
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Figure 1. Time series evolution depicting the dynamical behaviour of the system, using β1 = 0.003,
β2 = 0.00048, µ1 = 0.0002999, µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Figure 2. Time series evolution depicting the dynamical behaviour of the system (2), using β1 = 0.003,
β2 = 0.00048, µ1 = 0.0002999, µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Figure 3. State diagrams of S1 vs. I1 for system (2), using β1 = 0.003, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Figure 4. State diagrams of S1 vs. I2 for system (2), using β1 = 0.003, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Figure 5. State diagrams of I1 vs. I2 for system (2), using β1 = 0.003, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Figure 6. State diagrams of system (2), using β1 = 0.003, β2 = 0.00048,µ1 = 0.0002999, µ2 = 0.001609,
α1 = 0.001, λ1 = 0.0265, p = 0.5, (R0 = 0.0675 < 1).
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Example 2. Suppose that system (2) has the parameters β1 = 0.006, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1.

The basic reproduction number is such that R0 = 67.5446 > 1 and the system (2)
has the endemic equilibrium of E∗ = (S∗1 , I∗1 , I∗2 ). The numerical simulation of system (2)
with initial conditions is illustrated in Figures 7 and 8, all these solutions converge to the
E∗ ≈ (0, 0498, 0.7893, 0.70). The phase diagram of (S1, I1) with different initial conditions is
given in Figure 9. Figures 10–12, show the phase diagram of (S1, I2), (I1, I2) and (S1, I1, I2),
with three initial conditions. The figures confirm the endemic equilibrium E∗ is globally
asymptotically stable and all solutions converge to the endemic equilibrium point under
the mentioned initial conditions.

Figure 7. Time series evolution of S1 and I1 for system (2), using β1 = 0.006, β2 = 0.00048,
µ1 = 0.0002999, µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).
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Figure 8. Time series evolution of I2 for system (2), using β1 = 0.006, β2 = 0.00048,
µ1 = 0.0002999, µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).
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Figure 9. State diagrams of S1 vs. I1 for system (2), using β1 = 0.006, β2 = 0.00048,µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).
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Figure 10. State diagrams of S1 vs. I2 for system (2), using β1 = 0.006, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).
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Figure 11. State diagrams of I1 vs. I2 for system (2), using β1 = 0.006, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).
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Figure 12. State diagrams of system (2), using β1 = 0.006, β2 = 0.00048, µ1 = 0.0002999,
µ2 = 0.001609, α1 = 0.001, λ1 = 0.000265, p = 0.1, (R0 = 67.5446 > 1).

5. Conclusions

In the presented work, conditions for the global stability analysis of the Babesiosis
disease system are established by the properties of Volterra–Lyapunov stable matrices
and the classical method of Lyapunov stability. We used the modified method of Volterra–
Lyapunov matrices as mentioned in Remark 1. The main advantage of this modification is
that the higher dimensional matrices can be easily implemented. In each step, we reduce
the dimensions of the matrix and use the property of the Volterra–Lyapunov matrices. This
strategy simplifies the calculations and the proofs. The simulations confirm the results of
the theories presented in this method.
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