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Abstract: In this paper, we give an explicit expression for a star product on the super-Minkowski
space written in the supertwistor formalism. The big cell of the super-Grassmannian Gr(2|0,4/1)
is identified with the chiral, super-Minkowski space. The super-Grassmannian is a homogeneous
space under the action of the complexification SL(4|1) of SU(2,2|1), the superconformal group in
dimension 4, signature (1,3), and supersymmetry N = 1. The quantization is done by substituting
the groups and homogeneous spaces by their quantum deformed counterparts. The calculations are
done in Manin’s formalism. When we restrict to the big cell, we can explicitly compute an expression
for the super-star product in the Minkowski superspace associated to this deformation and the choice

of a certain basis of monomials.
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The quantum group SL;(4, C) is the quantum conformal group complexified. The
idea underlying the work of [7] was to make such a substitution and then to obtain a
quantum Grassmannian, a quantum Minkowski space, and a quantum Poincaré group
satisfying the same relations among them as their classical counterparts. The scheme is
also generalized to flag manifolds. Thus, the quantum conformal group acts naturally on
the quantum Grassmannian, viewed as a quantum homogeneous space, and the quantum
Poincaré group is identified with the subgroup of it that preserves the big cell [7].

In the super-setting, we have several superspaces that are of interest: the Grassman-
nian supervariety Gr(2|0,4/1), which corresponds in physical terms to the superalgebra of
chiral superfields and the superflag FI(2|0,2|1,4|1), which is the compactification of the
complexification of the N = 1 Minkowski superspace. The same idea can be applied here
with the supergroup SL(4|1) [8], which can also be deformed to a quantum supergroup.
For a detailed treatment of all the super and non-super, classical, and quantum cases,
see [9]. We will follow Manin’s formalism [10] for quantum supergroups.

Here we deal with both cases, the super and non-super one. We have identified a
quantization of the (super)conformal space as a homogeneous space of SL,;(4(1). In the
big cell (the Minkowski (super)space), it can be presented as a concrete star product on
the algebra of functions. There is an atlas of the Grassmannian with six identical cells,
and the (super) star products in the intersections glue in such a way that one can recover
the quantum Grassmannian.

Any conformal theory expressed in terms of twistors would have, presumably with this
procedure, a quantum counterpart, where the word ‘quantum’ here means that we are de-
forming spacetime itself. The observables of such theories will be modified, but to compute
the modifications explicitly it is not enough to look at the abstract algebra defined by gener-
ators and relations. One has to go to a ‘semiclassical” approach where observables are still
functions on spacetime as the original ones, but with a product that is non-commutative.
This is achieved only if one has an explicit expression for the star product. In fact, the func-
tions become (formal) series in the parameter of the deformation and there is no canonical
choice for the star product among the equivalent ones. This problem is present in general
in deformation quantization. For example, when one quantizes the phase space with a
constant Poisson bracket, there seems to be a choice in which the star product has an easy
computable expression, the Moyal-Weyl star product. Other than this simple case there are
not, to the best of our knowledge, computations showing explicitly different star products,
less being quadratic (at the leading order) deformations. To compute the star product
one has to stick to a basis in the abstract algebra, and the explicit expression for the star
product depends on such a choice. We have chosen here a sort of normal ordering, so the
final expression does not have symmetry between the entries of the star product as the
Moyal-Weyl has. It would have been more difficult to show the existence of a basis where
the star product appears to be more symmetric, and then the calculation of the star product
would have been more involved. For this reason, we have stuck to a normal ordering.
There is one instance, though, were the ordering is not relevant and it is the deformation
to order one in h (7 = €”) of the commutator induced by the star product f xg — g * f.
This is the Poisson bracket, that we also compute explicitly, with an expression far simpler
than the star product itself. There is always an equivalent deformation where the Poisson
bracket is the first term in the star product itself, so there is no need to antisymmetrize.
Knowing the Poisson bracket would then be useful to compute first-order corrections to
the theories at hand, induced by the non-commutativity of spacetime.

We first deal with the non-super case [11]. We work in the algebraic category, so we
first give an explicit formula for the star product among two polynomials in the big cell
of the Grassmannian. Since the quantum algebras that we present here are deformations
of the algebra of polynomials on the Minkowski space, the star product that we obtain is
also algebraic.

In the same reference [11] it is shown that this deformation can be extended to the set
of smooth functions in terms of a differential star product. Since a differential operator is
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determined once it is given on polynomials, the bidifferential operators appearing in the
star product are completely determined. The Poisson bracket leading the deformation is a
quadratic one, so the Poisson structure is neither symplectic nor regular. For the super case
we obtain that, at least to the first order in &, the differentiability property is maintained.

Examples of such transitions from the category of algebraic varieties to the category
of differential manifolds in the quantum theory are given in [12-14]. There, the authors
consider coadjoint orbits with the Kirillov-Kostant-Souriau symplectic form. It was shown
that some algebraic star products do not have differential counterparts (not even modulo
an equivalence transformation), so the results of [11] are non-trivial. It is remarkable that
one of the algebraic star products that does not have a differential extension is the star
product on the coadjoint orbits of SU(2), associated to the standard quantization of angular
momentum. For algebraic star products and their classification, see also [15].

Other works also deal with the quantization of spacetime in terms of the twistor space.
A very interesting work [16] applies the methods of geometric quantization to the twistor
space.

The Weyl-Moyal star product is, in some sense, the simplest formal deformation that
one can construct on R”. It requires a constant Poisson bracket:

{f(x),g(x)} = B9 f(x)aug(x),  f,g € CT(R"),

where By, is any constant, antisymmetric matrix. The associative, non-commutative star
product is given by [17,18]:

0 11

h
frg(x)= Z WBW“ o BEngy 0y, f(X)0y, .. 0y, 8(X)
n=0 """

In [19], the Minkowski space is endowed, first, with a constant Poisson bracket as
above. Then, using the R-matrix approach, the authors construct the action of the conformal
group on the non-commutative space, which gives a deformation similar to the one used
in [20].

The Moyal deformation of space-time has been used in String theory (the original
references are [21,22]). In String theory, the presence of a B, field with a non-zero vacuum
expectation value can be interpreted as a deformation of space-time with the Moyal-Weyl
deformation induced by (B,). This is a genuine non-commutative structure of spacetime.
However, one has to take into account that it breaks the Lorentz invariance.

For the super case, there is also this type of ‘Moyal-Weyl” deformation. It is known
that the quantization of a Grassmann algebra is a Clifford algebra of split signature (1, n).

There are very few deformations that can be given explicitly as a star product in closed
form [23]. A general formula is known for an arbitrary Poisson bracket (Kontsevich’s
formula, [24]), but it is extremely hard to work out the coefficients for the differential
operators appearing in the deformation, even for simpler, linear Poisson brackets. For many
deformations, we only know how to express them in terms of generators and relations.
While this may be enough from a mathematical point of view, it is often not enough
for applications. The formula that we give is involved but it is explicit, and this is a
real advantage.

In order to quantize the Grassmannian, one can also use the fact that the Grassmannian
G(m,n) ~ SL(n)/P, with P a parabolic subgroup is, as a real manifold, a coadjoint orbit
of the group SL(n). In fact, any flag manifold is so, being the full flag FI(1,2,3,...,n),
the regular (maximal dimension) orbit, and all the others non-regular. The approaches
of [12,13,25-27] would then be relevant here. The Kirillov—-Kostant-Soriau Poisson bracket
on the coadjoint algebra given essentially by the Lie bracket, is a linear Poisson bracket. It
restricts to a symplectic Poisson bracket on the orbits. The star product is obtained from
the enveloping algebra but it is only explicit once one takes symplectic coordinates on an
open set of the orbit, in which case it is, locally, a Moyal-Weyl star product. It is then a
star product equivariant under the action of the group. In the works mentioned above, the
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quantization is given in terms of generators and relations so it is an algebraic deformation,
but then in [14] the relation with differential star products was studied. This mechanism
could, in principle, be extended to the super case.

Another approach to the quantization of coadjoint orbits has been undertaken also in
the Refs. [28-30] using the so-called it Shapovalov pairing of Verma modules.

Grassmannians have also been quantized as fuzzy spaces. A fuzzy space is built by
using harmonic functions on the coset space and truncating the expansion at some level.
The functions can be expressed as matrices in a certain basis and a product on the truncated
space is defined just using matrix multiplication. We find this approach in [31,32].

We believe that the three approaches just mentioned must be linked in some way, since
the quantizations are equivariant under the classical group (SL(4, C) in this case) and all of
them are intimately related to the representation theory. It is, however, not straightforward
to compare them.

Interesting as these works are, our deformation is a different one. The Poisson bracket
that we obtain on the Minkowski (super)space is a quadratic one (in particular, not sym-
plectic) and the star product is then non-equivalent to a Weyl-Moyal one. Additionally, the
equivariance of the star product is achieved only by deforming the group to a quantum
group, contrary to the above-mentioned approaches. Nevertheless, we are able to give an
explicit formula for it in terms of a recursive expression. The formulas for the non-super
case are involved but manageable. For the super case, we have put the star product in terms
of the non-super one, otherwise the notation becomes very heavy. This is an example of
how a standard ordering in the generators of the quantum Minkowski (super)space induce
a (super) star product that is not at all trivial. Contrary to many other deformations, whose
algebra is given in terms of generators and relations, here we have an explicit (although
involved) formula for the calculation of the star product of two monomials.

The organization of the paper is as follows:

In Section 2 we review the classical picture, also for the super case, and settle the
notation for the algebraic approach. In Section 3 we describe the quantum super-Minkowski
space obtained in the Reference [8], together with the corresponding quantum super groups.
In Section 4 we tackle the even case studied in [11] and give the explicit formula for the star
product between two polynomials on Minkowski space. We refer to that same paper to see
how the differentiability of the star product is proven. Finally, in Section 5, based on the
results obtained in the previous section, we obtain the star product for the super-Minkowski
space.

For completeness, in Appendix A we have given a basis of the super Poincaré group
in terms of its usual generators.

2. The Classical Chiral Conformal and Minkowski Superspaces

We describe here the N = 1 chiral conformal superspace as the super-Grassmannian
Gr := Gr(2|0,4|1). The superspace Gr is a homogeneous superspace under the action
of supergroup SL(4|1), which is the complexification of the conformal supergroup in
Minkowskian signature, namely, SU(2,2|1). The chiral Minkowski superspace M is real-
ized as the big cell inside Gr and the action of the Poincaré supergroup as the symmetries
of Gr stabilizing M.

For an explicit construction of this picture, see [8,9,33,34]. For the ordinary, non-super
counterpart description, see also [3,11,33]. We briefly describe it here.

Let Grg = Gr(2,4) denote the Grassmannian of 2-dimensional subspaces of C*.
The space Ty = C* is called the twistor space. The Grassmannian Gry = Gr(2,4) is
a complex analytic manifold, a projective algebraic variety, and a homogeneous space
under the action of the group SL(4, C). In fact, a two-dimensional subspace is given by
two independent vectors:

a bl
b
7= (a,b)= Zi bi . 1)

ag by
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There is a natural right action of SL(2,C) corresponding to basis change. The left ac-
tion of SL(4,C) is the obvious one and it is a transitive action. Selecting one element,
say g = (e, e2) with {¢;}#_; the canonical basis in C*, we find that the isotropy group of
7o is the upper parabolic subgroup

pg:{(é ]I\{/I>€SL(4,(C) | detL-detRzl},,

where R, L and M are 2 x 2-matrices. Thus,
Grg =SL(4,C)/P}.

The big cell of Gr is the set of points such that

det<2 Z;) £0. @)
By a right SL(2, C) transformation, we can bring (1) to the standard form
1 0
the := f(:1 fiz - <]tl) ©)
ty te

with t unconstrained. The big cell is then Uy, ~ C*. The subset of SL(4, C) leaving the big
cell invariant is the lower parabolic subgroup

x 0
Pé_{(Tx y)eSL(éL,(C) | detx-dety—l},

where the unconstrained matrix Tx is written in this way to see the action better on the big
cell. We have
t—sytx T T.

Thus, P} is the Poincaré group including the dilations and the big cell is the Minkowski
space, with its more familiar form t = x# 0y in terms of the Pauli matrices.
As algebraic groups, the coordinate algebras of SLy := SL(4,C) and its subgroup
P} are
0

C[SLy] = Clgjj]/ (detg — 1), ij=1,...,4 4)
C(Py) = Clxij, yi, Ty;] / (det x dety — 1), i,j=1,2, and kI = 3,4. (5)

These algebras carry a well-known commutative Hopf algebra structure.

We can associate with Gr the Z-graded ordinary algebra O(Gry) given by its Pliicker
embedding in the projective space P (see, for example, [8,33] or [9] Ch. 2) in terms of six
indeterminates ¢;; and the Pliicker relation described below:

O(Gro) = C[qij]/IPO/ 1<i<j<4,
where Zpy is the ideal generated by the Pliicker relation:

912934 — 13924 + g14q23 = 0. (6)

The interesting observation here, that will be key to obtain the quantization, is that O(Gry)
can be retrieved as a subalgebra of C[SL4]. If we write the generators of C[SLy] in its usual
matrix form
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811 812 813 814

g = 821 822 823 &24 ) @)
831 832 833 834
841 842 843 844

the determinants d;; = gj1¢j> — gingj1 With 1 <i < j <4, that is, all possible determinants

of the two first columns, satisfy the Pliicker relation (6) and this is the only independent

relation that they satisfy (see [9]). Therefore,
O(Gro) = (C[dl]] C (C[SL4], 1<i< ] <4.

The condition (2) is related to the invertibility of g, in (6). Introducing gq;,' with

71297, — 1 = 0 and degree —1, the subalgebra of O(Gry)[qy, | of degree 0 is the polynomial
subalgebra freely generated by the elements

(fal f32> _ (-dzs d13> g1
ty  ta —dyy dig) 12
where d;; is the determinant formed by the elements of (7) in the positions of columns 1,2

and rows i, j (i < j). The determinant ds4 can be obtained from (6). The calculation follows
by taking the first two columns in (7) and multiplying on the right by

(gn 812) ' _ 1< 82 —812)
g1 8§ dp\—821 8u /)’
and then comparing with (3).

Similarly, we consider the N = 1 supertwistor superspace, C/'. We have the set
Gr := Gr(2|0,4|1) of 2|0 subspaces in C*1. It is naturally an analytic supermanifold, a
projective algebraic supervariety and a homogeneous superspace under the action of the

supergroup SL(4|1). We will use the language of the functor of points (see, for example,
[9,34,35]), better suited to treat supergroups. Thus, one has

SL(4|1)(A):{(§; g;) i,j:1,...,4} ®)

where A is any superalgebra. The Latin letters will represent elements of Ay, and the Greek
ones, elements of A7, unless otherwise stated.
We can give an element in Gr(.A), for A local, in terms of two even independent vectors

ap by
a by
m=(ab)=|a; bs )
ag by
a5 Ps

that, as before, can be chosen up to the right action of SL;(A). The isotropy group of
{eo, €1}, being {e;, €5, i =1,...,4} the canonical basis, is the upper parabolic subgroup

L M «
PY(A) = { (0 R ﬁ) €SL(4[1)(A) | detL-detR = d} ,
0 ¢ d

SO
Gr(A) = SL(4]1)(A)/P*(A).

We will say that Gr is the N = 1 chiral superspace.
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The reduced manifold of Gr is Gry, so the big cell of Gr(.A) will be the set of A-
points with

det <a1 bl) , invertible, (10)
ay by

which with a right SL,(.A) transformation, can be brought to the standard form

1 0

0 1 1

t31 txp | = ( t ) . (11)
ta1  fa2 T
51 T52

We call the set of such matrices the big cell Ujy; this is an open subsupermanifold of Gr and
Up, = C*2. The subgroup leaving the big cell invariant is the lower parabolic subgroup

of SL(4[1):
x 0 O
pl = (Tx y yiy) (12)

dp de d

and the action on the big cell is

1 1
(t’) = (y(t+77r)x‘1 - T) .
7/ d(t+p+¢t)x!

Taking ¢ = 0, we obtain the super Poincaré group including dilations. The condition ¢ = 0
will be necessary if we also consider the antichiral superspace Gr(2|1,4(1).

There is a Z-graded superalgebra associated with the super Pliicker embedding of Gr
in P4 (see [8,9] Ch. 4 for more details) given in terms of seven even indeterminates g, ass
and four odd indeterminates satisfying the relations described below:

O(GI‘) = C[ql], )tk, 1155]/Ip, i,j,k = 1,. . .,4, (13)

where Ip is the super ideal generated by the super Pliicker relations:

912934 — 913924 + G14923 = O, (classical Pliicker relation)

GijAk — qikhj + qjehi = 0, 1<i<j<k<4

Aidj = assq;j lsi<j=4

Aiass = 0. (14)

As in the non-super case, we consider the first two rows in (8) and construct the quantities

dij = gn8jpp — 881, Ui = 8152 — §2iV51, 4 = Y5175,

which satisfy the super Pliicker relations and no other independent relations. In this way,
one retrieves the algebra C[qi]-, Ai,as5]/ Zp of the super Pliicker embedding as a subalgebra
of SL(4[1).

The condition (10) defining the super-Minkowski space as the big cell in Gr is then
equivalent to g1p # 0. The superalgebra of polynomials O (M) on M is then retrieved in
O(Gr) as the elements of degree zero in O(Gr) [qﬁl].

This subalgebra, O(Ujy) = O(M) is the polynomial subalgebra generated by the
elements (see (11))
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-1 -1
ta1 32 —dyzdi, dizdy;

4 4
tyn tap | = | —dudy, duadyy
51 T2 mdy,  odpy,

and the rest of the indeterminates can be obtained from these using the super Pliicker
relations (14) (Ref. [9] Ch. 5).

As supergroups, SL(4|1), P!, and also P* are super-Hopf algebras. This allows
us to give the coaction of the relevant supergroup on the super-conformal or super-
Minkowski spaces.

3. The Quantum Super-Minkowski Space

We now briefly describe the quantization of super-Minkowski space obtained in [8],
Section 2 (see also in [9] Ch. 5). We consider the quantum supergroup SL;(4[1) in Manin’s
formalism [10]. In this section, we use the same letters for the classical and quantum
generators, while it does not lead to confusion. We have the following definition:

Definition 1. The quantum matrix superalgebra M, (m|n) is defined as
M, (m|n) =qer Cq(zij, Cx1) /I,
where Cy(z;j, 1) denotes the free superalgebra over Cq = Clg, q~1] generated by the even variables
Zij, for 1<i,j<m or m+1<ij<m+n
and by the odd variables

Cul for 1<k<m, m+1<I<m+n
orm+1<k<m+n 1<I1<m,

satisfying the relations &z, = 0. Ly is an ideal generated by relations that we will describe shortly.
We can visualize the generators as a matrix

(mem (:mxn> ) (15)

Cnxm  Znxn

To simplify the notation, it is convenient sometimes to have a common notation for even and
odd variables.
Zjj 1<ij<m,or m+1<ij<m+n

aij: Cl] 1§l§m, m+1§j§m+n,or
m+1<i<m+4n, 1<j<m

We assign a parity to the indices p(i) = 0if 1 < i < mand p(i) = 1 otherwise. Then, the
parity of a;j is 7w(a;;) = p(i) + p(j) mod 2. Then, the ideal Ty is generated by the relations [10]:

ajja; = (*1)n(“ij)n(ﬂfl)q(_l)p(imﬂilﬂz‘jr forj <l
ajay; = (—1) k) gy, fori <k
aijag = (_1)7I(aij)7f(ﬂkl)aklaijl fori <k, j>1

or i>k j<lI
aijag — (—1)™ @) g a;; = (=1)" D) (g7 — g)agiay,

for i<k j<lI
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There is also a comultiplication
A
M, (m|n) —— My(m|n) @ My(m|n)
given formally by matrix multiplication, that is, A(aij) = Lk Aik @ ;.
Adjoining the inverse of the quantum Berezinian, which is a central element of the
algebra, one has a suitable antipode map S, unit, and co-unit that define the standard quan-

tum supergroup GL,(4(1). One can restrict to SL;(4|1) by setting the quantum Berezinian
to 1. We conveniently represent the generators in matrix form, as in (15)

8ij 7"5) ij=1,...4. 16
<75j 8s5)" ] = e (16)

As in the classical case, the quantum super-Poincaré group is given by
04(P) := O(GL,;(4[1)) /1y,
where 7, is the (two-sided) ideal in O(GL;(4[1)) generated by
$1j,&j, for j=3,4 and 715 725 753, V54 - (17)

We can equivalently write O, (P) as generated, as in (12), by the following elements:

x 0 O
Tx y yn|, (18)
pox 0 d

with change of variables

v (811 812>l _ (0]_1D23D1_21 D13D1_21)’

g1 g —q'DuDy,' DuDy)
_ (833 8x d=
Y <g43 g44>' 855
B B - _g-1p3Tipss
p = (—q 1D25D121/ D15D121)/ 17 = < qD34_3%D35 34) .
34 34

We have denoted by D;; the determinant of the i, j rows of the first two columns in (17)
(see [9] Ch. 5 for more details).

In the following, it will be necessary to distinguish between (super)commutative and
non-(super)commutative generators, so we put a hat * *” over the non-commutative ones.
In the spirit of (15) we introduce the following definition:

Definition 2. The complexified quantum Minkowski superspace is the free algebra in six generators

ta1, bap, B3y and fsp, (even)
151, T52 (odd)

satisfying the commutation relations
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bty = q Mtatp,
Bty = q 'k,
Pty = tats + (971 — q)fatsy,
Eaifyy = Eapla,
oty = g 'ipty,
Pty = q 't (19)

which would be the commutation relations defining the non-super quantum Minkowski space,
together with

Tt = —q 5ts

Batsy = g Msifa Potsr = g Mtsofs

bats = q Yisita, bots = q Yisala

f31150 = Ts2f3 sy = Tsafa

baotst — tsifo = (9 — 4 V) Esi s bty — tsifp = (9 —q Dint,  (20)

This algebra will be denoted as Oy(M), and it is a subalgebra of My(2|1) in Definition 1.
If we denote the ideal given by (19) and (20) as Ly 4, then we have that

Og(M) = Cy(ty, baz, F31, 32, 51, T52) / Ty pt -

The commutation relations of the generators of the quantum Poincaré supergroup
O(P;) O4(P) (17), (18), are not trivial and are listed in [9] (pages 305-306) in a very similar
notation. There is a natural coaction of O;(P) on O,(M), which is Proposition 7.5 of [8].
We give it here:

Proposition 1. The quantum chiral super-Minkowski space O,(M) admits a coaction of the
quantum chiral Poincaré supergroup Og(P):

O(M) —2 0,(P) 2 O (M).

Abij = tij © M+ §iaS(R)pj © bapy + 9iflaS (£)1 @ jp
At = (d@ M) (4 @1+ 1 ©p)(S(2)@1).

4. The Star Product in the Even Case

The star product allows us to recover the interpretation of the quantum algebra as the
space of formal power series of standard polynomials, where a non-commutative product
is defined. For the even case, the star product was computed in [11]. We will later make the
generalization to the super case, but we first need to recall the construction in the non-super
case.

Definition 3. The complexified quantum Minkowski space is the free algebra in four generators
far, bap, B3y and B,

satisfying the relations (19).
This algebra will be denoted as Oz(My). If we denote the ideal (19) by T, My, then we
have that

Oq(MO) = (Cl] <E41/ z:42/ 23]/ £32> /IM(]q .
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Let C; = Cg,9!]. We have:

Proposition 2. There is an isomorphism O(Mo)[q, 4] = Oy(My) as modules over C,. In fact,
the map

Qm
Cyltar, taa t31, t32] ———  Og(My) 1)

a b 4c 4d ;AaAbAcAd
t4l t42 t31 t32 t41 t42 t31 t32

is a module isomorphism (so it has an inverse).

Proof. The ordering used here is the normal ordering given in [10]. The Theorem 1.14 in
this Reference says that such monomials are a basis for the algebra generated by the entries

of the quantum matrix
<t32 t31>
tyy ty

with commutation relations of the Manin relations (1) in the purely even, n = 2 case.
The proof of the proposition then follows. O

A map like Q, is called an ordering rule or quantization map. In particular,
Proposition 2 is telling us that Oy (M)) is a free module over C,, with a basis of the set of
standard monomials.

We can pull back the product on Oy (M) to O(My)[g,q71].

Definition 4. The star product on O(My)[q,q~'] is defined as

f*eveng = QX}O (QMo(f)QMo (g))' f'g € O(MO)[qr qil]' (22)

By construction, the star product satisfies associativity. The algebra (O(My)[g,97 ], *)
is then isomorphic to Oy (M).

To give it explicitly [11], we first need a couple of partial results. We begin by comput-
ing some auxiliary relations.

Lemma 1. The following commutation rules are satisfied in Oq(Mo):

mm —mnin im
tpty = q tyty,
mmm —mnin tm
31ty = q iyt
mimm __ tn tm
t31ty = tptzy,
mm —mnin im
ttyy = q itz
mm —mnin im
taptz) = q i3tz
and
m tk tk tm—k
Bty =t B3 + Z Fe (g, m, n) B 85,15, 8557,
k=1
where y = min(m, n) and

k

L 1
F(q,m,n) = Br(g,m F(g,n—1) with F(q,n) = (qZ”_l —q>
=0

—

and By(q, m) is defined by the recursive relation

Bo(g,m) = Bu(qm) =1, and By(qm+1) = Br_1(q,m) + Pi(g,m)g>*.
Moreover, Br(q,m) = 0ifk < 0orifk > m.
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Proof. The proof is just a (lengthy) computation. [

Theorem 1. The star product given in Definition 22 is given in two arbitrary monomials as

a (b o 4d man (P ogr \ _ - —mc—mb—nd—dp a+m b4+n P d+r
(t41t1at51150) *even (Hitintait50) = 4 P Mty Tty gy

w=min(d,m)
qf(mfk)cf(mfk)bfn(dfk)7p(d7k)Fk(ql d, m) . (23)
k=1
tziﬁ-m—ktZ;—k-‘rnt;Tkertgz—k-‘rr (24)

We consider now a change in the parameter, § = exp h. The classic limit is then
obtained as i — 0. One can expand (24) in powers of h. In [11] it is shown that, at each
order in k, the star product can be written as a bidifferential operator. Then the extension
of the star product to C* functions is unique.

It is interesting to compute the antisymmetrization of the term of order 1 in i, which
is the Poisson bracket

{f, 8 even =t41t31(041 /0318 — 0418931 f) + taots1 (041 f 0428 — 94180s0 f )+
t3otar (042 f 0308 — 0408032 f ) + t32t31(031 9328 — 03189321 )+
2tyot31(041f0328 — 04189321 ) - (25)

We can express the Poisson bracket in terms of the usual variables in the Minkowski space.
The coordinate change is

f31 t3p\ W, O+ a3 xl—ix?
TN 052 0,3 )
t41 t42 Xt +1x X X
and the inverse change is

1 1 1
= (b +t), X =(tpt+ty), = E(t32 —ty), x*=

— = t31 — typ)-
2 2 (31 42)

N~

In these variables, the Poisson bracket becomes
{f,&Yeven =i ((x°)2 = (x*)2) (31 f02g — 9189af) + 'x" (90f028 — dugdaf) —
X0x% (99 o1 — 9pgdrf) — x'x° (32038 — 92803 f)+
¥ (91 fd3g — 91895 f) ) -
The Poisson bracket that we obtain is quadratic in the variables, and it is non-trivial.

5. The Super-Star Product

We want to repeat the procedure of Section 4. We start by giving an ordering which
defines a quantization map.

Proposition 3. There is an isomorphism
O(M)[g,97 "] = Cylts1, T52, ta1, tan, ta1, t32] = Og(M)
as modules over Cq. In fact, for a,b,c,d =0,1,2... and e, f = 0,1 the map

OM)gq] -5 0yM) (26)

e f pa b pc 4d re ~f 2a 3b 3¢ M
T51 Toptar tantan 130 > T51 Toptatantsitsn

is a module isomorphism (so it has an inverse).
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Proof. The ordering used here is the normal ordering used in Theorem 1.14 of [10].

For the even part, we are in the situation of Proposition (2). Adding the odd variables
in that reference says that such monomials are a basis for the algebra generated by the
entries of the (non-square) quantum matrix

f30 I3

tgp tn
5 T51

with commutation relations the Manin relations (1). To add the odd variables, one has
to check that they do not introduce other generators with the commutation relations, the
Manin relations (1). These relations are the same (up to a sign) for even or odd generators.
Hence, the normal ordering in Theorem 1.14 of [10] will give us the result using the same
argument as in Prop. 2. [

We first need a couple of partial results:

Lemma 2. Fora,b,c,d =0,1,2,... we have the following commutation relations:

N —a~ fa NN —ba 1b
tyTs2 = q “Tooly typTsy = 4 “Tsotyy
e A A~ 2C 2d 4 —da~
t31 152 = Tootyy tl5 = q " Tots)

a 2 _ —azs Ta
ty 51 = q " Tty

phoa s b B
01 =Tt +(9—1q
X A —Cca fC

31151 = q 513

Botsi =1t + (99

—2b+1 b—1
)T52 t41 t42

—2d+1 d—1
>T52 £31 t32

Lemma 3. Fora,b,c,d =0,1,2,...

t ottt = g~ T Tt oty 1, + 07T (g — g 2 ) Tt s G o+
qf(aer) (q _ q72d+1)

a b 40 4d _
tytptatnTe =4

b osctld—1
Tsotgy taatSy 15,
—(a+b+d b d
(@0 ) 1y 14 511
In order to simplify the notation, we define
T(a,b,c,d) = t§3t5t5 1, -
As in the non-super case, we have:

Definition 5. The super-star product on O(My)|q,q~"] is defined as
frg=Qu(QmHRME),  f.8€OM)gq7]. (27)
Theorem 2. The super-star product of two monomials in the given basis
S = T5€1T5sz(a, bc,d)x w1 T(m,n,p,r),

withe, f,u,v=0,1and a,b,c,d,m,n,p,r =0,1,2,... is given, in terms of the even star product
by (22) (the exponents of the odd variables are always taken mod(2), so they take values 0 or 1):
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S :zsuo&vngngz T(a,b,c,d) *even T(m,n,p,7)+

3,001 (q_(“+b+d)'r§1 Tg;l T(a,b,c,d) *even T(m,n,p, r))

641000 ((—1)qu_a_CT5€1+ngz T(a,b,c,d) *even T(m,n,p,r)+

g (g — q*%*l)rgfl'rg;l T(a+1,b—1,c,d) *even T(m,n,p, 1)+

q*“*b(q — q72d+1)'r§1'rgz+l T(a,b,c+1,d —1) *eyen T(m, n, p,r)) +
3,100 ((—1)fq_z”’_b_c_“fﬂr;;rlr{;l T(a,b,c,d) *even T(m,n,p,r)+
“2a—bedtl) (g q72b+1)1.§11.g2 T(a+1,b—1,c,d) *even T(m,n,p, 1)+

—20-2b—d+1 (5 _ q—2d+l)fglfgz T(a,b,c+1,d —1) *even T(m,n,p, r)) , (28)

q
q

where the star products between the Ts are given in Theorem 1. It is a quantum deformation

of O(M).

Proof. For the proof, we have to reorder according to 3. It is easy to check that for 4 =1,
one obtains the standard, (super)commutative product on O(M). O

The antisymmetrization of the first order in k of the star product gives the Poisson
bracket. To make the notation even lighter, we will write
b d
Ry = T§1T§£ztil tinta 13, Ry = w4 ot it thy
+ _ f ra+1b—1,c d - _ fqa 4b gct1,d—1
Ry = 51 Toplyy tyy it Ry = w51 oot tantsy 35,

when there is no possibility of confusion. Let us denote S1(R 4, Ryy) the term of order & in
(28). We denote by C; the same term in (22).

S1(Ra, Ry) =C1(Ra, Ry) + 640001 (—(a + b +d)RaRpy)
(5u1500((f —a—Cc)RaRy + ZbRIRM + ZdR;RM)
611601 ((—2a — b — c+ f)RaRp + 2bR Rpg 4+ 2dR Ry ) - (29)

We now take into account that for u,v = 0,1

(5u0:1—u, (5170:1*’0,

5u1 =1u, 51,1 =0.
Then the terms proportional to uv in (29) cancel out, so we are left with
Sq (RA, RM) =C (RA, RM) —(a+b+ d)RA -vRpm + (f —a—c)Ry-uRy+
2bR} - uRp + 2dR}, - uR .

This expression can be written in terms of differential operators. We have, for exam-
ple, that
thA = t418t41RA, bRX = t418t42RA, MRM = T518151RM,...

The result is

S1(Ra,Ryp) =Ci(Ra, Ry) + (t4101y, + ta00tgy + 3004, )R 4 - 52015, Rp+
(— 50075, — ta10t,, — t31045, + 2t410t, + 2£3101,, )R 4 - T510w, R,
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which satisfies the Leibniz rule in both arguments. Its (anti)symmetrization is the Pois-
son bracket

{Ra,Rpm} = S1(Ra, Rpp) — (—1)PAPMS) (Rpy, Ry) -

At this order, the star product is differential. Presumably, it will be differential at all orders,
as its non-super counterpart [11].
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Appendix A. A Basis for the Poincaré Quantum Supergroup

In this appendix, we give a brief sketch of the fact that the ordered monomials—according
to a given ordering—of the generators super of the Poincaré quantum group form a basis
for its quantum superalgebra. This is a non-trivial result based on the classical work by
Bergman [36], but it is a modification of the argument in [11].

We recall the following key result.

Theorem Al. (Diamond Lemma). Let R be the ring defined by generators and relations as:
R := Cq<xi)/(X1k _fk/k =1.. .S) .

If11 = {Xy, fx}k=1,.,s is compatible with the ordering < and all ambiguities are resolvable,
then the set of ordered monomials I1is a basis for R. Hence, R is a free module over C,.

Let us fix a total order O on the variables x, y, t, T as follows:

Top > Ts1 > f3p > 31 > tgo > g >
X117 > X12 > Xo1 > X22 > Y33 > Y34 > Y43 > Yas

Theorem A2. Let Oy(P) = Cy(xij, yxi, tir) / Lp be the algebra corresponding to the quantum
Poincaré group. Then, the monomials in the order O as above are a basis for O4(P).

The proof of this result is completely analogous to the non-super setting. It is an
application of the Diamond Lemma, where we resolve all ambiguities using the Manin
relations, whose form, in fact, does not depend on the generators having parity.
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