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Abstract: The variance of the position operator is associated with how wide or narrow a wave-packet
is, the momentum variance is similarly correlated with the size of a wave-packet in momentum space,
and the angular-momentum variance quantifies to what extent a wave-packet is non-spherically
symmetric. We examine an interacting three-dimensional trapped Bose—Einstein condensate at
the limit of an infinite number of particles, and investigate its position, momentum, and angular-
momentum anisotropies. Computing the variances of the three Cartesian components of the position,
momentum, and angular-momentum operators we present simple scenarios where the anisotropy of
a Bose-Einstein condensate is different at the many-body and mean-field levels of theory, despite
having the same many-body and mean-field densities per particle. This suggests a way to classify
correlations via the morphology of 100% condensed bosons in a three-dimensional trap at the limit of
an infinite number of particles. Implications are briefly discussed.

Keywords: Bose-Einstein condensates; infinite-particle-number limit; many-body theory; mean-field
theory; position variance; momentum variance; angular-momentum variance; solvable models;

harmonic-interaction model; anisotropy

1. Introduction

There has been an increasing interest in the theory and properties of trapped Bose-
Einstein condensates at the limit of an infinite number of particles [1-12]. Here, one
may divide the research questions into two, inter-connected groups. The first group of
research questions deals with rigorous results, mainly proving when many-body and
mean-field, Gross—Pitaevskii theories coincide at this limit, whereas the second group of
questions deals with characterizing correlations in a trapped Bose—Einstein condensate
based on the difference between many-body and mean-field properties at the infinite-
particle-number limit. In [2], it has been shown that the ground-state energy per particle
and density per particle computed at the many-body level of theory coincide with the
respective mean-field results. The infinite-particle-number limit is defined such that the
interaction parameter, i.e., the product of the number of bosons times the interaction
strength (proportional to the scattering length), is held constant. Similarly, in [3] it has been
shown that the reduced one-body and any reduced finite-n-body density matrix [13,14]
per particle are 100% condensed, and that the leading natural orbital boils down to the
Gross—Pitaevskii single-particle function. Analogous results connecting time-dependent
many-body and mean-field theories are given in [4,5] and developments for mixtures
in [9-11]. In [12], the many-boson wave-function at the infinite-particle-number limit has
been constructed explicitly.

The difference between many-body and mean-field theories at the limit of an infinite
number of particles, which as stated above coincide at the level of the energy, densities,
and reduced density matrices per particle, starts to show up in variances of many-particle
observables [6,7]. Of course, the wave-functions themselves differ and their overlap is
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smaller than one [8]. In evaluating the variances of many-particle observables two-body
operators emerge whose combination with the elements of the reduced two-body density
matrix can pick up even the tiniest depletion, which always exist due to the inter-particle
interaction [6,7]. Here, the quantitative difference between the many-body and mean-field
variances is a useful tool to benchmark many-body numerical approaches [15,16], whereas
the qualitative differences serve to define and characterize the nature of correlations in
100% condensed bosons at the infinite-particle-number limit.

Qualitative differences between the many-body and mean-field variances per particle
depend on both the system and observable under investigation and emerge because the
100% condensed bosons are interacting. In the ground-state of a one-dimensional double-
well potential, the mean-field position variance per particle increases monotonously with
the interaction parameter whereas, once about a single particle is excited outside the
condensed mode, the many-body position variance per particle starts to decrease [6]. In the
analogous time-dependent setup of a bosonic Josephson junction, the mean-field variance
is oscillating and bound by the size of the junction, whereas the many-body variance
increases to ‘sizes’ several times larger [7]. In two spatial dimensions additional features
come out. The position variance per particle in a thin annulus can exhibit a different
dimensionality [17] and both the position and momentum variances can exhibit opposite
anisotropies [18] when computed at the many-body and mean-field levels of theory in an
out-of-equilibrium quench dynamics. In two spatial dimensions the many-particle variance
of the L7 component of the angular-momentum operator becomes available, and used to
analyze the lack of conservation of symmetries in the mean-field dynamics [19].

In the present work we analyze the many-particle position, momentum, and angular-
momentum variances of a three-dimensional anisotropic trapped Bose-Einstein condensate
at the limit of an infinite number of particles, focusing on three-dimensional scenarios
that do not have (one-dimensional and) two-dimensional analogs. Mainly, the available
permutations between the three Cartesian components of a many-particle operator, such
as the position and momentum operators, allow one for various different anisotropies of
the respective mean-field and many-body variances than in two spatial dimensions [18].
Furthermore, anisotropy of the angular-momentum variance can only be investigated when
there is more than one component, and this occurs with the three Cartesian components of
the angular-momentum operator in three spatial dimensions.

The structure of the paper is as follows. In Section 2 theory and definitions are
developed. In Section 3 we present two applications where a common methodological line
of investigation is that the variances at the many-body level of theory can be computed
analytically. In Section 3.1, the anisotropy of the position and momentum variances
in the out-of-equilibrium breathing dynamics of a Bose-Einstein condensate in a three-
dimensional anisotropic harmonic potential are analyzed, and in Section 3.2, a solvable
model is devised which allows one to analyze the anisotropy of the angular-momentum
variances in the ground state of interacting bosons in a three-dimensional anisotropic
harmonic potential. All quantities are computed at the infinite-particle-number limit.
Finally, we summarize in Section 4.

2. Theory

The variances per particle of a many-particle observable O = Z]'Z\il 0j computed at the
many-body (MB) and mean-field, Gross—Pitaevskii (GP) levels of theory are connected at
the limit of an infinite number of particles by the following relation [6]:

Var'MB(O) = Var‘GP(O) + Var|correlations(o)' (1)

Here, Var|yp(0) = limy_e0 {% ((¥|0%¥) — (‘P|O|‘I’>2)} , where ¥ is the solution of

the many-particle Schrodinger equation, and Var|gp(O) = (¥sp|62|¢cp) — (Yepld|Pcp)?,
where ¢p is the solution of the corresponding Gross—Pitaevskii equation. Recall that
the infinite-particle-number limit is defined such that the interaction parameter, i.e., the
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product of the number of bosons times the interaction strength, is kept fixed. Furthermore,
only in the infinite-particle-number limit the density per particle is identical at the many-
body and mean-field levels of theory, and thus (1) compares the variances per particle of
the same density per particle. The correlations term, Var|coreiations (O), quantifying the
difference between the mean-field and many-body variances, depends on the elements
of the reduced two-body density matrix where at least one of the indexes corresponds
to a natural orbital higher than the condensed mode [6]. For non-interacting bosons the
correlations term obviously vanishes. As stated above, one is interested in qualitative
differences between Var|gp(0O) and Var|yp(O) and their origin.

Consider a Bose-Einstein condensate for which the many-body variances of the three
Cartesian components of, say, the position operator are different and satisfy, without loss
of generality, the anisotropy

Var|yp(X) > Var|yp(Y) > Var|yp(2). (2a)

We define the following classification with respect to the possible different anisotropies
of the respective mean-field position variances:

1}: {Varlee(R) > Varloe(¥) > Varlar(2) },

{1,2}: {Var|GP(Y) > Var|cp(X) > Var|gp(2);

Var|gp(X) > Var|gp(Z) > Var|gp(Y

Y);
Var|gp(2) > Varlgp(¥) > Varlgp(X) },
{1,2,3}: {Var|GP( ) > Var|cp(Z) > Var|gp(X);

Var|gp(Z) > Varlp(X) > Varlep(Y) }. (2b)

Naturally, the classification (2b) follows the classes of the S3 permutation group de-
noted by {1}, {1,2}, and {1,2,3}. If the mean-field variances exhibit anisotropy other than
the anisotropy of the respective many-body variances, i.e., the ordering of the former does
not belong to the class {1}, we may interpret that the mean-field and many-body morpholo-
gies of the Bose-Einstein condensate with respect to the operators under investigation are
distinct. This implies that the correlations term in (1) becomes dominate for the variances
of these operators. In the present work we investigate manifestations of definition (2) utiliz-
ing the many-particle position (X,Y,Z), momentum (P, Py, Pz), and angular-momentum
(Lx, Ly, Lz) operators for classifying the morphology of 100% condensed trapped bosons
at the limit of an infinite number of particles.

3. Applications
3.1. Position and Momentum Variances in an Out-of-Equilibrium Dynamics of a
Three-Dimensional Trapped Bose—Einstein Condensate

Consider N structureless bosons trapped in a three-dimensional anisotropic harmonic
potential and interacting by a general two-body interaction W (r — r’). The frequencies of
the trap satisfy, without loss of generality, wy < wy < w,. We work with dimensionless

quantities, i = m = 1. Using Jacobi coordinates, Q; = \/k(lkimzle(rkﬂ —1), k=

1,...,N—1,Qy = ﬁ Z]'I\il 1, where ry,...,ry are the coordinates in the laboratory
frame, the Hamiltonian can be written as:

1 92

1 N
EaQZ ( Q +w§Q%\I,y +w§Q?\],z) +H7€I(Q1/"'/QN71)' (3)

H(Qy,...,QN) = —

The ‘relative’ Hamiltonian H,,; collects all terms depending on the relative coordinates
Qi,...,0Qn_1,and Q = (Qx 1, Qs Qk z)- Suppose now that the bosons are prepared in the
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ground state of the non-interacting system. The ground-state is separable in the Jacoby co-

N N N _1¢N 2 2 2
ordinates and reads ®(Qy, ..., Qy) = (%) T (ﬂ) 4 (ﬂ) 1,2 i (wak/x+wak/y+wsz,z>’

T T
where the relation Z]N: 2= Z,I(\]:l Q? connecting the laboratory and Jacoby coordinates

is used. The solution of the time-dependent many-boson Schrodinger equation, H¥ (t) =
i a‘g—gt), where & is the initial condition, reads ¥ (t) = e~ iHt, Consequently, because of
the center-of-mass separability of the Hamiltonian H and of ®, the position and momen-
tum variances per particle of the time-dependent state ¥(t), for a general inter-particle

interaction W(r — r'), are those of the static, non-interacting system:

A~ ~ . 1
Var|yp(X) = TR Var|yp(Y) = 20y Var|vip(Z) = T
A w N w N w
Var|vp(Px) = 7’(, Var|vg(Py) = Ty' Var|yp(Pz) = 72 )

In other words, the anisotropies Var|yp(X) > Var|yp(Y) > Var|yp(Z) of the position
operator and Var|yp(Pz) > Var|yp(Py) > Var|yp(Px) of the momentum operator, when
computed at the many-body level of theory, hold for all times during the out-of-equilibrium
dynamics, see the constant-value (dashed) curves in Figures 1 and 2. We note that the
variances per particle (4) hold for any number of bosons due to the separability of the
center-of-mass. However, only at the limit of an infinite number of particles the density
per particle coincides within many-body and mean-field levels of theory and can thus be
exactly computed from the Gross—Pitaevskii equation.

What happens at the Gross—Pitaevskii level of theory? Can the mean-field variances
have different orderings than the many-body variances, i.e., belong to other anisotropy
classes based on the S3 permutation group, see (2b), than to {1}? If yes, then why and how?
The Gross-Pitaevskii or non-linear Schrodinger equation is given by
{—%g—; + %(w%xz + wiy* + wgzz> + glwep(r,t) \2} wep(r,t) = i%,whereg = 47tNa;
is the coupling constant and a, the s-wave scattering length of the above two-body interac-
tion W(r — r'). The initial condition, as above, is the ground state of the non-interacting

1 I 1
system, Pgp(r,0) = (4 )* (%) f() ipm 2 (@' twyy'+w:2) The Gross-Pitaevskii equa-

tion does not maintain the center-of-mass separability of the initial condition because of its
non-linear term, which, therefore, can lead to variations of the position and momentum
variances when computed at the mean-field level of theory.

Figures 1 and 2 display the Gross-Pitaevskii dynamics of the position and momentum
variances per particle, respectively, for four coupling constants, g = 0.18,9.0,18.0, and
27.0. To integrate the three-dimensional Gross—Pitaevskii equation we use a box of size
[—10,10) x [—10,10) x [—10,10), a Fourier-discrete-variable-representation with 1283 grid
points and periodic boundary conditions, and the numerical implementation embedded
in [20]. The dynamics are computed for the four coupling constants g and depicted by the
oscillating (solid) curves in Figures 1 and 2. The left columns are for a 10% anisotropy of
the harmonic trap, i.e., wy = 0.9, wy = 1.0, and w; = 1.1, and the right columns are for a
20% anisotropy of the harmonic trap, namely, wy = 0.8, w, = 1.0, and w,; = 1.2. We remark
that the expectation values per particle of the position (X,Y,7) and momentum (Py, Py, P)
operators computed at the mean-field and many-body levels of theory coincide at the limit
of an infinite number of particles and are all equal to zero in the present scenario.

For the smallest coupling constant, g = 0.18, we see that the mean-field variances os-
cillate with very small amplitudes around the respective constant values of the many-body
variances. This means that the mean-field anisotropy of the position variance, Var|gp(X) >
Var|gp(Y) > Var|gp(Z), and its many-body anisotropy, Var|yp(X) > Var|ys(Y) >
Var|yp(Z), are alike. A similar situation is found for the momentum variance, namely,
that the mean-field momentum anisotropy, Var|gp(Pz) > Var|gp(Py) > Var|gp(Px), and
the many-body anisotropy, Var|yg(Pz) > Var|yg(Py) > Var|yp(Px), are the same. Con-
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sequently, we may conclude that for small coupling constants the anisotropy class of the
position operator is {1} and, likewise, the anisotropy class of the momentum operator is
{1}, see (2). In other words, the contribution of the correlations term in (1) is marginal.
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Figure 1. Many-particle position (X, Y, and Z; in red, green, and blue) variance per particle as a
function of time computed at the limit of an infinite number of particles within many-body (dashed
lines) and mean-field (solid lines) levels of theory in an interaction-quench scenario. The harmonic
trap is 10% anisotropic in panels (a,c,e,g) and 20% anisotropic in panels (b,d,f,h). The coupling
constant g is indicated in each panel. Different anisotropy classes of the position variance emerge
with time. See the text for more details. The quantities shown are dimensionless.
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Figure 2. Many-particle momentum (15X, py, and P,; in red, green, and blue) variance per particle as
a function of time computed at the infinite-particle-number limit within many-body (dashed lines)
and mean-field (solid lines) levels of theory in an interaction-quench scenario. The harmonic trap is
10% anisotropic in panels (a,c,e,g) and 20% anisotropic in panels (b,d,f,h). The coupling constant g is
indicated in each panel. Different anisotropy classes of the momentum variance emerge with time.
See the text for more details. The quantities shown are dimensionless.

The situation becomes more interesting for the larger coupling constants, g = 9.0,18.0,
and 27.0. We begin with the position variances, Figure 1. The variances are found to
oscillate prominently, with much larger amplitudes than for ¢ = 0.18, and, subsequently, to
cross each other. There are three ingredients that enable and govern this crossing dynamics.
The first, is that the amplitudes of oscillations of Var|gp(X), Var|gp(Y), and Var|gp(Z) are
slightly different already at short times, with the former being the larger and the latter
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being the smaller (more prominent for 20% than for 10% trap anisotropy). The second, is
that the respective frequencies of oscillations are also slightly different at short times, with
the former being the smaller and the latter being the larger. Both features correlate with
the ordering of the frequencies of the trap, wy < w, < w;. The third ingredient is that the
three Cartesian components are coupled to each other during the dynamics, what impacts
the oscillatory pattern at intermediate and later times (more prominent for 10% than for
20% trap anisotropy, see Figure 1).
Combing the above, we find for the 10% trap anisotropy that around t = 4.0 Var|gp(Z)

> Var|gp(Y) > Var|gp(X) takes place, around t = 6.0 Var|gp(X) > Var|gp(Y) >
Var|gp(Z) holds (again), and around t = 7.0 Var|gp(Z) > Var|gp(Y) > Var|gp(X) oc-
curs. In other words, the anisotropy class of the position variance starts as {1} for t = 0,
changes to {1,2} around t = 4, is back to {1} around t = 6, and becomes {1, 2,3} around
t = 7. Furthermore, this pattern is found to be robust for different, increasing coupling
constants, see Figure 1. For 20% trap anisotropy we find a different crossing patten of
the position variances. The anisotropy class begins as {1} for t = 0, changes at around
t = 3.0 to {1,2}, and immediately after, at around ¢+ = 3.75, it is {1,2,3}. Now, around
t = 7.0 there is a broad regime of anisotropy class {1,2}. Another difference of a geomet-
rical origin between the dynamics in the 20% and 10% trap anisotropies can be seen for
g =9, see Figure 1c,d. Here, the coupling constant is sufficiently large to lead to crossing
of all position variances for the 10% anisotropy trap, and, consequently, to the position
anisotropy class {1,2,3} (at around ¢ = 7). On the other hand, for the 20% anisotropy trap
the coupling constant is just short of allowing all position variances to cross each other
and, clearly, the anisotropy class {1,2,3} cannot occur (as it happens at around t = 3.75
for the further larger coupling constants, g = 18 and 27). All in all, we have demonstrated
in a rather common (out-of-equilibrium quench) scenario the emergence of anisotropy
classes other than {1}, i.e., {1,2} and {1, 2,3}, for the position operator of a Bose-Einstein
condensate at the infinite-particle-number limit. Hence, the correlations term in (1) for the
position variance becomes dominant in the dynamics.

The results for the momentum variances per particle, see Figure 2, follow similar
and corresponding trends as those for the position operator, albeit the crossings of the
respective momentum curves take place during slightly narrower time windows than for
the position operator for the parameters used. Thus, for the 10% trap anisotropy we have
VaI'|GP(Px) > VaI'|GP(Py) > Var|Gp(Pz) around t = 4.25, VaI'|GP(Pz) > Var|Gp(15y)
Var|gp(Px) in the vicinity of t = 6.0, and Var|gp(Py) > Var|gp(Px) > Var|gp(Pz) around
t = 7.25. Therefore, the anisotropy class of the momentum variance starts at {1} for t = 0,
turns to {1,2} around t = 4.25, returns to {1} for a wider time window around ¢ = 6.0,
and changes to {1,2,3} around t = 7.25. For the 20% trap anisotropy we find, starting
from the anisotropy class {1} for t = 0, the class {1,2,3} at around ¢ = 4.0, the class {1,2}
at around t = 4.75, again the class {1} at around t = 6, and once more the class {1,2,3} at
around t = 9.5. As for the position variance, we find the pattern to be robust for different,
increasing coupling constants, see Figure 2. Furthermore, the above-discussed difference
of a geometrical origin between the position-variance dynamics in the 20% and 10% trap
anisotropies for § = 9 emerges also for the momentum variance, see Figure 2c,d. Here,
the coupling constant is sufficiently large to lead to crossing of all momentum variances
for the 10% trap anisotropy, but not for the 20% trap anisotropy. As a result, the former
system exhibits also the anisotropy class {1,2,3} for the momentum variance, whereas the
latter only the {1,2} anisotropy class. Summarizing, we have demonstrated in a simple
scenario, of an out-of-equilibrium breathing dynamics, the emergence of anisotropy classes
other than {1}, namely, {1,2} and {1, 2,3}, for the many-particle position as well as many-
particle momentum operators of a trapped Bose-Einstein condensate at the limit of an
infinite number of particles. When these latter anisotropy classes describe the morphology
of the Bose—Einstein condensate, it implies that the correlations term in (1) governs the
position and momentum variance dynamics at the infinite-particle-number limit.
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3.2. Angular-Momentum Variance in the Ground State of a Three-Dimensional Trapped
Bose-Einstein Condensate

The possibility to learn on the relations governing correlations and variance anisotropy
between the different components of the angular-momentum operator opens up only in
three spatial dimensions. Here, in the context of the present work, the challenge is to find a
many-particle model where angular-momentum properties can be treated analytically at
the many-body level of theory and in the limit of an infinite number of particles. Such a
model is the three-dimensional anisotropic harmonic-interaction model, and the results
presented below build on and clearly extends the investigation of the two-dimensional
anisotropic harmonic-interaction model reported in [21]. The harmonic-interaction model
has been used quite extensively including to model Bose-Einstein condensates [22-36].
Finally, and as a bonus, we mention that the three-dimensional anisotropic harmonic-
interaction model can also be solved analytically at the mean-field level of theory, which is
useful for the analysis.

In the laboratory frame the three-dimensional anisotropic harmonic-interaction model

e _yvN 192 ;1 N .
reads: A(ry, ..., tn) = LY, |:_28r2 + 5 (w%x]z +wpyr + wng)} + 20 Liejer (1 —1)% de,,
]

it is obtained from the Hamiltonian (3) when the two-body interaction is W(r — 1/) =
Ag(r — t')2. Then, the ‘relative’ Hamiltonian is given explicitly by

,ON-1) = 5)

1 2
12 1
— e B 2 2 2 2 2 2
= kzzl [ 2907 +5 (\/wx+2NAoQk,x+ \/@§ +2NAQg, + \/ w? +2NA0Qk,Z>].

The many-body ground state of H is readily obtained and given by

,QN) =

N—-1 KR N—-1
)1(%)1<¢m> T (@i +2NA <M> T ©

7T T 7T T

1 2 N-1 12 2 1 2 N—-1 ~2 2 1 2 N-1 12 2
67(\/wx+2m0 o Qk,ﬁwXQle)ej( WIH+2NA TN leerwaN,y)efi(\/wZJrZN/\O N Qk'ZerZQN,Z)’

As states above, it is also possible to solve analytically the three-dimensional anisotropic
harmonic-interaction model at the mean-field level of theory by generalizing [21,25]. The
final result for the mean-field solution of the ground state reads

7T 7T 7T

1PGP(r)=(\/C‘]JZCJF72A>i \/“’5*72A 4<m>ix "

1 2 2 1 21 9A 2 1 2 2
—5V wy+2A Wy t2AY° 2w+
xe 2V wx X732 y e IV ws 2Az ,

where A = Ag(N — 1) is the interaction parameter. For reference, gp(r) solves the Gross—
Pitaevskii equation {—%aa—:z + %(w%xz + wﬁyz + w%zz) + A [dr|pep(r') > (xr— r’)ﬂ Yep(r)

= upgp(r), where p is the chemical potential. Note that both many-body and mean-field
solutions can be written as products of the respective solutions in one dimension along the
x,y, and z directions.

Before we arrive at the angular-momentum variances and for our needs, see below,
we make a stopover and compute the position and momentum variances per particle in the
model. At the many-body level we obviously have the result (4), since for the interacting
ground-state the center-of-mass is separable and, hence, the position and momentum
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variances are independent of the two-body interaction. At the mean-field level we readily
find from (7) the result

1 1 1

2V/wZ 127 2, Jwz+2A" 2V/wZ+2A

2
X Vw2 £2A R wy +2A R VI +2A
Var|gp(Px) = ~—"5——, Varlep(Py) = , Varlgp(Pz) = ~—5—.

Var|gp(X) = Var|cp(Y) = Var|gp(Z) = ®)

1i

The mean-field variances (8) depend on the interaction parameter A, unlike the
respective many-body variances (4). It turns out that this property would be instrumental
when analyzing the anisotropy of the angular-momentum variance below. We briefly
comment on the anisotropies of the position and momentum variances in the model.
Comparing the mean-field (8) and many-body (4) variances per particle we find that the
former belong to the anisotropy class {1} independently of the interaction parameter A
both for the position and momentum operators. For the mean-field variance of the ground
state at the infinite-particle-number limit to belong to an anisotropy class other than {1},
one would have to go beyond the simple single-well geometry, see the anisotropy of the
position variance in a double-well potential in two spatial dimensions [37].

We can now move to the expressions for the angular-momentum variances at the
limit of an infinite number of particles, by generalizing results obtained in two spatial
dimensions [21] to three spatial dimensions. The calculation at the mean-field level using (7)
readily gives

:

2
((Jwi+2A— T Tzn) (j;% )

A 1 1
Var Lx)=- == ,
lerllx) =3 J@?+ 28\ /T T 2A 4 Jujran
Vw?+2A
2 Vwlt2h
Vatlep(Ly) = 1 (\/w§+2A— \/W§+2A> 1 <,/w§+2A ) ©)
T B aA w1 2A 4 Jeltoa
WF+2A
2
2 Vwi+2A 1
V. | (t ) 1(\/6()%"‘2/\—‘/(4]54‘2/\) 1 ( w§+2A >
arige\Lz) = 7 = —
4 T T2A w4 2A 4 wi+2A
) Y wj2A
()

In the absence of interaction these expressions boil down, respectively, to 1 o

wz

2 w.

“z_1 (*"—1) . . S

% (‘*’Xﬂ ) ,and % “Y +—, the angular-momentum variances of a single particle in a three-
wy w;

dimensional anisotropic harmonic potential. We see that for non-interacting particles
and at the mean-field level the angular-momentum variances per particle depend on the
ratios of frequencies, not on their absolute magnitudes. In the first case these are the bare
frequencies of the harmonic trap whereas in the second case these are the interaction-
dressed frequencies (7) resulting from the non-linear term.

The computation of the many-body variances is lengthier. It amounts to computing
the angular-momentum variances for finite systems which exhibit an explicit dependence
on the number of bosons N, and then performing the infinite-particle-number limit where
several terms fall. Using [21] the final expressions for the correlations terms (1) are
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Var | correlations (t'X ) =

I

2
(1/w§+2A—\/w§+2A)< A )( A )
S+ 1)1+ 5 -1,
Jw? +2A/wI 12 wy w?

2
. 1 (Vw2 +2A = w2 +2A A oA
Var|correlations (Ly) = 7 ( - i ) 1+—5 -1 1+— -1/, (10)
4 w2 +2A /w2 +2A w? wi

2
1 (VeI +28 -, /w}+24) A oA
Var|correlations(LZ) = 1 m\/ﬁ 1+ﬁ—1 1+E_1 .
wx (Uy X y

a

Hence, adding (9) and (10) we readily have from (1) the many-body variances per
particle at the infinite-particle-number limit, Var|yp (Lx), Var|yp(Ly), and Var|yp(Lz).

We remark that the expectation values per particle of the angular-momentum operator
(Lx, Ly, Lz), as well as the respective expectation values of the position and momentum
operators, computed at the mean-field and many-body levels of theory coincide at the limit
of an infinite number of particles and are all equal to zero in the ground state.

We investigate and discuss an example. Let the frequencies of the three-dimensional
anisotropic harmonic trap be wy = 0.7, wy, = 5.0, and w; = 10.5. Their ratios from large to

small are: L‘L‘j—i =15, Z—Z = 7%, and %; = 211—0. Then, the values of the angular-momentum
variances per particle at zero interaction parameter, A = 0, are given from large to small by
Varlgp(Ly) = Var|vis(Ly) = 72 ~ 3.267, Var|gp(Lz) = Varlup(Lz) = £ ~ 1.321, and
Var|gp(Lx) = Var|yp(Lx) = % ~ 0.144. Indeed, as the ratio of frequencies with respect
to two axes is bigger, the corresponding angular-momentum variance per particle with
respect to the third axis is larger, and vise versa.

What happens as the interaction sets in? Figure 3a depicts the many-body and mean-
field angular-momentum variances as a function of the interaction parameter A. We
examine positive values of A which correspond to the attractive sector of the harmonic-
interaction model, see, e.g., [21,25,29]. Let us analyze the observations. With increasing
interaction parameter the density narrows, along the x, y, and z directions. This is clear be-
cause the interaction between particles is attractive, and is manifested by the monotonously
decreasing values of the position variances per particle (8). Furthermore, the density be-

) Z4+2A
. . . N e TN
comes less anisotropic, because the ratios of the dressed frequencies Y + ., and

\/«J% 1277 \/w§ +2A
V Ww2H2A

\/27 monotonously decrease with increasing A. Consequently, the angular-momentum
wy+

variances per particle decrease with the interaction parameter as well, see Figure 3a. The
mean-field angular-momentum variances (9) are monotonously decreasing because of
the just-described decreasing ratios of the dressed frequencies. The many-body angular-
momentum variances are decreasing, at least for the values of interaction parameters
studied here, because the positive-value correlations terms (10) grow slower than the
mean-field angular-momentum variances decrease with A.

All in all, the anisotropy of the angular-momentum variance can now be determined.
We find the anisotropy Var|yp(Ly) > Var|yp(Lz) > Var|yp(Lx) to hold for all interaction
parameters at the many-body level of theory. At the mean-field level of theory we find the
same anisotropy, namely, Var|gp(Ly) > Var|gp(Lz) > Var|gp(Lx), to hold for small inter-
action parameters. However, then, at just about A = 5.0 the mean-field anisotropy changes
to Var|gp(Ly) > Var|gp(Lx) > Var|gp(Lz), and this anisotropy continues for larger inter-
action parameters. Hence, we have found that the anisotropy of the angular-momentum
operator in the ground state of the three-dimensional anisotropic harmonic-interaction
model at the infinite-particle-number limit changes as a function of the interaction param-
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eter from the anisotropy class {1} to {1,2}, see Figure 3a. In terms of the correlations
term (1), the anisotropy of the variance is governed then by many-body effects.

1.0 1.0
(a) Ve — (b) g@g p—
© vz = o Var LAME) — -
2 Var Ly %MB 2 Var Ly EM
£ 075 Varkz MB) = = £ o075 Var LY (M -
s g 0.
> >
E g
= =}
g I g
2 05 g 05
S S
5 g
B 025 |-\ % 025 ~—= ——— .. _
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~— —
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©) Var X (GP) —— (d Var ii%{; g —
Var L) (GP) Var L) (GP) mm
o Var Ly(MB) = = 5 Var Ly - -
: i EE EREC -
£ 075 s £ 075 “
< &
> -
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5 k= ~ < _ _
% 025 N e —— & 025 s IR
< -*—_——’ <
0 | | | 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
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Figure 3. Many-particle angular-momentum (Lx, Ly, and Lz; in red, green, and blue) variance per
particle as a function of the interaction parameter A computed at the limit of an infinite number
of particles within many-body (dashed lines) and mean-field (solid lines) levels of theory for the
ground state of the three-dimensional anisotropic harmonic-interaction model. The frequencies of
the trap are wy = 0.7, wy = 5.0, and w, = 10.5. Results at several translations ry of the center
of the trap are shown in the panels: (a) rp = (0,0,0); (b) rp = (0.25,0,0); (c) rp = (0,0.25,0);
(d) ro = (0.25,0.25,0). Different anisotropy classes of the angular-momentum variance emerge with
the interaction parameter. See the text for more details. The quantities shown are dimensionless.

Still, can the above-found picture of angular-momentum variance anisotropy be made
richer? The answer is positive and requires one to dive deeper into the properties of angular-
momentum variances under translations. To this end, we employ and extend prior work in
two spatial dimensions [21]. Suppose now that the harmonic trap is located not in the origin
but translated to a general point rg = (xo, Yo, 20). The expectation values per particle of the
momentum and angular-momentum operators are still zero, whereas the expectation value
of the position operator is, of course, ry. Whereas the position and momentum variances are
invariant to translations, the angular-momentum variances are not, which open up another
degree of freedom to investigate the anisotropy class of the angular-momentum variances
in three spatial dimensions. Mathematically, the transformation properties of the angular-
momentum operator and its square combine in a non-trivial form those of the position and
momentum operators. Physically, in a similar manner that angular momentum is defined
with respect to a reference point, and it is different with respect to another reference point,
so does the variance of the angular-momentum operator which changes with respect to
distinct reference points.

Using the transformation properties of the angular-momentum operator (L, Ly, L.7)
under translations, see Appendix A and [21], the final expressions for the translated
angular-momentum variances per particle read explicitly
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2
A 1 (w3 +28 a2+ 24) A o~
VaI'|MB(Lx,'I‘Q):* 14 1+— -1 1+— -1 +
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i 25
2
Var|yp(Ly; o) 1<\/w§+2A—\/w§+2A) 1+ 1+2A 1 1+2A 1[4+ (11)
ar ;I = — et <
MEA ) g o 1 aA Wl 1 2A w? w2
w. w
taiy
2
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VAT IR Jaf 120 2 o
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at the many-body level of theory and

2
(,/wﬁ—l—ZA—\/w%—i—ZA) +y%\/w%_’_iz[\JFZ%,/wf—i—zA
\Jwd +2A/wZ +2A . 2

Var|gp(Lx; 1) =

N

2
A | (VOTF2A =V +28)" | JTTR L, Jal T2
Var|cp(Ly;10) = 7 5 5 + 2 + x5 , (12)
VW2 +2A/w2 +2A 2 2
2
. 1(\/w§+2A—1/w§+2A) 2,/w§+2A N/ SN
Var|gp(Lz;10) = 4 SR R T

Vwi +2A, Jwf +2A

at the mean-field level of theory. Let us examine expressions (11) and (12) more closely. The
terms added to the translated angular-momentum variances at the many-body level depend
on the corresponding components of the translation vector but not on the interaction
parameter, whereas the added terms at the mean-field level of theory depend on and
increase with A, see Appendix A for more details. The combined effects can be seen in
Figure 3, compare panels Figure 3b—d with panel Figure 3a.

For the translation by rg = (0.25,0,0), the angular-momentum variances Var|yp(Lx; o)
and Var|gp(Lx; 19) are invariant quantities, Var|yp(Ly; rg) and Var|yp(Lz; ro) are shifted
by interaction-independent values, and Var|gp(Ly;19) and Var|gp(Lz; 1) increase by
interaction-dependent values, see (11) and (12), and compare Figure 3a,b. The com-
bined effect is that now both Var|yg(Ly;r9) > Var|us(Lz;rg) > Var|up(Lx;ry) and
Var|gp(Ly; 1) > Var|gp(Lz;19) > Var|gp(Lx;10) hold for all interaction parameters A
in the range studied. Consequently, the anisotropy class of the angular-momentum vari-
ance per particle for rop = (0.25,0,0) is {1} only.

Next, for rp = (0,0.25,0), the angular-momentum variances Var|yp(Ly;19) and
Var|gp(Ly; 19) are invariant quantities, Var|yp(Lx; o) and Var|yp(Lz; o) are shifted by
interaction-independent values, and Var|gp(Lx; rg) and Var|gp(Lz; rg) grow by interaction-
dependent values, contrast Figure 3a,c. The combined effect is, of course, different than
with rp = (0.25,0,0), and we discuss its main features, focusing on the regime of interaction
parameters larger than about A = 6, for which the two many-body curves Var|yg(Lx; o)
and Var|yp(Ly; 19) cross, see Figure 3c. The many-body angular-momentum variances
satisfy Var|yp(Lx; 10) > Var|yp(Ly; ro) > Var|yp(Lz; 10) for all studied interaction param-
eters. So, the effect of this translation is to alter the order of the many-body variances, i.e., to
change the many-body anisotropy. Now, at the mean-field level, we find Var|gp(Lx; o) >
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Var|gp(Ly; r9) > Var|gp(Lz;19) up to about A = 12 and Var|gp(Lx;19) > Var|gp(Lz;10) >
Var|gp( Ly; rg) for the interaction parameters larger than about A = 12. All in all, for the
translation by ryp = (0.25,0,0) the above-described relations correspond, respectively, to
the anisotropy classes {1} and {1,2} of the angular-momentum variances per particle.

Finally, for the translation by ry = (0.25,0.25,0) non of the angular-momentum
variances is invariant, see (11) and (12). The many-body angular-momentum variances
Var|ys(Lx; 1o), Var|ys (Ly; 19), and Var|yp (Lz; 1o) are shifted by interaction-independent
values and the mean-field angular-momentum quantities Var|gp(Lx;19), Var|gp(Ly; 1o),
and Var|gp(Lz; 19) increase by interaction-dependent values, see Figure 3d. We exam-
ine the overall effect, concentrating on the regime of interaction parameters larger than
about A = 2.5, where the two many-body curves Var|yp(Lx; o) and Var|yg(Lz; 19) cross,
see Figure 3d. The many-body angular-momentum variances satisfy Var|yp(Ly;r9) >
Var|vp(Lx; o) > Var|yp(Lz; ro) for all interaction parameters in the range studied. Once
again, the effect of the translation is to change the order of the many-body variances,
thereby altering the many-body anisotropy, compare panels Figure 3a,c,d. At the mean-field
level one finds Var|gp(Ly;19) > Var|gp(Lx; rg) > Var|gp(Lz; o) up to about A = 15, then
Var|gp(Ly; r9) > Var|gp(Lz;19) > Var|gp(Lx; o) tillabout A = 22.5, and Var|gp(Lz; 10) >
Var|gp(Ly;19) > Var|gp(Lx; o) for all the interaction parameters larger than about A =
22.5 studied, see Figure 3d. Therefore, for ry = (0.25,0.25,0) the above-discussed findings
imply that all anisotropy classes can be attained by the angular-momentum variances
per particle in the three-dimensional harmonic-interaction model at the infinite-particle-
number limit. These are, respectively, {1}, {1,2}, and {1,2,3}. In other words, we have
shown that the correlations term (1) can dominate the angular-momentum properties of
a trapped Bose-Einstein condensate at the limit of an infinite number of particles, which
rounds off the present work.

4. Summary

The present work deals with a connection between anisotropy of and correlations in a
three-dimensional trapped Bose-Einstein condensate. The merit of treating the limit of an
infinite number of bosons is appealing, since the system is known to be 100% condensed in
this limit, and some of its properties, notably the density per particle, are identical at the
many-body and mean-field levels of theory.

We have analyzed the variances per particle of the three Cartesian components of the
position (X,Y,Z), momentum (Px, Py, P7), and angular-momentum (Lx,Ly,Ly) operators
at the many-body and mean-field levels of theory. In general, for small interaction param-
eters the differences between the many-body and mean-field quantities are quantitative
whereas for larger interaction parameters qualitative differences emerge. We define the
anisotropy class of the variance according to the different orderings from large to small, or
permutations, of the three respective many-body and mean-field quantities. The anisotropy
class {1} implies the same ordering, the class {1,2} implies that two of the components are
permuted, and the anisotropy class {1,2,3} means that the three components are permuted.

Two relatively transparent applications are presented, the first is the breathing of
an anisotropic three-dimensional trapped Bose-Einstein condensate, and the second is
the ground state of the anisotropic three-dimensional harmonic-interaction model. The
former exhibits different anisotropy classes of the position and momentum variances per
particle, because at the many-body level the variances are constant, while at the mean-field
level the variance of each component oscillates with a different amplitude and frequency,
and consequently different anisotropy classes occur in time. The latter application shows
different anisotropy classes of the angular-momentum variance per particle, owing to the
intricate transformation properties of the angular-momentum variance when the wave-
packet is translated from the origin. The challenge, which obviously goes beyond the
scope of the present work, would be the experimental observation of such anisotropies and
correlations. To access many-particle variances one would need to measure explicitly the
positions, momenta, or angular-momenta of, in principle, all particles in the Bose-Einstein
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condensate, rather than just the total density from which the expectation values of these
observables can be deduced.

To sum up, the anisotropy or morphology of a three-dimensional trapped Bose—
Einstein condensate can look quite different when examined through the ‘glasses” of
many-body and mean-field theories, even for 100% condensed bosons at the limit of an
infinite number of particles. It would be interesting to conduct the investigation presented
here and analyze the results in more complicated numerical many-particle scenarios. Last
but not least, it is possible to envision classifying the morphology of a Bose-Einstein
condensate beyond that emanating from the variances of the position, momentum, and
angular-momentum operators. Furthermore, in four spatial dimensions one could expect
an additional richness of the variance [38].
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Appendix A. Translated Angular-Momentum Variances in Three Spatial Dimensions
at the Limit of an Infinite Number of Particles

Consider interacting bosons at the limit of an infinite number of particles trapped in
the ground state of the three-dimensional anisotropic harmonic potential (or any other
potential which is reflection symmetric in the x, y, and z directions) centered at the origin.
The expectation values per particle of the position, momentum, and angular-momentum
operators vanish. Suppose now that the harmonic trap is translated to the location ry =
(%0,Y0,20)- The translated and untranslated angular-momentum variances at the many-
body and mean-field levels of theory can, respectively, be related as follows:

A

Var|yg(Lx; to) = Var|vs(Lx) + y§Var|us(Pz) + z§Var|us (Py),

Var|mp(Ly; ro) = Var|mp(Ly) + z§Var|us (Px) + x§Var|vs(Pz), (Ala)
Var|vp(Lz; t9) = Var|yp(Lz) + x%Var|MB( Py) + y(z)Var|MB(

N

X)

and

Var|gp(Lx;10) = Var|gp(Lx) + y§Var|gp(Pz) + z§Var|gp(Py),
Var|gp(Ly; r9) = Var|gp(Ly) + z%Var|Gp(PX) + x%Var|Gp(PZ), (A1lb)
Var|gp(Lz;10) = Var|gp(Lz) + x§Var|gp(Py) + y§Var|gp(Px).

The explicit expressions at the many-body and mean-field levels of theory are given
in the main text, see (11) and (12), respectively. We remind for reference that the position
and momentum variances are invariant to translations. Consequently, by subtracting the
Gross-Piteavskii (A1b) from the many-body (Ala) results, see (1), we readily find for the
translated correlations terms:

A A

Var | correlations (I:X ’ 1‘0) = Var | correlations (f-lX ) +vy %Var ‘ correlations ( Z) + ngar ‘ correlations ( Y ) ’

Var | correlations (tY? rO) = Var | correlations (i‘Y) + Z%Var | correlations (15 X ) + x%Var | correlations (

Var | correlations (tZ ; I'()) = Var | correlations (tz ) + X%Val‘ | correlations (

N

Z)r (AZ)

N N

Y) + y%var|correlations( X ) .
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The meaning of result (A2) is that the correlations terms of the translated angular-
momentum variances depend on the respective correlations terms of the momentum
variances and components of the translation vector ry. Consequently, the translated angular-
momentum correlations terms (A2) generally depend more strongly on the interaction
parameter than the untranslated ones. Indeed, Figure 3 plots some examples of angular-
momentum variances for different ry, and shows that, once translations of the trap are
included, the angular-momentum variances of a trapped Bose-Einstein condensate at the
limit of an infinite number of particles can belong to any of the anisotropy classes, {1},
{1,2},0r {1,2,3}.
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