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Abstract: In this paper, the notions of post-quantum integrals for two-variable interval-valued
functions are presented. The newly described integrals are then used to prove some new Hermite—
Hadamard inclusions for co-ordinated convex interval-valued functions. Many of the findings in
this paper are important extensions of previous findings in the literature. Finally, we present a few
examples of our new findings. Analytic inequalities of this nature and especially the techniques
involved have applications in various areas in which symmetry plays a prominent role.
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1. Introduction

The modern name for the study of calculus without limits is quantum calculus,
or g-calculus. It has been studied since the early eighteenth century. Euler, a prominent
mathematician, invented g-calculus, and F. H. Jackson [1] discovered the definite g-integral
known as the g-Jackson integral in 1910. Orthogonal polynomials, combinatorics, number
theory, simple hypergeometric functions, quantum theory, dynamics, and theory of relativ-
ity are only a few of the applications of quantum calculus in mathematics and physics; see,
for example, [2-19] and the references therein. V. Kac and P. Cheung’s book [20] discusses
the fundamentals of quantum calculus as well as the basic theoretical terms.

J. Tariboon and S. K. Ntouyas [21] described and proved some of the properties of the
g-derivative and g-integral of a continuous functions on finite intervals in 2013. Moreover,
they proved Hermite-Hadamard-type inequalities and many others for convex functions
in the setting of quantum calculus; for more information, see [22].

M. Tung and E. Gov [23] presented the (p, g)-derivative and (p, g)-integral on finite
intervals in 2016, proved some of their properties, and proved a number of integral in-
equalities using the (p, g)-calculus. Many researchers have recently begun working in this
direction, based on the works of M. Tung¢ and E. Gov, and some further findings on the
analysis of (p, g)-calculus can be found in [24-27].

In[28], S.S. Dragomir proved the following inequalities, which are Hermite-Hadamard
type inequalities for co-ordinated convex functions on the rectangle from the plane R2.
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Theorem 1. Suppose that f : [a,b] x [c,d] — R is co-ordinated convex; then we have the
following inequalities:

(e ;[bz/bf@f:d)wij<”;’w>dy]
st e
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The above inequalities are sharp. The inequalities in (1) hold in the reverse direction if the mapping
f is a co-ordinated concave mapping.

The quantum variant of above inequality (1) was given by M. Kunt et al. in [29], S.
Bermudo et al. [30] recently used g-calculus to describe new g-derivative and 4’-integral,
as well as to give the Hermite-Hadamard inequality. H. Budak et al. [31] defined some new
qb-integrals for co-ordinates and Hermite-Hadamard inequalities for co-ordinated convex
functions as a result of this. F. Wannalookkhee et al. [32] in 2021 gave some new definitions
of (p, q)-integrals and used them to prove the following Hermite-Hadamard inequalities:
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2. Interval Calculus

In this section, we provide notation and background information on interval analysis.
The space of all closed intervals of R is denoted by I, and A is a bounded element of I..
We have the representation

A=1[0,0] ={<€R:0; << <O}

where ©1,0; € Rand ©; < ©;. L(A) = ©; — Oy can be used to express the length of
the interval A = [©y,01]. The left and right endpoints of interval A are denoted by the
numbers ©; and O, respectively. The interval A is said to be degenerate when ©; = Oy,
and the form A = ©; = [©,,01] is used. In addition, if ® > 0, we can say A is positive,
and if ®; < 0, we can say A is negative. I;” and I; denote the sets of all closed positive
intervals and closed negative intervals of R, respectively. Between the intervals A and A,
the Pompeiu-Hausdorff distance is defined by

du(8,A) = du([©1,01], [0, 0,]) = max{|©; — 8,

01 — O]} ®)

(I, d) is a complete metric space, as far as we know (see, [33]).
|A| denotes the absolute value of A, which is the maximum of the absolute values of
its endpoints:
|A| = max{|©;

O}

The following are the concepts for fundamental interval arithmetic operations for the
intervals A and A:

7

A+A = [01+0,,0;+06;,,
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A-A = [@-8,0 -6,
A-A = [minU, max U] where U = {@@,@@2/ @71@/@71@72}/
A/A = [minV,maxV]|whereV = {@/@,@/@2,@1/@,@1/@2} and 0 € A.

The interval A’s scalar multiplication is defined by
(1O O], 1 >0;
pA = p[©1,0:] = ¢ {0}, p=0;

[(4O1,u04], u <0,

where y € R.
The opposite of the interval A is

—A:=(-1)A =[O0, -04],

where y = —1.
In general, —A is not additive inverse for A, ie.,, A —A #0.

Definition 1 ([2]). For some kind of the intervals A, A € I, we denote the the H-difference of A
and A as the Q) € 1., and we have

(HA=A+Q
AGgA:Q@{ or
(i) A=A+ (—-Q).

It seems uncontroversial that

poun~ ] [©1-8,0 -0, ifL(A) > L
$07 [01-02,0, -0y, ifL(A) < L

where L(A) = ©1 — Oy and L(A) = ©; — ©y.

The definitions of operations generate a large number of algebraic properties, enabling
I; to be a quasilinear space (see [34]). The following are some of these characteristics
(see [33-36]):

(1) (Law of associative under +) (A+A)+C =A+ (A+C) forall A,A,C € I,

(2) (Additivity element) A+0=0+A = Aforall A € [,

(3) (Law of commutative under +) A+ A = A+ Aforall A,A € [,

(4) (Law of cancellationunder +) A+ C=A+C = A= Aforall A,A,C € [,

(5) (Law of associative under x) (A-A)-C=A-(A-C)forall A,A,C € 1,

(6) (Law of commutative under x) A- A = A-AforallA,A € [,

(7) (Multiplicativity element) A-1=1-Aforall A € I,

(8) (The first law of distributivity) A(A+ A) = AA + AA for all A,A € I, and all
A ER,

(9) (The second law of distributivity) (A + u)A = AA + uA for all A € I and all
AueR

Aside from any of these characteristics, the distributive law does not always apply to
intervals. As an example, A = [1,2], A = [2,3] and C = [-2, —1].

A-(A+C)=0,4],

whereas
A-A+A-C=[-275].
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Another distinct feature is the inclusion C, which is described by
ACA <= 0;>0and O; < O,.

In [37], Zhao et al. gave the notions about the co-ordinated convex interval-valued
functions and inclusions of Hermite-Hadamard type.

Definition 2 ([37]). A function F = [F,F| : [a,b] x [c,d] — I is said to be co-ordinated convex
interval-valued function if the following inclusion holds:

F(tx+ (1 —t)y,su+ (1 —s)w)
D tsF(x,u)+t(1—s)F(x,w)+s(1—t)F(y,u)+ (1 —s)(1—t)F(y,w),

forall (x,y), (u,w) € [a,b] x [c,d] and s, t € [0,1].

Remark 1. A function F = [F,F| : [a,b] x [c,d] — I} is said to be co-ordinated convex
interval-valued function if and only if F and F are co-ordinated convex and concave, respectively.

Lemma 1 ([37]). A function F : [a,b] x [c,d] — I is an interval-valued convex on co-ordinates
if and only if there exist two functions Fy : [c,d] — I, Fx(w) = F(x,w) and F, : [a,b] —
I, Fy(u) = F(y,u) are interval-valued convex.

It is easy to prove that an interval-valued convex function is an interval-valued
co-ordinated convex, but the converse may not be true. For this, we can see the follow-
ing example.

Example 1. An interval-valued function F : [0,1]> — I} defined as F(x,y) = [xy, (6 —e*)(6 —
e¥)] is an interval-valued convex on co-ordinates, but it is not an interval-valued convex on [0,1]2.

For more recent inclusions of Hermite-Hadamard type for co-ordinated convex
interval-valued functions one can read [37,38].

3. Basics of Quantum and Post-Quantum Calculus

In this section, we review some necessary definitions about g and (p, q)-calculus
for real-valued and interval-valued functions. Moreover, here and further, we use the
following notations with0 < g < p < 1:

n

gt —1

], = = =14+g+g*+...+4"7},
pn_qn
[n],, = P =p" " " g

Definition 3 ([23]). For a function f : [a,b] — R, the definite (p, q)q-integral of f is stated as:

[ @adpat = p=ae=0) L Lor(Shax+ (1-555)a) @

n=0 p

where0 < q < p <landx € [a,pb+ (1 — p)al.

Definition 4 ([24]). For a function f : [a,b] — R, the definite (p, q)P-integral of f is stated as:

L0 =-ae-n ¥ Lor(Lows (1= L)) o)

n=0 p

with0 < g <p<landx € [pa+ (1—p)b,b].
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Remark 2. If f is a symmetric function, that is, f(t) = f(b+a —t), for t € [a, b], then we have

pb+(1—p)a b
Badpat = £)od, .t.
/ Fladpgt= [ S0 g

Definition 5 ([26,32]). For a function f : [a,b] X [c,d] — R,

1. The(p, q)Z integral of f is given as:

L A0 s it = =0} 2 = )= ) )

1’!

O i D S S (L Y R % (1o 2\,
n+1 m+l n+1 x n+1 a, m+1 Yy m+1 4
P P1 p p

n=0m=0 P1 P1 2 2

where x, y € [a,p1b+ (1 —p1)a] X [pac+ (1 — pp)d, d].
2. The (p,q) integral of f is given as:

b ry
| [ 70) clpas Myt = (pr = a1)(p2 = 2) (0 = )y =)
q1 q1 95 5
X 2 Z n+1 m+1 < n}i-l (1_ n+1>b m2+1y+ (1_ m2+1>c>
n=0m=0 P1 12 P1 Py %3

where x,y € [p1a+ (1 — p1)a,b] X [¢c, p2d + (1 — p2)c].
3. The (p,q)bd integral of f is given as:

b pd
L, 69 s Uit = (1= 1) (2~ a2) (0 = )(d )
%9 91 Uit bs 1
XZ Z n+1 m+1 <pn+1x+<l n+1>b pm+1y+ 1_pm+1 d|,
1

n=0m=0 P1 P1 2 2

where x,y € [p1a+ (1 — p1)b,b] X [pac + (1 — p2)d, d].
4. The (p,q),. integral of f is given as:

x oy
| [ A(49) s syt = (p1 = 0)(p2 = 32) (x =) (v = )
9% 9 91 9 7 1
X Z Z n+1 m+1 <p711+1x+ (1_ pn+1>“’ pm+1y+ 1- perl ¢

n=0m=0 P1 1 2 2

where x,y € [a, p1b+ (1 — p1)c] X [¢, pad + (1 — p2)c].

Recently, in [39], the authors gave the notions of quantum integral for the interval-
valued functions and stated the following;:

Definition 6 ([39]). For an interval-valued function F = [F, F| : [a,b] — I, the Iq,-definite
integral is defined by

[ FE)adis = (=) ) L Fla"x + (1)) ®

forall x € [a, b].
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Definition 7 ([40]). For an interval-valued function F = [F, F| : [a,b] — I, the Iq°-definite
integral is defined by

b o0
[ EG) bals = (1= )b —x) L a"F@"x + (1 - ")) ©)
x n=0
forall x € [a,b].
In [41], Ali et al. gave the post-quantum version of Definition 7 and defined it as:

Definition 8. For an interval-valued function F = [F, F] : [a,b] — I, the I (p, q)" -definite
integral is defined by

b n n n
/X F(s) bl s = (p—q)(b—x) Y —— F<PZ+1 X+ (1 - pZ+1 ) b) (10)

forall x € [pa+ (1 —p)b,b].

In [40], Ali et al. gave the co-ordinated version of the quantum integrals for interval-
valued functions and defined it as:

Definition 9 ([40]). Suppose that F = [F,F| : [a,b] x [c,d] — I is an interval-valued function.
Then, the definite qac, q%, g° and g% integrals on [a,b] x [c, d] are defined by

F(t,s) cdys adgt = (1—q1)(1—q2)(x —a)(y —c)

St~
C it~

7195 F(gix+ (1 —q7)a,q2y + (1 —q3)c),

agk
agk

0m=0

3
i

F(t,s) %dg,s adt = (1-41)(1—q2)(x —a)(d —y)

St~
\a_

e =
[7e

7195 F(gix+ (1 —4q7)a,q3'y + (1 — q3')d),

3
Il
o

m=0

F(t,s) cdgys Pt = (1= q1)(1 = q2)(b = x)(y —c)

o0}

R\w
C—

agk

7192 F(q1x + (1 —q7)b,q2'y + (1 — g3 )c)
0m=0

3
Il

and

F(t,s) Yl it = (1-g1)(1-g2)(b—x)(d ~ y)

R\w
\:L

e =
[1e

7195 F(gix+ (1 —47)b,q3'y + (1 — q3)d)

n=0 0

3
I

respectively, for (x,y) € [a,b] x [c,d].
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Remark 3. It is very easy to observe that
b d b od d
[ [Fts) s it = [ [Fits) dals —//Fts ) cdls vdl ¢
a c a c

d

b d
= [ [Fits) ddls vt ://F(t,s) dls dlt
a ¢ a ¢

by taking the limits q1,q, — 17 (see, [42]).

Now, we define I(p, q)-integrals for the functions of two variables as:

Definition 10. For an interval-valued function F = [E,F| : [a,b] x [c,d] — I,

1. Thel(p, q)z integral of F is given as:
x pd gl
L) F) s adht = (1= a0) (2 = ) (x~ @)(d )

S 4 9 7 7 1 0
X Z Z P < Xt (1 n+1>”' mrid t (1 - m+l>d>’
n=0 m=0 P> P1 P1 P p

2 2

where x,y € [a,p1b + (1 — p1)a] x [pac + (1 — p2)d, d].
2. Thel(p, q)i7 integral of F is given as:

/ / (t,5) edb, g5 Ul 4t = (p1 = q1) (P2 — 42) (b — X)(y — )
9 9 q1 q7 5 9y
XZZ n+1 m+lF< n+1x+<1_ n+1>b 1y+<1_ m-+1 ¢
n=0m=0 P1 P1 p1 Py P

2

where x,y € [pra+ (1 — p1)a,b] x [c, p2d + (1 — p2)c].
3. Thel(p,q), integral of F is given as:

[ F ) a5 ath gyt = (pr = a0) (2 = 02) (r — )y — O
R e ( i ) g ( 9y > )
x+ 11— v+ c

; ; n+1 m+1 <pT+l prl1+1 pgﬂ-l pgﬂ-l

where x,y € [a, p1b+ (1 — p1)c| X [c, pad + (1 — p2)c].
4. Thel(p, q)bd integral of F is given as:

/xb /yd (t,s) ddéz 75 hd{n 7 =(p1—q1)(p2—q2)(b—x)(d —y)

xii 43 <‘7¥ x+<1 7i )b 7 +<1— 7 )d)
n+1 m+1 n+1 n+1 +1y m+1 4
n=0m=0 p] pl p2 pZ

where x,y € [p1a+ (1 — p1)b,b] X [pac + (1 — p2)d, d].

| x[0,1] — I by F(t,s) =

Example 2. Define an interval-valued mapping F = [F,F] : [0,
= 5, we have

[#252, ts]. Then, by Definition 10, for p1 = py = 3and q1 = q»
1. FromI(p, q)a—mtegml:

1
1
2’
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EEOORRR -0 -3

3. FromI(p,q),.-integral:

)( )(i)"(i)m((i)zn'@)mf 5)6))

& 4\ (4) [2\"(2\" 2\"\? 2\"™\? 2\" 2\"
LECEE G (-6 0-6))-0-G)e-6))
== \3/\3/\3 3 3 3 3 3
= [0.0421,0.09]
4. Some New (p, q)-Hermite-Hadamard Inclusions
In this section, we deal with the Hermite-Hadamard-type inclusions for co-ordinated
convex interval-valued functions using the newly defined interval-valued (p, q)-integrals
in the last section.
Theorem 2. Let F = [E,F| : [a,b] X [c,d] — I be a co-ordinated convex interval-valued
function on [a,b] x [c,d]. Then, the following inclusions of Hermite—-Hadamard type hold for
(p, q)Z-integml:
F(‘h;*-l?lb, p2§+q2d> 1)
[ ]Pqul [ ]PMZ
prb+(1-pr)a
5 1 1 / 1 v . pac +q2d d{ﬁm
2 P1 (b - a) a [2] P2,92
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F : d] d]
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a

P11 [Z]Pzﬁh

Proof. Since F = [F,F] : [a,b] X [c,d] — I} is a co-ordinated convex interval-valued
function on co-ordinates [a,b] x [c,d], F and F are co-ordinated convex and concave on
co-ordinates [a,b] X [c,d], respectively. Hence, from co-ordinated convexity of F and using

(2), we have

q1a + p1b pac+qod
2] " 2]

I

P11 P2.492

1 1 pib+(1—p1)a pac + god
Y o (h — ) P X, 7 d X
2 [pl(b —a) /u < 2], a%p1,m

1 a mia+pib 4
R S T
pZ(d - C) pac+(1—p2)d < [2} pL Y p202Y

1 pib+(1—=p1)a pd p
p1p2(b—a)(d —c) /a /pzc+(1—p2)d E(x,y) “dp,0,Y adp, g%

1 /'d d d p :|
F(a,y) Y0y + / F(by) “d,,
2p2[2],,, 4,(d =) [ql pac+(1—po)d (@) “dpony + p1 pact(1—pa)d (0,y) “dp gy

1 p1b+(1—=p1)a pib+(1—p1)a

+2;71 2], —a) {Pz/u E(x,¢) adpy g% + Q:z/a E(x,d) ﬂ(Jl,,l,qlx]

q1p2E(a,¢) + q1q2E(a,d) + p1p2E(b, ¢) + q2p1E(b, d)
[2] P14 [Z]Pzﬂiz

From co-ordinated concavity of F and again using (2), we have

(lhﬂ + plb pac + q2d>

4l

2lpg ~ 2

1 1 pro+(=pa_ [ prc+ god
Y o (b — ) F X, A d X
2 [pl(b —a) /,1 ( 2], ap1,m

1 4 =(nat+pb g
MR ST
p2(d —c) Jpsct(1-py)d ( 2] PL Y p2a2¥

1 prb+(1-p1)a pd T i ;
p1p2(b—a)(d—c) /ﬂ /Pzﬁ(lfpz)d (X Y) “dpogpY adpyn¥

1 /d — d d . i :|
F(a,y) “dp,qy + / F(b,y) “dp,,
2p> (2] - (d—c) [‘11 pact-(1—pa)d (a,y) “dp, 0,y + 1 et (1 pa)d (b,y) “dprgpy

1 pib+(1—p1)a_ pib+(1—p1)a _
+2p1 2], (0 — ) [Pz /a F(x,c) adp g%+ q2 /ﬂ E(x,d) odp, 4, x]

P2.92

(12)

(13)
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q1p2F (a,¢) + q192F (a,d) + p1p2F (b, ¢) + qap1F(b,d)
B [2] P19 [Z]Pzr‘h

Now, from the inequalities (12) and (13), we have following inclusions:

F(q1a+p1b, p2c+q2d> (14)
[2} P11 [2] P2.92
_ [F<q1a+p1b po—Fﬂzd) F(qlﬂ—FPlb p26+q2d>‘|
B [2] P11 [2] P2.92 [2] P11 [2] P2.92
1 1 p1b+(1—p1)a pac + qzd p1b+(1—p1)a _ pac + I]2d
2 S5 Elx o | adprgr X Flx, = | adp g, X
2| pr(b—a)|la [Z}sz a [2]102/‘72
1 d ma+pib )4 d =(qa+pb g4
+— / Fl| ————, d , F| —————, d
pz(d—C) l F’2C+(1p2)d< [Z}pl,ql Y pazy pac+(1—p2)d [2]p1,q1 Y e
1 1 pib+(1-p1)a pac + god I
T2 [pl(b —a) /a F(x, 2]000 alp; g, %
1 d ma+pib N g
TR / p(Tatpl ag ol
pa(d —c) Jpset(1-pa)d ( 2y ) e
1 1 p1b+(1—p1)a p2c + god I
E [pl(b — ﬂ) /1,1 F (x/ [2] o adpl,qlx (15)
1 d qa+pib N g
L (e,
P2 (d - C) pact+(1—p2)d < [2] P11 Y pz,qzy
1 1 p1b+(1-p1)a c+qod p1b+(1—p1)a _ + god
= 5 _ Ex, = L ﬂdPl,thx' Fl x, S ﬂdﬁlﬂhx
2| p1(b—a)|la [2};72,‘72 a [Z]sz
1 d q1a+p1b d d — qlﬂ+}71b d
+—- / Fl ———, dp,, ,/ F| ————, dp,,
pa(d —c) l pac+(1-p2)d < 2om ) P v \ 2, Y)Y
1
D)
~ pipa(b—a)(d—c)
[/P1b+(1pl)ﬂ /d F( )dd p pib+(1-p1)a pd T dg p
X X, y 7
., et (1—pa)d Y) Apra2Y a%py,qmX /a /pzc+(1—p2)d (x,y) “dpy,,¥ a PM1X:|
1 pib+(1=p1)a pd dal I
= G a@=a st ) o
1 pib+(1-p1)a pd dal I
P1P2(b _ a)(d 7 C) /a /;72c+(17p2)d F(xr]/) dpzlqz]/ ﬂdpllﬂhx (16)
1
~ pipa(b—a)(d—c)
prb+(1—pr)a pd i p1b+(1—p1)a pd . J
) [/‘7 /PzC+(1—P2)d Ex9) “dpaan udpl/qlx’/u /ch—&-(l—lﬂz)d F(Y) “dpaaey adpy*
5 1

d d
F(a,y)%d ,/ F(a,y) % }
2p; [Z]Pl,’h (d—c) {Lh [/Pzﬁ(lpz)d Eay) e pac+(1-p2)d (@) pond

d d
+ / E(b, q ,/ F(b, dg H
Pl[ ety OV ey | EO) gy
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n 1 [ [/Plb-i-(l—m)ﬂF( ) ud /plb-l-(l—pl)af( ) ud }
x,c X, x,c X
B w2 o

p1b+(1—p1)a p1b+(1—p1)a _
+q2 [/ E(x,d) atpy g, x,/ F(x,d) ﬂdpwth
a a

1 d d gl d d I :|
= F(a,y)d. . y+ / F(b,
ZPZ[Z]PL% (d—c¢) {9]1 -/r’26+(1—l72)d (@Y) pne + 1 pac+(1—po)d (0,y) "y 0y
1 prb+(1=p1)a ; prb+(1—p1)a ,
+2P1 mr’zrqz(b —a) [Pz/a F(x,c) “di’lr‘hx + qz/u F(x,d) dpl 0 }
and
! [‘71 /d F(a,y) % y+m /d F(b,y) %d! y} (17)
2p2 [2]101/‘71 (d—c) pac+(1—p2)d ’ P2:12 pact+(1—py)d / P2.492
1 prb+(1=p1)a ! pib+(1—p1)a
" ]p e ){ / Fx€) g+ | F(x,d) ad), g% ]
2/42
d —
- [ [ E(a,y) ddpzlqzy, F(a,y) ddpz,qzy}
2p[2 ]m M1 PzC+ (1=p2)d pact+(1—pa)d
d d
+ / E(b, g F(bry) et
P1{ pact(1—p2)d ( y) poa¥ pac+(1—p2)d (b,y) “dps 0y

" 1 { [/P1b+(1—r’1)ﬂ F(x,¢) od /p1b+(1—p1)a Fx,0) ud }
X, c X, X,c X
2p1[2], g, (0 —2) P21 e N TR Ja v

pib+(1=p1)a pib+(1—pr)a _
42 { / E(x,d) adpy i, | F(x,d) adpw]x”
a a

1[2] [1p2[E(a,¢),F(a,c)] + q192[E(a,d), F(a,d)]

[2] P11 1p2.q2

+p1p2[E(b,c), F(b,c)] + q2p1 [E(b,d), F(b,d)]]

q1p2F(a,¢) + q1q2F (a,d) + p1p2F (b, ¢) + 2p1F (b, d)
[2] P11 mpzﬂz .

We obtain the required result (11) by combining the inclusions (14)-(17). O

v

Remark 4. In Theorem 2, if F = F, then inclusions (11) reduce to inequalities (2).
Remark 5. In Theorem 2, if we set py = pa = 1, then Theorem 2 becomes ([40], Theorem 12).
Theorem 3. Let F = [F,F| : [a,b] X [c,d] — I be a co-ordinated convex interval-valued

function on [a,b] x [c,d]. The following inclusions of Hermite—Hadamard type hold for 1(p, q)lc’—
integral:

F(pla +g1b qoc+ p2d>

, 18
[Z]Pwl [2] P2.92 ( )

1 1 /b qac+p2d \ p 1
N Flx, ———— d
2 |]71(b — a) pra+(1—p1)b ( [z]pz,qz P

1 pad+(1—pa)c p1a+ qlb I
el p(PEEDT ) 4l
pa(d —c) Je ( 2lp.00 ) S

1 b p2d+(1-p2) il bl
pip2(b—a)(d—c) /Pm+(1fp1)b/c Flxy) od p2a2Y df”l 7

V]

V)
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1 P2d+(1—P2)CF il P2d+(1—P2)CF b dl
2ps [Z]Pqul(d —c) {Pl/ (@,Y) cdp,q,y + 01 / (by) e pz,qzy]

c c

1 b b4l b bl
+ / F(x,c)d x + / F(x,d) % x}
2p12] Pz,fiz(b —a) {LIZ pra+(1—p1)b (.0) P P2 pra+(1—p1)b (x.4) P4

p192F(a,¢) + p1paF(a,d) + q192F (b, ¢) + qip2F(b,4)

211 pae '

19

P11 [

forall q1,q92 € (0,1).

Proof. If we follow the concepts used in the proof of Theorem 2 by taking into account the
inclusions (3), the desired inclusions (18) can be attained. [

Remark 6. In Theorem 3, if E = F, then inclusions (18) reduce to inequalities (3).
Remark 7. In Theorem 3, if we set py = pa = 1, then Theorem 3 becomes ([40], Theorem 13).

Theorem 4. Let F = [E,F| : [a,b] X [¢,d] — I be a co-ordinated convex interval-valued

function on [a, b] X [c,d]. The following inclusions of Hermite-Hadamard type hold for I(p, q)bd—
integral:

F(pla +q1b pac+ q2d>

2lpg 2]

(19)
p2.92

1 1 /'b pac+q2d \ p 1
il Flx, V== ]"% X
2 lpl(b —a) Jpra+(1-p)b ( [z]pmz i

1 d p1ﬂ+ﬂ1b dal
T p(notat ),
p2(d =) Jpcr1-paia ( 2, ) et

U

V]

1 b d p
F(x, dl bdl x
pip2(b—a)(d —c) /F7111+(1—p1)b /p2c+(1—p2)d (/) "y 00 " p g,
! [Pl/d F(a,y) %d} y+q1/d F(b,y) d} y}
2p2[2],, g, (d =) [T Jppet(1—ppya =777 PP prct(opp)d 00 P

1 b b b )
+ / F(x,c) ’d}, o x + / F(x,d) vd} x}
2p1[2] Pzﬂz(b —a) {Pz pra+(1—p1)b (o) 1 pra+(1—p1)b (xd) P

p1p2F(a,c) + p192F(a,d) + q1p2F (b, c) + q192F (b, d)
[2] P11 [2] pP2.92

V)

I

Proof. Following arguments similar to those in the proof of Theorem 2 by taking into
account the inclusions (4), the desired inclusion (19) can be attained. O

Remark 8. In Theorem 4, if F = F, then inclusions (19) reduce to inequalities (4).
Remark 9. In Theorem 4, if we set py = pa = 1, then Theorem 4 becomes ([40], Theorem 14).
Theorem 5. Let F = [F,F| : [a,b] X [c,d] — I be a co-ordinated convex interval-valued

function on [a,b] x [c,d]. The following inclusions of Hermite~Hadamard type hold for 1(p,q) .-
integral:

F(qm +p1b goc+ pzd>

[2] P11 [2] P2.92

1 1 p1b+(1-p1)a gac + p2d I
S5 oo — Flx 2260 P22 4
-2 [pl (b - ﬂ) »/11 (x [2] P2,92 ! Plr@lx
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U

J

V)

IN

IN

IN

IA

1 p2d+(=p2)c [ gia+ p1b I
Y LA
pZ(d - C) ¢ ( [z]pl,q] Y pz,qzy

1 pib+(1—p1)a  ppad+(1—py)c . r p
plpZ(b - ﬂ)(d — C) /g /C (x’ ]/) c pz,qzy a pl,qlx
1 p2d+(1—pa)c
F(a,y) .} +
2p2[2]p1/q1 (d _ C) |:q1 /(; (a ]/) c P2rﬂ2y P1

p2d+(1—p2)c
[5 R sty

c

1 p1b+(1-p1)a F il ~p1b+(1—p1)a Flxd) !
+2p1 [2]p2,q2 (b _ a) |:q2 /a (x/ C) a pl,q1x+ pz / (x, ) a pl,qlx:|

a

q192F (a,¢) + q1p2F(a,d) + p1g2F (b, c) + p1p2F (b, d)
2]

P11 [Z]Pzﬁh

Proof. Following arguments similar to those in the proof of Theorem 2 and the concepts of
inequalities (2)-(4), by taking into account the I(p, q),,.-integral, the desired inclusion can
be attained. [

Remark 10. In Theorem 5, if F = F, then we have the following inequality:

F g1a+ p1b qac+ pod
2] "2

P11 pP2.92

1 1 pib+(1-p1)a gac + P2d
| — Flx, =) 4dp oo x
2 [pl (b - a) /ﬂ < [2] pz,qz ! pl,ql

1 padt(l=p2)e [ gia+ pib
R LIRS NS
p2(d—c) Je ( 2y 7)Y

1 /Plhﬂl*lﬂl)ﬂ /Pszr(l*Pz)C
p1p2(b—a)(d —c) Ja c

1 p2d+(1—p2)c F p o ]
sz[z]pl,‘h (d o C) [‘11 /C (a,y) e@poaelf + P1 ( ’y) ¢ Pzﬂizy}

n 1 { /p1b+(l—p1)uF( ) ud N /P1b+(1—P1)aF( 4) o ]
X, C X X, X
2p1[2]p2,q2(b—a) 12 a m P2 a nm

q192F (a,¢) + q1paF(a,d) + p1g2F (b, ¢) + p1p2F (b, 4)
2]

F(x/y) Cdpzﬂzy ﬂdl’lﬂlx

/P2d+(1—P2)C

Cc

P11 [2] P2.92

This can be found as a special case in [26].
Remark 11. In Theorem 5, if we set py = py = 1, then Theorem 4 becomes ([40], Theorem 11).

Corollary 1. Let F = [F,F| : [a,b] x [c,d] — I} be a co-ordinated convex interval-valued func-
tion on [a, b] x [c,d]. The following inclusions of Hermite—Hadamard type hold for I(p, q) .., 1(p, q)Z,
1(p,q)? and I(p, q)"-integrals:

1 [F<q1a+p1b ch+q2d> <p1a+q1b qzc+Pzd>
” 7 + F 7
4 [2] P11 [2] P2.492 [2] P11 [2] p2.92

+F<P1“ +q1b pac+ qzd> N F(qla +p1b gac+ P2d>
[2} P1n [2] P2.92 [2] Pin [2] P2.492

1 pib+(1—p1)a gac + pod pac + qod I
Sp(b—a) M H B ) T B )]

P2.92 P22
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b
o P, BEEP2) | p(y P2EE0A) oy
. P1ﬂ+(1_p1)b [z]pz,qz [2]172/5]2
1 pad+(1—p2)c gi1a + p1b p1a+q1b I
- F| ——, F| 5, od
T Vc [ ( 2n )T\, )]

Pin P11

d
q1a+ p1b p1a+q1b gl
+/ F —_—_, + F _ d
pac+(1—p2)b [ ( [2]p1rq1 ]/) ( [Z]WM y)] Pzﬂzy]
1 pib+(1—p1)a  ppad+(1—pa)e r
4p1p2(b—a)(d —c) Ua /c F(2,Y) ey q,Y ally g, %

pib+(1=p1)a pd
+/ / Fx,y) %d] ol  x
4 pact(1—pa)b (xy) pr¥ a%pig

b p2d+(1—pa)c
+/ / F(x, dI de
pra+(1—p1)b Je (1Y) ey gy ", 0¥

b d dgl byl
+ / / F(x, ]
Jpra+(1=p1)b S pac+(1=pa)b () el "y

1)

72 pib+(1—p1)a I pib+(1=p1)a ;
2 8p1(2],, 4, (0 —a) Ul F(x ) d, q1x+/ F(x,d),dp, 0%
141
b b
—i—/ Fxcde x + xdbdl ]
P1ﬂ+(1—p1)b ( ) P11 P1a+(1*f71) ( ) P10

p2 p1b+(1-p1) | prb+(1—p1)a :
+8p1 [Z}p ; (b—a) [/a F(x,c) “dplr'hx +/a F(x/d)udpl 0
141
b b
+/ F(x,c) bd! -|-/ F(x,d) bd! ]
pra+(1—p1)b ( ) pa® pra+(1—p)b ( ) P~
q1 /P2d+(1fp2)c I /p2d+ 1—pa)c ;
T 8p2) R { ; F(a,y)cdp, 09 + | F(b,y).d), 0,y
‘ ddI / b ddl
F(a, F(b,
i pac+(1-p2)d (9) iy + pac+(1-p2)d (b,y) “dp, g, }

P1 /P2d+(1—Pz)C i /P2d+(1—P2)C I
=+ F , d + F b/ d
8192 [2} pz,qz(d _ C) |: c (LZ y)c Pz,qzy c ( ]/)C Pz,qzy

d d
F(a,y) %d! F(b,y) %d! }
* pact(1—p2)d (@) P2 pac+(1—p2)d (b:9) P2

- Pip2+ @192 + P192 + paqi
N 42], 4, 12]

[F(a,c) + F(a,d)+ F(b,c) + F(b,d)].

P11 [ P2.42

Remark 12. In Corollary 1, if we set F = F, then Corollary 1 becomes ([32], Corollary 1).

Remark 13. In Corollary 1, if we set py = py = 1, then Corollary 1 reduces to ([40], Corollary 3).

5. Examples

Example 3. We define a convex interval-valued function F = [E,F] :— IF by F(t,s) =
[#252, ts]. From Theorem 2, for py = py = 3 and q1 = qo = 3, we have

<q1a+p1b pzc+q2d> {36 6]
P1+Q1 ! pz+Q2 625’ 25

1 1 p1b+(1-p1)a pac + qzd I
Z[Pl(b_”)/a F<x’ pa+42 >”d”1'q1x
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1 d qra+ Plb ) dal ]
b [ ( iy
P2 d—c) Jper(opyi” \ prq 7)) o

207 6
2375" 25’

1 16+(1=p1)a pd F a4 J
p1pa(b—a)(d—c) /a /pzc—&-(l—pz)d (x,y) pa,g2Y alpi,q1 X

_ [234 6
~ 11805"25]"
1 a d gl d d I :|
F(a,y) d, g+ 11 [ F(b,
2p2(2],, 0, (d =) [ql/;azc+(1—pz)d (@,9) “dppal + 11 pc+(1—pa)d (b, y) “dy, g,y
1 p1b+(1—p1)ap p plb-‘r(l—pl)uF ol
+2p1[2]p2,q2(b—a) |:p2/u (xrc) a pl,q1x+q2A (x )IJ a1 :|
252 6
1425’ 25
and
q1p2F(a,¢) + q192F (a,d) + p1paF(b,c) + qapi F(bd) _[6 6
2], 4, (2] 2525
1491571 P2.42

It is obvious that
36 6 207 6 234 6 252 6 6 6
25| 2 | 5295755 | 2 |Tenz’ 52| 2 |75/ 32 | 2 | 58758
625" 25 2375 25 1805 25 1425° 25 25" 25
which shows that the results of Theorem 2 are correct.

Example 4. We define a convex interval-valued function F = [F,F| :— IF by F(t,s) =
[#252, ts]. From Theorem 3, for p1 = pp = 3 and q1 = qo = 3, we have

F<p1a+q1b qzc+p2d> _ {36 6}
[Z]Plrfh [Z]Pzﬁh 62525

1 1 qzc +pod\ 1
5 dPl n*
2 pl( ) pra+(1—p1)b }72 I ’

1 p2d+ (=p2)e [ pra+qb I
- , d
pZ( ) < p1 q1 Ve pz,qzy

_ [207 6
2375725’

1 b pad+(1=p2)e I bl 234 6
p1p2(b—a)(d —c) /maJr(l*m)b /c FOOY) cpsgeld “Apg ™ {1805/ 25] '

1 p2d+(1-p2)c I pad+(1—pa)c ;
(d — C) |:p1 /c F(ﬂ,y) cdm,qzy + q1 /C F(b,y) Cszfl]zy:|

2p2 [Z]le
+ ! [qz/b F(x,c) bd! x+p2/b F(x,d)bd! }
2p1[2] Pzﬂz(b —a) pat(-p)b P pra+(1—p1)b P

s 25

1425’ 25
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and

p192F(a,¢) + p1p2F(a,d) + q192F (b, ¢) + qip2F (b, d) [ 6 6 ]
[2] P1.491 [2] P2.492

It is obvious that

EEDZO7£DZ34£DZ52£D££
625" 25 2375 25 1805" 25 1425" 25 25" 25

which shows that the results of Theorem 3 are correct.

Example 5. We define a convex interval-valued function F = [F,F| :— If by F(t,s) =
(+252, ts]. From Theorem 4, for p1 = pp = 3 and q1 = g = 3, we have

F<p1a+q1b p2c+q2d> _ [16 4}
[Z]le [Z]Pzrqz 625" 25

1 1 b pac + qu bl
e Flax B—=" )% «x
2 [pl(b —a) /IﬂlﬂﬂL(l*Pl)b ( 2] P

P22
1 d pia+aqib \ 41
S p(retat )
pg(d—C) pac+(1—p2)d < [Z]pl,ql Y pz,qzy
_ 104 4
2375725

b rd 676 4
F(x, gl bgl  x = [,],
p1p2(b—a)(d —c) -/l71ﬂ+(1—171)b /ch'*'(l—Pz)d (.9) pd o 9025 25

|

1

d d
d 41 d il
2p2 [Z]Plr‘h (d—c) [Pl /PzH—(l—Pz)d Fay) dpz’qzy T E(b,y) sz,lizy}

pact+(1—p2)d

1 /b bl b bl
2 F(x,c) d x+z/ F(x,d) bl x
Pz,qZ(b - El) |:p P1a+(1—p1)b ( ) P1m q p1a+(1—p1)b ( ) pP1.91

and

p1pakF(a,c) + p1g2F(a,d) + qipaF(b,c) + qugoF(b,d) [4 4]
[2] P1.41 [2]102/'12 25725

It is obvious that
16 4] [104 4] re76 4] 752 4] _[4 4
625" 25 2375" 25 9025 25 475" 25 25" 25
which shows that the results of Theorem 4 are correct.

Example 6. We define a convex interval-valued function F = [F,F| :— If by F(t,s) =
(+252, ts]. From Theorem 5, for p1 = p2 = 3 and q1 = g = 3, we have

4
F(qla + p1b qzc—l—pzd) _ {81 9}
[Z]Pwh [Z]Pzrﬂlz 625725

1 1 /P1b+(1*}71)‘1 goC + pod I
| — Flx V== | 4, . x
2 [pl(b —a) Ja [2]][)2,172 7 p1m
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1 p2d+(=p2)c [ gia+ p1b I
T NELES IR
Pz(d—c) c < [Z]m,q] Y]ec .’72/‘123/
_[sL 9
- 4757 25)

1 p1ib+(1—p1)a ppad+(1—pa)c I I 81 9
=3 | o) el alp g% = [361 25}
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|

27 9
95’ 25

|

and

q192F(a,¢) + q1p2F(a,d) + p1g2F (b, ¢) + pip2F(b,d) _ [9 9
2], 0 2] 25'25]
14157 P22

It is obvious that

8L 91 (8L 91 |8 91 127 9} 19 9
625'25| ~ |475'25] ~ |361'25] ~ |95'25) ~ |25'25

which shows that the results of Theorem 5 are right.

6. Conclusions

In this work, for interval-valued functions of two variables, we defined (p, g)-integrals.
We have used newly described integrals to prove the Hermite-Hadamard-type inclusions
for co-ordinated convex interval-valued functions. Other researchers’ previously reported
findings are deduced as special cases of our results for p = 1,9 — 1~ and F = F. Finally,
some examples are given to demonstrate the findings of this article. Results for the case of
symmetric interval-valued functions can be obtained by applying the concept in Remark 2,
which will be studied in future work. We will look at some further refinements of the
Hermite-Hadamard inclusions as well as other well-known mathematical inclusions using
(p, q)-integrals in the future.
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