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Abstract: In this paper, we consider a perturbed partial discrete Dirichlet problem with the (p, 9)-
Laplacian operator. Using critical point theory, we study the existence of infinitely many small
solutions of boundary value problems. Without imposing the symmetry at the origin on the nonlinear
term f, we obtain the sufficient conditions for the existence of infinitely many small solutions. As
far as we know, this is the study of perturbed partial discrete boundary value problems. Finally, the
results are exemplified by an example.
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1. Introduction

Let Z and R denote the sets of integers and real numbers, respectively. Denote
Z(a,b) ={a,a+1,---,b} whena <b.
We consider the following partial discrete problem, namely (D)

—[A1(pp(Dry(s —1,1))) + Ba(Pp(Bay(s, t = 1)) + (s, £)pg(y(s,£)) = Af((s,£), y(s,t))
+ug((s, t),y(s, 1)), (s, t) € Z(1,a) x Z(1,b), with Dirichlet boundary conditions as follows:

y(s,0) =y(s,b+1)=0, s€Z(0,a+1),

y(0,t) =y(a+1,t) =0, t€Z(0,b+1), M
where a and b are the given positive integers, A and y are the positive real parameters,
A1 and A; are the forward difference operators defined by A1y(s, t) = y(s +1,t) — y(s, t)
and Ay (s, t) = y(s,t +1) —y(s, 1), Aty(s,t) = A1 (A1y(s,t)) and Ady (s, t) = Ax(Doy(s, t)),
¢ (y) = ly 2y withy € R,1 < g < p < +oo,1(s,t) > 0forall (s,t) € Z(1,a) x Z(1,b),
and f((s,t),-),8((s,t),-) € C(R,R) for each (s,t) € Z(1,a) x Z(1,b).

Difference equations are widely applied in diverse domains, including natural science,
and biological neural networks, as shown in [1-4]. For the existence and multiplicity of
solutions to boundary value problems, some authors derived a number of conclusions
using nonlinear analysis methods, such as fixed point methods as well as the Brouwer
degree [5-9]. In 2003, Yu and Guo [10] used firstly the critical point theory to study a
class of difference equations. Since then, many mathematical researchers have explored
difference equations and made great achievements, which include the results of periodic
solutions [10,11], homoclinic solutions [12-18], boundary value problems [19-25] and so on.

Bonanno et al. [20] in 2016 considered the following discrete Dirichlet problem:

()

Ny +Af(h,yy) =0, heZ(1,N),
Yo =YN+1 = 0/

and acquired at least two positive solutions of (2).
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{ —A(Pp(By(h—1))) = Agg(Dy(h = 1)) + a(R)pp(y(h)) + B()pq(y(h)) = Ag(h,y(h)), h € Z(1,N),

Mawhin et al. [21] in 2017 studied the following boundary value problem:

{M%MWAD+%%WM=Aﬂthh€Z@N% )

Yo=yn+1 =0,

extending the results in [20] with p = 2.
Nastasi et al. [22] in 2017 studied the discrete Dirichlet problem involving the (p, q)-
Laplacian operator as follows:

4)

y(0) =y(N+1)=0,

and obtained at least two positive solutions of (4).
In 2019, Ling and Zhou [24] considered the Dirichlet problem involving ¢.-Laplacian
as follows:

{—M%MW1D+%%WM=AﬂthheZ@N% )

Yo =yn+1 = 0.

They studied the existence of positive solutions of (5) when g;, = 0 in [23].
In 2020, Wang and Zhou [25] considered discrete Dirichlet boundary value problem
as follows:

{AWWMW1D+MWMJ—Qh€Z@NL ©

Yo =yn+1 = 0.

The difference equations studied above involve only one variable. However, the
difference equations containing two or more variables are less studied, and such difference
equations are called partial difference equations. Recently, partial difference equations
were widely used in many fields. Boundary value problems of partial difference equations
seem to be challenging problem that has attracted many mathematical researchers [26,27].

In 2015, Heidarkhani and Imbesi [26] adopted two critical points theorems to establish
multiple solutions of the partial discrete problem as shown below:

Ay(s —1,8) + M3y(s,t — 1) + Af((s,1),y(s,t)) =0, (s,t) € Z(1,a) x Z(1,b), (7)

with Dirichlet boundary conditions (1).
Recently, in 2020, Du and Zhou [27] studied a partial discrete Dirichlet problem
as follows:

AM(Pp(Bry(s = 1,))) + Ba(Pp(Day(s,t = 1)) + Af((s, 1), y(s,8)) =0, (s,8) € Z(1,a) x Z(1,D), ®)

with Dirichlet boundary conditions (1).

Inspired by the above research, we found that the perturbed partial difference equa-
tions had rarely been studied, so this paper aims at studying small solutions of the per-
turbed partial discrete Dirichlet problems with the (p, q)-Laplacian operator. Here, the
perturbed partial difference equations mean that the term with the parameter y in the right
hand of the equation for the problem (D*#) is very small. A solution y(s, t) of (DM*) is
called a small solution if the norm ||y(s, t)|| is small. In fact, without the symmetric assump-
tion on the origin for the nonlinear term f, we can still verify that problem (D*#) possesses
a sequence of solutions which converges to zero by using the Lemma 2. Moreover, by
Lemma 1, we can show that all of these solutions are positive. Furthermore, by truncation
techniques, we obtain two sequences of constant-sign solutions, which converge to zero
(with one being positive and the other being negative). As far as we know, our study takes
the lead in addressing small solutions of the perturbed partial discrete Dirichlet problems
with the (p, q)-Laplacian operator.

The rest of this paper is organized as follows. In Section 2, we establish the variational
framework linked to (D*#) and recall the abstract critical point theorem. In Section 3, we
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give the main results. In Section 4, we provide an example to demonstrate our results. We
make a conclusion in the last section.

2. Preliminaries

The current section is the first one to establish the variational framework linked to
(DM"). We consider the ab-dimensional Banach space

Y={y:Z(0,a+1)xZ(0,b+1) - R:y(s,0) =y(s,b+1) =0,s € Z(0,a+ 1) and
y(0,t) =y(a+1,t) =0,t € Z(0,b + 1)}, endowed with the norm

a+1 a b+1 %
||y||=<ZZIA1yS—1tp+ZZ|Azy ,t—1)] >ry€Y-

t=1s s=1t

and ||y|lee = max{|y(s,t)| : (s,t) € Z(1,a) x Z(1,b)} is another norm in Y.
Let ., = min{l(s,t) : (s,t) € Z(1,a) X Z(1,b)}.

Proposition 1. The following inequality holds:

b 1/q
patbr2rt N 5 EEIVEON
Iyl < max] = e ,
47 + 1, (a+b+2)P p q
b a 1/p
1(s,t)|y(s, t)]7
(Graceszrt )\ e L ELEhe)
47 + 1, (a+b+2)r1 p q
Proof. According to the result of ([27], Proposition 1), we have the following;:
a+b+2)r1
Iy < CHEED e ©)
When ||y||e > 1, according to (9), we have the following;:
a ! 2
(et g2y s Wl ﬂz PRCBICDL
p p
+b+2
_(“p)<|| |\P+Zzzst|yst ) (10)
(a+b+2)P~ (a+b+2)p1 L &
< P4+ I(s,)|y(s, )9,
< WDy e I ML

that is,

1/q

b a
- 1/4 Y X (s )y(s, )]
HyHOO < < P(”+b+2)p ! > ”y”p + t=1s=1 ' (11)

4P + I (a+b+2)P1 p q




Symmetry 2021, 13, 1207 4 of 14

When ||y]| < 1, according to (9), we have the following;:

p o, (atbp2rl L& g
(1—|—l a+b+2 )” ”P Hy||°°+ ar Zl Z l(S/t)|y(S/t)|

t=1s=1
7 p (12)
(a+b+2)r1 (a+b+2)p 1 b &
< lyll” + Yo ) s t)y(s 1)),
p4? q47 t=1s=1

that is,

1/p

b a
L L % 1(sDly(s 0l
o < (2T s ray) |t )

4P + I, (a+b+2)r-1 P q

In summary, we have the following:

b 1/q
I(s,t s, 1)1
[yl < max ( R >1/q I 55OV
*® = 47 + 1, (a+b+2)r1 p q ’
b a 1p
1(s,t)|y(s, t)]7
(s >“” ==y
47 + 1, (a+b+2)r1 p q
Define
D(y) = P1(y) + P2(y),
b a u
= 3 Y (P8, y(s,8) + £G((s,0),y(s,1) ),
t=1s=1 A
o £ £ 1shly(sh)
foreveryy € Y, where <I>1(y) = yT, D, (y) = %,F((s,t),y) = [J f((s,t), T
dt, G(( = { a( T for each ((s,t),y) € Z(1,a) x Z(1,b) x R.
Let

L(y) = (y) — A¥(y),

forany y € Y. Obviously, ®,¥ € ct (Y, R), that is, @1, P, and ¥ are continuously Fréchet
differentiable in Y.

Q1 (y +tv) — P1(y)

@ (y)(v) = lim

t— t
b0ﬂ+1 a b+1
= ; ;%(Aly(s —11)Ao(s —1,t) + 21 Z; ¢p(Doy(s,t —1))Ag0(s, t — 1)
b a
== Z% Z% Aip(Bry(s —1,1))v(s, t Z% Z Dagp(Doy(s,t —1))v(s, t),
t=1s= s=1t=
b a

Dy (y)(0) = Y Y 105, E)pg (y(s,1))0(s, 1),

t=1s=1
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and

V(o) —lim TOE =YW 5§ (105, 05,0) + (5,00, 005,0) ) ),

t—=0 =1 s=1

fory,veY.
Thus

b a
@) = A 0)](©) = = 12 L {M10 (Buy(s = 1,0) + B2y (ot = 1) "
=15, )¢q(y(s, 1) + Af((s,1),y(s, 1)) + ug((s,),y(s, 1)) yo(s, ) =0, Vo(s,t) €,

is equivalent to

- [Al (@p(Dry(s = 1,1))) + Ba(p(Day(s t - 1)))} +1(s, 1) pq(y(s, 1)) = Af((s,£), y(s,))+

ug((s,t),y(s,t)), for any (s,t) € Z(1,a) x Z(1,b) with y(s,0) = y(s,b+1) =0, s €
Z(0,a+1),y(0,t) =y(a+1,t) =0,t € Z(0,b + 1). Thus, we reduce the existence of the
solutions of (DM*) to the existence of the critical points of ® — A¥ on Y. O

Lemma 1. Suppose that there exists y: Z(0,a + 1) x Z(0,b + 1) — R such that the following
is true:
y(s,£) >0 or = Ay (Pp(dry(s —1,8))) = Da(p(Boy(s,t = 1)) +1(s, g (y(s, 1)) =0, (15)

forall (s,t) € Z(1,a) x Z(1,b) and y(s,0) = y(s,b+1) = 0,s € Z(0,a+ 1), y(0,t) =
yla+1,t)=0,t€ Z(0,b+1).
Then, either y(s,t) > 0 forall (s,t) € Z(1,a) x Z(1,b) ory = 0.

Proof. Leth € Z(1,a),k € Z(1,b) and
y(h, k) = min{y(s,t) : s € Z(1,a),t € Z(1,b)}.

If y(h,k) > 0, then it is clear that y(s,t) > 0 for all s € Z(1,a),t € Z(1,b). If
y(h,k) <0, then y(h k) = min{y(s,t) : s € Z(0,a+1),t € Z(0,b+ 1)}, since Ajy(h —
1,k) = y(h k) — y(h— 1,k) < 0, Agy(h k — 1) = y(i, k) — y(h k —1) < 0, and Ay (i, k) =
y(h+1,k) —y(h k) >0, Apy(h k) = y(h,k+1) —y(h,k) >0, ¢pp(s) is increasing in s, and
$p(0) = 0, we have

Pp(Buy(hK)) = 0> ¢,(Byy(h— 1K),

and
¢p(A2y(h,k)) >0=> 4>p(A2y(h,k —-1)).

Owing to A1 (¢p(Ay(h —1,k))) = ¢p(dy(h, k) = ¢p(Aay(h —1,k)) = 0, Aa(¢p(A2y
(hk=1))) = ¢p(Day(h, k) — ¢p(A2y(h, k —1)) > 0. Thus, we have

M(¢p(Dry(h —1,K))) + Ba(Pp(D2y(h k —1))) = 0. (16)

By (15), we have the following:

—D1(pp(Dry(h —1,k))) = Da(dp(Doy(h k —1))) = —L(h, k) (y (R, k) = O,

that is
Ay (pp(B1y(h —1,k))) + Do (¢p(D2y(h, k —1))) < 0. (17)

By combining (16) with (17), we have the following:

A1(¢p(Ary(h = 1,k))) + Da(¢p(A2y(h k —1))) =0,
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namely,
{¢MMyW*D—¢AAwm—1k»—0,
¢p(Day(h,k—1)) = 0.

=
<
—
>
N
<
—
F‘
>
Ny
=
Il

Therefore,
y(h+1,k) =y(h k) =y(h—1k),
y(hk+1) =y(h k) =y(hk—1).

If h+1 = a+1, we have y(h,k) = 0. Otherwise, (h+1) € Z(1,a). Replacing h
by h+1, we get y(h+2,k) = y(h+ 1,k). Continuing this process (a + 1 — h) times, we
have y(h,k) = y(h+1,k) = y(h+2,k) = --- = y(a+1,k) = 0. Similarly, we have
y(hk) = y(h—1,k) = y(h—2,k) = --- = y(0,k) = 0. Hence, y(s,k) = 0 for each
s € Z(1,a). In the same way, we can prove that y = 0, and the proof is completed. [

From Lemma 1, we have the following;:
Corollary 1. Suppose that there exists y: Z(0,a +1) x Z(0,b + 1) — R such that

yls,t) <0 or = Ay(p(Ary(s —1,1))) = Bo(¢p(Bay(s,t = 1)) + 1(s, )y (y(s,1)) <0, (18)

forall (s,t) € Z(1,a) x Z(1,b) and y(s,0) = y(s,b+1) = 0,s € Z(0,a+1), y(0,t) =
yla+1,t)=0,t € Z(0,b+1).

Then, either y(s,t) < 0 forall (s,t) € Z(1,a) x Z(1,b) ory = 0.

The existence of constant-sign solutions is discussed by truncation techniques. So, we introduce
the following truncations of the functions f((s,t),¢) and g((s,t),&) for every (s, t) € Z(1,a) x
Z(1,b).

If f((s,t),0) > 0and g((s,t),0) > 0 for every (s,t) € Z(1,a) x Z(1,b), let

n o [ 0D, FEZ0 L e(60,0)
reno={ {5, fezo «eno={ G5

Define problem D)"”+) as follows:

210y (Bay(s — 1) + Balgp(Aay(s,t = D))] + 1, Oppy(s, 1) = AFF((s,1),
y(s,t))+ugt((s,t),y(s,t)),(s,t) € Z(1,a) x Z(1,b), with Dirichlet boundary conditions (1).
Obviously, f*((s,t), ) and g*((s,t),-) are also continuous for every (s,t) € Z(1,a) x
Z(1,b). By Lemma 1, the solutions of problem (D" ) are also those of problem (D). Therefore,

when problem (DM has non-zero solutions, then problem (D) possesses positive solutions.
If f((s,t),0) < 0and g((s,t),0) <0 forevery (s, t) € Z(1,a) x Z(1,b), let

: _ [ fsn,0), Fe>0, _ [ sls0,0), ifE>0,
Fena = Hee Fizy seno={EEe 120
Define problem (D) as follows:

~[A1(@p(aryls — 1,0) + Aalgp(Aay(s,t — V)] + 1s, Hpy(yls, 1) = A~ ((s,8),
y(s, 1)) +ug ((s,1),y(s,t)), (s, t) € Z(1,a) x Z(1,b), with Dirichlet boundary conditions (1).

, i ¢ >0,
, i E<0.

By Corollary 1, the solutions of problem (D**") are also those of problem (DM#).
Therefore, when problem (D~ ) has non-zero solutions, then problem (D*#) possesses
negative solutions.

Here, we present the main tools used in this paper.

Lemma 2 (Theorem 4.3 of [28]). Let X be a finite dimensional Banach space and let I, : X — R
be a function satisfying the following structure hypothesis:
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(H) (1) := ®(u) — A¥(u) forall u € X, where ®,'¥Y : X — R be two continuously Gateux
differentiable functions with ® coercive, i.e., | ﬁim ®(u) = +o0, and such that igfcb =P(0) =
uj|——+oo

¥(0) = 0.
Forall r > 0, put the following:
sup Y(v)

-1
p(r) = %, @0 = hmqu)( ).

r r—0t

Assume that gy < o0 and for every A € (0, %), 0 is not a local minima of functional I.

Then, there is a sequence {uy } of pairwise distinct critical points (local minima) of I, such that

lim u, =0.
n—r—+o0

3. Main Results

In this section, the existence of constant-sign solutions of problem (D) is discussed.
Our aim is to use Lemma 2 for the function I)f : X =2 R,

I (y) = ®y) — A¥*(y),

where

||
T [\1@

L L (P ) + %Gi«s,t),y(s,t))),

FA((5,1),9) ::/Oyfi« DTt G (s 0,) = [ 85 (1)

for each (s,t) € Z(1,a) x Z(1,b). Then, we apply Lemma 1 or Corollary 1 to obtain
our results.

Let
b a b
L ¥ max F((st),£m) Y Y F((s,1),¢)
Ap. = liminf === , B% = limsup ==1
c—0t cP s+ P
¥ ¥ max G((s,1),+m)
max s, t),£m b4
CO* _ hmsup t=1s=1 0§Wl<cp ’ i Z Z l(s, t)
0% ¢ =1 s=1

In addition, put the following;:

_ 1 (4P + 1 (a+b+2)P1
= — AAogs |-
Ha CO*( pla+b+2)r—1 0

It should be pointed out that if the denominator is 0, we regard % as +oo0.

Theorem 1. Let f((s,t),y) be a continuous function of y, and f((s,t),0) > 0, ¢((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose the following:
(il) ;7(L1-4—19—|—2)’“_1A0:rl quO+ N

4P +1, (a+b+2)P 2bq+2aq+pl
(g1) there exsits & > 0 such that at [0,5], G((s,),y) > 0and C®" < +oo.

Then, for each A € A = qu;é?jpl’ %ﬁﬁﬂﬁ?ﬁ’o:) and p € [0, 1), problem (DM#)
has a sequence of positive solutions, which converges to zero.

Proof. We take X =Y, @1, ®; and ¥ as in Section 2. Obviously, for each (s, t) € Z(1,a) x
Z(1,b),g((s,t),0) > 0.
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Now, we consider the auxiliary problem (D).
Clearly ® and ¥ satisfy the hypothesis required in Lemma 2.
Let
AP+ (a+b+2)P !
 plat+b42)p1

Assume y € Y, and the following;:

min{c7,cP}, for ¢ > 0.

b a

, L L0yl )

q)(]/) — ”y” + t=1s=1 <r
p q N

P p-1
Ifr =% +1 (a+b+2)

= patbio) 1 ¢, it means that ¢ > 1. According to Proposition 1, we have the

following:

_ 1/q
pla+b+2)P1 1
|y||°°<max{(4p+l*(a+b+2)P1 1

_ 1/
( p(a+b+2)P~1 prl/p}
4P + 1, (a+b+2)p1

= max{c, 7P} =c.

P p=1
Ifr — 47 +1, (a+b+2)

Satbia) T c?, we know 0 < ¢ < 1, then

7

_ 1/q
pla+b+2)P1 1
ylleo < max{(4p Lt b2 T /4

- 1/
pla+b+2)r1 prl/p}
47 + L (a+b+2)p1

= max{c?/1,c} =,

and
o pla+b+2)P1 19
r 4 +l(at+rb+2)p
Therefore, we have ®1[0,7] C {y € Y : ||y« < c}.
By the definition of ¢, we have the following:

sup Y (v)
ved~1(0,7]
r
1 b a

= sup YN (FH((s,0),w(s, 1) + EGT((s,8), y(s, 1))
A

" yllo<c t=1s=1

5 ¥ max F((s,6),m) ¥ % max G((s,t),m)

cP | Z1s=10<m=ec H
o c? A cP

o(r) =

IN

A
+

According to condition (71), (g1) and (19), we have the following:

pla+b+2)P1
Po = 1
47 + 1, (a+b+2)F

(Ag+ + %CO*) < oo,

. 2bq+2aq+pl 4P+, (a+b+2)P ! 4 1
We assert thatif A € ( B b2 TA and p € [0, 1)), then A € (0, o).
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In fact, for A € A, we have A > 0.
When C0" = 0, then

pla+b+2)r1 1
A —.
P P Larbr2pr 10 S

When C0" > 0, then

p—1 =+
o0 < pla+b+2) <A0++MCO+>

S WL (a+b+2)r T

 pla+b+2)pt +1 1 4P+l*(a+b+2)P*1_/\A )C°+
T L(atbr2p T\ pla+b+2)rT o
1

1

Clearly, (0,0,---,0) € Y is a global minima of ®.

Next, we need to prove that (0,0, - - ,0) is not a local minima of I;“. Let us prove this
in two cases: BY" = 400 and B®" < +oo.

Firstly, when BY" = 400, fix M such that M >
of positive numbers {c, } such that ngrf cp =0,and

(o)

2041250 51p and there exists a sequence

Y Y F((s,8),00) = i fp((s ), cn) > Mei  ne Z(1).
Y t=1s=1 Y oA

Define a sequence {1, } in Y with the following:

cn, if (s,f) € Z(1,a) x Z(1,D),
n(s,t) =< 0, if s=0,t€Z(0,b+1), 0or,s=a+1,t€Z(0,b+1),
0, if t=0,s€Z(0,a+1),0or,t=b+1,s€ Z(0,a+1).

According to G ((s,£),11n(s,t)) = G((s,t),mu(s,t)) > 0, (s,t) € Z(1,a) x Z(1,D),
we acquire the following:

2a+2b I b @
Iy (i) < ( )cZ+cZ —A(Z ZF((s,t),cn)>
p t=1s=1
< (za;:zb)c?fF;cZ—McZ
(2t
<0

o+ 2bg+2aq+pl 4P 41, (a+b+2)P~!
Secondly, when B < 400, let A € < aB 7 plarbe2)r g ) choose ¢g > 0

such that

2a4+2b 1
a; +§—/\(BO+—80)<0.

Then, there is a positive sequence {c,} C (0,J) such that 1_1>r£1 cn = 0and
n o)

b b a

(B" —eo)ch <Y ) Fr((s,t),ea) = Y ) F((s,8),a) < (B® +e0)ch

t=1s=1 t=1s=1
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By the definition of the sequence {7, } in Y being the same as the case where B =
+00, we have the following:

i )Cn+qcn (ZZP ((s,1) cn>

N

IN
N
—I—‘@

)cn + ;cn )\(BO+ — so)cZ

ﬂ+2b I3 /\(B0+—£0)>CZ

IN

o<
e
-

A

According to the above discussion, we have I} (17,) < 0

Since I;{(O, 0,---,0) = 0and nlgr.}o 1m = (0,0,---,0). By combining the above two
cases, we obtain that (0,0, --,0) € Y is a global minima of ® but (0,0, - - - ,0) is not a local
minima of I/T.

Through the above discussion, I} satisfies every condition of Lemma 2. According to
Lemma 2, there exists a sequence {u,} of pairwise distinct critical points (local minima)
of I} such that nLiToo uy, =0.So0, (s,t) € Z(1,a) x Z(1,b), y(s, t) is a non-zero solution of

problem (D**"), by Lemma 1, y(s, t) is a positive solution of problem (D). Therefore,
the proof of Theorem 1 is completed. O

Remark 1. When the nonlinear terms f and g are symmetric on the origin, i.e., f(-,—y) =
—f(,y), g(-,—y) = —g(-,y), it is easy to obtain infinitely many small solutions to problem
(DM') by using the critical point theory with symmetries. However, in this paper, we obtain
infinitely many small solutions to problem (DM") without the symmetry on f.

When A = 1, according to Theorem 1, we obtain the following.

Corollary 2. Let f((s,t),y) is a continuous function of y, and f((s,t),0) > 0, g((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose the following:
+

(. ) p(a+b+2)7"’1A0+ <1< pqB°
4P +1, (a+b+2)P~1 2bg+2aq+pl’

(g1) there exsits & > 0 such that at [0,5], G((s,t),y) > 0and CO" < +oo.
Then, for each y € [0, fi]"), the following problem (D")

~[B19p(Bay(s = 1,1) + Malpp(day(s,t = D)) + Us, Opy(y(s,8) = Fl(s,0)

y(s,t)) +ug((s,t),y(s,t)),(s,t) € Z(1,a) x Z(1,b), with Dirichlet boundary conditions (1),
has a sequence of positive solutions which converges to zero.

Similarly, we obtain the following results.

Theorem 2. Let f((s,t),y) is a continuous function of y, and f((s,t),0) < 0, g((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose the following:
pla+b+2)P~1Ag_ pqB°-
(i3) 4P +1, (a+b+2)P=1 7 2bg+-2aq+pl”
(g2) there exsits § > 0 such that at [—6,0], G((s,t),y) > 0and C*~ < +co.

Then,for every = <2bq+2aq+pf 4P+l*(a+bt2)l’—1) and e [0, ,ﬂ)T)f problem (D/\,y) has a

pqB’~ 7 p(a+b+2)P~1Ag
sequence of negative solutions which converges to zero.

When A = 1, according to Theorem 2, we obtain the following.

Corollary 3. Let f((s,t),y) is a continuous function of y, and f((s,t),0) < 0, g((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose the following:
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a+b+2)P1A 0
(ia) Z’S+l*(a+)b+2)l"0:1 <1< 2bqrf§aq+pl~’
(g2) there exsits 5 > 0 such that at [—5,0], G((s, t),y) > 0and C°~ < +co.

Then, for each y € [0,fi; ), problem (D") has a sequence of negative solutions, which
converges to zero.

Combining Theorem 1 with Theorem 2, we have the following.

Theorem 3. Let f((s,t),y) is a continuous function of y, and f((s,t),0) = 0, g((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose that
(1 ) p(”+h+2)p71 maX{AOJrrAO, } rq min{BOJr,BO; }
4P +1, (a+b+2)P~1 2bq+2aq+pl 7
(g3) there exists § > 0 such that at [—6,6], G((s,t),y) > 0and C%* < +oo.

Then, for every A € ( 2bg+2aq-+pl 4+l (a+b+2)P] > and p € [0, min{ji},

pgmin{BO" BO—1’ p(a+b+2)P~Imax{Ay ,Ag_}
fi, }), problem (DM has two sequences of constant-sign solutions, which converge to zero (with
one being positive and the other being negative).

When A = 1, according to Theorem 3, we acquire the following.

Corollary 4. Let f((s,t),y) is a continuous function of y, and f((s,t),0) = 0, g((s,t),-) €
C(R,R) for every (s,t) € Z(1,a) x Z(1,b). Suppose the following:

.\ platbr2)P1A, pqB%
(i) 4P +1, (a+b+2)P~1 <1< 2bq+2aq+pl”

(g3) there exsits § > 0 such that at [—6,6], G((s,t),y) > 0and C%* < +oo.
Then, for each y € [0, min{ji;, fi; }), problem (D¥) has two sequences of constant-sign
solutions which converge to zero (with one being positive and the other being negative).

Remark 2. As a special case of Theorem 1, when y = 0.
Considering the following problem, namely (D)

—[A1(pp(Dry(s =1, 1)) + Ba(Pp(Day(s, t = 1)) +1(s, £)pg(y(s,£)) = Af((s, ), y(s, 1)),
(s,t) € Z(1,a) x Z(1,b), with Dirichlet boundary conditions (1).

Theorem 4. Let f((s,t),y) be a continuous function of y, and f((s,t),0) > 0 for every (s, t) €
Z(1,a) x Z(1,b). Suppose the following:

. p(a+b+2)p’1AO+ quO+
(i7) 4P +1, (a+b+2)P~1 7~ 2bg+2aq+pl”

2bg+2aq+pl 4P +1, (a+b+2)P~1 A "
Then, for each A € ( aBT 7 plarbi2)r TAgs )’ problem (D) has a sequence of positive

solutions, which converges to zero.

4. Example
We provide an example to illustrate our Theorem 3.

Example 1. Suppose that I(s,t) = s+t Leta =2, b =2, p =3,9 =2, and | =

z 2 16+18!
Y oY (s t) =12 < 8 = %, f and g are two functions defined as follows:
t=1s=1

f((s,t),) = f(e) = { Fpe !4 peTsin(§Ine?) + gperteos(Ineh), >0, o
0, c <0,
and
8((s,1),¢) = g(e) = 2peP 1. (21)
49 34 34 1

Then, for each Ay € (53,5;) and py € [0, (575 — gA1)), the following problem, namely
(D/\lrﬂl)'
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—[81(Pp(Dry(s — 1,1))) + Ba(Pp(Aoy(s,t — 1)) + 1(s, )P (y(s, ) = Arf((st),
y(s,t)) + u1g((s,t),y(s, 1)), (s, t) € Z(1,2) x Z(1,2), with the following Dirichlet boundary
conditions:

y(s,0) =y(s,2) =0, se€Z(0,3),
y(0,t) =y(2,t) =0, teZ(0,3),

possesses two sequences of constant-sign solutions, which converge to zero (with one being positive
and the other being negative).

In fact,
F(s,0),0) = [ F((s,1), )T = { gf”“” sin(3 Inc?), >0 @)
G((s,),¢) = /0 “o((s, 1), T)dt = 2¢P. (23)

Since f((s,t),c) > 0,g((s,t),c) > 0 for ¢ > 0, we know that F((s,t),c) and G((s,t),c)
are increasing at ¢ € (0,+o0). Thus, Jmax F((s,t),m) = F((s,t),c) and Jmax G((s,t),m) =
<m<c <m<c

G((s, t),c), for every ¢ > 0. Obviously,

4(2cP + cPsin(LncP
Ags = liminfiabp((s't)'c) = lim inf (¢ +cPsin(5Inc?)) =1,
c—0t cP c—0t cP
bF((s,t), 4(2¢P 4 cPsin(L Inc?
BO* — hmsup a ((sp ) C) — limsup (4 5 (5 )) —
c—0t ¢ c—0t ¢

We can verify condition (is) of Theorem 3 since

p(a+b+2)p—1 maX{A(ﬁ’rAOf} . g < pqmln{BOJr,BO,} %

4P + L (a+b+2)P1 34 ° 2bg+2aq+pl 49

Next, we can further verify condition (g3) of Theorem 3 since

G((s,t),¢)

Tt=
i1

t=1s

, ab2c?
=limsup —— =8 < -o0.
c—0F c?

C% = limsup

c—0F cP

In summary, every condition of Theorem 3 is met.

Therefore, for each A1 € (%5, 3%) and 1 € [0, (5% — $A1)), problem (DM#1) possesses two
sequences of constant-sign solutions, which converge to zero (with one being positive and the other
being negative).

5. Conclusions

In this paper, we studied the existence of small solutions of perturbed partial discrete
Dirichlet problems with the (p, g)-Laplacian operator. Unlike the results in [25], we ob-
tained some sufficient conditions of the existence of infinitely many small solutions, as
shown in Theorems 1-3. Firstly, according to Theorem 4.3 of [28] and Lemma 1 of this
paper, we obtained a sequence of positive solutions, which converges to zero in Theorem 1.
Furthermore, by truncation techniques, we acquired two sequences of constant-sign so-
lutions, which converge to zero (with one being positive and the other being negative).
Secondly, the Corollaries 2—4 was acquired when A = 1. Finally, as a special case of
Theorem 1, we obtained a sequence of positive solutions, which converges to zero in
Theorem 4. The existence of large constant-sign solutions of partial difference equations
with the (p, 9)-Laplacian operator will be discussed by the method used in this paper as
our future research direction.
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