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Abstract: In this paper, some coefficient problems for starlike analytic functions with respect to
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logarithmic coefficients, some cases of the generalized Zalcman coefficient functional, and some cases
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1. Introduction

Let A be the family of all functions analytic in the open unitdiskD = {z € C: |z] < 1}
having the power series expansion

f(z)=z+ i a,z" 1)
n=2

and let S denote the class of univalent functions in A. Recall that a function analytic in
a domain D is said to be univalent (one-to-one) there, if it does not take the same value
twice (for the definitions and properties of S and other classes see, e.g., [1]). One of the
problems of the geometric theory of analytic functions is connected with the coefficients of
these functions. For decades, the main motivation for studying function coefficients was
the Bieberbach conjecture that |a,| < n for f € S (first proposed in 1916). The problem
was finally proved by de Branges in 1985 (see [2,3] for the proof). There are many papers
in which the nth coefficient a, is estimated for various subclasses of analytic functions.
In 1960, as an approach to prove the Bieberbach conjecture, Zalcman hypothesized that
|aoy — ag 1| < (n— 1)2 for f € S. This led to several papers related to the Zalcman
functional for various subclasses of S (see, e.g., [4,5]), but the Zalcman conjecture remained
open for many years for the class S. In 2010, Krushkal [6,7] proved the conjecture for
the class S, but only for some initial values of n. More general versions of the Zalcman
functional, i.e., functionals Aay, — ap,_1 and Aa;,a, — a,,4.,—1, have also been considered
(see, e.g., [8-13]).

The research on function coefficients also focused on estimating the so-called Hankel
determinants. In the 1960s, Pommerenke defined the qth Hankel determinant for a function
f of the form (1) as

an an41 Ap4gq-1
_ | 4nt+1 any2 ... On+gq
Hq,n (f) - 7
An+g-1  Antq An+2q-2

where g,n € {1,2,...} (see [14,15]). The bound of H,,(f) was investigated for vari-
ous subfamilies of .A. The sharp bounds of |Hy»(f)| = |aza4 — a3%|, which is known
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as the second Hankel determinant, were found for almost all important subclasses of
the class S (see, e.g., [16-23]). It is worth noting that we still do not know the ex-
act bound of this expression for S. The estimation of the third Hankel determinant
|H31(f)| = |azas + 2aa3a4 — 3% — a,% — axas| is much more difficult to obtain as com-
pared to |Ha 2 (f)|. Some of the results obtained even for the most important subclasses of
the class S are still not sharp (see, e.g., [24-33]).

In this paper, we find bounds of several coefficient functionals for functions belonging
to the class of analytic functions related with the sine function. Let us start with the
notation and definitions. By §*, we denote the class of starlike functions, i.e., functions
f € A such that Re{zf'(z)/f(z)} > 0 for all z € D. Let By be the class of Schwarz
functions, i.e., analytic functions w : D — D, w(0) = 0. The function w € By has the Taylor
series expansion

w(z) = i cnz" . 2
n=1

Moreover, recall that, for given analytic functions f and g in D, we say that the function
f is subordinate to g in I and write f < g if there exists w € By such that f(z) = g(w(z)),
z € D. Moreover, if the function g is univalent in D, then f < g if and only if f(0) = g(0)
and f(D) C g(D). Using subordination, different subclasses of starlike functions were
introduced by Ma and Minda (see [34]), in which of the quantity zf’(z) / f (z) is subordinate
to a more general superordinate function.

Let 8¢ denote the class of functions which are starlike with respect to symmetric
points, which was introduced by Sakaguchi [35]. Recall that a function f is said to be
starlike with respect to symmetric points, if for every r less than and sufficiently close to
1 and every ( on the circle |z| = r, the angular velocity of f(z) about the point f(—() is
positive at z = { as z traverses the circle |z| = r in the positive direction, i.e.,

7zf/(z) r o z= =7
nel i | 0 o F=eld=r.

Thus, a function f in the class S¢ is characterized by

2zf'(z)
W ‘<§00(Z), zeD, (3)
where ¢o(z) = (1+2z)/(1 — z). If the function ¢y is replaced by any analytic univalent
function ¢ with positive real part in D and symmetric with respect to real axis, then we
obtain the class Sg(¢(z)).

The classes defined and studied in [36-38] motivate us to consider the functions in the
class S&(¢(z)) with ¢(z) = 1 + sinz. Hence, we can write

2zf'(2)
f(z) = f(=2)

We obtain the bounds for coefficients, logarithmic coefficients, some cases of the
generalized Zalcman coefficient functional, and some cases of the Hankel determinant for
functions from the class S¢(sin z).

The article is structured as follows. In Section 2, we cite some results concerning
functions from the class By that are needed for the proofs. In Section 3, we give estimates
of coefficients and logarithmic coefficients of functions from S¢(sinz). In Section 4, we
estimate the generalized Zalcman functional and Hankel determinants for functions from
S&(sinz). In Section 5, we present the conclusions.

S;(sinz)—{fES: —1+sinw(z),w€5’o,z€]D)}.

2. Preliminary Results

In the proofs of our results, we need the following sharp estimates for functions from
the class By. The first one is the well-known bound of the Schwarz function coefficients
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(see, e.g., [1]); the second one is due to Prokhorov and Szynal [39]; and the third one is the
result obtained by Carlson [40].

Lemma 1 ([1]). Ifw € By is given by (2), then the sharp estimate |c,| < 1 holds for n > 1.

Lemma 2 ([39]). Let w € By be an analytic function of the form (2). Then, for any real numbers u
and v, the following sharp estimate holds

le3 +pcier +ve3| <1, if  (wv) € DyUDy,
where

Dy ={(mv) eR?: |y <3, -1<v <1},
Dy = {(nv) €R*: 3 <[ul <2, H(|ul+1)° = (lul +1) <v <1}

The extremal function has the form w(z) = z°.

Lemma 3 ([40]). Let w € By be given by (2). Then

2 2
ol <1—leyf* = lc2| , e <1—c2—cz, sl <1—=1e1]? = |en]? — |C3| .
3] <1—Jcqf T+la] leal <1 —Jer]® = lea|™,  fes] 1= le1]” — ez T+ o]
From the Schwarz-Pick lemma, it follows that
e <1 Jenl?. (4)

From (4) and Lemma 3, we can obtain the following result.
Lemma 4. Let w € By be given by (2). Then
lcres — c22| <1-— ]cl\z .
The lemma given below was proven by Keogh and Merkes.
Lemma 5 ([41]). Let w € By be given by (2). Then, for all u € C, we have
lea + per?| < max{1, |u|} .

Based on Theorem 2 in [42] by Efraimidis, the following two lemmas can be obtained
(see also [43]).

Lemma 6. Let w € By be given by (2). Then, for u € C, |u| < 1, we have
|cg + 2pcyc3 + pea?® + 3pcr?cr + 1l < 1.
Lemma 7. Let w € By be given by (2). Then, for u € C, |u| < 1, we have:
los + (14 p)ereq + (1+ p)eacs + 3puerca® + (1 + p+ p?)er®cs +2u(1+ p)er®ca + pu2e® < 1,
|es + 2pcycy + 2ucaes + 3pPercr® + 3pPer es + 4 dep + pte® < 1.

3. Bounds of Function Coefficients and Logarithmic Coefficients

The coefficients of f € SZ(sinz) can be expressed as the coefficients of a relative
function w from the class By. Let f and w be given by (1) and (2). Then, from the formula

22f'(2)

- =) =1+sinw(z), ()
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we obtain:
1
az = 5¢1,
1
az = jCZ 7
1 1 1.3
ay = 1(03 +3c1020 — 5C1 ) , (6)
_1 + 10,2
as = 1(04**61 2+ 502 ) ,
_1 1.2 3 2_ 5.3 1.5
a6 = ¢ (C5 + ZC1C4 + §C263 — 501703 — 5€102° — 550172 + g€l ) .

Theorem 1. If f € S¢(sinz) is given (1), then

| <3, as| <3, laal <%, las| < lael <%

The bounds are sharp.

Proof. The bounds of |a;| and |a3| follow from Lemma 1. The inequality for |a4| can be

easily obtained from Lemma 2, with 4 =  and v = — %.

From (6) for a5, we have
4las| < |eal + 3lerPlea] + ezl @)
Now, using (4) and Lemma 3 in (7), we get

dlas] <1 —[e1f? = e + 3ler (1 = le1|*) + Fleal®

=1-1c1 P = Yo = et < 1.

Thus, we have the fourth inequality in Theorem 1.
Formula (6) for ag can be written

6|ag| = %|C5 + 104 + Coc3 + 12¢3 + 3¢5 + cacz — 3c1%c3 — %clczz — %cf’cz + %cﬂ .
Applying the triangle inequality, we get
24|ag| < |cs + c10q + cac3 + cr2c3] 4 3|cs + Feacs — c1%cs — Jerer® — Herder + ger -
From Lemma 7 for y = 0, we know that |c5 + ¢1c4 + coc3 + 612C3| < 1, thus we have

24|ag| <1+3W,

where
W = |C5 + %CZC:)‘ — C12C3 - %C1C22 — %C]SCZ + 91*0615| . (8)
Now, we show that W < 1. Applying the triangle inequality and Lemma 3 in (8),
we obtain
2
C3
WS 1=l ~ el = 12+ Haallal + faPlesl + Blenleal + lerPleal + shler

1+ [cq]

The expression on the right side of the above inequality takes its greatest value with
respect to |c3| when |c3| = 3(1+ |c1]) (3 ]e2| + [e1?), so

W < h(cd),
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where |c1| = ¢, |c2] = d and

hic,d)=1—c*—d?>— 1 Jrc)(%dJrcz)2 tan +c)(%d+cz)
+ 12 (14 c)(3d + ) + ded?* + JPd + &
=1- c+4c +f1870c5+6czd+§ d—%d2 %cdz.

The shape of the variability region of (c,d) is a simple consequence of the Schwarz-
Pick lemma and coincides with Q = {(c,d) : 0<¢c<1,0<d <1-¢%}. A simple
algebraic computation shows that the critical points of  satisfy

2+ 563 —32d+ ged =0
—2c+c +3 c4+ cd+4czd+§2d2f0 ’

thus, in ), there are two critical points (0,0) and (co,dp), where ¢y = 0.828... and
do = 0.343... . For these points, we have 1(0,0) = 1 and h(cp,dg) = 0.596... . On
the boundary of (), we get:

h(c,0) =1—c*+ jc* + fc° <1,
h(O,d):1—%d2§1,
h<c,1—c2>=%+%c2—%c4+%c—nc3+ssc5

10 .2

Since the functions g1(c) = $c? — 3¢t and g, (c) = % ﬁc + OC reach their great-

est values forc = ‘F andc =1, respect1vely,g1( ) < gﬂ%) = andgz( ) < (1) = %,
and it follows that

h(c,1—c?) < Lr+tB+45<1.

Hence, W < 1, and so 24|ag| < 4, and we have the fifth inequality in Theorem 1.

Observe that, if c; = 1and ¢, = 0 for k # 1, then a, = % Similarly, if co = 1 and
¢y = 0fork # 2, then az = % Ifcg =1and ¢, =0fork # 3, thenay = %. Ifcy =1and
¢y = 0 for k # 4, then as = %. If cs =1and ¢, = 0 for k # 5, then ag = %. This means that

the equalities in Theorem 1 hold for the functions f given by (5) with w(z) = z, w(z) = 22,

w(z) =23, w(z) = z* and w(z) = 2°, respectively. [

The logarithmic coefficients of f € S, denoted by v, = ¥, (f), are defined with the
following series expansion

) =2) yuz".
n=1

For a function f given by (1), the logarithmic coefficients are as follows:

1
11 =342,

1 1,
')/225(513 502 ),

_1(, _ 3 9

73 = 1(as —apas + 1a5°) , )

1 2 1,4
’7427(05—1121144-02 as — 211 —im ),
v5 = (a6 — apas —a3a4+a2a3 +a2 as — ap a3+ 5a25) .

Theorem 2. If f € S (sinz) is given by (1), then

Ml <Y, <y, |wnl<i, <t nsl<s.

The bounds are sharp.
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Proof. From (6) and (9), we get

"= %Cl ’

T2 = %(02 - iﬁz) ’

3 = %(Cs %C1C2> (10)
Vs = %(c4 — ey —le%e + ﬁcl4) )

T5=1 (CS — 30104 — §C2¢3 — gerPe3 — geic’ + ggei’er — 61*0615) :

The bounds of |71], |72/, and |73| follow from Lemmas 1, 5 (with = —1), and 2 (with
U= f% and v = 0), respectively.
Formula (10) for 4 can be written

16]v4| = |2c4 — c103 — %61202 + et

=lcqg —c103 — —cz + 3612C2 - —cl +oeq+ cz — ch o+ 12(:14| .

Applying the triangle inequality, we get
16]74] < |eg —c103 — Je2® + Fer?cr — fort| + [ea + Fe2? — ForPer + ot
From Lemma 6 for y = —%, we know that
lea —c103 — 2eo® + 3010 — Se®| < 1,

thus we have
16]v4| <1+ W,

where
= |eg + %022 — %C12Cz + %Cl4| . (11)
Now, we show that W < 1. Applying the triangle inequality and Lemma 3 in (11),
we obtain
W <1—e1f? = |eal? + dea® + Serea + e,
thus

W <h(cd),
where |c1] = ¢, |¢c2] = d and
hic,d)=1-c*—1d*+32d + Lc*.

A simple algebraic computation shows that the critical points of 1 in Q = {(c,d) :
0§c§l,0§d§l—c2}satisfy

5.2 _
3c d 0
13 +3cd—2c=0 "~

thus, in ), there are two critical points (0,0) and (co, do), where ¢y = 43 and dy = &, For

V83
these points, we have /1(0,0) = 1 and h(co,dp) = 35 . On the boundary of Q2, we get:

h(C,O):1—62+11—2c4§1,
h(0,d)=1-1d*><1,
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Hence, W < 1, and so 16|v4| < 2, and we have the fourth inequality in Theorem 2.
Formula (10) for 75 can be written

1 5
12|ys] = 2|05—C1C4—62€3+ Se10” + Jores — 3er’cr + o1

3. .2 17 .3
+ 05+ deacs — 3100 — c1%c3 + Ho C2_m 0.

Applying the triangle inequality, we get

3 3.2 1.3 1.5
24|7ys5| < |c5 — c1c4 — coc3 + 40162 + 30173 — 501 C2+ 16¢1°]
1 3.2 3 .5
+ |c5 4 50203 — 5c102° — c1203 + ﬂcl c 240 |-
From Lemma 7 for y = —%,we know that
3.2 1 5
|cs —c1cq — coc3 + C1C2 + 301°¢c3 — 2C1 e+ 1661 | <1,

thus we have
24|ys5]| <1+ W,

where
_ 1 3. .2 2 17 .3 23 5
= [c5 + 50203 — 5010”7 — c17°C3 + 35¢17C2 — 3p€1”| - (12)

Now, we show that W < 1. Applying the triangle inequality and Lemma 3 in (12),
we obtain

2
C
W< 1= laP ~leaf - 125+ blaallcal + Flellea + la Pleal + Bl Plal + Bl

The expression on the right side of the above inequality takes its greatest value with
respect to |c3| when |c3| = 3(1+ |c1]) (% ]e2| + [e1?), so

W <h(cd),
where |c1| = ¢, |c3] = d and
he,d) =1—c—d> = (1 +¢)(3d + ) + 1d(1+¢)(3d + )
+ %cd2 + %cz(l +c)(3d + ) + 24C3d + 22430c5
=1-c -+ 1+0)(3d+ )+ Jed® + Fd+ Fc .

A simple algebraic computation shows that the critical points of & in Q = {(c,d)
0<c<1, Ogdgl—cz}satisfy

4c —1—5203 15d—§—25cd—0
—2c+c3+ 8 c4—|— cd+ B2y Bp=0 "
thus, in ), there are two critical points (0,0) and (co,dp), where ¢y = 0.484... and

dy = 0.463... . For these points, we have 1(0,0) = 1 and h(co,dp) = 0.827... . On
the boundary of () we get:

h(c,0) =1—c*+ 1t + 2%130c5 <1,
h0,d)=1-d*><1,

hic,1— cz) = %6 + %cz 15C4 + 160 — 13c3 + %gc5
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Since the functions g1(c) = ¢ — 22c* and g(c) = 2c — B3 + B cd reach their
greatest values for ¢ = \/% and ¢ = 2200 regpectively, thus g (c) < g1(\/%) = 2 and

2(c) < gz(%) = 0.5468. .. , and it follows that
h(e,1—c*) < &+ % +05468... <1.
Hence, W < 1, and so 24|vs5| < 2, and we have the fifth inequality in Theorem 2.

The equalities in Theorem 2 hold for the functions f given by (5) with w(z) = z,

w(z) = 2%, w(z) = 23, w(z) = z* and w(z) = z°, respectively. O

4. Bounds of the Generalized Zalcman Functional and Hankel Determinants

Let us consider some cases of the generalized Zalcman functional a,, 4 ,,—1 — anay, for
functions from S¢ (sinz).

Theorem 3. If f € S (sinz) is of the form (1), then
a3 —a?| <3, Jay—mas| <%, as—as?| <L, |ag—azas < L.

The bounds are sharp.

Proof. From (6) and Lemma 5 with y = —%, we obtain
a3 — a2%| = le2 — jer®| < 5.
From (6), we get
‘614 — a2a3| = %|C3 — (10 — %Cl3| . (13)
By applying Lemma 2 with y = —1 and v = —% in (13), we obtain the second
inequality in Theorem 3.
From (6), we have
las — as*| = }ea — 3e1%cr — 3027 . (14)

Now, using (4) and Lemma 3 in (14), we get
a5 — a5?) < 3 (1= ler = [ea2 + 3les 21 = [er2) + Seal?)
2 2
= 31(1-Her P~ HeaP - Healt) < 1.

Thus, we have the third result in Theorem 3.
From (6), we have

6|a6 — a3a4| = |C5 + %C1C4 — %C2C3 — %C12C3 — %C1C22 — %C13C2 + ﬁcﬂ . (15)
Applying the triangle inequality and Lemma 7 (for u = 0), in (15), we get
24|ag — azay| < |c5 + c104 + 203 + C12C3‘ + 3|cs — %C2C3 — 612C3 . C1€22 — %C1362 + %C15|
<1+4+3W,

where
2 2 2 1.3 1.5
W= |C5 — 50203 —C17C3 — €102 — 5€17C2 + gpC1 | .

Similar to the proof of Theorem 1 for |a4|, we can show that W < 1. Thus, we obtain
the fourth result in Theorem 3.
Observe that the equalities in Theorem 3 hold for the functions f given by (5) with

w(z) = 2%, w(z) = 23, w(z) = z* and w(z) = 2>, respectively. O
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Let us consider some cases of the Hankel determinant for functions from Sg (sin z).

Theorem 4. If f € S{(sinz) is of the form (1), then

[Ho2(AI < 5. 1Hs(AI <5, Haa(H)l < 55
The first bound is sharp.

Proof. From (6), we have

|H2,2<f)| = |azay — 032‘ = %|C1C3 — 622 + %clzcz — sz — %C14

and hence, applying the triangle inequality, we get

[Ha2(f)] < §(leres — el + [fer?es — e = dar]) - (16)

From Lemma 4, we have
le1e3 — [ < 1. (17)
Moreover, from (4), we obtain
l3c1%c2 — 02® = 2 *| < JeP( = [ea ) + (1= |er*)* + Elen [*
1—

Slerl? + Fleal*.

Since the function g(x) = 1 — 3x + 3x?%, x € [0,1] is decreasing, for all x € [0,1], we
have g(x) < g(0) = 1. Thus,

2 2 4
13c1%cr —c? — Lt < 1. (18)

Using (17) and (18) in (16), we get the bound of |Hy»(f)|-
Now, we prove the second inequality from Theorem 4. From (6), we have

2 2
|Ha5(f)| = |asas — as?| = £|2caca — c3(c3 + 100 — 3 ) +e® 20 0+ C1 0 — e
and hence, applying the triangle inequality, we get
16|Hp3(f)| < 2lealles] + [eslles +erea = Jer’ | + leal* + fler Pleal® + gleal*lea] + ggleal® . (19)

From Lemma 3, we can obtain

2 2
<1 el g el 20
3] <1 — e 1ol S |c1] > (20)

Applying (20) and Lemmas 2 (withy = land v = —%) and 3 in (19), we have

16|Ha3(f)| < 2leal(1—|e1]* = |eal?) +1 = |e1 > = Yeol* + |2 + §ler[Pleal® + Eler[*lea] + el

thus
16|Ha3(f)| < h(c,d),

where |c1| = ¢, |c2] = d and
h(e,d) =2d(1— ¢ =) +1—c* — 3d® +d° + §cd* + G'd + 55c° .
The function / is a decreasing function of the variable ¢, thus

h(c,d) <h(0,d) =1+2d — 1d*—d°.
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The function h(0, d) reaches its greatest value in [0, 1] for d = %, thus

1(0,d) <h(0,3) =

I\)‘»b
AN e

Hence, L o
|Hos(f)l < 1627 = 235 -

Now, we prove the third inequality from Theorem 4. From (6), we have

_ 1 1.2 1.2 1 1.3 1.3 3.2.2 1.4 1.6
|H3,1(f>| - 3‘62C4_ 5C17C4 — 5C3 +§C16263+561 €3 — 5C2” — §C1°C2 +5Cl €2 — =501 |

2 2.2 4
= %\C4(52 - %01 ) — %03(63 — 10 — %013) - %023 - %Cl 0"+ %Cl C2 — %C16|
and hence, applying the triangle inequality, we get
8|Hs1(f)| < lcallea — Fer®[ + Fleslles — crca — 3er®| + Fea P + RlaPleal® + Eler[*lea] + 5l l® . (21)
Using (20) and Lemmas 2 (with p = —1land v = —%), 3,and 5 (with y = —%) in (21),
we obtain
8|Hs1(f)] <1—cr® —c2® + (1 — a1 = 32®) + 3leal + §lerPPleal® + Gler[Fleal + Fglenl®, (22)
thus
8|Hz1(f) < h(e,d),

where |c1| = ¢, |c2] =d and
hic,d)=1—c—d*+ 31— 2 —1d%) + 1d® + 32d* + Lctd + 5c®.
The function h is a decreasing function of the variable c, thus
h(c,d) <h(0,d) =3 — 3d* + 1d°.
The function /(0, d) reaches its greatest value in [0, 1] for d = 0, thus
h(0,d) < h(0,0) =3 .

Hence,
Hsi(H)l<§-3=5.

Note that the first equality in Theorem 4 holds for the function f given by (5) with
w(z) = z2. The second and the third results are not sharp. It is expected that the sharp bounds
of |Hy3(f)| and |Hs1(f)| are equal to 7. Note that, for the functions f given by (5) with
w(z) = z* and w(z) = 2%, in both cases, we obtain |[Hp3(f)| = £ and |H31(f)| = L. O
Example 1. For the function w(z) = z € By, we have f(z) = z+ 3z% — $z4 + 2520+ ... €
S&(sinz) and thus

[H23(N)| = 576 < a3, |H31()| = 576 < 15 -

For the function w(z) = (z +22), we get f(z) = z+ 122+ 123 + 524 + 425, ..
and then

119 49 373 3
|Ho3(f)| = 36800 < 1320 [H31(f)| = 53802 < 16 -

5. Conclusions

The problem of finding coefficient bounds plays an important role in studying the
geometry of complex-valued functions. The logarithmic coefficients of functions can be
used to find sharp estimations for the coefficients of an inverse function. This is of great
significance because reaching a complete solution to the problem of finding bounds for
the inverse function is usually more difficult than finding bounds for the function itself.
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The generalized Zalcman functionals are important because they frequently appear in
coefficient formulas for inversion transformation in the theory of univalent functions.
Furthermore, the second coefficient provides information about the growth and distortion
theorems for univalent function. Similarly, the Hankel determinants are very useful in
the investigation of singularities and power series with integral coefficients. The Hankel
determinant can also be used to study meromorphic functions. Descriptions of its many
properties and applications can be found in the literature.

The bounds of various coefficient functionals in the class S (sin z) presented in this
paper were obtained due to connecting this class with the class B of Schwarz functions.
It is worth noting that knowing everything about By, including estimates of coefficient
functionals, is a good tool in studies of other classes of analytic functions. Moreover, the
class S¢(¢(z)) can be investigated for some other cases of the function ¢.
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