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Abstract: In this paper, the existence and uniqueness of solutions to a coupled formally symmet-
ric system of fractional differential equations with nonlinear p-Laplacian operator and nonlinear
fractional differential-integral boundary conditions are obtained by using the matrix eigenvalue
method. The Hyers—Ulam stability of the coupled formally symmetric system is also presented with
certain growth conditions. By using the topological degree theory and nonlinear functional analysis
methods, some sufficient conditions for the existence and uniqueness of solutions to this coupled
formally symmetric system are established. Examples are provided to verify our results.

Keywords: existence and uniqueness of solutions; coupled system; Hyers—Ulam stability; topological
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1. Introduction

Symmetry is an important form of many things in nature and society; many of the
differential equations we studied are symmetric. Among these equations, the fractional
differential equation is one of the important fields that has profound theories and wide
applications in modern mathematics. Mathematical models of fractional differential equa-
tions are at the heart of quantitative descriptions of a large number of physical systems,
including engineering, plasma physics, aerodynamics, electrical circuits and many other
fields. The existence and stability of solutions for fractional differential equations are
studied as one of the key techniques for solving physical systems (see [1-5] and references
therein). The existence and uniqueness of solutions for fractional differential equations
are investigated usually by using classical fixed point theory. Various kinds of stabilities
have been established, such as Lyapunov stability, Mittag—Leffler stability and exponential
stability, see ([6-9] for details). These stability results have attracted a lot of attention in
recent years as they arise naturally in various areas of applications.

The stability of functional equations derived from the stability problem of group
homomorphism was first proposed by Ulam in 1940. In 1941, Hyers solves the stability
problem of additive mappings over Banach spaces. Since then, Hyers—Ulam stability has
developed rapidly. These stability results are widely used in stochastic analysis, financial
mathematics and actuarial science. As is known to all, it is difficult and time-consuming
to calculate the Lyapunov stability for some nonlinear fractional differential equations,
and it is also a challenge to construct the exact Lyapunov function. Hyers—-Ulam stability
is just suitable for nonlinear fractional differential equations dealing with this situation.
A significant number of researchers have devoted to not only Hyers-Ulam stability but
also the existence and uniqueness of solutions of fractional differential equations.

In 1983, Leibenson [10] introduced a differential equation with the p-Laplacian op-
erator, which models the turbulent flow in a porous medium. The classical nonlinear
p-Laplacian operator is defined as
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Dy(s) = |s|p_zs,p>1,:j—|—‘17 =1,P4(s) :<I>;1. (1)

Henceforth, differential equations with a p-Laplacian operator are widely applied to
different fields of physics and natural phenomena, for example, mechanics, dynamical
systems, biophysics, plasmaphysics, material science, and electrodynamics (see [10-12]
and the references therein).

The existence and Hyers-Ulam stability of solutions of fractional differential equations
with p-Laplacian has attracted much attention in recent years. In 2014, using the Leggett—
William fixed point theorem, Lu et al. [13] obtained the existence of two or three positive so-
lutions of fractional differential equations with p-Laplacian operator. K. P. Prasad et al. [4]
discuss the existence of positive solutions for the coupled system of the fractional order
boundary value problem with p-Laplacian operator in 2016. In 2017, H. Khan et al. [14]
investigate the existence, uniqueness and Hyers-Ulam stability for the following coupled
system of fractional differential equations with p-Laplacian operator

DfL (@, (DyLo(1)) = 91 (t,2(t)),
DP2 (@, (D22(1))) = —a(t, (1)),
DL o(f)]io = 0 = (@, (Dfo(t))

/

)
=0 = Dyt v(t)|t=ny,

re-é
v(1) = (171(511>ja161q)q (jolillpl(tlz(t))) -
1
D 2(t)limo = 0 = (@ (D3 2())) li=o = DR 2(1) 1=,
2—9
0(1) — (1712)‘7a2 62@ ( oﬁf¢2(t10<t)))|t:qzr
2

where t € [0,1], 1, 0; € (0,1), a;, B; € (1,2], for i = 1,2. Using topological degree theory
and a Lerray-Schauder-type fixed point theorem, H. Khan et al. [15] studied the Hyers—
Ulam stability for this coupled system with the different initial boundary conditions for
a;, Bi € (2,3). The nonlinear p-Laplacian operator is defined as that in (1).

A.Khan et al. [6] discuss the existence, uniqueness and Hyers-Ulam stability of solutions
to a coupled system of fractional differential equations with nonlinear p-Laplacian operator

DPH (@, (D1 (1)) + Fi(x,0(x)) = 0,x € (0,1),
Dﬁz(q)p(D“ZU(t))) + Fo(x,u(x)) =0,x € (0,1),
D*pu(x)|x=0 = 0 = p(x) [x=0 = p" (x)[x=0,

W (x)[x=1 = mIp i (p),

D*0(x)|x=0 = 0 = 0(x)[x=0 = 0" (¥)[x=0,

V' (%) |x=1 = 2l (),

where @, is p-Laplacian operatorand 2 < a; < 3,0 < B; <1, P, 1;,7; > 0, ¢; € L[0,1],
i = 1,2 and D% is the Caputo derivative of order «;.

Motivated by A. Khan [6] and H. Khan [14,15], this paper is devoted to study the
existence, uniqueness and Hyers-Ulam stability of solutions to nonlinear coupled fractional
differential equations with p-Laplacian operator of the form
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DY (Lp(D§'x(1))) — Fy(8)x(t) = (¢, x

D (Ly(D?y(1)) = Fa(y(t) = (¢, x
Dy x(t)]1=0 = 0,x(t)4=0 = 0,x" (t)|s=0 = O,

b
Y (et =m0 =" (x(@)de, @
DEy(Ble-0 = 0,y()li=0 = 0,3 (D0 =0,

Ol = =L ["(p— gyt
YOl =m0 =07 paly(@)de,
where2 < w; <3,0< 8; <1, P, 5,7 >0,¢; € L[0,1], and Dg" and Dgi are the Caputo
derivatives of order a; and B;, i = 1,2, respectively. L,(s) = |s|P~2s is p-Laplacian operator,
where % + % = 1, L; denotes inverse of p-Laplacian. F; : 7 — R are closed bounded
and linear operators for any t € 7 = [0,1],and ®,¥ : 7 x R x R — R are continuous
functions, i = 1, 2. For this purpose, we use the coincidence degree method and nonlinear
functional analysis theory to deal with the existence and uniqueness of solutions and the
matrix eigenvalue method in order to investigate Hyers—Ulam stability.

The paper is organized as follows. In Section 2, we provide some auxiliary results
which will be used in the next sections. In Section 3, using the coincidence degree theory
and nonlinear functional analysis methods, the existence result of coupled system (2) is
established, then the existence and uniqueness of solutions are discussed using Banach
fixed point theorem. In Section 4, the Hyers-Ulam stability of the solutions is investi-
gated by using the matrix eigenvalue method with some nonlinear boundary conditions.
The Section 5 is devoted to providing some examples to illustrate the application of our
main results.

2. Auxiliary Results

In this paper, we revisit the problem of Hyers-Ulam stability of Banach space using the
coincidence degree theory and nonlinear functional analysis methods. Let H; be the space of
all continuous functions x : [0,1] — R, endowing the norm SUPye(oq {|x(t)| : x € C[0,1]}.
Then H; is a Banach space under this norm, and, hence, their product space, denoted by
H = H1 x H;, is also a Banach space with norm ||(x,y)| = ||x|| + ||y||. Here, we recall some
special definitions, theorems and Hyers—Ulam stability results from the literature [1,3,5,16-18],
which we will use throughout this paper.

Definition 1. Let ¢ € RT. for a given function x : [a,00) — R, then its c—order fractional
integral in the sense of Riemann—Liouville is given by

1 t
o _ - _ oc—1
() = gy [, (-0 x(@)d
such that the integral on the right side is pointwise defined on R™.

Definition 2. Let x be a given function on closed interval [a, ], then its fractional order derivative
in the sense of Caputo is stated as

t _ x\n—co-1 n
“otxt) = | Sy (g ©) oo e 0

a
where (0] = n — 1. In particular if x is defined on the interval [a,b] and o € (0,1), then

dx(s)
ds

CDIx(t) = F(ll ) /ut (tXI(?)Udé, where x'(s) =
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Theorem 1 ([18]). Let ¢ € [n —1,n). For x € C[a, b], the unique solution of CDJx(t) = 0 has
the form x(t) = Z,[(U:]O aptt, where ay € R, k=1,2,3,-- -, [o].

Theorem 2 ([18]). Let o € [n —1,n). For x € C"[a,b], IT[CDIx(t)] = x(t) + Z,[(U:]O axt*, for
somea, € R, k=1,2,3,---,[c].

Definition 3. Let the class of the all-bounded set of H be denoted by B. The mapping ¢ : B — (0, 00)
for Kuratowski measure of noncompactness is defined as

¢(u) = inf{d > 0 : y has a finite cover for sets of diameter < d},where y € B.

Theorem 3. The following are the characteristics of the measure g:

(1)  For relative compact A, the Kuratowski measure ¢(A) = 0;

(2)  Semi-norm g, that is ¢(kA) = |k|¢(A),k € R, and g(A1 + Az) < ¢(A1) +¢(Az);
(3) A] - Az ylEZdS Q(A1), g(Al U Az) = sup{g(Al),g(Az)};

4 ¢(convA) = ¢(A);

©) ¢(A) =¢(A).

Definition 4. Assume that v : & — @ is a bounded and continuous mapping such that ¢ C w, if
there exists ¢ > 0 such that g(v(p)) < {g(p) for all bounded y C 9, then v is a g-Lipschitz.
Furthermore, v is called strict g-contraction under the condition { < 1.

Definition 5. The function v is ¢-condensing if ¢(v(u)) < ¢(u) for all bounded p C © with

¢(u) > 0. Therefore ¢(v(u)) > ¢(u) yields ¢(u) = 0.
Furthermore, we call v : ¢ — @ is Lipschitz for { > 0, such that

[v(w) =v(@)| < Zllu =l forall p,i € 0.

The condition ¢ < 1 yields that v is a strict contraction.
Theorem 4. The mapping v : ¢ — @ is g-Lipschitz with constant { = 0 if and only if v is compact.

Theorem 5. The mapping v : & — @ is g-Lipschitz for some constant  if and only if v is Lipschitz
with constant (.

Theorem 6 ([19]). Let v: H — H be a g-contraction and Z = {z € H : there exist 0 < A < 1
such that z = Av(z)}. Under the condition that Z C H is bounded for r > 0 and Z C u,(0),
with degree

deg(I — Av,1ur(0),0) =1, forevery A € [0,1].

Then, v has at least one fixed point.

Theorem 7 ([20]). Let Ly be a p-Laplacian operator. We have
(i) Ifl1<p<2x1-x2>0,and|x1|, |x2| > M; >0, then

-2
|Lp(x1) = Ly(x2)| < (p = 1)My " |x1 — xa;
(ii) Ifp > 2,and |x1|, |x2| < My, then
-2
|Lp(x1) = Ly(x2)| < (p = 1)MY™ " |21 — xa.

Definition 6 ([16]). Let uq,up : H — H be two operators defined on H. Then the operator system
provided by

®)
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is called Hyers—Ulam stable if we can find C; > 0,i = 1,2,3,4 such that for each e; > 0,i = 1,2,
and for each solution (x*,y*) € M of the inequalities given by

{le* — 0, (x% YY)l <&,
ly" = 02(x" y7)[| < &2,

there exists a solution (X,7) € H of system (3), which satisfies

|x* =%|| < Cieq + Coea,
ly* =7l < Czer + Cyea.

Definition 7. IfA; (i = 1,2,- - -, n) are the (real or complex) eigenvalues of a matrix Q € C"*",
then the spectral radius p(Q) is defined by

p(Q) =max{|A;]i=1,2,--- ,n}.
Furthermore, the matrix will converge to zero if p(Q) < 1.

Theorem 8 ([16]). Let u1,up : H — H be two operators such that
{Iul(xry) —u (%) < Cillx = xF| + Caofly = 7,
Jua (x, y) — uz (2", y") || < Callx — x¥[| + Cully — 7|

forall (x,y), (x*,y*) € H. If the matrix Q = G G
G Cy

corresponding to system (3) are Hyers—Ulam stable.

) converges to zero, then the fixed points

3. Existence Results

To come to our main results, we need the following hypotheses:

Hypothesis 1. The operators F; : T — R are closed bounded and linear for any t € T = [0,1]
and i = 1,2. Denote my = maxie7{|F1(t)[}, ma = maxer{|F2(t)[}.

Hypothesis 2. The functions ®,'¥ : T x R x R — R are continuous. For all (x,y), (X,y) € R,
t € T, there exist mg, my > 0, such that

[®(t, x(8), y(t)) = (t,x(t), y(1))| < |ma(|x(t) —x(1)] + [y(t) —y(O))] < mall(x =%,y =Y,
(¥t x(),y(1) =¥ (&x(8), y()] < [my (Ix(t) = %(5)| + 1y (5) =g(B))] < myll(x =%y =)

Hypothesis 3. The functions ® and ¥ satisfy the following growth conditions under the constants
Co, C¥, Mo, My, q1 € (0,1],

[@(t, x,y)|| < Colx|T + Mo,
¥ (£ %, y)l| < Celyl™ + My

Hypothesis 4. The nonlocal functions {1, P : R — R satisfy the hypotheses that for any (x,y),
(x,7) € R, t € T, there exist Ky > 0, Ky > 0, such that

1 () =1 (F)| < Kaflx =%,
[$2(y) — $2(¥)| < Kally — 7]
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Hypothesis 5. The nonlocal functions i1, P2 : R — R satisfy the following growth conditions by
the constants Cy,, Co,, Mo, My, > 0and p1 € [0,1) for x,y € R,

[p1(x)| < Coy [x|1 + Mo,
[h2(y)| < Co, |y[Pt + My,.

Theorem 9. Assume that z : T — Rand Fy : T — R be bounded linear operators, then the
solution of

DLy (DR x(t)) — Fi(B)x(t) = (), B1 € (0,1], a1 € (2,3, t € T,

x(t)|1=0 = 0, x”"(t)|t=0 = 0, Dg‘lx(t)h:o =0,

S R e LR T GIL

is given by
1
x(t) = [ Gu () - Ly (1§ (Fi(0)x(2) +2(2)) )de

mt [t -
Foy b €= M (x(@)ae,

where Gy, (t,&) is Green’s function, given by

(E=Qn7 MY 2 oy

Gal (t, g) — f((lal_) g)kl_z r(ﬂél — 1) (4)
Proof. Since
DglLb(Dglx(t)) — Fi(t)x(t) = z(t), t € [0,1], B1 € (0,1], 21 € (2,3]. (5)

Applying the operator Ig ! on (5) and using Theorem 2, we can obtain the following
integral form as

Ly(DEx(1)) = I8 (F1 (£)x(t) + 2(1)) + aq.

Using the initial condition Dj'x(t)|;—o = 0, we have ay = 0.
Furthermore,
Ditx(t) = Ly [1§ (Fa(0)x(t) + (1)) ®)

Using Theorem 2 and applying the operator Ij' on (6), we have
— ™ B1 2
x(t) = I Lo | I (Fa(£)x(t) +2(1)) | } + a1 + ant + ast?, )

By using the conditions x(t)|;—o = 0 and x”(t)|;—o = 0 in (7), we obtain a; = a3 = 0.
We also obtain
X () = gy (= 2L [ (F©(@) +2(0)) e +a ®
It —1) Jo 770 W >

If x’(t) ‘t:l = 1711;] (4] (x) in (8), then

= s [ = @) — gy [ =0 L (B (R Ox(@) +20) e

By substituting the values of a1, a3, a3 in (7), we obtain the following integral equation:
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H0) =gy (0= 0% Ly (I (F©x(@) +20) ¢

t ap— 1 mt b 1—
-t -0 (1 R@x@) + 2@ )i+ s [ @)

. mt [P -
— [} Gu 8 Ly (1A @30 + 2000 e+ A [ (o -y (@),

where Gy, (t,¢) is defined as (4). This completes the proof. [

According to Theorem 9, the equivalent system of Hammerstein-type integral equa-
tions corresponding to coupled system (2) is given by

0= [ Gut8)Ly(1E (FUQ(E) + @&, x(0), (@) e + ks [o—am @),

9)
_ B2 ot [P ,—
) = [ Gualt, 80 Ly (B2 (F(O3(E) + Y& (D) w(@) ) + 25 [0 - £ T yalx(@t
where G, (t,¢) is defined as (4), and G, (t, {) is defined by
(-9 -9
- s = C S t S 1;
GgQ(t, ér) _ r(‘XZ) F(Déz - 1) (10)

H1—g)" 2
BLCED R

Now, we consider a closed ball B, = {(x,y) € H : ||(x,y)|| < r} and define operators
U= (U, Uy), V= (V,V;)on B, as

0= [ Gu(08) Ly (B (A + (& x(0),5(E))

)= [ Gut8) Ly (I (F@(@) +¥(E x(@),y(@)) e .
and

x() = 25 [ -t (x(@ae “

Va(t) = 2 (6= £ (@)

Then, the operator equation of the Hammerstein-type integral system (9) is given by
(0 y) = W(xy) = Ul y) +Vxy). (13)
So, the solution of system (9) is the fixed points of operator Equation (13).

Theorem 10. Under the hypotheses (Hy) and (Hs) and if C, < 1, the operator V is ¢-Lipschitz
and satisfies the growth condition given by

V)l <Gl )|t + Mo, V(x,y) € H, (14)
where K _—
mb" Ky mb12Ky }
C, = max , , 15
v {rmm (12t 1) (19
. mb"Co  12072Cy, }
C; = max , , 16
g {rwm) (12 +1) (16)
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and
M bm le ;72b’Yz ]\/[U2

Im+1) T(r+l)

v =

Proof. Using the condition (Hys) and t < 1, we have

V)6 = M@ O] = |22 [0 - m g (x0) - ()

T(71)
771t b =
T(71) /o (b=¢) 1d§‘

< Kql[x =%
|2 — X[

_ ﬂlb'YlKl
(1 +1)

Similarly, we obtain

;721772 K2

Va(y)(t) = Va(y)(1)] < mlly =l
Then,

1V(x,y) = V(@D = [Vi(x) = Va(@)[| + [Vi(y) — V2(@) |
ﬂ]b K1 || 172b Kz
“T(n+1) T(y2+1)

<GCl(x=xy -9l

— x|+ [l =]

(17)

where C, is defined by (15), C, € [0, 1). Therefore, using Theorem 5, the operator V

is g-Lipschitz.
Next, to obtain the growth condition, using the condition (Hs), we have

0] = |2 [0 om @)

m_ [ -
<t b =" @)l

m b _ 1—1 1
< il [0 = g Cu 1P+ My, g,

(1)
Then,
< _mbm P
Vo (0) 1 € gy e P+ M)
Similarly, we have
_mb” P
Va0 < s Gyl + M)

Hence, (18) and (19) imply that

Vel = Vi)l + V)l

b1 »b7
MO e 117+ Moy ] + =22 (G [ly [P + M,

T T(n+1) T(y2+1)
_ 17117 Cvl Hpr] n ;721772602 ||y||p] n ;71b71le 172b’Yszz
I(y1+1) I(y2+1) T(y1+1)  T(r2+1)

< Coll ()Pt + Mo,

where C;, M, are defined as (16) and (17). This completes the proof. [

(18)

(19)
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Theorem 11. Under the hypotheses (Hy) and (Hg), the operator U is continuous and satisfies the
growth condition given by

IU(x,y) < (g =DM (Al (e 9) |1 + Aol (x,9) ]| + A3), (20)

where Co Co
ti= men (e T T B ) ey
o= o\ e T BT ) )

and Mo M
4= (xr;?ex&{ I(a1 +B1)" Tz + B2) } *

Proof. To prove the continuity of operator U, we construct a sequence {(x,,y,)} in B,
with (x,,yn) — (x,y) as n — oo. Then, using Theorem 7 and the condition (H;), we have

U (50,900 0) = U )81 = [ Gy (0,0 (I3 030 ) + (& x0(2) w0 )

- [} Gt 011, (1 (@700 + 0 ), v(E) )]
<t~ 1M 2 [ G (10 (|18 F1(@)20(0) ~ B A@(O)
+ |0 x0(@), yu(©) — [ 0(&, x(©), (D)) )de
-2, [ p1 b
<(g=)M] P [ Gy (60|17 xn(@) - 17 x(@)|de

=DM [ 6y (00|19 5 €)1 (@) — 1 0(E,x(@), y(@)] e

Due to the continuity of @, one has ®(&, x, (&), yn(¢)) — P(&, x(¢),y(C)) asn — oo.
Using the Lebesgue-dominated convergent theorem, we have |Ig 'O(E, x, (), yn(8)) —

p1 7B p1

’ 7 . n . 4
Ig'®(&,x(¢),y(¢))| — 0asn — co. We also obtain I x,(¢) — I;'x(&) asn — oo. So
|Uy (xn, yn)(t) — Up(x,y)(t)| — 0as n — oco. Hence, U is continuous. Similarly, we obtain

U2, 00) () = U ) O] (g = DM e [ G0 100 (0) — 1000t

U (x, ) ()] < (g - 1)MI >

< (g -1)MI%m

(- )M *my

F@ - DML [ GO (€ %0(0), 1 @) — (6, 2(@) y(@)] e

Using the continuity of ¥ and Igzyn (&) — Igzy(é‘) asn — oo, we obtain |Uy (x4, yn) (t) —
Up(x,y)(t)] — 0 as n — oo similarly. Hence, U, is continuous. Due to |U(x,,yn)(t) —

y) (O] = |Us (xn, yn) (£) = Un (2, y) (B)| + [Uz(xn, yn ) () — Ua(x, y)(£)], we have that the
operator U is continuous.

Next, for growth condition (20), using (H1), (H3) and Theorem 7, we have

/ol Gu (1,8) 15 @ (&, x(8), y(2))de

tathr — tag — 1

['(a1 + B1)

[t @)151f1<c>x<¢>d5\ T+ (g-1MI
tath — (g —1)
I'(a1 + B1)
(- 1)M]?

Ix] + (g — 1)m? 2

)]<c¢||x||‘h T Mo)

T(aq + 1)

[l + 1) (Collx[|™ + Ms),

T(ay + 1
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which implies that

(g —1)M] "
[th(x,y)| < W(Cq»llxllql + m||x[| + Ma), (24)
and similarly
(g-1)M]*
U2 )| < S (Collyl + mally] + M), 25)

It follows from (24) and (25) that
UG, y) || =1t (x, y)[| + [[Uz2(x, y) |
_ Co Cy
<(g—1 Mq 2( 4 - Q1>
(g —1)M; ” +5)” x|| i Iyl

I o+ p)
L L R xreea i 1)
a2 Mq> My

DMy (F (a1 + B1) (042+/32)>

<(q =M (Al G617 + Aall(x,y)| + As),

where A, Ay, A3 are defined as (21)—=(23). This completes the proof. O

Theorem 12. Under the hypotheses (Hy) and (Hs3), the operator U : H — H is compact and
¢-Lipschitz with constant zero.

Proof. With the assumption (H;) and (H3), Theorem 11 implies that the operator U is
bounded. Let D be a bounded subset of B,. For the given sequence {(x,,y,)} C D and for
any tq,t € [0,1], we obtain

| Uy (xn, yn) (F1) — Un (xn, yn) (£2)|

. 1
< (g—1)M]

[ (G018 = G, s (6 = 0] Collll + ] + M)

By simplification, we obtain

[Uy (%, yn) (F1) — Un (2, yn) (£2)]

9 1
SO {rwﬁnr(m 0

1
w [ - c>“1*2§ﬁldc]

(9 =DM Bt 1P +1) N (26)
S T

t 3

(=g b - [ - e e

0

; (i‘
T(Br+ )l (a; —1)|" 2
(9= 1)M] *B(o1, f1 +1)
| T+ ()
- (Copllu | + 11 | + M)

r -2
(q- 1)M¥ ay+py
F(rxl +ﬁ1 + l) 1

+ (Copl[2n ]| + m1[|xn ]| + M)

at+pr P
tl - t21

+

(q— 1M

a1 +p1 a1
T(ay 1 By) It — fz@(&blh +my[|xn ]| + Mo),

7t2

+

where B(-, -) is the Beta function. In the same manner, we have

[Uz (2, yn ) (£1) — Uz (X0, yn) (£2)]

-2
(g— 1)M;] ar+p2
Tl +B2+1)11

ar+PB2 (q )M (27)

_ LA S q1
ty + T + B) |f1 fz} (Cyllynll™ + mallyall + My).




Symmetry 2021, 13, 1160 11 of 17

By (26) and (27), we have

[U (%2, Yn) (t1) — U(xn, yn) (t2)]
=[U1 (xn, yn) (t1) — U (xn, yn) (E2)] + Uz (xn, yn) (1) — Ua(xn, yn ) (£2)]

(17 — 1)M?72 a1+ a1+ (q — 1)M?72

S N A S 0 M 28

| T(ag +p+1)11 2 + T(a1 + B1) lt1 = ta| | (Copl[xn[|T + m1 [ xn]| + Mo) (28)
(‘i_l)MTZ b _ patpa| (‘i_l)MTz“ — to] | (C [yullT + ma [yl + My)
I'(ag+B2+1) 1 2 I'(a2 + B2) ! 2 FllYn 2llYn ¥/

Equation (28) tends to zero as t; — tp. Therefore, U = (Uj, Uy) is equi-continuous
on D. Using the Arzeld — Ascoli theorem, U(D) is compact. Hence, U is ¢-Lipschitz with
constant zero. This completes the proof. [

Theorem 13. Under the hypotheses (Hy), (Hs), (Hy) and (Hs), and if
(G=1DMI A + (- 1M A +CE <1, (29)
then the coupled system (2) has at least one solution (x,y) € H.

Proof. In view of Theorems 10-12, U and V are continuous and g-Lipschitz with constant
Cy; and 0. By the help of Definition 4, we have W is strict g-contraction.

LetS = {(x,y) € H: A €[0,1]|(x,y) = AW(x,y)}. Now, to prove that S is bounded,
we obtain

I y) | = AWy | < AU+ AV ()]
< (=DM 2 (A1l o) + A2l (k) |+ A3) + Gl (5, y) 7 + Mo (30)
< (9= DM] (A1 + 42) +63 ) [ (xy) | + (g = )M] 243 + M.

Hence, the set of solutions S is bounded. Using Theorem 6, the coupled system (2)
has at least one solution. This completes the proof. [

Theorem 14. Suppose the hypotheses (Hy ) to (Hs) are satisfied. Then, the coupled system (2) has
a unigue solution provided

O=A4+As5+Cp <1, (31)
where 2 42
(g—=1)M] "my (g—1)M] “my
Ay = , , 32
4 max{ T(a1+p1)  T(az+p2) (2
Ae — (g — 1)M?72m¢ (g — 1)M;772m\y
. , (33)
(a1 + B1) [(az + B2)
and Cy, is defined by (15).

Proof. Let (x,y) and (X,7) € H be two solutions, then

IW(x,y) = WE I = [Ulxy) —UE I+ [V(xy) - V(E -7
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Using the conditions (Hj ), (Hz) and Theorem 7, we obtain
[U(x,y) — Uyl =Ui(x,y) = (%9 + [Uz(x,y) — Uz (%, 7) ]
= [ G (1,0)]La (18 71(0)x0) + @& x(0).1(©)))
Ly (1§ P (0)%(2) + (&, %(2),7(2)) ) |de
! p
+ [ Gulto)|Ly (102]:2(§)y(§) +‘Y(C,X(C),y(6)))

~Ly (IR (@)7(2) + ¥ (&, %(2), 7)) ) |a¢
(q-1)MI~?
(a1 + B1)
+u[’ﬂz”y 7l + mell(x— %y~ P
TG +F2)
—1)M] "m M~
<<(q<a)+m' ‘“*%” ‘”)

(@-pM{2  (g-nM] o
(mmd} * W’”‘Y) I(x =%y -7l

<(Ag+As)|[(x—xy—y)l,

where A4 and As are defined by (32) and (33). Furthermore,

[ = [l + mo || (x =%,y = H)|l] (34)

V(xy) = VED = Vilx) = Vi@ [+ [Va(y) = V20

U]b K1 _ 172b Kz
< +7 35
Tn )II x|| T2t )Hy vl (35)

<Gl(x—x%y -7
Hence, from (34) and (35), we have

W(x,y) =WED) < (As+ A5+ Co)[|(x =%,y = 7).

which implies that the operator W is contraction due to (31). By the Banach fixed point
theorem, system (2) has a unique solution. This completes the proof. [J
4. Hyers-Ulam Stability

In this section, we study Hyers-Ulam stability for the coupled system of fractional dif-
ferential equations with p-Laplacian operator (2). Using Definitions 6 and 7 and Theorems 6
and 8, the corresponding results are received.

Theorem 15. Suppose that the assumptions (Hy) to (Hs) and (31) hold, and the matrix Q is
converging to zero, the solutions of the system are Hyers—Ulam stable.

Proof. Let (x,y) and (x*,y*) € H be two solutions and define operator W = (W, W,) and
Wq = Uy + Vi, Wy = Uy + V. In view of Theorem 14, we have
W1 (x,y) = Wi yo)I| <[|Us(xy) — U (x5, y7) || + [[Vix — Vax®||
(g =DM} (m1 +mo) | b7Ky
- Iy + B1) I'(11+1)
(9= )M *mo
I(ay + 1)

(36)

ly=y*ll = Callx = x*[ + Colly = y7 1,
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where ,
cr = (g — l)M;’ (my + mep) b Ky
! I'(a1 + B1) I(y+1)
and 5
¢, = A=DM] “mo
I'(a; +B1)
Similarly, we can also obtain
W) — W,y <M ey
xX,1) — x*, <t =  |lx—x
2y 2y ['(a2 + B2)
+ (’7 - 1)M?72(m2 + m‘{’) ﬂzbszZ ||y _ y* || (37)
I'(ap + B2) I(r2+1)
=Gsllx — x| + Cully — v*Il,
where
o =M my
3 F(Déz + ,32>
and 5
C.— (g—1)M] “(my+my)  ppb"K,
* I'(ap + B2) T(y2+1)
So from (36) and (37), we obtain the inequalities given below
W1 (x, y) = Wi(x" )l < Crllx = x*[| + Caofly =y |, (38)

IW2(x, ) = Wa (2%, y*) | < Callx — x| + Cally — 7.
From (38), we obtain the following inequality
W, y) =Wyl < QllGx y) — (%, v,

_ (G G
where Q = ( G Gy
completes the proof. [

> . Since Q converges to zero, system (2) is Hyers-Ulam stable. This

5. Examples

Example 1. Consider the following coupled system of fractional differential equations with p-
Laplacian operator and fractional order differential and integral initial and boundary conditions of
the type

—2t 2 i
Dir, <D§x(t)> _ e x(t) 2 +sin|x(t)| + cos [y (t)]

0 20 100 ’
V(g ty(t) _ cos|x(t)| +sin [y(t)]
D3L5<Dgy(t)>_ 30 50 + 12 /

DEx()] o = 0,x(0) = 0,2"(0) = 0,
, (39)
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wherep=5qg=3te[0lm=w=3p=Pp=3nm=n=35n=37=7
b = 1. From this system, we have
o2 ;
fl(t) = T,]'—Q(t) =30’
2 + sin |x(t)| + cos |y(t
@(t,x(1), y(1) = IO s WD]
_cos |x(t)| + sin |y(t)]
Y(t,x(t),y(t)) = N )

Forany (x,y), (X,y) € H,t € [0,1], we have

3 1
1007 ¥ T 50
3

— ) < —X,Y—1
‘¢(t/x/y> ¢(t/x/y)| — 100||(x x’y ]/)H/

me =

_ 1 _ _
¥t y) =¥ETY)| < g5l =%y =P,

1 1 1
andCQ):m,C\Y:m,Mq):m,M\Y:

7

NI—=

s q1 =

&g

1
100’
1

570.

1 1

< — 2
1Bt 2 )l = 5 llxl12 +

1 1

b4 < — 2
15l < 5lyllE +

Furthermore, we can obtain m, = %, My = %, My =2,K; = io, K; = zlm. Then, we
see that
1 1 1

+ + <1
80x 21 80x2i 3007

Using Theorem 14, the coupled system has a unique solution. By direct calculation, we obtain

O=As+A5+Cy =

+ 1 ~10.0030 0.0088
200%21 75x01  600V/7

1,1 3
Q= (50><22 ) 300y/7 . 40021 ) - <0-0138 0.0045>.
On calculation, we obtain the spectral radius
p(Q) = max{|0.01031|, | — 0.00013|} = 0.01031 < 1,

which shows that the matrix Q converges to zero, and using Theorem 15, the solutions of the
problem (39) are Hyers—Ulam stable.

Example 2. Consider the following coupled system of fractional differential equations with p-
Laplacian operator and fractional order differential initial and boundary conditions of the type



Symmetry 2021, 13, 1160 15 0f 17

1 7 e 3x(t)  sin|x(t)| 4 cos|y(t)]
D§Ls( Dgx(t) | — = /
0 3( ox()> 30 100+ 13

D§L3 (Déy(t)) _ ty(t) _ cos|x(t)| +sin |y(t)|

20 1000

(40)

[Sl[eS)
N
)
N
Il
NI—=
N

;7=

RN

wherep =3, =3,t€[0,1], ;g =ar =%, p1 = Po = %,;71 =1 =
b = 1. So, we have

e 3t t
sin |x(t)| + cos |y(t
oltny) = SEOLE S WO
cos |x(t)| 4 sin |y(¢t
¥it ) = 2O E Sy 0]

For any (x,y), (x,y) € H, t € [0,1], we have

® =~ 100" 50
1
_ Y 17 < —— v )
[@(t,x,y) =Pt Y) < 1551 (x =Xy =P,

o1 o
¥t y) =¥ETY)| < 55l =Xy =9,

1
‘mdab:erT:Wer):mrM‘Y:mrql:

7

NI—=

sl + o
100 50

1 1 1
< —|lyllz + —.

[@(t,x, )|l <

. _ 1 _ 1 _ _ 1 _
Furthermore, we can also obtain m; = 30 M2 = 55, M1 = 2, Ky = 155, K2 = 555 Then,
we see that

1 1 1
+ + <1
40 x 22T(3) 200 x 23T(2) 400y7

Q:A4+A5+CUI

Using Theorem 14, the coupled system has a unique solution. Upon calculation, we obtain

13 1 1
0- 600v2r(3) * 4001 (1) 200721 (%) N (0.0184 0.0039>
= 1 7 1 ~ :
100v/2r' (%) 200v/2T(%) * Soovr 0.0078 0.0281

Direct calculation implies the spectral radius
p(Q) = max{|0.0306|, |0.0159|} = 0.0306 < 1,

which shows that the matrix Q converges to zero, and using Theorem 15, the solutions of the
problem (40) are Hyers—Ulam stable.
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6. Conclusions

In this paper, we use the coincidence degree method and nonlinear functional analysis
theory to deal with the existence and uniqueness of solutions and the matrix eigenvalue
method in order to investigate Hyers—Ulam stability for a coupled system of fractional
differential equations with nonlinear p-Laplacian operator. Since the system we studied is
more extensive and the initial boundary value conditions used are different from those used
in references [6,14,15], the proofs may be carried out in the case of g-difference similarly.
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