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Abstract: Symmetry between mathematical constructions is a very desired phenomena in mathemat-
ics in general, and in algebraic geometry in particular. For line arrangements, symmetry between
topological characterizations and the combinatorics of the arrangement has often been studied, and
the first counterexample where symmetry breaks is in dimension 13. In the first part of this paper, we
shall prove that two arrangements of smooth compact manifolds of any dimension that are connected
through smooth functions are homeomorphic. In the second part, we prove this in the affine case in
dimension 4.
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1. Introduction

An arrangement is a finite collection of affine subspaces (of possibly varying dimen-
sions) in R or C!, or a collection of linear subspaces of a projective space CP'~! or RP! 1.
The topology of the complement of the union of the planes is of considerable interest.
In 1989, Randell [1] proved a deep theorem, which shows that two arrangements have
the same topology if they can be transferred from one to the other using a smooth one
parameter family of arrangements. This resulted in the invention of a new invariant-the
moduli space. Randell’s study was very fruitful and resulted in many important theo-
rems concerning symmetry rope. For instance, in [2] it was implemented for lines which
in this case are a linear subspace of C?, for example, the solution in C? to the equation
y = (5+1)x +2+4i. In[3,4], it was proven that the combinatorial structure determines
the fundamental group of the complement for a six line arrangement. Using Van Kampen
theorems [5] and the Moishezon-Teicher algorithm [6], it was extended to seven and eight
lines [7,8]. Later, it was generalized to nine lines in [9], ten lines in [10] and eleven lines
in [11].

In this paper, we are going to improve Randell’s theorem and we move to diffeomor-
phisms of smooth manifolds in general, a contemporary topic (see, e.g., [12,13]). Whereas
Randell talks about changing hyperplane arrangements through smooth families of hyper-
planes, we are going to show that we can also transfer from one arrangement of smooth
manifolds to another using smooth families of hyperplane arrangements. As a conse-
quence, we show that we can transform arrangements of lines to other arrangements of
lines through symmetry of arrangements to polynomials, families of polynomials of any
degree. Since lines in the complex planes are homeomorphic to two dimensional sets in R*,
our theorems will use that idea for another improvement of the theorem.

2. Definitions and Notations

The following theorems and definitions are well known.

Theorem 1 (Topological invariance of dimension [14]). A non-empty n-dimensional topological
manifold cannot be homeomorphic to an m-dimensional manifold unless m = n.
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Definition 1 ([14]). For any smooth manifold M, we define an open submanifold of M to be any
open subset with the subspace topology and with the smooth charts obtained by restricting those
of M.

Theorem 2 (Open sub-manifold [14]). Suppose M is a smooth manifold. The embedded subman-
ifolds of codimension 0 in M are exactly the open submanifolds.

Proposition 1 ([14]). Suppose M and N are smooth manifolds with or without boundary, and
F : M — N is an injective smooth immersion. If any of the following holds, then F is a smooth em-
bedding:

(a) F is an open or closed map;

(b) F is a proper map;

(c) M is compact;

(d) M has empty boundary and dim M = dim N.

Theorem 3 (Proper continuous maps are closed [14]). Suppose X is a topological space and Y
is a locally compact Hausdorff space. Then every proper continuous map F : X — Y is closed.

Definition 2. A stratification of a manifold is a partitioning of the manifold into a finite collection
of submanifolds {U } (called the strata) so that the following frontier condition is satisfied: Whenever
U and V are strata with V N cl(U) # @, then V C cl(U).

Definition 3 ([14]). A stratification is called a Whitney stratification if it satisfies Whitney'’s
condition (b): For all strata U, V, with V N cl(U) # @, and for all x € V, whenever x; and yjare
sequences in V and U, respectively, with x; # y; so that x; converges to x and y; converges to x, so
that the secants %;yj; converge to | € RP" ! and so that T, U converges to T in the Grassmannian
of dimension U planes in R", then | C t.

Theorem 4 ([1]). Any stratification in which the closure of every stratum is a smooth submanifold
is a Whitney stratification.

Theorem 5 (Thom'’s first isotopy theorem [15]). Let f : M — R be a proper, smooth map which
is a submersion on each stratum of a Whitney stratification of M. Then there is a stratum-preserving
homeomorphism h : M — R x (f~1(0) N M) which is smooth on each stratum and commutes
with the projection to R. In particular, the fibers of f are homeomorphic by a stratum-preserving
homeomorphism.

Stereographic Projection

The following definitions and claims are well known: the function
¢n:S"\(0,0,...,1) > R"

defined by

X X
¢n(x1,...,xn+1):< 1 e, " )

4
1—=x441 1—xp1

is a homeomorphism and so is from
P, :iS"\ (0,0,...,—1)

to R" defined by

v,bn(xl,...,xnﬂ)—( a % )

TH+xp” T4+ x0p
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The inverse functions are:

2y 2yy 1 2

n AR n 7 - n
Yyi+l Lyl Yyl
i=1 i=1 i=1

@t (Y1, yn) =

2 2 2

A, L

y?+1 ’Zly12+1 'zly3+1
1= 1=

P (1) = |

i=1

The composition defined from R" minus the origin to itself is:

Pro P e yn) = 909 (e yn) = | <D,
Lvi  Lw

In this paper we denote p := (0,0,1) ,¢ := @21 := ¢y.

3. Topological and Geometric Aspects of Manifolds
With the previous theorems in mind we prove the following.

Lemma 1. Let A,B and Cq,...,C, be manifolds such that B is a closed submanifold of A and

Cy,...,Cy are closed submanifolds of B. Assume that for all 1 < i < n, dim(C;) < dim(B).
n n

Then \J C; is nowhere dense in the subspace topology of B and in addition CI(B\ U C;) = B.
= =

1 1

Proof. First we prove that for any 1 < i < n, C; is nowhere dense. Indeed, since C; is
closed it is sufficient to show that it has an empty interior. Assume to the contrary that S
is an open set of B contained in C;, then from the definition of subspace topology it is an
open set also in C; by Theorem 2. We get that S is a manifold of dimension equal to the
dimension of B and also a manifold with a dimension equal to C;. The contradiction to

n
Theorem 1 proves the statement. Since a finite union is nowhere dense so is |J C; and since
i=1

n
1<i<nCisclosedthenCI(B\ U C;) =B. O
i=1

Proposition 2. Let A, B, C, D be Hausdorff spaces where A is compact. Let f : A x B — Cbea
continuous function and g : B — D be continuous and proper. Let h : A x B — C x D be defined
by sending (x,y) to (f(x,y),&(y)) then h is continuous and proper.

Proof. Let p be the projection of C x D to D and let S be some set. Then, an element
(a,b) is in h=1(S) if there exist (c,d) € C x D such that h((a,b)) = (c,d). By definition,
h((a,b) = (f(a,b),g(b)) and h((a,b)) = (c,d) if and only if (f(a,b),g(b)) = (c,d)). This
implies that f(a,b) = cand g(b) = d so h™1(S) = f~1(S) N g~ (p(S). First we prove
that / is indeed continuous. Let S be an open set since p is an open function and f, g are
continuous. Then f~1(S) N g~ (p(S) is an intersection of the two open sets and, therefore,
open. Next we will prove that & is proper: let S be a compact set. In particular it is closed
so h~1(S) is closed. On the other hand, h=1(S) = f~1(S)N g~ (p(S) C A x g~ 1p(S) since
p is continuous, P(S) is compact and since & is proper ¢~ !p(S) is also compact. Since A
and g~ 'p(S) are compact sois A x g~ 1p(S). To conclude, we get that h~1(S) is closed and
a subset of compact subset and, therefore, compact. O
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Proposition 3. Let Q and M be smooth manifolds and f : Q x R — M a smooth function.
Foranyt € R, let f' : Q — M be the function sending q to f(q,t). Let F: Q x R — M x R be
the function that sends (g, t) to (f(g,t),t). Then

SN

ifany t € R f! is injective then F is injective;

if f is smooth then F is smooth;

if f is smooth and for any t € R f* is an immersion then F is an immersion;

if f is smooth and dim(Q) = 0 then F is an immersion;

if Q is compact fis smooth, for any t € R f! is injective and if dim(Q) > 0 it is also an
immersion then F is an embedding with a closed image;

if F is an embedding and 7t is the projection of M x R to the second factor then 7t|p,,r)
is a submersion.

Proof.

1.

Let (q1,t1), (g2, t2) € Q x R such that F((q1,t1) = F(g2,t2). Then by the definition
of F we get that (f(q1,t1),t1) = (f(g2,t2),t2). Therefore, t; = t, and we denote
it as t, so we get that f(q1,t) = f(gp,t). By the definition of f! this implies that
fi(q1) = f(g2) and since f! is injective, then q1 = ;.

Since f is a smooth function from Q x R to M, there exist for every p € Q x R
smooth charts (U, ¢) containing p and (V, ¢) containing f(p) such that f(U) C V
and o f o ¢~ ! is a smooth function from U to V. Since the domain is Q x R then
(U, ¢) = (U1 xR, @1 x Idr). Since (V, ¢) is a chart of M then (V x R, ¢ x Idg) isa
chart for M x R. If we take the point g € U it is equal to (g1, t) where g; € Uy and
t € R. We look at the charts (U; x R, ¢ x Idg) and (V x Idg, ¢ x Idg). Then

(¢ x Idg) o Fo (¢ x Idg) ' (q1,t) = (¢ x Idg) o (f x idg) o (¢ (q1), 1)

which is equal to

(> Idg) o (fo o~ (q1,1),t) = (Yo fo o™ (q,1),1).

Let us assume that M is of order k. Then o f o ¢~ have k component functions
f1, ..., fx which are all smooth. So we can write F as k + 1 components fi,..., fi,p
where p is the projection from Q x R to R. We can see that all the components are
smooth and, therefore, F is smooth.
Let p be a point as in the previous paragraph and that ¢ x Idg o Fo ¢~ ! has k
+ 1 components fi,..., fx,t. Since ¢ = @1 x Idg then the coordinates of the do-
mainof ¢ X Idg o Fo (p’l are x1, ..., Xy, t when we assume that the order of Q is m.
Let1 <i <kand1 <j < m, then the partial derivative of f; in the coordinate xj is
equal to
X fl-(xl, .. .,x]-,l,x]- + ]’l,x]'+1, cee s Xiy t) — fi(xl,. o Xfes t))
lim
h—0 h

which is equal to

lim fit(XL.. .,x]-_l,x]- +h,x]-+1,.. .,Xk) —fl.t((xl,. o Xfes i’))
h—0 h !

where f} is the i-th component of i o f! o ¢ !, We can see that the partial derivative
of f; in the coordinate x; is equal to the partial derivative of f{ in the coordinate
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x;. The x; partial derivative of f is 0 and the ¢-th derivative of ¢ is 1. To conclude,
the Jacobian of F in the point p is

where A is the Jacobian of f*. Since f! is an immersion so is F.

4. Since dim(Q) = 0, it is a union of points with the discrete topology and every point
has a homeomorphism to R? which is precisely one point by a function that sends
one point to the other. So if we take one point 2 X R and the homeomorphism to R as
the natural one, then we have that one function f(t) = z where z is the variable of R
in M x R which is obviously an immersion.

5. By paragraphs (1)—(4) F is injective immersion. Since the identity is obviously
proper, then by Lemma 3 F is proper. So by Proposition 1 it is a smooth embed-
ding. By Theorem 3 it is closed; in particular, it has a closed image.

6. Itissufficient to prove that F o 7t is a submersion but F o 77 is a projection of the second
factor of Q x R which is known to be a submersion.

O

4. Main Theorem

In order to prove the main Theorem 4, we need the following lemma.

Lemma 2. Let M, S be smooth manifolds. H is a finite set of closed smooth submanifolds of M.

s: M — S is a submersion such that:

1. forevery h € H, dim(h) < dim(M);

2. forevery hy, hy € H such that hy C hy, dim(hy) < dim(hy);

3. forevery hy, hy € H, there exist Hy C H such that hy N"hy = UH;. Forallh € H, s|, isa
submersion.

Let us denote
1. forheHh={h\ U M |heH}

Iy €Al Ch
2. H:= U {h};
heH
3. M=M)\ (UH);
4. W:=Hn{M}.

Then HU M \ NH is Whitney's stratification, and for all w € W, sy, is a submersion.

Proof. Since every element in H is a submanifold minus a finite union of closed sets, it is an
open submanifold of & and by Theorem 2 every i € H is a submanifold. It is also closed in
M and, therefore, M is also an open submanifold. It is obvious that UW = M. Next we will
prove that every two different sets in W are disjoint. It is sufficient to show for elements in H.
Let 111, hy € H where hy # hy. Assume to the contrary that x € I N hy. From the definition

of H there exist hy,hy € Hsuchthathy = h\ U handhy =h\ U h We
heHAWCH heHAWCH,
can see that x € h; and x € hy and, therefore, x € h; N hy. By our assumption there exist

H; C H such that i Nhy = UH;. Therefore, x € UH; which implies that there exist
h3 € Hy such that x € h3 and hs C hy N hy. If hy were equal to hy then w; would be equal
to wy. Therefore, there exist 1;(i = 1,2) such that iy Nhy C h;, hence hy C h; and, therefore,
x ¢ w;. This contradiction proves our statement.

Until now we proved that W is a partitioning of the manifold M into a finite collection

of submanifolds. Let w € W. Thenitisequaltoh;\ |J  h since by our assumption
he HARChy
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every h that is strictly contained in /1 has a smaller dimension by Lemma 1 Cl(w) = h;.
Similarly, since for every i € H dim(h) < dim(M) and M = M\ UH. Then by Lemma 1

CI(M) = M. Assume now that we have two elements wy, w, such that Cl(wy) Nw, # @.

Then, by our last statement, CI(w;) = hy for some h; € Hand wp = h,\ U  hfor

heHAhCh
hy € H. If hy Nhy # hy, hy Nhy C hy, and, therefore, iy Nhy Nw, = @. Since w;Q hy
we get that h) N wy = wy and, therefore, 1 Nwy, = @. This contradiction forces us to say
that hy N hy = hy which implies that i, C hy and, therefore, w, C hy. Since CI(M) = M,
it is obvious that every element in W is a subset of c/(M). To conclude, we get that W is a
stratification. Since for every w € W there is h € H such that Cl(w) = hand every h € H
is a smooth submanifold and the closure of M = M, which is also a smooth manifold,
by Theorem 4 W is also a Whitney stratification. Since submersion is a local property and
s|h and are submersions, this is also true for their open subspaces, namely the elements in
w. O

Proposition 4. Let M be a compact smooth manifold, | a finite set. For every j € |, Qjisa
compact smooth manifold and g; : Q; x R — M is a smooth function. For every j € Jand t € R,
let g]t- : Qj — M be the function that sends q to gj(q,t). f : ] x ] — P(]) is a function such that:
1. forany (i,j) € ] x J and forall t € R Im(g}) N Im(g]f) = U Im(g);

kef((i.f))
forallj € Jand t € R g; is injective;
forallj € Jandt € Rifdim(Q;) >0 th is an immersion;
forall j € ] dim(Q;) < dim(M);
for all j,k € J if there exist t € R such that Tm(g¥) C Im(g]t.) then dim(Qy) < dim(Q;).

Then M\ U Im(g?) is homeomorphic to M\ | Im(g]l).
i€ j€]

ISARERSE I

Proof. We define forany j € J, G;: Q; x R = M x Rby Gj(x,t) := (g;(x), t). Since g; is
smooth, Q; is compact. For all t € R, g]t- is injective and if dim(Q;) > 0 then it is also an
immersion. Then, by Proposition 3 G; is an embedding with a closed image, and for 7t
equal to the projection of M x R to the second factor 7| Im(G)) is a submersion.

Now we are going to show that for any (i,j) € J x ],

Im(Gi)ﬁIm(G]-) = U Im(Gy)
kef((i.f))

Indeed, (x,t) € Im(G;) if and only if x € gf. Therefore, (x,t) € Im(G;) N Im(G;) if and

only if x € Im(g;) N Im(g;) which by (1) this happens if and only if x € U( )Im(Gf) and
icf(k
happens if and only if (x, ) € L(J( : Im(Gy). Leti, j € J. If Im(G;) & Im(G;). We would
kef((i,j

like to show that dim(Im(G;)) < dim(Im(G;)). We know that (x, t) is in Im(G;) if and only
ifx e g§ and the same is true for j. So if (x,t) € Im(G;) \ Im(G;), then x € Im(g!) \ Im(g]t.)
and for this specific ¢ if x € g! then (x,t) € Im(G;) which implies that (x,t) € Im(G;) and,
therefore, x € gi. Combining these two facts, we get that Im(g}) C Im( g]t) which implies
by our condition that dim(Q;) < dim(Q;) which imply that dim(Q; x R) < dim(Q; x R)
which means that dim(Im(G;)) < dim(Im(G;)), as needed. Let H := (Im(G;) | j € ]).
Then H is a finite subset of closed smooth manifolds. For all 1, iy, there exist H; such that
hy Nhy = UH, for all hy, hy € H such that hy C hy dim(hy) < dim(hy) and forallh € H
dim(h) < dim(N).

Wedenote W = {h\ U |he H},N:=(MxR)\UHand W := WU {N}.

Iy H AR Ch

Then by Lemma 2 W is a Whitney stratification and for all w € W, 7|y, is a submersion,
and since M is compact. 7 is proper on M x R. Therefore, by Theorem 5, there is a
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homeomorphism from 7=1(0) to 7~!(1) which is a stratum-preserving homeomorphism,
SO we can see ’cha’c‘rr’l (0) = M. If h € H then there exist k € P(I) \ @ such that h = H(k)
=Y (1)Nh = N ki C h} where ! is some element in k. In particular, fori € I, if h = H({i}),

ick
n-1(0)Nh = ki), so n1(0) UH = U k! which means that 7~ 1(1)NN = M\ U k.
icl i€l
In the same way, 77~ 1(0) "N = M\ U h}, and, therefore, they are homeomorphic. [
i€l

5. Adaptation of the Main Theorem to Curves

This section is a corollary of the main theorem in the case of curves. We are going to
use the following definition for simplification.

Definition 4. Let F : X X R — Y be a function. We define for every t € R, F; : X — Y by
Fi(x) = F(x, t). Then we say that F satisfies condition 1 if it satisfies the following conditions:

1. F is smooth;
2. foreveryt € R, F; is injective;
3. ifdim(X) > 0 then for every t € R, F; is injective.

Theorem 6. Let F : S> x R — S? x S? be a function such that F on S*>\ pis (¢ x Id) o go
(71 x @)L where g(x,y,t) = ((x,y), (Hy, Ha + (x? +y?)¥), such that Hy, Hy are polynomials
of the variables x,y over the smooth function with one variable, k = max{deg(Hy),deg(H>))}
and (p, t) sends to p x p. Then F satisfies condition 1.

Proof. Let o
H; = Zh}jxly],
ij

Hy := Z hx'y!
L]

such that foralli,jand k = 1,2, h;‘j is a smooth function. First, we prove that F is a smooth

function. Let a € S?\ p, then we choose for the domain the chart ¢; x Id and for the image
@ X ¢, so we need to prove that

(¢ xId) L oFo (g x g)
is smooth. Indeed we get that

(pxId) " oFo(px¢)=(pxId) to(pxId)ogo(pxg)'o(pxe) =g

“u_

It is easy to see that “¢” is smooth. For the points (p, t), we take the domain chart to
be » x Id and the image chart to be ¢, x 1. So we need to prove that (i, x Id) 1o Fo
(12 X 1) is smooth. Indeed for a point (a,t) where a # p

(Y2 x Id) " 1oFo (P2 X ¢2) = (Y2 x Id) 1o (¢ x Id)ogo (¢~ x ¢) ' o (2 x ¢2)

= (($2) 1o (@) xId)ogo (g oy x (¢~ otp)).

Thus, ¢, is injective and ¥,(p1) = (0,0). So if (x,t) € R?\ (0,0) x R and we denote
z:=x2+y% we get that (1) 1o (¢1) x Id)(x,y,t) = (£, %,1). If we apply g on the result

we get:
Xy xy i W) (@2, 02
(E’E)' (Zh}j(t)zi“/ i i 7 <( 22 ) ))

ij
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Now (§)2+ (%)2 _ Py % = 1,50 we get

i(y)i x)i(y) f
(59, (%h}j(t) o, . i ((i) ))

This is equal to

xy Lo () ()T o alylZ 1k
(z'z)'(%hii(iL> ’izj;hif Tz ’

zk zk

If we denote A :=)_ h}jxiyjzk_i_j and B := )" h%jxiyfzk_i_j, we note that since k is always
ij ij

larger than i + j in every summand, then when (x,y) approaches (0,0) then A and B

approach 0. So we get (%, %), (ZA,(, %). If we apply (91 o) x (971 o ¢y), we get

((2‘)2

This is equal to (x,y), (A2

: 4 By
O Fr <z>2>’ <<g>2f<3+1>2’ <A>2f<31>2>'

7k

=+ [z
+

Azk (B+1)z* )
+(B+1)2" A24+(B+1)2 )*

We can see that when x, y converges to (0,0) the expression converges to (0,0), (0,0).
If we apply (2 x Id) ™1 o Fo (o x ¢,) on (0,0, ), we get ((0,0), (0,0) because applying
(2 x Id)~! will give us (p, t) Then, applying F will give us p x p and, finally, applying
o X ¢ will give us ((0,0), (0,0)). So the function is continuous and a smooth function
divided by a smooth function other than 0 in a small neighborhood is smooth. Let t € R.
We will show that F; is injective and is an immersion for all € R. First we show it is
injective for an element in S?\ p. Let R := S\ p x tthen F = (¢ x Id)|[gr o g o (¢ x ¢).
Since (@1 x Id)|r, g, ¢ x ¢ are injective, F; is injective on S? \ p. Since the p x p is not in
the image of ¢ x ¢ then S! \ p; is not going to p x p since p; is going to p x p, then F; is
injective. Now we will show that the function is an immersion. For a pointa € S\ p,
we choose for the domain the chart a sending X to (¢(X), ) and for the image ¢ x ¢ we
getaoFogpx @ =ao(pxId)ogo(px @) to(ex ¢@). This function sends (x,vy) to
((x,y), (*,%)). If we look at the minor of the Jacobian, we get

a1 apn o 1 0

ajp a1 a 0 1
so these points have rank 2. For the point “p” we choose for the domain the chart
sending X to (¢(X), t). For the image (¢ x ¢) for similar reasons as before, the image is

((x,y), (%,*)) which is also of rank 2. Therefore, on these points the function has rank 2,
hence it is an immersion. [

The next theorem is an adaptation to lines in C2 which are topologically equivalent to
sets in R*.

Theorem 7. Let g; : R — P(R*) (i = 1..n) be functions defined by t — {(x,y, H;, Hy) | x,y €
R} such that Hy, Hy are polynomials of the variables x, y over the smooth function with one variable.
Let ; : R — R*(for i=1..m) be a smooth function and let f : [1..n] x [1..n] — [1..m] be a function
such that the following conditions hold:

1. forallt € Rand1 <1i,j <mn, gi(t) Ng;(t) =K, (t);

2. foralli# jand t € Rx;(t) Nxi(t) = Q;

3. ifthereexist t € Rand i,r such that «;(t) € g,(t) then there exists j such that f(i,j) = r.
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Then
R\ (U Im(gi(0)) U |J Im(Ki(O))>
i=1 i=1
is homeomorphic to

R4\ (L"J Im(g(1)u ) 1m<xi<o>>>.
i=1

i=1

Proof. Let ¢ : R* — R* be the homeomorphism sending (x,y,z,w) to (x,y,z,w + (x% +
y2)*) where k = max(deg(Hy),deg(H,)). Let J; := {a; | 1 < i < n}, Jo := {by, b},

3
Js3 :={cd; | 1 <i < m}and] := U J;. To a; we attach the manifold S? and the
i=1

function G; : $? x R — S§? x S which we defined piecewise on S? \ p. It will be defined
as (px Id)o(px Id)ogiogpo(px @) !and p x Rwill be sent to p x p. By Theorem 6
they satisfy condition (1). For b; we attach the manifold S? and the functions B; : S x R —
S% x S? are defined as follows: B1(a,t) = (a,p) and Ba(a,t) = (p,a). It is easy to see
that these functions satisfy condition (1). For c and d; we attach a manifold with a single
point which we denote by Pt. We define the following function: for ¢ we define the
constant function P which sends every element to p x p and for d; we define the function
D; : R — S? x S? which is defined as x; o ¢! x ¢~ 1. Next we define f : | x ] — P(J)
as follows:

L fla,a) = {c flaia)};

2. flaybj) =
3. flayc)=c
- dr Jjstf(i,j)=r

& flaydr) = {@ otherwise

5. flbib) =0

6 f(birc =

7. f(bi,d) =2

8 ]?(C, dl) =Q;

9. f(d,dj) =@

To complete the definition, we add that f(X, X) := X and if f(Y, X) is defined then
f(X,Y) = f(Y,X). Now we would like to prove that for any (i,j) € | x ] and for any
t € Rif we denote the function attached to k as r we get that r{ N7} = ) f%g ; 1.

S
1.  Forevery kandt € R the image of G! is equal to G¢(S* x t), the image of p x tis p x p

and the image of S?\ p x t is equal to (¢ x Id) o (¢ x Id)gr o (¢ x @)1 (S*\ p x t).

Since ¢ is surjective on R?, this is equal to ¢ x ID(gx o (¢ x @) 1(R? x t)). So the

intersection of the images of G! and G; is equal to a p X p union with

(¢ x Id) o gio (¢ x @) H(RZ x ) N (p x Id) 0 gjo (¢ x @) (R? x 1)
which is equal
(9 x @)1 ((¢ x Id) 0 gi(R? x 1)) N (¢ x @) " (¢ x 1) o (g;) (R? x 1)).
Since (¢ x @)~ and (¢ x Id) are injective, this is equal to (¢ x @)1 o (¢ x Id)((g;(R? x

t)) N (gj(R? x t))). From our assumption, we find that g;(R? x t)) N (gj(R? x t)) =

K¢(i,7)(t). So applying (¢ x @) Lo (¢ x Id)willgiveus (¢ x ¢) Lo (¢ x Id) (4 ;. (£))
as needed.
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2. Asin paragraph (1) Im(G!) = px pU (¢ x @) 1o (¢ x Id) o gxo (¢ x @) 1 (R? x t).
Since p x p is also in b; and the image of ¢ X ¢ is S%\ p x §?\ p, the intersection is
precisely p x p.

3. Asin paragraph (1) Im(G!) = p x pUgio (¢ x ) }(R? x t). So the intersection
with p x pis p x p.

4. First, if there exists j we already proved that (G;(t)) N (Gj(t)) = x.(t) and x,(t)
contain only one point, then G;(t) N«,(t) = %,(t). Next if j do not exist then as in
paragraph (1) Im(G!) = px pU (¢ x @) Lo (¢ x Id) o gro (¢ x ¢) (R x t) and
Im(D!) = g7t x 9L o (¢ x Id) ox;. Since (¢ x ¢)~! and ¢ x Id are injective and
do not contain p x p in their image the intersection is equal to (¢ x ¢)_1 0 (¢ X
Id)(R? x )N (@ x @)L o (¢ x Id)(x,(t)), so we calculate (g;(R? x t) N, (t)). By our
assumption, this is equal to the empty set. Applying (¢ x ¢) ! o (¢ x Id) will give
us the desired conclusion.

5. Trivial.

6. Trivial.

7. Since Im(D?!) is a subset of the image of ¢! X ¢! which is §?\ p x S?\ p, we get
what is needed.

8. Same proof as paragraph (7).

9. Since Im(D!) = ¢~ x 971 o (¢ x Id) o x;, then

Im(D}) N Im(D}) = ¢~ x ¢~ o (¢ x Id) ok’ Ng~" x ¢~ o (¢ x Id) o x;

(¢ x ¢)~! and (¢ x Id) are injective. This is equal to ¢! x ¢~ o (¢ x Id)(x;(t) N

Kj(t)). Since (x;(t) Nx;(t)) = @ then Im(D!) N Im(D]t») is also empty.

It is easy to see that for every j € | the dimension of the manifold we attach to
it is smaller than the dimension of S?> x S?. Now we will prove that for all j,k € |
if there exist t € R such that Im(r¥) C Im(r ) then dim(Qy) < dim(Qj) such that
¢ is the function attached to k and G is the mamfold attached to k. We note that if
Im(rf) ¢ Im(r]t.) then Im(r¥) N Im(r]t») = Im(r¥). Since we know that for any (i,j) €
J x J and for any t € R, if we denote the function attached to k as r, we get that
rtn r]t. = U rl. If we have i, that contradicts our statement there must be k where

ke f((i.j))
khe f((i,j)) where dim(Q;) = dim(Q;) = dim(Qy). It is easy to verify that this is not
the case.

So by Theorem 4, 5 x S%\ ( LnJ Im(GY) U U Im(D?) U (p x S*) U (5> x p) U (p X p))

is homeomorphic to % x S%\ ( U Im(GH U U Im(D}) U (p x S2) U (S* x p) U (p x p)).
We know that A\ (BUC) = (A \ C) \ (B\ C) Then it turns out that

.
Kl

n
SZXSZ\(}?XSZUSZXP)\<UITH UUIm prSZUSZXpprp>

is homeomorphic to
n
SZXSZ\(pxSZUS2><p)\<UIm UUIm )prSZUSZXpprp

We can see that 52 x S?\ (p x S2US? x p) = S?\ p x S? x p. We know from (1) that
Im(Gt) = pxpUP(gro (g x @) '(R? x t)), so if we subtract p x p we get
Im(G ) \(pxp) = (gxo¢o(px @) I(R?xt)). We can see that the image is inside
((s? \ p) x (S*\ p) Up x p) and, therefore,

¢ x 9(Im(GH)\ ((S*\ p) x (S*\ p)Up x p)) = Im(gr 0 ).
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Additionally, since the image of D! is inside

((8*\p) x (S2\p)Up x p),
@ x ¢(Im(D!)) = Im(x! o ¢) and since ¢ x ¢ is a homeomorphism on S? \ p x S? x p, if we
apply it we get that R*\ (6 Im(g? o ¢) U 6 Im(x? o ¢)) is homeomorphic to
i=1 i=1
R4\ ( Lnj Im(g}t o) U Lnj Im(x} o ¢)). Applying the homeomorphism ¢ will give us that
i=1 i=1
n

n n n

R\ (U Im(8?)U U Im(x?)) is homeomorphic to R*\ (U Im(g})U U Im(x})), as needed.
i=1 i=1 i=1 i=1

O
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