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Abstract: In this article, we present a two-point boundary value problem with separated boundary
conditions for a finite nabla fractional difference equation. First, we construct an associated Green’s
function as a series of functions with the help of spectral theory, and obtain some of its proper-
ties. Under suitable conditions on the nonlinear part of the nabla fractional difference equation,
we deduce two existence results of the considered nonlinear problem by means of two Leray—
Schauder fixed point theorems. We provide a couple of examples to illustrate the applicability of the
established results.

Keywords: nabla fractional difference; boundary value problem; separated boundary conditions;

Green’s function; existence of solutions

1. Introduction

Denote the set of all real numbers and positive real numbers by R and R, respectively.
Define by N, = {a,a +1,a +2,...} and Nt = {a,a +1,a +2,...,b} for anya, b € R
such that b —a € Nj.

In this article, we consider the following nabla fractional difference equation associated
with separated boundary conditions:

—(VE (V) ) () +g(Dult) = fltu(), teN,
au(a+1)—B(Vu)(a+1) = 0, 1
yu(b) +6(Vu)(b) 0.

Herea,b € Rwithb —a € Ny; 1 <1/<2;g:NZ %R;f:NZ XR*}R;VZ_l denotes
the (v — 1)-th order Riemann-Liouville backward (nabla) difference operator; V denotes
the first order backward (nabla) difference operator; «, B, v, 6 € R such that a2+ ,82 >0
and 72 + 6% > 0.

Gray and Zhang [1], Atici and Eloe [2] and Anastassiou [3] initiated the study of nabla
fractional sums and differences. The combined efforts of a number of researchers has
resulted in a fairly strong foundation to the basic theory of nabla fractional calculus during
the past decade. For a detailed discussion on the evolution of nabla fractional calculus, we
refer to the recent monograph [4] and the references therein.

We point out that problem (1) is a discrete version of the second order ordinary
differential Hill’s equation, which has a lot of applications in engineering and physics.
We can find, among others, several problems in astronomy, circuits, electric conductivity
of metals and cyclotrons. Hill’s equation is named after the pioneering work of the
mathematical astronomer George William Hill (1838-1914), see [5]. There is a long literature
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in the study of the oscillation of the solutions of such an equation and the constant sign
solutions. The reader can consult the monographs [6,7] and references therein. We note that
the boundary conditions cover the Sturm-Liouville conditions, which include, as particular
cases, the Dirichlet, Neumann and Mixed ones.

Recently, there has been a surge of interest in the development of the theory of nabla
fractional boundary value problems. Brackins [8] initiated the study of boundary value
problems for linear and nonlinear nabla fractional difference equations. Following this
work, several authors have studied nabla fractional boundary value problems extensively.
We refer to [9-18] and the references therein to name a few.

Brackins [8] showed that for all (t,s) € Nf x N? 41 (see Figure 1)

G (t S) _ Ul(tls)l te N‘Z(S)/ (2)
o vy(t,s), teNt

is the Green’s function related to the following boundary value problem:
—(Vii(Vu)) () =0, teNt,,

au(a+1) —B(Vu)(a+1) =0, (©)
yu(b) 4+ 6(Vu)(b) = 0.

Here,
v1(t,s) = é {oc'yHV,l(t,a)Hv,l(b,p(s)) +adH, 1(t,a)H,_»(b,p(s))
+ (B = @)7H, 1(b,p(s)) + (B~ a)oH, 2 (b,p(s))],
0a(t,s (t,s) = Hy-1(t,p(s)),

) =10
= (B—a)y+ayH,1(ba) +adH,2(b,a) # 0.

T T T—
10 15 20 25 30 35 40

Figure 1. Graphic of Gy(t,20) fora = p = v =1, § = 0 (Dirichlet case), p = 3/2, a = 5and b = 40.

This result was obtained by expressing the general solution of the nabla fractional
difference equation in (3), using the method of variation of constants. Notice that, for a
non-constant function g the expression of the general solution does not exist and, as a conse-
quence, the method used in [8] is not applicable for the following boundary value problem:
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—(VEL(Vu) ) () +g(Bu(t) =0, te N,
au(a+1) — B(Vu)(a+1) =0, (4)
yu(b) 4+ 6(Vu)(b) = 0.

Due to this reason, Graef et al. [19] and Cabada et al. [20] followed a different approach.
Graef et al. [19] studied the following Dirichlet problem:

o=

—(Dyu)(t) + g(H)u(t) =w(t)f(t,u(t)), 0<t<1,
u(0) =u(l) =0,

wherel < u <2;¢:[0,1] - R, w:[0,1] - RTU{0}, f:]0,1] x R — R are continu-
ous functions, and Dg denotes the u"-th order Riemann-Liouville fractional derivative.
Cabada et al. [20] studied the following Dirichlet problem:

— (AR () 4 gt p—Dult+p—1) = wBf(E+p—Lult+p—1),

u(p—2)=u(p+b+1) 0,

where t € Ng“,b eENs;1<u<2gw: NSH — Rwithw # OonN(bJH;f:Nﬁf;i xR —
R is a continuous function, and A¥ denotes the y-th order Riemann-Liouville forward
(delta) difference operator.

Similar to these works, we obtained the Green’s function related to (4) as a series of
functions by using the spectral theory. Then, under suitable conditions on g, w and f, we
proved the existence of at least one solution of the boundary value problem (1). This work
provides a new approach for constructing Green’s functions for nabla fractional boundary
value problems.

This article is organized as follows: In Section 2, we recall some definitions and
preliminary results. In Section 3, we obtain the Green’s function related to (4), and deduce
some of its important properties. In Section 4, we establish a couple of existence results for
the boundary value problem (1), using two different Leray—Schauder fixed point theorems
and under different assumptions on the data of the problem. Finally, we give some
examples to demonstrate the applicability of these results.

2. Preliminaries

In this section, we recall some elementary definitions and fundamental facts of nabla
fractional calculus, which will be used throughout the article. Denote by N, = {a,a +
1l,a +2,...} and Nt = {a,a +1,a +2,...,b} forany a, b € Rsuch thatb —a € Ny. The
backward jump operator p : N;11 — N, is defined by

p(t) =max{a,t—1}, te N,

The Euler gamma function is defined by
I(z) = / Eletdt, R(z) > 0.
0

Using its reduction formula, the Euler gamma function can also be extended to the half-
plane R(z) < 0 except forz € {...,—2,—1,0}. Fort € R\ {...,—2,-1,0}and r € R
such that (t+7r) € R\ {...,—2,—1,0}, the generalized rising function is defined by
the following:
gL (t+7)
I'(t)
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Ifte{...,—2,—1,0} and r € Rsuch that (t+r) € R\ {...,—2,—1,0}, then we find
that £ = 0.

Letp € R\ {...,—2,—1}, define the u-th order nabla fractional Taylor monomial by
the following:

oy
Hy(t,a) = Ti+1)

provided that the right-hand side exists. Observe that H,(a,a) = 0 and H(t,a) = 0 for all
pe{..,—2,—1}andt € N,.

Letu : N, - Rand N € Nj. The first order backward (nabla) difference of u is
defined by the following:

(Vu)(t) = u(t) —u(t—1), te Ny,

and the N-th order nabla difference of u is defined recursively by
(VM) (t) = (V(VN’lu)) (), t€Nyin.

Letu :N;;1 = Rand N € Nj. The N-th order nabla sum of u based at a is given by
the following:

(VoNu) (B = Y Hyoa(tp(s)u(s), €N,

s=a+1
where, by convention, (V; Nu)(a) = 0.
We define (V;%u)(t) = u(t) forall t € Ny ;.

Definition 1. Let u : N,y1 — Rand v > 0. The v-th order nabla sum of u based at a is given by
the following [4]:

(Vi u)(t) = i Hy_1(t,p(s))u(s), teN,,
s=a+1

where, by convention, (V" u)(a) = 0.

Definition 2. Letu : N, 1 — R, v > 0and choose N € Ny such that N —1 < v < N. The v-th
order Riemann—Liouville nabla difference of u is given by the following [4]:

(Vou)(t) = (vN(v;(N‘V)u)) (t), t€Nun.
In [21,22], Jonnalagadda obtained the following properties of the Green’s function Gy(t, s).

Theorem 1. Assume that the following condition holds [22]:
(A0) &, B,7,6>0,a2+p>>0,9>+6%>>0and B > a.

Then,

1. Go(t,s) > 0forall (t,5) € NL x NZH;

2. max Go(t,s) = Go(p(s),s) forall s € NZ+1;
teNy

3. Golp(s),s) < A, where

1
TR

+(B—a)yHy_1(ba) + (B — a)é].
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Theorem 2. Assume that the condition (A0) holds [21]. Then,
b
Y Golts) <Q,
s=a+1

forall (t,;s) € N§ x Nb_, where

1
= E[msz,l(b,a +1) + adHpy_s(ba +1)

+ (B—a)YH, (b,a) + (B —&)0H,1(b,a) .
We mention the following classical result that will be used in the next section.

Lemma 1. Let X be a Banach space, A : X — X be a linear operator with the operator norm
| A|| [23] (page 795). Then, if || A|| < 1, we have that (I — A)~! exists and

(I-A)"1= i A",
n=0

Here, 1 is the identity operator.

3. Green’s Function and Its Properties

In this section, we construct the Green'’s function related to problem (4), and deduce
some significant properties.
We denote by X the set of all maps from N into R. Clearly, X is a Banach space

endowed with the maximum norm || - ||. We assume the following condition throughout
the paper.
(A1) There exists § > 0 such that
_ 1 b
s =g< g teNa.
We define G : Nt x NP +1 — R by the following:
G(t,s) = Z(—l)”Gn(t,s), (5)
n=0
where Gy(t,s) is given by (2), and set (see Figures 2—4).
b
Gu(t,s) = Y, Go(t,7)Gu-1(T,5)g(1), ne€N. (6)
T=a+1

Then, we have the following result.

Theorem 3. Assume that conditions (A0) and (A1) are fulfilled, then function G(t,s), defined in
(5) as a series of functions, is convergent for (t,s) € N x N? 1 Moreover, G(t,s) is the Green's
function for the boundary value problem (4).
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Figure 2. Graphic of G1(t,20) fora = p =y =1, § = 0 (Dirichlet case), y =3/2, a =5,b = 40 and

g =1/100.
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Figure 3. Graphic of G;(t,20) fora = =y =1, § = 0 (Dirichlet case), p = 3/2, a =5,b = 40 and

g =1/100.
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Figure 4. Graphic of the first three iterates of G(+,20) fora = p = v = 1, 6 = 0 (Dirichlet case),

#=3/2,a=5>b=40and g =1/100.

Proof. Forany € X and t € N, consider the following linear boundary value problem:

—(VE (V) (1) + g(u(t)
ocu(a—i—l) ( u)(a+1)

+0(Vu)(b)

h(t), teN;,,
0, @)
0.
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By definition of the Green’s function Gy, the solutions u of this problem satisfy the

following identity:
b
Y Go(ts)[h(s) —g(s)u(s)],
s=a+1
which is the same to
+ZG01’S ZGQtS (8)
s=a+1 s=a+1
Now, define the operators T; : X — X and T, : X — X by the following:
b
(Tih)(t) = Y Golt,s)h(s), teN,
s=a+1
b
(Lu)(t) = Y, Go(t,s)g(s)u(s), te I\
s=a+1
Then, (8) can be expressed as the following:
(1 + Tz)u = T h.
Using condition (A1) and Theorem 1 the following is true:
|IT2|| = max ||Tou| = max |max |(Tou)(t)]
[[ul=1 [[ul=1| tenf
[ b
= max |max| ) Go(t,s)g(s)u(s)
[[ul=1 teNZ s=a+1
< max | max Z Go(t,5)|g(s)[|u(s)|
[ul =1 teNb s =771
< max | §|lu|| max Z Go(t,s)
[[ul=1 teNS =11
< max glullo) = g0 < 1.
Then, by Lemma 1, we have the following;:
u=(I+T) 'Tth=Y (~T2)"Tih. ©)
n=0
Arguing in a similar manner than in [20], we can deduce the following;:
b
(-T2)"Tih)(t) = Y (=1)"Gu(t,5)h(s), teN;, n=0,1,2,... (10)
s=a+1
Let us see now that the following inequality is fulfilled:
[(=1)"Gu(t,8)] < A(§Q)", n=0,1,2,... (11)

From Theorem 1, we have that (11) holds for n = 0. Assume now that (11) is true for
some 1 = k. Then, the following is true:
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b
(~1)1Gypa(t,s)| = ’(—nk“ Y. Golt, 1)Gy(T,5)g(x)

T=a+1
b
:’— Y. Golt, ) (-1 Gi(T,5)(7)
T=a+1
< ¥ Gt 0|16l s
T=a+1
b
<AQYE Y Golt )
T=a+1

Thus, (11) holds for n = k + 1. By mathematical induction, (11) holds forany n = 0,1,2,.. ..
As a direct consequence of previous inequality and condition (A1), we deduce that for
all (t,5) € N§ x Nt_, the following property is fulfilled:

Z V'Gr(t,s)| < i|(—1)”Gn(t,s)|

and, a a consequence, G(t,s) converges on N x N 1

Finally, expressions (5), (9) and (10) imply that for all t € N} the following equality
is fulfilled:

© b b 00
u(t) = Z[ Y. (—1)”Gn(t,3)h(5)] = Z Y (=1)"Gult, S)]h( )
n=0 [ s=a+1 s=a+1 | n=0
= Z G(t,s)h(s). (12)
s=a+1

It is not difficult to verify that any function defined by (12) is a solution of the boundary
value problem (7). So we conclude that problem (7) has a unique solution and, as a
consequence, G is its related Green’s function. [

Lemma 2. Assume conditions (AO) and (A1). Let G be defined by (5) and the following:

G(s) = Gol(f(?ﬂs) seN,,. (13)

Then,

|G(t,5)] < G(s), (t5s)e N x NHJrl
Proof. First, we prove the following:
[(=1)"Gu(t,s)| < G(s —1,5)(gQ0)", seNL,, n=01.2,... (14)

Theorem 1 implies that inequality (14) is true for n = 0.
Assume now that (14) holds for some n = k. We will show that (14) holds for
n = k + 1. Consider the following:
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b
(~1)Gia(t,5)| ‘(—1)“1 Y. Golt, 1)Gy(T,5)g(c)

T=a+1

— Y Golt, D) (=1)*Gy(1,5)8(7)

b
T=a+1

IN

b
Y Golt,o)|(~)*Gel9)|Ig(v)]

T=a+1

< G(s—1,5)(30)30 = G(s — 1,5) (3"

Thus, (14) holds for n = k 4+ 1 and the inequalities are deduced from
mathematical induction.
Now, from (5), (13) and (14), for s € N?_ . we obtain the following:

a+1/
Gt,s)]| = i<—1>"cn<t,s> < iou—l)”cn(t,s)
< G(s—1,s) i(gﬂ)”
n=0
 Golp(s),s)
=1 %O

and the proof is complete. [

From the previous result, we deduce the following consequence for g < 0.

Corollary 1. Assume that condition (A) is fulfilled and
—g<gt) <0, teN.

Then, G(t,s) > 0 for each (t,s) € N x NZ+1.

Proof. From Theorem 1, we know that Gy(t,s) > 0 for each (¢,5) € NE x Ng +1- The result
follows immediately from (5) and (6). O

4. Existence of Solutions
In this section, we derive two existence results for the nonlinear problem (1). Define
the operator T : X — X (X defined in previous section) by the following:

b

(Tu)(t) = Y. G(t,5) f(s,u(s)), teN. (15)

s=a+1

In view of (12), it is clear that u is a fixed point of T if and only if u is a solution of (1).
For any R > 0 given, we define the following set:

Kr={ue X:|jul| <R}.

Clearly, K is a non-empty open subset of X,0 € Kgand T : Kg — X.
Now, denoting by

b
max|f(t,0)| =M and ) G(s) =K (>0),
teN?t s=a+1
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we enunciate the following list of assumptions:

(A2) f: Ng x R — R is continuous;

(A3) f satisfies the Lipschitz condition with respect to the second variable with the Lips-
chitz constant L on N2 x Kg. That is, for all (t,u), (t,v) € N2 x [~R, R], the following
inequality holds:

\f(tu) = f(t,0)] < Lju —ol.

(A4) There exists a continuous function ¢ : NZ — R and a continuous nondecreasing
function ¥ : R™ — R such that

Ftu)] < o(t)p(lul),  (tu) € Ny xR.

(A5) 0 < LK < 1.

First, we present a nonlinear alternative of Leray—Schauder for contractive maps.

Theorem 4. (Theorem 3.2) Suppose U is an open subset of a Banach space X, 0 € U and
F: U — X a contraction with F(U) bounded [24]. Then, either of the following is true:

1. F has a fixed point in U.
2. Thereexist A € (0,1) and u € oU with u = AFu,

holds.
Now, we establish sufficient conditions on existence of solutions for (1) using Theorem 4.

Theorem 5. Assume (A0)—(A3), (A5) hold. If we choose R such that

R>-MK

N (16)

then the boundary value problem (1) has a solution in Kg.

Proof. First, we show that T is a contraction. To see this, letu, v € Kg, t € NZ, and consider
the following:

b

[(Tu) (t) = (To) ()] = | X2 G(t,5) [f(s,u(s)) — f(s,0(s))]

s=a+1

b
< Y G 9)|[f(s,u(s) — f(s,0(s))]

s=a+1
b —_
<L Y Gs)uls) —o(s),
s=a+1
< LKlju —v||,
implying that
| Tu — To|| < LK||u — v||.
Since

0<LK<1,

it follows that T is a contraction.
Next, we prove that T(Kg) is bounded.
To see this, let u € Kg (||u]| < R), t € Nt, and consider the following:
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b

[(Tu)(t)| = | X2 Glts) f(s,u(s))

s=a+1
b
< Y IG(L9)lIf(s,0(s))
s=a+1
b
= leG(t,S)Hf(S,u(S))—f(s,0)+f(sf0)|
s=a-+
b b
< Y GO)If(su(s)) = f(,0)[+ Y. G(s)If(s,0)|
s=a+1 s=a+1
<L Xb: G(s)u(s)|+ M Zb: G(s)
s=a+1 s=a+1

< LK|Ju| + MK < [LR + M]K,
implying the following:
| Tul| < [LR 4+ M]K.
Thus, T(Kg) bounded.
Now, suppose there exist v € KR (||v|| = R) and A € (0,1) such that
v=ATv. (17)
Using the definition of T in (17) and arguing as before, we obtain the following:
[o(t)| = |A(Tv)(t)| < [LR+ MJAK < [LR+ M]K, t€ NS,
which implies the following:
R = ||v|| < [LR + M]K

or, which is the same,
R < MK
1—- LK’
in contradiction with (16). o
Hence, by Theorem 4, we deduce that operator T has a fixed point in K and the proof

is complete. [

Remark 1. We note that in the previous result, if M = 0 then we have that u = 0 on [0,1] isa
solution of problem (1). On the contrary, if M > 0 the obtained function is non trivial on [0, 1]

Next, we enunciate a nonlinear alternative of Leray-Schauder for continuous and
compact maps.

Theorem 6. Let E be a Banach space, C a closed, convex subset of E, U an open subset of C and
0 € U [24] (Theorem 6.6). Suppose that F : U — C is a continuous, compact map. Then, either of
the following is true:

1. F has a fixed point in U, or
2. thereisau € dU and A € (0,1) withu = AFu.

Now, we establish sufficient conditions on existence of solutions for (1) using Theorem 6.

Theorem 7. Assume that conditions (A0)—(A2), and (A4) hold. If we choose R such that

R
, 18
Klolgp®) = (e
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then the boundary value problem (1) has a solution in Kg.

Proof. Since T is a summation operator on a discrete finite set, it is trivially continuous
and compact. Now, suppose that there exist v € 0K (||| = R) and A € (0,1) such that
(17) holds. Using the definition of T in (17), we obtain the following;:

lo(8)] = [A(To) ()]
b
= X G(ts) f(s,0(s))

s=a+1

b
<A Y [G(9)IIf(5,0(5))

s=a+1

b
<A Y G s)|o(s)p(o(s)])

s=a+1

b
< Alellg(lol) Y Gs)

s=a+1

< Kllelg(llol)-
So, we deduce the following:
R = ol < Klelg(llo])-

Thus,
L < 1
Kllolp(R)

This is a contradiction to (18). o
Hence, by Theorem 6, the boundary value problem (1) has a solution in K. The proof
is complete. [

Remark 2. Note that since we have that

max Go(t,s) < A
teNb

we can set the following:

Thus, we can use K instead of K everywhere and we do not need to calculate the Green’s function
at all.
Indeed, in (A5), if we have 0 < LK < 1, this implies that 0 < LK < 1.

In Theorem 4.2, if we choose R > MK then we will also have that R > % since

1-LK’
MK 1M£<I<
1-LK = 1-LK*
Finally, in Theorem 4.4, if we choose W > 1, then we will also have that KHUﬁ{l[J(R) >1
since

R R
KIel9(®) = Klo|¢(®)"

5. Examples

In the section, we present some examples to illustrate the applicability of our main results.
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Problem 1. Consider the following nabla fractional boundary value problem:

|~

—(VEA(Vu)) (1) + Gpu(t) =
u(0) = u(6) =

Sysin(u(t) +t), teNSs, (19)

(=N

Here,a =1,6=1,v=1andd=0,a=0,b=6andv =3/2.

In addition, g(t) = e'/10 and f(t,u) = (sin(u+1))/200. Clearly, g : N§ — R;
f:N§ x R — R is continuous and satisfies Lipschitz condition with respect to u on N§ x R with
Lipschitz constant L = 0.005.

We have & = Hys(6,0) ~ 2.7071, A = Hy5(6,0) ~ 2.7071, O = H,(6,1) = 3 and
g =0.1so0that |g(t)| < g < &. Further,

— " (b—a)~23.2037.

Observe that 0 < LK ~ 0.116 < 1. Additionally,

in t
M = max|f(t,0)| = max Sm‘ ~ 0.00479462137.
teNG teNG 200
If we choose
MK

= ~ 0.12585176,
LK

then by Theorem 5 and Remark 2, the boundary value problem (19) has a solution in K.

Problem 2. Consider the following nabla fractional boundary value problem:

u2
—(VA(V) (B + i) = ety teN,
u(0)+u(l) = 0 (20)
u(®)+u9) = 0.

Here,a =2, =1 v=2andé = —1suchthat1x2+,82 >0and'yz+(52 >0,a=0b=9
and v = 3/2.
In addition, g(t) =
R are continuous.
We have § ~ 10.9616, A ~ 2.9403, Q) = 15.8396 and g ~ 0.05 so that |g(t)| < § <
é. Further,

0(t+1 andf(t u) = W(Jr)lo) Clearly, g : N) — Rand f : N x R —

K== _AgQ (b— a) ~ 127.2245.
In addition,
ftw)] <o®)y(ul), (tu) € Ng xR,
where o (t) = 10(t2+10 and (x) = x2. Observe that o : N, = R™ is continuous and ¢ : RT —

R™ is continuous non-decreasing with

llo|l = max|o(t)] = 0.001.
teN?

0

If we choose
R

= 2>

K|[o[[p(R)
that is, R < 7.8616, then by Theorem 7 and Remark 2, the boundary value problem (19) has a
solution in Kg.

7
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