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Abstract: The existence of cavities in shallow ground strata is one of the important causes of urban
road collapse under the disturbance of tunnel excavation. Thus, this paper discusses the convergent
deformation mode of ellipsoidal cavities. To this end, the convergent deformation of a cavity and the
overall displacement of a tunnel were comprehensively examined. A three-dimensional symmetrical
calculation model of the soil deformation under the combined action of the tunnel and the cavity
was also established. Moreover, three-dimensional formulas for calculating the soil deformation and
the surface settlement of the upper part of the tunnel and the cavity were derived. The influence of
the different positions of the cavity on the surface settlement of the upper part of the tunnel was
also examined. Further, the change in the soil settlement with the direction of the tunnel excavation
and the depth of burial of the cavity was analyzed. The results show that the calculated settlement
curves are consistent with the ones reported in the related literature. The cavity can also aggravate
the surface settlement and deformation of the soil caused by the tunnel excavation. When the cavity
is directly above the tunnel, the surface settlement curve is symmetrically distributed. As the position
of the cavity changes, the overall settlement curve shifts to the direction of the cavity, showing
asymmetry. Additionally, along the x-axis direction of the shielded tunnel, the surface settlement
gradually increases to a limit value with a decrease in x and slowly declines to zero as x rises. Finally,
along the depth of burial of the cavity, the settlement of the soil continues to enlarge; also, the growth
rate of the soil settlement continues to increase further at positions closer to the cavity and the tunnel
until it reaches a critical maximum.

Keywords: shielded tunneling; underground cavities; symmetrical convergent deformation of cavity;
three-dimensional symmetrical calculation model; ground subsidence; soil deformation

1. Introduction

In recent years, there have been frequent ground collapse accidents caused by the
excavation of shallow urban tunnels owing to the existence of a large number of cavities in
the shallow space. Cavities are a common undesirable geological body in underground
engineering, and from the viewpoint of formation, they are divided into natural geological
cavities and artificially formed cavities. In Beijing, Chengdu, and other locations where
the ground is dominated by silt, silty clay, sand, and pebbles, many stratum cavities are
usually found during the construction of subways. Some cavities are formed before the
excavation of subways, and some are formed under the disturbance of tunnel construction.
The construction of shielded tunnels in the stratum with cavities can easily give rise to
engineering accidents such as cavity collapse and water gushing [1]. The existence of
cavities can affect the safety of the existing tunnels [2,3] and can inevitably aggravate
soil deformation, which poses a serious threat to the surface environment and buildings.
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Therefore, studying the law of the soil displacement caused by the construction of shielded
tunnels in strata with cavities is of great significance.

Aiming at the problem of soil deformation caused by tunnel excavation in the strata
containing cavities, the existing research methods chiefly include numerical simula-
tion [2,4–6], model test [3,7,8], and theoretical calculation [9–12]. The contents of the
research have largely focused on the failure mechanism of surface collapse caused by the
development of cavity deformation [5,6,13–15], the influence of the existence of cavities
on the stress on and the failure mode of tunnel segments [2,3,16], the law of the surface
settlement under the combined influence of cavities and tunnel excavation [4,7,8,10–12],
and the change law of the stress field in the formation with cavities [9,17]. Among them,
Cai et al. [4] and Zhang et al. [7] have generally used model tests and numerical simu-
lation. In general, the research on the theoretical solution is scarce, and there are some
shortcomings in this context, as explained in the following. Therefore, it is necessary to
further study the theoretical method for calculating the soil deformation of the strata
containing cavities under the influence of shielded tunneling.

On the basis of the random medium theory and the mirror image method, this paper
uses the three-dimensional soil deformation calculation method proposed by Qi et al. [18]
and Wei [19] to derive the calculation formulas for the displacement of the upper soil caused
by cavity deformation and shielded tunneling. It is proposed that the cavity is affected by
tunnel excavation largely in the convergent deformation and overall movement. Thus, this
work devises a calculation method for measuring the deformation of the upper stratum
under the combined influence of tunnel excavation, cavity movement, and convergent
deformation. Moreover, the description method of cavity shape is simplified [20] and the
law of the ground settlement at different positions of the cavity is examined. Finally, the
variation in the soil settlement with the direction of the tunnel excavation and depth of
burial of the cavity is analyzed.

2. Insufficiency of Existing Research and Description of Improvement
2.1. Shortcomings and Difficulties of Existing Research

The existing research has some shortcomings and faces a number of difficulties as follows:

• First, the mechanism of cavity deformation is complex and influenced by many factors,
making it difficult to accurately predict it.

• Second, the shape of cavities differs in actual projects, and it is necessary to establish a
suitable and reasonable theoretical calculation model.

• Third, because cavities are located below the surface, the convergence of the cavities
is difficult to measure, and there is a lack of relevant empirical values.

• Fourth, there are few theoretical solutions to the ground settlement and the soil
displacement caused by tunnel excavation in the ground strata containing cavities.
Among them, Yang et al. [10] studied the theoretical solution through the Schwarz
alternating method and the elastic solution for the complex variable function. How-
ever, they could not examine the distribution law of the surface settlement along the
direction of the shielded tunneling and did not derive the calculation formula for
the deformation of the soil layer at different depths. In addition, complexity and
cumbersome calculations are not conducive to popularization and application.

2.2. Instructions for Remedying Shortcomings

The following are proposed so as to remedy the abovementioned shortcomings:

• First, this work believes that the impact of tunnel excavation on the cavity chiefly
includes the overall movement and the convergence of the boundary. In order to
effectively estimate the surface settlement and the displacement of the upper soil
caused by the cavity, three symmetrical modes of shape convergence are proposed:
the uniform convergence, the horizontal elliptical convergence, and the vertical ellipti-
cal convergence.
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• Second, in actual engineering, cavities have their own stability due to their long-term
existence and deformation development. Tian [21] proposed the concept of “cavity
shell” and believed that cavities can maintain their stability under normal conditions
but lose their stability and deform when they are disturbed by the outside world.
Although the reason for the formation of cavities is complex, and their shape is irregu-
lar, for a cavity with stable surrounding rock, its shape should satisfy the reasonable
distribution of the surrounding rock force. Moreover, because the surrounding stress
is slightly concentrated, the stability of the circular hole-shaped cavities is higher than
that of other linear cavities with angles. Therefore, in the related literature, cavities
have mostly been simplified into spherical or ellipsoidal ones. Thus, this paper chiefly
discusses the deformation mode of an ellipsoidal cavity and the soil settlement caused
by it.

• Third, this work introduces the concept of the convergence rate of the cavity (εs) to
express the size of the convergence of a cavity. On the basis of the research results of
Loganathan [22], it is proposed that the convergence rate of the cavity can be estimated
according to the relative position of the tunnel and the loss rate of the soil (ηs) caused
by the tunnel excavation.

• Fourth, this paper studies the variation in the soil settlement value with the direction
of the tunnel excavation and the depth of burial of the cavity.

3. Methodology
3.1. Introduction of Our Research Ideas and Calculation Models
3.1.1. Research Ideas

As shown in Figure 1, the proposed method includes the following steps:

1. A theoretical calculation model is established.
2. The soil displacement value caused by the excavation of the shielded tunnel is calculated.
3. The overall displacement and convergence of the cavity are considered, and the soil

displacement value caused by the cavity deformation is calculated.
4. The soil displacement values of steps 2 and 3 are superimposed to determine the total

displacement value of the soil layer.
5. The test data are combined for reliability verification.

3.1.2. Building Calculation Model

Figure 2 depicts the developed three-dimensional symmetrical calculation model.
Assuming that the tunnel is driven along the x-axis and is symmetrical about the xoz plane,
the radius of the tunnel excavation and the depth of the tunnel axis are indicated by R and
H respectively. There is an ellipsoidal cavity directly above the tunnel; it is worth noting
that a sphere is a special case of an ellipsoid. The center of the ellipsoidal cavity lies on the
z-axis, and h1 denotes the depth of the center. Ra, Rb, and Rc represent the radius of the
ellipsoidal cavity along the x-axis, y-axis, and z-axis respectively.

3.2. Calculation of Soil Deformation Caused by Tunnel Excavation

A. Verruijt and J. R. Booker [23] assumed that the soil movement caused by shield
construction is a uniform radial movement model, and the soil is a linear elastic material.
Wei Gang [24] referred to the research methods of N. Loganathan and H.G Poulos [22]
and modified the calculation formulas of A. Verruijt and J.R. Booker [23] to obtain a two-
dimensional solution of soil deformation. On the basis of the two-dimensional solution,
Wei Gang [19] considered the change of the soil loss rate with the shield tunneling distance
and derived a three-dimensional solution of the soil deformation.



Symmetry 2021, 13, 1048 4 of 18Symmetry 2021, 13, x FOR PEER REVIEW 4 of 19 
 

 

 
Figure 1. The flow chart of the method proposed herein. 

3.1.2. Building Calculation Model 
Figure 2 depicts the developed three-dimensional symmetrical calculation model. 

Assuming that the tunnel is driven along the x-axis and is symmetrical about the xoz 
plane, the radius of the tunnel excavation and the depth of the tunnel axis are indicated 
by R and H respectively. There is an ellipsoidal cavity directly above the tunnel; it is 
worth noting that a sphere is a special case of an ellipsoid. The center of the ellipsoidal 
cavity lies on the z-axis, and h1 denotes the depth of the center. Ra, Rb, and Rc represent the 
radius of the ellipsoidal cavity along the x-axis, y-axis, and z-axis respectively. 

  

Figure 1. The flow chart of the method proposed herein.

Symmetry 2021, 13, x FOR PEER REVIEW 5 of 19 
 

 

  
(a) (b) 

Figure 2. The diagram of the calculation model: (a) the three-dimensional map; (b) the front view. 

3.2. Calculation of Soil Deformation Caused by Tunnel Excavation 
A. Verruijt and J. R. Booker [23] assumed that the soil movement caused by shield 

construction is a uniform radial movement model, and the soil is a linear elastic material. 
Wei Gang [24] referred to the research methods of N. Loganathan and H.G Poulos [22] 
and modified the calculation formulas of A. Verruijt and J.R. Booker [23] to obtain a 
two-dimensional solution of soil deformation. On the basis of the two-dimensional solu-
tion, Wei Gang [19] considered the change of the soil loss rate with the shield tunneling 
distance and derived a three-dimensional solution of the soil deformation. 

In order to calculate the vertical deformation of the soil (Uz-s) and the lateral defor-
mation of the soil (Uy-s) caused by the shielded tunneling at any point (x, y, z), this paper 
refers to the three-dimensional solution for the soil deformation proposed in [19]: 

2
s

s 2 2 2 2 2 2 2

2 2

2 22 2

1 1 4 ( ){ }
( ) ( ) [ ( ) ] 4

ln (ln ln )(1 )exp[ ]
( ) ( )

y
BR yz H z HU

y H z y H z y H z H d
x y z

H R H dx H

η

λ λ δ

−
+= + − −

+ − + + + + +
−− +

+ ++

 (1)

2 2 2
s

s 2 2 2 2 2 2 2 2 2

2 2

2 2

2 [ ( ) ]{ }(1 )
4 ( ) ( ) [ ( ) ]

ln (ln ln )exp[ ]
( ) ( )

z
B R H z H z z y H z xU

y H z y H z y H z x H
y z
H R H d

η

λ λ δ

−
− + − += + − −

+ − + + + + +
−+

+ +

 (2)

where 

2 24 [ ( ) ( )( ) ]
( )( )

H H d H d x R d
B

R x R d
η

η
+ − + − +

=
+

 (3)

1 1 2arcsin[ ]
2 π (1 1 ( ))

d
R x

δ
η

= −
+ −

 (4)

22(1 1 ( ))1 [arcsin( ) 1 ( ) 1]
4 π ( ) 1 ( ) 1 ( )

x d d
x R x R x
η

λ
η η η

− −
= − + − −

− −
 (5)

Figure 2. The diagram of the calculation model: (a) the three-dimensional map; (b) the front view.
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In order to calculate the vertical deformation of the soil (Uz-s) and the lateral defor-
mation of the soil (Uy-s) caused by the shielded tunneling at any point (x, y, z), this paper
refers to the three-dimensional solution for the soil deformation proposed in [19]:

Uy−s = { 1
y2+(H−z)2 +

1
y2+(H+z)2 −

4z(H+z)

[y2+(H+z)2]
2 } −

ηsBR2y
4

H
H+d

(1− x√
x2+H2 ) exp[ y2 ln λ

(H+R)2 +
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η(x) =
ηs

2
[1− x√

x2 + h2
] (6)

ηs is the percentage of the soil loss due to the tunnel excavation, and η(x) indicates
the variation of the soil loss with the x-axis; B, δ, and λ represent all the intermediate
calculation variables; d stands for the distance from the moving focus of the soil to the
center of the tunnel.

3.3. Calculation of Soil Deformation Caused by Cavity Deformation
3.3.1. Introduction to Basic Theory

Taking an ellipsoidal cavity as an example, due to the influence of the tunnel excava-
tion, its deformation mode is obviously related to the relative position of the tunnel. For
example, a cavity located above the tunnel may have a combination of the vertical elliptical
shrinkage and the overall settlement, while a cavity on the side of the tunnel may have a
combination of the horizontal elliptical shrinkage and the horizontal overall displacement.
Generally, the deformation characteristics of the cavity are largely reflected in the defor-
mation of the geometric shape and the overall displacement. This work assumes that the
cavity has been generated and maintains a stable structure before the tunnel excavation.
The surface deformation and the soil deformation caused by the cavity before the tunnel
excavation are not within the scope of this paper.

On the basis of the random medium theory and the research results of Qi et al. [9],
the final settlement volume of the upper soil caused by the convergent deformation of the
cavity should be equal to the lost volume of the soil.

In the cavity, for any calculation unit volume dξdζdη with a depth of burial of η, the
displacement values of the soil at any point (x, y, z) in each direction, i.e., dU−x, dU−y, and
dU−z, caused by the complete collapse of the excavation unit are given by:

dU−x =
x

r3(z) tan β
· exp[− π

r2(z)
(x2 + y2)]dξdζdη (7)

dU−y =
y

r3(z) tan β
· exp[− π

r2(z)
(x2 + y2)]dξdζdη (8)

dU−z =
1

r2(z)
· exp[− π

r2(z)
(x2 + y2)]dξdζdη (9)
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where β is the main influence angle of the upper part of the tunnel; dξ, dζ, and dη represent
the integral units in the direction of the x-axis, y-axis, and z-axis respectively; r(z) is the
influence radius in the z direction defined as

r(z) =
η − z
tan β

(10)

On the basis of the above equations, Qi et al. [9] considered the variation of tan β with
the depth of the excavation unit (h) and optimized parameter β as follows:

tan βz =
h− z√

2πiz
(11)

where iz is the width coefficient of the soil settlement trough defined as iz = i0
(
1− z

h
)0.3 [25];

i0 is the width coefficient of the ground settlement trough and can be calculated according
to the methods of Knothe [26], Peck [27], or O’Reilly and News [28].

Knothe’s method defines it as

i0 =
h√

2π tan
(
45◦ − ϕ

2
) (12)

where ϕ is the friction angle of the soil.
Peck’s method expresses it in

i0 = Rs

(
h

2Rs

)n
(13)

where Rs is the radius of the spherical cavity, and n ranges from 0.8 to 1.0.
In order to be consistent with ref [4], this paper chooses the method of O’Reilly and

News, that is,
i0 = Kh (14)

where K is the width parameter of the formation settlement trough.

3.3.2. Derivation of Calculation Formula

A symmetrical convergence deformation model of an ellipsoidal cavity is established
as shown in Figure 3. Ra, Rb, and Rc represent the radius of the ellipsoidal cavity along the
x-axis, y-axis, and z-axis respectively. dV = dξdζdη is the calculation unit with a depth
of burial of η in the ellipsoidal cavity. Under the influence of the tunnel excavation, the
cavity converges and shifts. As shown in Figure 4, assuming that the converged cavity is
still elliptical, its radius along the x-axis, y-axis, and z-axis will be reduced to R′a, R′b, and
R′c respectively. Center point o1 of the cavity also moves to point o2; ∆z and ∆y indicate the
vertical displacement and the horizontal displacement respectively.
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According to the method described in Section 3.3.1, the calculation units are respec-
tively integrated within the cavity range before and after the convergent deformation.
Then, the calculation results of the two parts are subtracted to obtain the deformation
of the surrounding soil caused by the cavity deformation. Ux−q, Uy−q, and Uz−q are the
deformations along the x-axis, y-axis, and z-axis respectively and expressed in:
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∫ fq2
eq2

dU−z =∫ bq1
aq1

∫ dq1
cq1

∫ fq1
eq1

tan2 βz

(η−z)2 exp
{
−π tan2 βz

(η−z)2 [(x− ξ)2 + (y− ζ)2]

}
dηdζdξ−∫ bq2

aq2

∫ dq2
cq2

∫ fq2
eq2

tan2 βz

(η−z)2 exp
{
−π tan2 βz

(η−z)2 [(x− ξ)2 + (y− ζ)2]

}
dηdζdξ

(17)

where letters a and b are the lower and upper limits of the integral of variable ξ along
the x-axis respectively; letters c and d denote the lower and upper limits of the integral
of variable ζ along the y-axis respectively; letters e and f indicate the lower and upper
limits of the integral of variable η along the z-axis respectively; q1 and q2 represent the
ellipsoidal cavity before and after the deformation respectively. The calculation formulas
for the upper and lower limits of each integral are expressed by: aq1 = −Ra, bq1 = Ra, cq1 =

−Rb

√
1− ξ2

R2
a
, dq1 = Rb

√
1− ξ2

R2
a
, eq1 = h1− Rc

√
1− ξ2

R2
a
− ζ2

R2
b
, fq1 = h1 + Rc

√
1− ξ2

R2
a
− ζ2

R2
b
,

aq2 = −R′a, bq2 = R′a, cq2 = ∆y− R′b
√

1− ξ2

R′a2 , dq2 = ∆y + R′b
√

1− ξ2

R′a2 , eq2 = h1 + ∆z−

R′c

√
1− ξ2

R′a2 − ζ2

R′b
2 , fq2 = h1 + ∆z + R′c

√
1− ξ2

R′a2 − ζ2

R′b
2 .

3.3.3. Calculation of Convergence Rate of Cavity and Discussion of Convergence Modes

The above method can be used to calculate the surface settlement value caused by the
shielded tunneling in the strata with cavities. The convergence rate of the cavity and the
radii of the converged cavity (R′a, R′b, R′c) should be determined by the following method.

First, the cavity is a hidden one, and its convergence rate is difficult to measure in
actual engineering. This paper refers to the research results of Loganathan [22] and believes
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that the convergence rate of the cavity can be estimated based on its relative position to the
tunnel and the loss rate of the soil during the tunnel excavation as follows:

εs = ηs exp

{
−
[

1.38ys
2

(H + R)2 +
0.69zs

2

H2

]}
(18)

where (ys, zs) is the coordinate of the center point of the cavity.
Although this work assumes that the cavity is ellipsoidal before and after the conver-

gence, in actual engineering, the deformation mechanism of the cavity is more complex,
and irregular deformation may occur. From the perspective of theoretical calculations, this
paper should develop a model suitable for the calculation of the soil deformation caused
by the cavities in different locations. From the previous analysis, we can conclude that
the ellipsoidal cavity has the stablest stress state during the long-term formation process,
which is also the commonest. Since the convergence rate of the cavity can be calculated by
Equation (18), irrespective of the type of the irregular deformation of the cavity at a certain
location, the convergence rate of the cavity basically remains unchanged.

After analysis, this paper divides the deformation of the cavity into three modes,
namely the uniform deformation, the horizontal elliptical deformation, and the vertical
elliptical deformation, of which the horizontal elliptical deformation and the vertical
elliptical deformation are two extreme states.

As illustrated in Figure 5, in the uniform convergence mode, the ellipsoidal cavity
is reduced in the same proportions on the x-axis, y-axis, and z-axis; moreover, the radial
reductions ga, gb, and gc respectively in the directions of the x-axis, y-axis, and z-axis satisfy
the following relationship:

ga = 2Ra

(
1−

√
1− εs

)
(19)

gb = 2Rb

(
1−

√
1− εs

)
(20)

gc = 2Rc

(
1−

√
1− εs

)
(21)
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On the basis of Equations (19)–(21), the three radii of the converged ellipsoidal cavity
(R′a, R′b, and R′c) can be calculated by:

R′a = Ra − ga
R′b = Rb − gb
R′c = Rc − gc

(22)

As shown in Figure 6, it is assumed that the convergent value in the directions of the
x-axis and y-axis is zero when the cavity is horizontally elliptical, and all the convergence
occurs in the z direction. The radius of the cavity converged in the z direction satisfies:
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εs =
πRbRc − πRbR′c

πRbRc
(23)
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Thus, R′a, R′b, and R′c are given by:
R′a = Ra
R′b = Rb
R′c = Rc(1− εs)

(24)

As shown in Figure 7, assuming that the variation in the radius of the cavity in the x
direction is similar to that in the y direction in the state of the vertical elliptical convergence,
the converged radii of the cavity in the directions of the x-axis and y-axis are equal, that is
R′a = R′b, and both satisfy:

εs =
πRaRb − πR′aR′b

πRaRb
(25)
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Thus, R′a, R′b, and R′c are expressed by:
R′a = Ra

√
(1− εs)

R′b = Rb
√
(1− εs)

R′c = Rc

(26)

Three cavity symmetry convergence modes are proposed above, and the radii R′a, R′b,
and R′c of the converged ellipsoidal cavity can be calculated according to the convergence
rate of the cavity. By substituting these radii (R′a, R′b, and R′c) into Equations (15)–(17), the
deformations of the surrounding soil along the x-axis, y-axis, and z-axis (Ux−q, Uy−q, and
Uz−q) caused by the convergent deformation of the cavity are obtained.
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3.4. Calculation of Total Displacement of Ground with Cavity under Influence of
Shielded Tunneling

By combining the calculation results in Sections 3.2 and 3.3 and superimposing the
soil deformation caused by the tunnel and the cavity, the final deformation of the soil in
the directions of the y-axis and z-axis (Uy and Uz) at any position above the cavity and the
tunnel can be defined as:

Uy = Uy−s + Uy−q (27)

Uz = Uz−s + Uz−q (28)

4. Instance Verification
4.1. Case Introduction

This work uses the experimental case introduced in ref. [4] as the engineering back-
ground and compares the obtained theoretical results with the experimental data to verify
the reliability of the developed calculation method. This experimental case uses a total
of four sets of working conditions to study the influence of a spherical cavity at different
positions on the ground settlement caused by the tunnel excavation. As shown in Figure 8,
no cavity is considered in case 1, the cavity in case 2 is located above the tunnel, the cavity
in case 3 is situated diagonally opposite the tunnel on its right side, and the cavity in case 4
is located parallel to the tunnel on its right side. Moreover, in the experiment, the formation
cavity was simulated by a spherical balloon with a diameter of 14 cm. The tunnel excava-
tion process was also simulated by unloading eight cylindrical balloons with a diameter of
200 mm step by step. In actual working conditions and experiments, the similarity ratio of
the size to the displacement and equipment is 30:1. In this paper, the experimental data are
first converted into actual engineering data for analysis and verification. The diameter of
the tunnel is set at 6 m, and the depth of burial of the cavity (H) is 15 m; the diameter of
the spherical cavity is equal to 4.2 m, and the clear distance between the tunnel and the
spherical cavity is 3 m; the depth of the center of the spherical buried cavities in working
conditions 2, 3, and 4 is 6.9, 9.27, 15 m respectively. The tunnel excavation is carried out in
eight steps, and the length of each excavation is 6 m. Taking the center of the cavity as the
zero point, the excavation ranges from –15 m to 27 m, and K = 0.736.
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Ref. [4] only provides the total loss rate of the stratum, i.e., the sum of the loss rates of
the tunnels and the cavities, under conditions 1–4 equal to 3.26%, 5.73%, 7.91%, and 7.91%
respectively. In this paper, ηs and εs can be calculated under various working conditions
according to the definition formula for the soil loss and Equation (10). There is no cavity
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under working condition 1, and the total loss rate of the stratum is equal to the loss rate of
the tunnel soil, that is, ηs = 3.26%. In case 2, the cavity coordinates (ys, zs) are (0 m, 6.9 m),
and the corresponding ηs and εs can be calculated at 5.592% and 4.831% respectively. In
case 3, the cavity coordinates (ys, zs) are (5.73 m, 9.27 m), and the corresponding ηs and
εs can be calculated at 7.762% and 5.185% respectively. In case 4, the cavity coordinates
(ys, zs) are (8.1 m, 15 m), and the corresponding ηs and εs can be calculated at 7.825% and
2.966% respectively. The values of d under working conditions 1–4 are 0.8R, 0.1R, 0.1R, and
0.1R respectively.

4.2. Comparison of Results in Different Convergence Deformation Modes

According to the above calculation method, under the influence of the tunnel ex-
cavation, the surface settlement curves formed when the cavity undergoes the uniform
shrinkage deformation, the horizontal elliptical deformation, and the vertical elliptical
deformation can be calculated. Figure 9 compares the corresponding ground settlement
values of the cavity in the three convergence modes. It is obvious that the surface set-
tlement curves obtained in the three convergence modes are roughly in agreement, all
of which are normally distributed and symmetrically distributed along the tunnel axis.
The maximum settlement values of the center are 91.27, 86.51, and 84.82 mm in the three
modes of the uniform deformation, the horizontal elliptical deformation, and the vertical
elliptical deformation, respectively. The maximum settlement in the center of the ground
surface calculated in the uniform convergence mode is slightly larger than that in the
modes of the horizontal elliptical deformation and the vertical elliptical deformation by
4.76 and 6.45 mm respectively. However, the two modes of the elliptical deformation are
both the extreme states. Even if the actual elliptical cavity deformation occurs, it is a state
between the uniform shrinkage deformation and the corresponding extreme state. In other
words, the maximum settlement in the center of the ground surface is between 86.51 and
91.27 mm (the horizontal elliptical deformation) or 84.82 to 91.27 mm (the vertical elliptical
deformation). The difference between the actual calculated value and the value determined
in the mode of the uniform convergence deformation is smaller, so it is more reasonable to
use the mode of the uniform convergence deformation, which can also fulfill the accuracy
requirements, to calculate the ground settlement.
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Through the discussion of each extreme state of the elliptical deformation of the cavity,
it can be proved that the uniform symmetrical convergence model is more accurate about
the calculation of the surface settlement. It can solve the problem when the shape of the
cavity is complex and difficult to be calculated directly because the cavity is disturbed
by the tunnel excavation. Therefore, when calculating the displacement of the upper soil
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caused by the cavity deformation, adopting the uniform symmetrical convergence mode
is recommended. Therefore, the subsequent studies in this paper employ the uniform
symmetrical convergence mode for the calculations and analyses.

4.3. Calculation Results and Reliability Verification of Devised Method

The experimental data in ref [4] are converted and compared with the theoretical
calculation results to verify the reliability of the method developed herein. Referring to the
model diagram in Figure 2, the selected tunnel excavation section is located at x = 27 m,
the center of the spherical cavity is located on the z-axis, and the research section is directly
above the center of the cavity.

Figure 10 delineates the distribution of the surface settlement caused by the tunnel ex-
cavation in the stratum without cavity under condition 1. It can be seen that our calculation
results are in good agreement with the experimental data reported by Cai et al. [4]. The
calculated surface settlement curve is a normal distribution, and the settlement influence
ranges from −20 m to 20 m; the maximum settlement occurs in the center of the tunnel
excavation and equals 56.93 mm. Moreover, the maximum settlement value reported in
the experimental work of Cai et al. [4] is 56.37 mm which differs from our result by only
−0.56 mm; thus, the method developed herein satisfies the accuracy requirements.

Symmetry 2021, 13, x FOR PEER REVIEW 14 of 19 
 

 

 
Figure 10. The comparison of the surface settlement curves under condition 1. 

Figure 11 shows the distribution of the ground settlement caused by the tunnel ex-
cavation when the cavity is located directly above the tunnel under condition 2. After the 
calculations, under working condition 2 (ηs = 5.592% and εs = 4.831%), the vertical dis-
placement of the cavity is 86.3 mm, and its horizontal displacement is zero. Compared 
with condition 1, the displacement and convergence of the cavity can affect the soil loss 
rate of the tunnel. It is clear that the theoretical calculation results are consistent with the 
experimental curves. The existence of the cavity directly above the tunnel makes the 
central surface settlement increase significantly from 56.93 to 91.27 mm. The settlement 
influence range is basically unchanged (from –20 m to 20 m), and the settlement curve is 
symmetrical about the center. The difference between the experimental maximum set-
tlement value (91.05 mm) and the theoretically calculated one is only 0.22 mm, which 
indicates that the devised method fulfills the accuracy requirements. In addition, the 
largest surface settlement caused by the cavity alone occurs in the center of the cavity and 
equals 23.41 mm which accounts for 25.65% of the total settlement, while the proportion 
of the surface settlement caused by the tunnel excavation is 74.35%. 

 
Figure 11. The comparison of the surface settlement curves under condition 2: (a) the results cal-
culated in this paper; (b) the experimental results of Cai Yi et al. [4]; (c) the surface settlement 
caused by the cavity alone. 

Figure 12 shows the distribution of the ground settlement caused by the tunnel ex-
cavation when the cavity is located diagonally opposite the tunnel on its right side under 
condition 3. After the calculations, under working condition 3 (ηs = 7.762% and εs = 
5.185%), the vertical displacement of the cavity is 70 mm, and its horizontal displacement 
is equal to –37.3 mm. Compared with condition 2, due to the deviation of the cavity from 
the center of the tunnel excavation under condition 3, the overall surface settlement curve 
also shifts slightly to the deviation direction of the cavity, and the settlement value on one 
side of the cavity is slightly larger than that on the other side of it, gradually showing 

Figure 10. The comparison of the surface settlement curves under condition 1.

Figure 11 shows the distribution of the ground settlement caused by the tunnel
excavation when the cavity is located directly above the tunnel under condition 2. After
the calculations, under working condition 2 (ηs = 5.592% and εs = 4.831%), the vertical
displacement of the cavity is 86.3 mm, and its horizontal displacement is zero. Compared
with condition 1, the displacement and convergence of the cavity can affect the soil loss
rate of the tunnel. It is clear that the theoretical calculation results are consistent with
the experimental curves. The existence of the cavity directly above the tunnel makes the
central surface settlement increase significantly from 56.93 to 91.27 mm. The settlement
influence range is basically unchanged (from –20 m to 20 m), and the settlement curve
is symmetrical about the center. The difference between the experimental maximum
settlement value (91.05 mm) and the theoretically calculated one is only 0.22 mm, which
indicates that the devised method fulfills the accuracy requirements. In addition, the largest
surface settlement caused by the cavity alone occurs in the center of the cavity and equals
23.41 mm which accounts for 25.65% of the total settlement, while the proportion of the
surface settlement caused by the tunnel excavation is 74.35%.
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Figure 11. The comparison of the surface settlement curves under condition 2: (a) the results
calculated in this paper; (b) the experimental results of Cai Yi et al. [4]; (c) the surface settlement
caused by the cavity alone.

Figure 12 shows the distribution of the ground settlement caused by the tunnel
excavation when the cavity is located diagonally opposite the tunnel on its right side under
condition 3. After the calculations, under working condition 3 (ηs = 7.762% and εs = 5.185%),
the vertical displacement of the cavity is 70 mm, and its horizontal displacement is equal
to –37.3 mm. Compared with condition 2, due to the deviation of the cavity from the
center of the tunnel excavation under condition 3, the overall surface settlement curve
also shifts slightly to the deviation direction of the cavity, and the settlement value on one
side of the cavity is slightly larger than that on the other side of it, gradually showing
asymmetry. It can be seen in the figure that the theoretical calculation results are similar
to the experimental data. The theoretically calculated maximum settlement value occurs
at y = 0.4 m and is about 101.63 mm. Furthermore, the maximum surface settlement
caused by the cavity alone is located in the center of the cavity. The settlement values at
y = 0 m and y = 5 m are 7.51 and 12.09 mm respectively, accounting for 7.38% and 13.82% of
their respective total settlement values. The experimental results show that the maximum
settlement value occurs at y = 2.5 m and is about 101.33 mm. In summary, although the
experimental overall settlement curve slightly shifts to the right, the theoretical calculation
results are still in good agreement with the experimental data, which implies that the
method developed in this paper satisfies the accuracy requirements.

Figure 13 shows the comparison of the surface settlement curves under condition 4.
After the calculations, under working condition 4 (ηs = 7.825% and εs = 2.966%), the vertical
displacement of the cavity is 14.6 mm, and its horizontal displacement equals –28.6 mm. It
is obvious that the theoretically calculated maximum settlement value is 93.62 mm and
occurs at y = 0 m. The maximum value of the experimental curve is 94.89 mm and occurs at
y = 0.81 m. As the depth of burial of the cavity increases, the surface settlement caused by
the cavity significantly declines, and its impact on the total surface settlement is relatively
small. Compared with condition 3, the degree of the deviation of the settlement curve
toward the direction of the cavity is reduced under condition 4, which is attributed to the
fact that the soil deformation caused by the cavity itself is smaller than that caused by
the tunnel excavation. When the cavity deviates from the tunnel by more than a certain
distance, the position of the maximum overall surface settlement is not affected or is slightly
affected, and it still occurs roughly near the surface corresponding to the tunnel excavation.
However, due to the effect of the cavity, the soil settlement on the right side of the tunnel is
larger than that on the left side of it. Comparing the theoretical calculation curve with the
experimental one reveals a certain difference between the two on the right side of the curve;
indeed, the theoretically calculated settlement value is smaller than the experimental one.
Nonetheless, the curves on the left are in good agreement.
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Figure 13. The comparison of the surface settlement curves under condition 4: (a) the results
calculated in this paper; (b) the experimental results of Cai Yi et al. [4]; (c) the surface settlement
caused by the cavity alone.

On the whole, the theoretical results calculated in this work are basically consistent
with the data reported by Cai et al. [4]. Moreover, when the cavity is located directly above
the tunnel, the accuracy of the theoretically calculated results is higher, which verifies the
reliability of the method developed herein.

In actual engineering applications, when the shielded tunneling parameters, the soil
parameters, and the relative position of the tunnel and the cavity are known, the developed
calculation method can be utilized to determine the convergence rate and displacement
of the cavity caused by the shielded tunneling, based on which the surface settlement
caused by the cavity alone can be calculated; then, the total surface settlement can be
determined by adding up the surface settlement caused by the shielded tunneling. The
devised method can analyze the characteristics of the surface settlement caused by shielded
tunneling in the strata with cavities. If the surface settlement is too large, the shielded
tunneling plan can be adjusted, or some other safety control measures can be taken to
reduce the surface settlement. Therefore, it can have a certain significance for guiding the
actual engineering design.
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4.4. Distribution Law of Vertical Displacement of Soil along x-Axis and z-Axis

Assuming that the surface of the tunnel excavation is located at x = 27 m, the distri-
bution and change law of the vertical displacement of the soil along the x-axis and z-axis
under conditions 1, 2, 3, and 4 are examined.

Figure 14 delineates the distribution of the vertical settlement along the x-axis. First,
the trend of the variation in the surface settlement is similar under each working condition,
and all the surface settlement values decrease with an increase in x. When x declines to
–20 m, the surface settlement basically tends to be stable, and when x approaches infinity,
the surface settlement gradually approaches zero. Second, the x-coordinate of the center
of the cavity under conditions 2, 3, and 4 are all equal to zero. Under condition 2, it is
obvious that the surface settlement curve has a partial downward protrusion within the
range of −10 m to 10 m; thus, a significant increase in the soil settlement is caused by
the cavity. Third, the soil settlement curves under conditions 3 and 4 have a much lower
degree of convexity compared to that under condition 2. The main reason for this is that
the y-coordinate of the center of the cavity under conditions 3 and 4 is 5.73 and 8.1 m
respectively which are far away from the x-axis. Thus, the deformation of the cavity has a
limited range of influence, so the variation in the vertical settlement of the soil along the
x-axis is negligible.
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Figure 15 plots the variation in the vertical settlement of the soil along the z-axis. Since
the depth of burial of the cavity is different under each condition, only the soil above the
cavity and the tunnel is studied herein, that is, the depth of burial of the cavity is set at 12,
4.8, 7.17, and 12 m under conditions 1, 2, 3, and 4 respectively. It can be seen in Figure 15
that the settlement of the soil enlarges with an increase in z, and the curve of the settlement
near the surface grows more slowly. When it gradually approaches the upper part of the
cavity or the tunnel, its growth rate continues to rise until it finally reaches a maximum.
Further, the maximum soil settlement under condition 1 equals 110.65 mm and occurs at
z = 12 m, that is, the position of the upper end of the tunnel. The maximum soil settlement
under condition 2 is equal to 362.69 mm and occurs at z = 4.8 m, which is the position of
the upper end of the cavity. The maximum soil settlement under condition 3 is 119.18 mm
and occurs at z = 7.17 m, which is equal to the depth of the upper end of the cavity. The
maximum soil settlement under condition 4 is equal to 173.56 mm and occurs at z = 12 m,
which is the upper end of the tunnel.
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5. Conclusions

The following conclusions can be drawn from the findings of the current work:
First, the existence of stratum cavities aggravates the surface settlement and defor-

mation of shallow soil. When the cavity deviates from the tunnel axis within a certain
range, the surface settlement curve moves slightly to the direction of the cavity offset, and
gradually changes from symmetrical distribution to asymmetrical distribution. Compared
with the tunnel excavation, the cavity has a smaller impact on the ground settlement, and
its influence range is limited. Hence, when the cavity deviates far from the tunnel, its
impact on the soil settlement gradually weakens. Nevertheless, the ground settlement is
still greater on the one side of the cavity than on the other side of it.

Second, the surface settlement value decreases with an increase in x; indeed, when
x approaches infinity, the surface settlement value approaches zero. When x declines
to −20 m, the surface settlement value approaches a stable maximum. The existence of
the cavity aggravates the surface settlement within the range of −10 m to 10 m, and its
impact is gradually reduced as its distance from the tunnel increases. Along the z-axis,
the deformation of the soil above the tunnel and the cavity enlarges with an increase in
the depth of burial of the cavity. Moreover, the growth rate of the soil settlement near the
surface is relatively gentle but rises at positions closer to the cavity or above the tunnel.

Third, in actual engineering, new tunnels should try to avoid traversing the stratum
containing voids. At the same time, it is necessary to pay attention to the most dangerous
to cross directly under the void, which can easily lead to large soil deformation and surface
settlement above the void. It is recommended to grouting and filling the cavity in advance
before the excavation of the new tunnel.

Fourth, this work assumes that the cavity undergoes the uniform convergent deforma-
tion, which is considered to be a certain simplification. Further studies should be conducted
on the variation law of the shape of the cavities at different locations so as to summarize a
set of calculation methods for soil displacement suitable for the real deformation of cavities.
In addition, this article only considers the impact of tunnel excavation on the cavity. This
article assumes that the cavity only changes in shape and position, but does not collapse.
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