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Abstract: The natural extension to the SU(5) Georgi-Glashow grand unification model is to enlarge
the gauge symmetry group. In this work, the SU(7) symmetry group is examined. The Cartan
subalgebra is determined along with their commutation relations. The associated roots and weights
of the SU(7) algebra are derived and discussed. The raising and lowering operators are explicitly
constructed and presented. Higher dimensional representations are developed by graphical as well
as tensorial methods. Applications of the SU(7) Lie group to supersymmetric grand unification as
well as applications are discussed.
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1. Introduction

Symmetry is central to understanding the structure of nature at the largest and
smallest scales. The current theory of elementary particles and their interactions is the
highly successful Standard Model of particle physics [1–7]. This model is governed by the
SU(3)C× SU(2)L×U(1)Y local gauge symmetry groups that describe the color symmetries
of the strong interaction and weak isospin and hypercharge symmetries of the electroweak
interaction. The Standard Model has amassed a number of stunning successes since its
inception such as predictions of the weak mixing angle [8,9], the existence of weak neutral
currents [10,11], and the generation of mass via the Higgs mechanism [12,13]. However
the Standard Model hints at deeper physics suggesting that it is but a low-energy effective
theory. The Standard Model is plagued by a relatively large number of arbitrary parameters
(the quark and neutrino mixing angles, fermionic coupling constants, Higgs potential pa-
rameters, etc), the mystery of electric charge quantization, and a number of other nagging
questions on the nature of neutrino and dark matter properties. Grand Unified Theories
(GUTs) [14–18] are focused on embedding the Standard Model gauge groups into a larger
gauge symmetry group.

In general, grand unification leads to a number of aesthetically pleasing results. Some
of these include:

• low energy gauge couplings are unified into a single gauge coupling at the GUT scale;
• a simplified explanation as to the origin of electric charge and quantization;
• anomaly constraints linking quarks and leptons of a single generation together;
• the particle spectrum structure is simplified, fitting into minimal multiplets; and
• introduces an elegant explanation to the observed cosmological baryon excess of the

universe.

Grand unified theories also lead to explicit predictions that can be tested experimen-
tally. Some of these predictions include:

• baryon and lepton number violation, most famously leading to proton decay and
neutron-anti-neutron oscillations;
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• the existence of magnetic monopoles connected with electric charge quatization;
• prediction of the weak mixing angle, sin2θW , at low energies; and
• mass relationships between leptons and quarks.

It should be noted, the goal of grand unified theories is the ultimate unification into a
single paradigm of the strong, weak, and electromagnetic interactions with the elementary
fermions, quarks and leptons. In addition to this framework, GUTs have several cosmolog-
ical applications that may provide deeper insights into the evolution of the universe from
the earliest epochs and their consequences to the observed universe today. Questions associ-
ated with understanding the flatness, isotropy, and homogeneity of the currently observed
universe can be reconciled by considering GUT symmetry breaking in an early metastable
phase where a scalar field is trapped in a metastable minimum [19–21]. The potential
associated with this scalar field then drives the superluminal expansion of the universe.
Fluctuations in this scalar field will contribute to the generation of the large scale structure
of the universe observed today [22–25]. This induced exponential, or quasi-exponential,
expansion of the universe in turn then benefits GUT models that produce copious amounts
of topological stable particles that are not observed such as magnetic monopoles, domain
walls, and/or cosmic strings by diluting them out. Finally, questions associated with the
matter-anti-matter asymmetry of the universe can be naturally explained via new GUT
interactions that inherently violate baryon and lepton number conservation leading to
baryogenesis at the highest energies and at the earliest times [26–29].

The SU(7) group has found a wide range of applications in many non-supersymmetric
GUTs where the Standard Model has been embedded inside as a subgroup. It has been
used in flavor unification [30] to provide an explanation as to why there are multiple
fermionic generations. The use of the SU(7) spinor representation allows for easy extension
to an O(14) theory. Exotically charged quarks are predicted, as is a low mass magnetic
monopole that does not conflict with big bang cosmology. Another effort has been the
technicolor GUT [31], in which the SU(5) Georgi-Glashow model is combined with an
additional SU(2)TC technicolor symmetry [32] in which W and Z bosons acquire mass via
a new gauge interaction. Here SU(7)→ SU(5)S × SU(2)L × U(1)Y, where SU(5)S then
breaks into SU(3)C × SU(2)TC. SU(7) is also often embedded into SO(14) models [33] as
an intermediate breaking chain SO(14)→ SU(7). Four families of fermions are predicted
with the same quantum numbers, but distinct structures. In this model, the flavor problem
is given a satisfying answer under the assumed framework in which the fermions are
postulated to be composite. It should be noted that the SU(7) group accommodates
the left-right symmetric Pati-Salam model, SU(3)C × SU(2)L × SU(2)R × U(1)Y where
it has been applied to studying the muon g − 2 anomaly [34] along with so-called 331
models, SU(3)C × SU(3)L ×U(1)Y as a natural avenue for describing the existence of three
generations predicated upon anomaly cancellation [35].

The SU(7) symmetry group has been applied to supersymmetric (SUSY) GUTs where
there is an additional proposed symmetry between fermions and bosons. One of the
most appealing aspects of SUSY GUTs are the lack of accidental symmetries such as those
leading to global conservation laws like lepton and baryon number conservation. SUSY
orbifold GUTs have the additional appealing aspect that they occur in a higher dimensional
space but the gauge symmetry reduces to an effective 4-dimensional theory of the minimal
supersymmetric standard model (MSSM). In these models, symmetry breaking is typically
associated with boundary conditions in extra-dimensions. This allows the models to retain
many of the desirable features of grand unification. The SU(7) group has been consider as
a SUSY 5-dimensional oribifold GUT effective theory below some generic herotic string
scale where gauge-Higgs unification is present. In this type of model, the Higgs scalar is
an extra-dimensional component of the gauge field [36]. In another SUSY SU(7) model,
the hierarchies amongst the particle generations are generated by the hierarchy of symmetry
breaking scales of the gauge group. Here SU(7)→ SU(5) × SU(2)′ where the SU(2)′ group
breaks into two, relatively smaller scales of the first and second particle generations [37].
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2. The SU(7) Group

The special unitary group of 7 dimensions, SU(7), is the Lie group of all the 7× 7
unitary matrices, U, with unit determinant. This can be formally written as,

SU(7) = {U ∈ GL(C7) : U†U = I7, det U = 1}

where GL is the general linear group, I7 is the 7× 7 identity matrix, and U† indicates the
hermitian conjugate of the transformation matrix U. This transformation group preserves
the hermitian product invariant under rotations in the complex space C7.

The fundamental representation of SU(7) is a vector with 7 complex elements, some-
times referred to as the 7,

φ =


φ1
φ2
...

φ7

 (1)

that transforms as,
φ→ Uφ (2)

where U are the 7× 7 uni-modular unitary matrices described above. The SU(7) group,
by virtue of being a Lie group, is also a differential manifold that one can Taylor series
expand around the identity and thus generate any other elements in the group. The in-
finitesimal transformation can be written as,

dU =
48

∑
n=1

(1 + iTndθn) (3)

where Tn are the normalized group generators described in Section 3 and θn are variable
parameters that are real and continuous. Any finite transformation can be built up from
repeated application of the infinitesimal transformations,

U = lim
k→∞

(
1 + i

Tnθn

k

)k
= exp

(
−i

48

∑
n=1

θnTn

)
. (4)

3. Generators

Associated with the Lie group SU(7) is the Lie algebra su(7) that obeys the commutator
relationship,

[Ti, Tj] = i
48

∑
k

f k
ijTk (5)

where Ti are the normalized generators and f k
ij are known as the structure constants. There

are forty-eight 7× 7 traceless and hermitian matrices that are the generators for the SU(7)
group. These generators are not unique. One method of determining the generators is to
create a vector space spanned by the matrix,

a1 a12 − ib12 · · · a17 − ib17

a12 + ib12 a2 · · ·
...

...
...

. . .
a17 + ib17 a7

 (6)

where ai and bi are real numbers. It should be noted that there is a constraint that the sum
of the diagonal elements must equal zero in order to fulfil the definition of the SU(7) group.

The explicit form of the generators of the Lie algebra of SU(7) are not unique though
the structure constants are unique. An explicit form of the the non-normalized generators
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and the structure constants have been reproduced from reference [38] and can be found in
Appendices A.1 and A.2 respectively.

4. Representations of SU(7)

A representation of a group G over an n-dimensional vector space V is a map

π : G → GL(V)

of group elements g to a space of linear operators D(g). This map ensures that the identity
e is mapped to the identity in GL(V),

D(e) = In (7)

where In is the n× n identity matrix. Group composition is preserved such that,

D(g1)D(g2) = D(g1g2) (8)

for any g1 and g2 in G. More specifically, the topics of interest are representations of SU(7)
corresponding to group homomorphisms,

π : SU(7)→ GL(n,C)

where GL(n,C) is the general linear group of n× n invertible, complex-valued matrices.
The dimension of the representation is given by n. Group elements in any n-dimensional
representation can still be found via the relation in Equation (4), only the generators Tk are
replaced by their n× n representational counterparts. Irreducible representations of SU(7)
are constructed with traceless tensors with m upper and n lower indices,

φi1,...,im
j1,...,jn .

Each index individually takes on integer values from 1 to 7 and transforms independently
of the other indices. A tensor is antisymmetric if it changes sign on the interchange of two
indices such that,

φij = −φji (9)

otherwise it is symmetric. Whether two indices are symmetric or not directly determines
the dimension of the representation furnished by that tensor. Indices enclosed in square
brackets [ij] will indicate that they are antisymmetric, whereas curly brackets {ij} will
indicate they are symmetric.

As mentioned previously, the fundamental representation is contained in a vector
that transforms as a 7-dimensional, single index tensor, referred to as the 7. The trivial
representation, the 1, is a scalar that is invariant under all transformation. Examples of
higher dimensional, irreducible representations of SU(7) furnished by traceless tensors
with more indices include:

• φi
j

• φ[ij] and φ{ij}

• φ
[ij]
k and φ

{ij}
k

• φ[ijk] and φ{ijk}

where the above is not an exhaustive list. If the tensor φ were not traceless, it could be
decomposed into the direct sum of a traceless tensor φ′ and the trace of the original tensor
Trφ. The complex conjugate of a representation is defined by the interchange of the upper
and lower indices such that, (

φi1...im
j1...jn

)∗
≡ φ

j1...jn
i1...im . (10)

A representation in which the number of upper indices matches the number of lower indices
is said to be real or self-adjoint, and is equivalent to its own conjugate. The remainder are
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referred to as complex representations. The dimension of a tensor representation is given
by the following formula,

dim φ =
(

dim φi1,...,ik
)(

dim φj1,...,jl
)
− dim (Trφ). (11)

The first term on the right-hand side is the product of the dimension of the upper indices
with the dimension of the lower indices. The second term is the dimension of the trace.
The trace is subtracted out as irreducible representations are furnished by traceless tensors
only. The dimension of a representation and its conjugate take on the same numerical value.

Special diagrams known as Young tableau can also be utilized to find the dimension
of a particular representation and, as discussed in Section 5, the decomposition of direct
products between representations. The English notation of Young tableau [39] is employed.
The fundamental representation of SU(7) and its conjugate, 7 and 7, are expressed using
tableaux as,

and

The diagrams can be written in terms of tableau sequences (1, 0, 0, 0, 0, 0), and (0, 0,
0, 0, 0, 1) respectively. This written notation for a Young tableau in SU(7) is given by
a 6-component sequence (n1, n2, n3, n4, n5, n6), where each component is a non-negative
integer. The position of the right-most nonzero entry in the list denotes the number of
rows in the tableau. There can not be more than 7 rows in a column, and a column with
7 rows denotes the trivial representation. The integer at the i-th position in the sequence
denotes how many more columns that row i contains than row i + 1. The conjugate of a
representation is found by reversing the order of the entries of the sequence.

Using Young tableaux, the dimension N of a representation in SU(7) is given by the
formula,

N =
n

∏
i=1

(
Di
hi

)
(12)

where n is total number of blocks in that specific tableau. The index i is counted on the
tableau blocks from left-to-right, and top-to-bottom. Dk is defined as 7 plus the number of
rightward steps and minus the number of downward steps from the i = 1 to i = k position.
The hook length, hk, is defined as the sum of the number of boxes to the right of the box at
i = k and below it, plus 1. The indexing, Di values, and hi values, respectively, are shown
below in example tableau,

1 2 3
4 5
6

,
7 8 9
6 7
5

, and
5 3 1
3 1
1

.

An alternative formula for calculating dimensions of Young tableaux for SU(7) is,

N =
5

∏
i=0

6−i

∏
j=1

(
∑

j+i
k=j nk

)
+ i + 1

i + 1

 (13)

where each value of the index i runs through a full set of the j index.
The tensor φi

j denotes the 48, and is the adjoint representation. It is the smallest,
nontrivial real representation of the group, the diagram for which is shown below,
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.

The antisymmetric and symmetric tensors, φ[ij] and φ{ij}, are the 21 and 28 as seen below,

and .

The tableau sequences (2, 0, 0, 0, 0, 0) and (0, 0, 0, 0, 0, 2), corresponding to ϕ{ij} and ϕ{ij}
are written as,

and

The tableau sequences (2, 0, 0, 0, 0, 1) and (1, 0, 0, 0, 0, 2) correspond to ϕ
{ij}
k and ϕk

{ij},
and are written as,

and

The tableau sequences (0, 2, 0, 0, 0, 1) and (1, 0, 0, 0, 2, 0) correspond to ϕ
[ij]
k and ϕk

[ij], and are
written as,

and .

5. Decomposition

Larger representations may be constructed via the direct products of irreducible
representations of SU(N). As such, they can by decomposed into a direct sum of irreducible
representations. Using the tensor approach the direct product is defined as,

φm
n ⊗ φm′

n′ ≡ ηm+m′
n+n′ . (14)

A traceless tensor with m upper and n lower indices is in a product with another traceless
tensor with m′ upper and n′ lower indices. This is equivalent to a single tensor with m + m′

upper and n + n′ lower indices. This tensor is not always irreducible and may contain
a non-zero trace element. This product is then decomposed into a direct sum in which
both symmetric and antisymmetric combinations of indices are considered, as well as
trace terms.

Decomposing the product 7× 7 using the tensor approach,

φi ⊗ φj = φ{ij} ⊕ φ[ij]. (15)
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Both a symmetric and antisymmetric combination of the combined indices have been
considered. The lack of any lower index makes the product traceless by default. Young
tableau can be utilized more efficiently for decomposition. Using tableau rules for products,
the same product can be written as,

⊗ = ⊕

which matches the tensor approach. In terms of their dimensions, the product can be
expressed as

7⊗ 7 = 28⊕ 21. (16)

Taking the product 7× 7 using tensor notation results in the equation

φi ⊗ φj = φ
j
i ⊕ φ. (17)

Using the tableaux, a matching result is achieved,

⊗ = ⊕

Both methods agree on the decomposition of the product,

7⊗ 7 = 48⊕ 1 (18)

into a sum of the adjoint and singlet. Note that no considerations regarding index symmetry
had to be taken. However, the trace term represented by the singlet had to be accounted
for. These products play a pivotal role in GUTs when building up other representations
using products involving the fundamental representation and its conjugate.

6. Raising and Lowering Operators

In quantum theory it is standard practice to utilize SU(2), where the generators
undergo a transformation to the polar basis and are renamed raising and lower operators,
to describe the energy states of the quantum harmonic oscillator problem. It is beneficial
to perform an analogous transformation here with the SU(7) generators. The forty-eight
generators of SU(7) are defined as,

Ta =
1
2

λa (19)

where a = 1, . . . , 48, and the λa are the SU(7) extensions of the Pauli [40] and Gell-Mann [41]
matrices. The generators obey the chosen trace normalization condition,

Tr(TaTb) =
1
2

δab. (20)

SU(7) has six simultaneously diagonalizable generators, which will be discussed in Section 7.
The remaining 42 generators are defined as linear combinations of the off-diagonal matrices,

V±α =
1√
2
(Ta ± iTb) (21)

where α = 1, 2, . . . , 21 and V±α ∈ GL(n,R). Here, n is dependent on the representation. Ta
are the 21 symmetric generators, and Tb are their antisymmetric counterparts. A pair of
raising and lowering operators with indices ±α can be related by,



Symmetry 2021, 13, 1044 8 of 18

V−α = (Vα)
T . (22)

The explicit forms of the raising and lowering operators were calculated and cataloged
in Table A3 in Appendix A, where Eij is a 7× 7 matrix with a 1 in the ij position and
0’s elsewhere.

7. Cartan Generators

The remaining generators are simultaneously diagonalizable and form the Cartan
subalgebra of the group. This is the maximal Abelian subalgebra of the group, and it is
uniquely found. These elements are called Cartan generators and are denoted by an Hi

where i = 1, . . . , 6. They are real-valued, Hermitian matrices that obey the commutation
relations

[Hi, H j] = 0 (23)

for all combinations of i and j. They satisfy the trace normalization in Equation (20).
The Cartan generators have been tabulated in Table A5 in Appendix A. Symmetry break-
ing is an important feature of GUTs. The exact values of the components of the Cartan
generators will change depending on the desired breaking pattern. Irrespective of any
desired breaking pattern they will always be diagonalized, traceless, and obey a trace
normalization condition. In this work they have not been formulated with any particular
breaking patterns in mind.

The Cartan subalgebra holds great significance in model building, as the operators
corresponding to physical observables can be expressed as linear combinations of the
commuting generators in weight space. Common examples would be the operators corre-
sponding to electric charge or the third component of weak isospin.

8. Weights

Each irreducible representation has its own set of states, the number of which is equal
to the dimension of the representation. For example, the fundamental representation
has seven states

∣∣ωj
〉
, where j = 1, . . . , 7. They are six component vectors called weight

vectors, and their components are referred to as weights. In the fundamental representation,
the weights are the eigenvalues of the Cartan generators acting upon the weight vectors,

Hi∣∣ωj
〉
= hi∣∣ωj

〉
. (24)

In actual application, the weights represent the various quantum numbers of each particle
state in a given representation. Since the Cartan generators have been diagonalized, the i-th
component of the j-th weight vector ω is given by,

[wj]
i = [Hi]j,j. (25)

The weight vectors of the adjoint representation, |Xn〉, where n = 1, . . . , 48, are character-
ized by the forty-eight generators. Xn are the 48× 48 matrix representations of both the
raising and lowering operators and Cartan generators. So let n = 1, . . . , 42 be the raising
and lower operators, and let n = 43, . . . , 48 denote the Cartan generators. The states of the
adjoint are orthogonal,

〈Xn|Xm〉 = δnm (26)

and satisfy a completeness relation,

48

∑
n=1
|Xn〉〈Xn| = I. (27)

Using Equation (27), it is determined that the action of the raising and lowering operators
on the states is given by,

Xn|Xm〉 = |[Xn, Xm]〉. (28)
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Using Equations (28) and (23), it can be shown that each weight vector corresponding to a
Cartan generator is the zero vector. The weights of the other states are given by the same
eigenvalue equation in Equation (24) such that,

Xi|Xn〉 = α|Xn〉 (29)

for i = 43, . . . , 48. The weight vectors of the adjoint representation have important proper-
ties, to be discussed in Section 9, and as such are referred to explicitly as root vectors.

9. Roots

While the relations detailed in Section 8 are derived using the adjoint representation,
they can be applied to the fundamental representations to explore the root system of the
algebra. The root system is a set of vectors in a Euclidean vector space with particular
geometric properties which will be explored in detail in this section.

The components of the root vectors can be calculated by combining Equations (28)
and (29). The result is the following commutation relationship,

[Hi, V±α] = ±αiV±α. (30)

Here αi is the component of the corresponding root vector and is known as a root. Root
vectors are denoted by v±α, where α = 1, . . . , 21. The root vectors are unitary with our
chosen normalization, i.e., ||vα|| = 1 for all α. Here ||vα|| is defined as the square root of the
Euclidean inner product of vα with itself in six dimensions. The roots of a raising operator
and its corresponding lowering operators differ only by a minus sign, so v−α = −vα. Since
half of the roots are copies of the other half differing only by a minus sign, this means
that the discussion can be limited to a subset of vectors without any loss. This subset of
root vectors are called the positive roots and in this work have been defined to be the root
vectors in which the first nonzero component is nonnegative.

Using this relationship and Equation (23) in the adjoint gives,

Xα|X−α〉 = |0〉 (31)

which implies that it can be written as a linear combination of the states corresponding to
the Cartan generators, giving the relationship

[Vα, V−α] = αi Hi (32)

where Einstein summation convention [42] is employed and αi = αi. In general, the com-
mutator of two raising and lowering operators is,

[Vα, Vβ] = NαβVα+β (33)

where Nαβ ∈ R. If vα + vβ does not result in another root vector, then Nαβ = 0. Otherwise
vα + vβ is another root. Since any Vα self commutes this implies that if vα is a root vector
then kvα is also a root vector which in turn implies that k can only take on values of 0 or ±1.

Any positive roots that cannot be expressed as a linear combination of two other
positive roots are defined as simple roots. The simple roots are a set of six complete,
linearly independent root vectors from which the entire algebra can be constructed. Given
two simple roots vα, vβ; the angle between them is calculated using the inner product,

cosθαβ =
〈vα, vβ〉
||vα||||vβ||

. (34)

The angles between the simple roots take values of π
2 and 2π

3 . Opening up the conversation
to positive roots allows for angles of π

3 , and the negative roots are obviously located at
angles of π from the corresponding positive root. A graphical representation of the root
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system can be found in Figure 1. Given two simple roots, vα and vβ, the information about
angles between them is encoded in the Cartan matrix of SU(7) with components defined by,

Aαβ = 2
〈vα, vβ〉
〈vα, vα〉

. (35)

The Cartan matrix was calculated explicitly to be,

Aαβ =



2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2

. (36)

A zero entry in the m, n position denotes an angle of π
2 between the m and nth simple roots,

a −1 denotes an angle of 2π
3 , and a 2 on the diagonal is an angle of 0 between a simple root

and itself. Each simple root is orthogonal to but one other root. This can be seen from the
Dynkin diagram below in Figure 2, where each circle corresponds to a simple root. A line
connecting two circles indicates that there is an angle of 2π

3 between the corresponding
roots, and circles with no connecting lines are orthogonal roots.

Hi+1

Hi

v1

v4

v11v-15

v4

v-5

v16

v2

v-3

v-6

v-14

v-21

v-10

v7v16

v-1

v-4

v-11

v15

v-4

v5

v-16

v-2

v3

v6

v14

v21
v10

v-7 v-16

Figure 1. The root diagram for SU(7) plotted in the Hi − Hi+1 planes. Red, teal, and blue correspond
to the planes in which i = 1, 3, 5 respectively. Short roots correspond to roots that have components
out of the corresponding plane. The short roots contain between 2 and 5 individual roots that
differ only in extra-planar components. They are labeled with the first root characterized by these
planar components.

A6

Figure 2. The Dynkin Diagram for su(7), a simple Lie algebra of rank 6.

Figure 1 shows the projection of the root system onto 2 dimensional planes. From this,
some of the geometric properties discussed in the section are made visually apparent.
The preservation of the SU(3) roots I±, V±, and U± is seen in the red H1− H2 plane as v±1,
v±2, and v±3 respectively. The positive and simple roots have been explicitly calculated
and can be found in Table A4 in Appendix A.



Symmetry 2021, 13, 1044 11 of 18

The root vectors describe all possible movement between states in any given rep-
resentation, and so describe interactions between particles. This becomes interesting as
different particle compositions are explored, in which predictions such as proton decay
arise. The gauge bosons mediating these interactions are housed in the adjoint representa-
tion, for which the roots serve as weights.

10. Symmetry Breaking Patterns

The issue at hand is that at high energy the SU(7) symmetry is a good symmetry but
at lower energies there must be some symmetry breakdown. In a similar fashion as to the
Standard Model where the Higgs mechanism is invoked in order to trigger (induce) the
break the the electroweak SU(2)L×U(1)Y to U(1)EM. This endows the SU(2) weak bosons
to acquire mass. In grand unified theories at least one additional symmetry breaking is
required. In fact the SU(7) model must break symmetry at several times in order to realize
the observed Standard Model symmetries. There are numerous symmetry breaking chains
in which this can be accomplished.

As discussed in Section 1, the symmetry breaking chain may be employed in order to
play a role in cosmological applications that results in inflation, baryogenesis, the creation
of heavy neutrinos, and other such phenomena. Various mass scales relate to phase
transitions below the Planck scale, Mpl ∼ 1018 GeV, associated with the subsequent
symmetry breaking chain from the GUT scale, MGUT ∼ 1016 GeV down to the electroweak
scale, MEM ∼ 10102

GeV.
The symmetry breaking chain may also be invoked on aesthetic grounds due to the

extended high energy desert between the the electroweak scale and the GUT scale. Inter-
mediate symmetry breaking, possibly associated with extended symmetries of unknown
interactions, would populate this desert with various phenomena.

The chosen candidate gauge group for a GUT must be at least a rank 4 simple Lie
group in order to have the Standard Model as a subgroup. The SU(7) gauge group of
rank 6 offers model builders a great deal of freedom in choosing a number of different
avenues to pursue symmetry breaking down [43,44] to the non-simple gauge group of the
Standard Model, SU(3)C × SU(2)L ×U(1)Y → SU(3)C ×U(1)em. It should be noted that
physical constraints should be imposed on the symmetry breaking chains such that the
representations should be renormalizable and thus anomaly free along with respecting the
the low energy effective theory representation of particles. A non-exhaustive list of some
of theses symmetry group breaking patterns are,

SU(7)→ SO(7),

SU(7)→ SU(6)×U(1),

SU(7)→ SU(5)× SU(2)×U(1),

SU(7)→ SU(5)×U(1),

SU(7)→ SU(4)× SU(3)×U(1),

and

SU(7)→ SU(2)× SU(2)× SU(3)×U(1).

A number of intermediate steps may be present in many of the symmetry breaking patterns
described above.

This symmetry breaking is typically invoked by the Higgs mechanism [45–49]. The La-
grangian density associated with this scalar field, φ, can be written as

L = −|Dφ|2 + hFφF−V(φ) (37)



Symmetry 2021, 13, 1044 12 of 18

where the first term denotes the kinetic energy of the scalar field that includes the covariant
derivative which describes the dynamics of the interaction, the second term are the fermion-
Higgs couplings and the third term is the Higgs potential.

The Higgs may transform under any number of representations. A few simple low
dimensional potentials are given below. The scalar Higgs φ transforms according to the
adjoint representation as

V(φ) = −1
2

µ2Trφ2 +
a
4
(Trφ2)2 +

b
2

TrΦ4 +
d
3

Trφ3 (38)

where µ2, a, b, and c are constant parameters. The cubic φ3 coupling can be removed by
imposing a Z2 symmetry where φ→ −φ. The scalar Higgs H transforms according to the
fundamental representation as

V(H) = −
µ2

f

2
H† H +

a f

4
(H† H)2 (39)

where µ2
f and a f are constant parameters. The potential associated with both representa-

tions contains the potentials along with a cross-term,

V(φ, H) = V(φ) + V(H) + V(φ, H) (40)

where the cross-term is given as

V(φ, H) = eH†HTrφ2 + f H†φ2H + gH†φH (41)

where e, f , and g are constant parameters.
It should be noted that the choice of representation of the Higgs field is somewhat

arbitrary along with the fermion-Higgs coupling parameters. This leads to the particle
masses and the spectrum not completely predicted by the model though relationships
between the masses can sometimes be determined.

11. A Review of Several Example SU(7) Models
11.1. Fractionally Charged Particles and SU(7) GUT Model

Li and Wilczek [50] invoked an SU(7) symmetry in order to include fractionally
charged leptonic or hadronic color singlets. In this model, they extended the symmetry
group SU(5) to SU(7) by adding two extra states to the fundamental representation with
opposite charges. The matter particles are assigned to the 7, 35, 21 , and 1 representations.
The charge assignment, Q, of the fundamental representation takes the form of,

Q(7) = diag

[
1
3

1
3

1
3
− 1 0 q − q

]
(42)

where q is the electric charge of the postulated fractional charged color singlet particle. It
should be noted that the hypercharge can be determined from the Gell-Mann–Nishijima
formula [51–53]. This model allows for two neutral Majorana leptonic states which can
have their masses generated via a see-saw mechanism.

The model builders consider a number of avenues for the symmetry breaking chain
but with the

SU(7)→ SU(4)× SU(3)×U(1)→ SU(3)× SU(2)×U(1)→ SU(3)×U(1) (43)

the prediction of the Weinberg angle with α = 1/128 and αS = 0.11 is in agreement with
the Georgi-Glashow prediction. In this model, if the grand unification scale is taken to be
1015 GeV then the intermediate energy scale is of order 109 GeV. The first stage of symmetry
breaking is triggered by the Higgs in the 48 adjoint representation. The intermediate
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symmetry breaking stages can occur via several choices of the Higgs in the 21 and 756 rep-
resentations, the 840 representation or the 840 and 756 representations with the final stage
of symmetry breaking being performed with a Higgs in the fundamental representation.

11.2. Dark Matter and SU(7) GUT Model

Several model builders [54–56] invoked an SU(7) symmetry in order to explore asym-
metric dark matter via the possibility of expanding the Standard Model to include a dark
sector for dark matter particles and their associated dark gauge interactions. Focusing on
the last two models, the GUT SU(7) symmetry is broken

SU(7)→ SU(5)V × SU(2)D ×U(1) (44)

into the visible SU(5)V and the dark SU(2)D. The matter particles are assigned to the
left-chiral representations: 7, 21, and 35. In this model all the matter particles gain mass
via the electroweak symmetry breaking. The model builders embed the electroweak Higgs
doublet into the 7 representation in a similar fashion to the typical Georgi-Glashow SU(5)
unification model. The issue with this straightforward application is that the left-handed
neutrino-like particle will acquire a mass at the MeV scale which is in opposition to known
experimental results. The 35 and tensor product of 35× 35 are also considered. The final
stage of symmetry breaking occurs via the 21 representation to break the U(1) symmetry
and acquire a vacuum expectation value. The limitations of this model do not end with
maneuvering around the heavy left-handed like neutrino but continue to exists since the
LHC has not observed such exotic particles at the TeV scale. Another drawback of this
model is that the matter content of 7⊕ 21⊕ 35 produces two visible generations of the
Standard Model. In order to include the whole Standard Model, this implies that there
must be four generations of particles based upon the group theory but which the fourth
generation of particles have not been observed.

11.3. Supersymmetry and SU(7) GUT Model

Numerous supersymmetric grand theories have been motivated to use the SU(7)
symmetry group. Model builders Frampton and Kephart [57] and Kubo and Sakakibara [58]
invoked this group in their own supersymmetric GUT studies of fractional charged particles
based upon the Li and Wilczek non-susy GUT Model [50]. Besides expanding the Standard
Model to include supersymmetry and fractionally charged particles, the model builders
are also driven by the value of the Weinberg angle to agree with experiment and to
reduce the ad hoc way in which many times light Higgs doublets must be added into
the model. The model builders generalize the non-supersymmetric model with charge
operator described above (see Equation (42)). The symmetry breaking chain is taken for
simplicity to be

SU(7)→ SU(3)× SU(2)×U(1). (45)

It is noted that there is a possibility for extra U(1) may be necessary. The values of the
fractional charge given in Equation (42) are set to 1/3 along with requiring the number
of light Higgs to be 2 in order to fix the one-loop renormalization group equation for
sin2θW ' 0.204 at the weak scale. The issue with this model is if all the particle families are
incorporated into this model then the gauge coupling of the strong interaction is greater
than unity before unification and this leads to a non-perturbative QCD regime and where
asymptotic freedom is not obeyed.

12. Conclusions

The raising and lowering operators for SU(7) have been constructed and the Cartan
algebra has been identified. These form the Cartan-Weyl basis. The commutator relation-
ship for the raising and lowering operators have been calculated. The roots have been
tabulated along with the weights. The direct products of the fundamental and conjugate
representations of SU(7) have been investigated by both tensorial and Young tableau
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methods. Dynkin diagrams and the Cartan matrix have been discussed. These results have
been presented for SU(7) model builders to determine symmetry breaking chains along
with their associated subgroups, branching rules to determine representation construction
and decomposition, and other applications of these results. It should also be noted that
many of these results can be utilized when examining the corresponding symmetry groups
associated with the symmetry breaking of higher dimensional symmetry groups used in
grand unification and string theory. The SU(7) group is highly utilized in string theory
due to the fact that SU(7) is a subgroup of the E7 group.

It should be noted that besides the application of the SU(7) group to programs of
grand unification, this group has also found a myriad of other applications in physics and
mathematics where the above tabulations may be useful. The SU(7) group has been used
widely in large-N lattice QCD studies of glueball correlation functions [59], of the spectra
and decay constants of mesons [60,61], and of critical deconfinement temperatures [62].
In quantum-chemistry and atomic physics, the issue at hand is inherently a many-body
problem and by restricting the degrees of freedom for the Hamiltonian by using the SU(7)
group allows for the calculation of selection rules [63,64]. This method has also been been
applied to the quarks in nuclear physics [65] in an analogous manner.
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Appendix A

Appendix A.1. Generators

Table A1. The tabulated generators of SU(7).

SU(7) Generators

λ1 = E12 + E21 λ2 = −iE12 + iE21 λ3 = E11 − E22
λ4 = E13 + E31 λ5 = −iE13 + iE31 λ6 = E23 + E32
λ7 = −iE23 + iE32 λ8 = 1√

3
(∑2

k=1 Ekk − 2E33) λ9 = E14 + E41

λ10 = −iE14 + iE41 λ11 = E24 + E42 λ12 = −iE24 + iE42
λ13 = E34 + E43 λ14 = −iE34 + iE43 λ15 = 1√

6
(∑3

k=1 Ekk − 3E44)

λ16 = E15 + E51 λ17 = −iE15 + iE51 λ18 = E25 + E52
λ19 = −iE25 + iE52 λ20 = E35 + E53 λ21 = −iE35 + iE53
λ22 = E45 + E54 λ23 = −iE45 + iE54 λ24 = 1√

10
(∑4

k=1 Ekk − 4E55)

λ25 = E16 + E61 λ26 = −iE16 + iE61 λ27 = E26 + E62
λ28 = −iE26 + iE62 λ29 = E36 + E63 λ30 = −iE36 + iE63
λ31 = E46 + E64 λ32 = −iE46 + iE64 λ33 = E56 + E65
λ34 = −iE56 + iE65 λ35 = 1√

15
(∑5

k=1 Ekk − 5E66) λ36 = E17 + E71

λ37 = −iE17 + iE71 λ38 = E27 + E72 λ39 = −iE27 + iE72
λ40 = E37 + E73 λ41 = −iE37 + iE73 λ42 = E47 + E74
λ43 = −iE47 + iE74 λ44 = E57 + E75 λ45 = −iE57 + iE75
λ46 = E67 + E76 λ47 = −iE67 + iE76 λ48 = 1√

21
(∑6

k=1 Ekk − 6E77)
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Appendix A.2. Symmetric Structure Functions

Table A2. The anti-symmetric structure functions.

The Anti-Symmetric Structure Functions of SU(7)

i j k fijk i j k fijk i j k fijk i j k fijk i j k fijk i j k fijk

1 2 3 1 8 11 12
√

3
6

10 17 23 1
2 5 25 29 1

2 16 26 33 − 1
2 1 36 39 1

2
-2- 8 13 14 −

√
3

3
11 18 23 1

2 5 26 30 1
2 17 25 33 1

2 1 37 38 − 1
2

1 4 7 1
2 9 10 15

√
6

3
11 19 22 − 1

2 6 27 30 1
2 17 26 34 1

2 2 36 38 1
2

1 5 6 − 1
2 11 12 15

√
6

3
12 18 22 1

2 6 28 29 − 1
2 18 27 34 1

2 2 37 39 1
2

2 4 6 1
2 13 14 15

√
6

3
12 19 23 1

2 7 27 29 1
2 18 28 33 − 1

2 3 36 37 1
2

2 5 7 1
2 -4- 13 20 23 1

2 7 28 30 1
2 19 27 33 1

2 3 38 39 − 1
2

3 4 5 1
2 1 16 19 1

2 13 21 22 − 1
2 8 25 26

√
3

6
19 28 34 1

2 4 36 41 1
2

3 6 7 − 1
2 1 17 18 − 1

2 14 20 22 1
2 8 27 28

√
3

6
20 29 34 1

2 4 37 40 − 1
2

4 5 8
√

3
2

2 16 18 1
2 14 21 23 1

2 8 29 30 −
√

3
3

20 30 33 − 1
2 5 36 40 1

2
6 7 8

√
3

2
2 17 19 1

2 15 16 17
√

6
12

9 25 32 1
2 21 29 33 1

2 5 37 41 1
2

-3- 3 16 17 1
2 15 18 19

√
6

12
9 26 31 − 1

2 21 30 34 1
2 6 38 41 1

2
1 9 12 1

2 3 18 19 − 1
2 15 20 21

√
6

12
10 25 31 1

2 22 31 34 1
2 6 39 40 − 1

2
1 10 11 − 1

2 4 16 21 1
2 15 22 23 −

√
6

4
10 26 32 1

2 22 32 33 − 1
2 7 38 40 1

2
2 9 11 1

2 4 17 20 − 1
2 16 17 24

√
10
4

11 27 32 1
2 23 31 33 1

2 7 39 41 1
2

2 10 12 1
2 5 16 20 1

2 18 19 24
√

10
4

11 28 31 − 1
2 23 32 34 1

2 8 36 37
√

3
6

3 9 10 1
2 5 17 21 1

2 20 21 24
√

10
4

12 27 31 1
2 24 25 26

√
10

20
8 38 39

√
3

6
3 11 12 − 1

2 6 18 21 1
2 22 23 24

√
10
4

12 28 32 1
2 24 27 28

√
10

20
8 40 41 −

√
3

3
4 9 14 1

2 6 19 20 − 1
2 -5- 13 29 32 1

2 24 29 30
√

10
20

9 36 43 1
2

4 10 13 − 1
2 7 18 20 1

2 1 25 28 1
2 13 30 31 − 1

2 24 31 32
√

10
20

9 37 42 − 1
2

5 9 13 1
2 7 19 21 1

2 1 26 27 − 1
2 14 29 31 1

2 24 33 34 −
√

10
5

10 36 42 1
2

5 10 14 1
2 8 16 17

√
3

6
2 25 27 1

2 14 30 32 1
2 25 26 35

√
15
5

10 37 43 1
2

6 11 14 1
2 8 18 19

√
3

6
2 26 28 1

2 15 25 26
√

6
12

27 28 35
√

15
5

11 38 43 1
2

6 12 13 − 1
2 8 20 21 −

√
3

3
3 25 26 1

2 15 27 28
√

6
12

29 30 35
√

15
5

11 39 42 − 1
2

7 11 13 1
2 9 16 23 1

2 3 27 28 − 1
2 15 29 30

√
6

12
31 32 35

√
15
5

12 38 42 1
2

7 12 14 1
2 9 17 22 − 1

2 4 25 30 1
2 15 31 32 −

√
6

4
33 34 35

√
15
5

12 39 43 1
2

8 9 10
√

3
6

10 16 22 1
2 4 26 29 − 1

2 16 25 34 1
2 -6- 13 40 43 1

2
13 41 42 − 1

2 18 38 45 1
2 23 43 45 1

2 27 39 46 − 1
2 33 44 47 1

2 38 39 48
√

21
6

14 40 42 1
2 18 39 44 − 1

2 24 36 37
√

10
20

28 38 46 1
2 33 45 46 − 1

2 40 41 48
√

21
6

14 41 43 1
2 19 38 44 1

2 24 38 39
√

10
20

28 39 47 1
2 34 44 46 1

2 42 43 48
√

21
6

15 36 37
√

6
12

19 39 45 1
2 24 40 41

√
10

20
29 40 47 1

2 34 45 47 1
2 44 45 48

√
21
6

15 38 39
√

6
12

20 40 45 1
2 24 42 43

√
10

20
29 41 46 − 1

2 35 36 37
√

15
30

46 47 48
√

21
6

15 40 41
√

6
12

20 41 44 − 1
2 24 44 45 −

√
10
5

30 40 46 1
2 35 38 39

√
15

30
-7-

15 42 43 −
√

6
4

21 40 44 1
2 25 36 47 1

2 30 41 47 1
2 35 40 41

√
15

30
16 36 45 1

2 21 41 45 1
2 25 37 46 − 1

2 31 42 47 1
2 35 42 43

√
15

30
16 37 44 − 1

2 22 42 45 1
2 26 36 46 1

2 31 43 46 − 1
2 35 44 45

√
15

30
17 36 44 1

2 22 43 44 − 1
2 26 37 47 1

2 32 42 46 1
2 35 46 47 −

√
15
6

17 37 45 1
2 23 42 44 1

2 27 38 47 1
2 32 43 47 1

2 36 37 48
√

21
6
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Appendix A.3. Raising and Lowering Operators

Table A3. The tabulated raising and lowering operators of SU(7).

Raising Operators

V1 = 1√
2

E12 V2 = 1√
2

E13 V3 = 1√
2

E23

V4 = 1√
2

E14 V5 = 1√
2

E24 V6 = 1√
2

E34

V7 = 1√
2

E15 V8 = 1√
2

E25 V9 = 1√
2

E35

V10 = 1√
2

E45 V11 = 1√
2

E16 V12 = 1√
2

E26

V13 = 1√
2

E36 V14 = 1√
2

E46 V15 = 1√
2

E56

V16 = 1√
2

E17 V17 = 1√
2

E27 V18 = 1√
2

E37

V19 = 1√
2

E47 V20 = 1√
2

E57 V21 = 1√
2

E67

Lowering Operators

V−1 = 1√
2

E21 V−2 = 1√
2

E31 V−3 = 1√
2

E32

V−4 = 1√
2

E41 V−5 = 1√
2

E42 V−6 = 1√
2

E43

V−7 = 1√
2

E51 V−8 = 1√
2

E52 V−9 = 1√
2

E53

V−10 = 1√
2

E54 V−11 = 1√
2

E61 V−12 = 1√
2

E62

V−13 = 1√
2

E63 V−14 = 1√
2

E64 V−15 = 1√
2

E65

V−16 = 1√
2

E71 V−17 = 1√
2

E72 V−18 = 1√
2

E73

V−19 = 1√
2

E74 V−20 = 1√
2

E75 V−21 = 1√
2

E76

Appendix A.4. Positive and Simple Roots

Table A4. The calculated values of the positive and simple roots of SU(7).

Positive Roots

v1 =
(

1, 0, 0, 0, 0, 0
)

v2 =
(

1
2 ,
√

3
2 , 0, 0, 0, 0

)
v-3 =

(
1
2 , -

√
3

2 , 0, 0, 0, 0
)

v4 =
(

1
2 ,
√

3
6 ,

√
6

3 , 0, 0, 0
)

v-5 =
(

1
2 , -

√
3

6 , -
√

6
3 , 0, 0, 0

)
v-6 =

(
0,
√

3
3 , -

√
6

3 , 0, 0, 0
)

v7 =
(

1
2 ,
√

3
6 ,

√
6

12 ,
√

10
4 , 0, 0

)
v-8 =

(
1
2 , -

√
3

6 , -
√

6
12 , -

√
10
4 , 0, 0

)
v-9 =

(
0,
√

3
3 , -

√
6

12 , -
√

10
4 , 0, 0

)
v-10 =

(
0, 0,

√
6

4 , -
√

10
4 , 0, 0

)
v11 =

(
1
2 ,
√

3
6 ,

√
6

12 ,
√

10
20 ,

√
15
5 , 0

)
v-12 =

(
1
2 , -

√
3

6 , -
√

6
12 , -

√
10

20 , -
√

15
5 , 0

)
v-13 =

(
0,
√

3
3 , -

√
6

12 , -
√

10
20 , -

√
15
5 , 0

)
v-14 =

(
0, 0,

√
6

4 , -
√

10
20 , -

√
15
5 , 0

)
v-15 =

(
0, 0, 0,

√
10
5 , -

√
15
5 , 0

)
v16 =

(
1
2 ,
√

3
6 ,

√
6

12 ,
√

10
20 ,

√
15

30 ,
√

21
6

)
v-17 =

(
1
2 , -

√
3

6 , -
√

6
12 , -

√
10

20 , -
√

15
30 , -

√
21
6

)
v-18 =

(
0,
√

3
3 , -

√
6

12 , -
√

10
20 , -

√
15

30 , -
√

21
6

)
v-19 =

(
0, 0,

√
6

4 , -
√

10
20 , -

√
15

30 , -
√

21
6

)
v-20 =

(
0, 0, 0,

√
10
5 , -

√
15

30 , -
√

21
6

)
v-21 =

(
0, 0, 0, 0,

√
15
6 , -

√
21
6

)
Simple Roots

v-3 =
(

1
2 , -

√
3

2 , 0, 0, 0, 0
)

v-6 =
(

0,
√

3
3 , -

√
6

3 , 0, 0, 0
)

v-10 =
(

0, 0,
√

6
4 , -

√
10
4 , 0, 0

)
v-15 =

(
0, 0, 0,

√
10
5 , -

√
15
5 , 0

)
v-21 =

(
0, 0, 0, 0,

√
15
6 , -

√
21
6

)
v16 =

(
1
2 ,
√

3
6 ,

√
6

12 ,
√

10
20 ,

√
15

30 ,
√

21
6

)
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Appendix A.5. Cartan Generators

Table A5. The tabulated Cartan generators of SU(7).

Cartan Generators

H1 = 1
2 [E11 − E22] H2 = 1

2 [∑
2
i=1 Eii − 2E33]

H3 = 1
2 [∑

3
i=1 Eii − 3E44] H4 = 1

2 [∑
4
i=1 Eii − 4E55]

H5 = 1
2 [∑

5
i=1 Eii − 5E66] H6 = 1

2 [∑
6
i=1 Eii − 6E77]
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