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Abstract: We consider three types of entities for quantum measurements. In order of generality, these
types are observables, instruments and measurement models. If x and j are entities, we define what it
means for o to be a part of B. This relationship is essentially equivalent to a being a function of § and in
this case B can be employed to measure x. We then use the concept to define the coexistence of entities
and study its properties. A crucial role is played by a map @ which takes an entity of a certain type to
one of a lower type. For example, if 7 is an instrument, then 7 is the unique observable measured by
Z. Composite systems are discussed next. These are constructed by taking the tensor product of the
Hilbert spaces of the systems being combined. Composites of the three types of measurements and
their parts are studied. Reductions in types to their local components are discussed. We also consider
sequential products of measurements. Specific examples of Liiders, Kraus and trivial instruments
are used to illustrate various concepts. We only consider finite-dimensional systems in this article.
Finally, we mention the role of symmetry representations for groups using quantum channels.
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1. Introduction

Two important operations on quantum systems are the formations of parts and com-
posites. In a rough sense, these operations are opposites to each other. The parts of a
measurement « are smaller components of « in the sense that they can be simultaneously
measured by «. A composite system is a combination of two or more other systems. This
combination is formed using the tensor product H = H; ® Hp, where Hj and Hj are the
Hilbert spaces describing two subsystems. The composite system contains more infor-
mation than the individual systems because H describes how H; and H, interact. We
can reduce measurements on H to simpler ones on H; and H, but information is lost in
the process.

Section 2 presents the basic definitions that are needed in the sequel. Three types of
quantum measurements are considered. In order of generality, these types are observables,
instruments and measurement models. At the basic level is an observable A which is
a measurement whose outcome probabilities tr (0 Ay) are determined by the state p of
the system. At the next level is an instrument Z. We think of Z as an apparatus that
can be employed to measure an observable 7. Although 7is unique, there are many
instruments that can be used to measure an observable. Moreover, Z gives more information
than 7 because, depending on the outcome x, Z updates the input state p to the output
state Z,(p)/tr (0Zy). At the highest level is a measurement model M that measures a
unique instrument M. Again, there are many measurement models that measure an
instrument and M contains more detailed information. For conciseness, we call these types
of measurements entities. We should mention that all the quantum systems in this article
are assumed to be finite-dimensional.

Section 3 considers system parts. If « and f are entities, we define what it means for a
to be a part of § and when this is the case, we write « — . If &« — B and § — a, we say
that « and B are equivalent. We show that « — B implies @ — p and that — is a partial
order to within equivalence. The relation & — B is the same as a being a function of  or
B and in this case, B can be employed to measure a. We then use this concept to define
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the coexistence of entities and study its properties. We show that joint measurability is
equivalent to coexistence. We then introduce the sequential products of observables and
use this concept to illustrate parts of entities.

Section 4 discusses composite systems. These are constructed by taking the tensor
product H = H; ® Hp, where Hj, H, are the Hilbert spaces of the systems being combined.
Composites of the three types of measurements and parts of these composites are studied.
Reductions of types into their local components are discussed. Specific examples of Liiders,
Kraus and trivial instruments are employed to illustrate various concepts.

2. Basic Definitions

This section discusses the basic concepts and definitions that are needed in the sequel.
Since these ideas are well developed in the literature [1-5], we shall proceed quickly and
leave details and motivation to the reader’s discretion. In this article, we shall only consider
finite-dimensional complex Hilbert spaces H. Let £L(H) be the set of linear operators on H.
For S,T € L(H), we write S < T if (¢, S¢) < (¢, T¢) for all ¢ € H. We define the set of

effects by
EH)={aec L(H):0<a<1}

where 0, 1 are the zero and identity operators, respectively. Effects correspond to yes-no
measurements and when the result of the measurement a is yes, we say that a occurs.
The complement of a € £(H) is 4’ = 1 —a and a’ occurs if and only if a does not occur.
A one-dimensional projection Py = |¢)(¢|, where ||¢|| = 1 is an effect called an atom.
We call p € E(H) a partial state if tr (p) < 1 and p is a state if tr (o) = 1. We denote
the set of partial states by S,(H) and the set of states by S(H). If p € S(H), a € £(H),
we call P,(a) = tr(pa) the probability that a occurs in the state p [1-3]. Fora,b € £(H),
their sequential product is the effect aob = a'/?ba'/2, where a'/? is the unique square
root of a [6-8]. We interpret a o b as the effect that results from first measuring a and then
measuring b. We also call a o b the effect b conditioned on the effect a and write (b | a) = aob.
Let ()4 be a finite set. A (finite) observable with outcome-space () 4 is a subset:

A={Ax:xeQu} CE(H)
satisfying Y. Ay = 1. We denote the set of observables on Hby O(H). If B= {B,: y € Qp}
xeQy

is another observable, we define the sequential product Ao B € O(H) [8-10] to be the ob-
servable with outcome-space (24 x Qp given by

AoB = {AxoByZ (X,y) € Oy X QB}
We also define the observable B conditioned by A as
(B] A)={(B| A)y:y € Qp} C E(H)
where (B | A)y, = ¥ (AxoBy). If A € O(H), we define the effect-valued measure (or

xeQy

POVM) X — Ay from 294 to £(H) by Ax = ¥ A, and we also call X — Ax an
xeX
observable [2,3,8]. Moreover, we have the observables:

(AoB)p = Z (AxoBy)
(xy)eA

and:

(Bl A)y =} (AxoBy)

xeQy
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If p € S(H) and A € O(H), the probability that A has an outcome in X C Q4 when
the system is in state p is P,(Ax) = tr (0Ax). Notice that X — P,(Ax) is a probability
measure on () 4. We call:

Pp(Ax then By) = tr[p(A o B)xxy]

the joint probability of Ax then By [8-10].
An operation is a completely positive map A: S,(H) — Sy (H) [1-3]. Any operation
has a Kraus decomposition:

n
=) _SipS;
i

n
where S; € L(H) with Z S7S; < 1. An operation A is a channel if A(p) € S(H) for all

i=

p € S(H). In this case, Z §S; = 1 and we denote the set of channels on H by C(H).

Notice thatif a € £(H), then o+ (p|a) =aopisanoperation and if A € O(H), then
p— (p| A) = ¥ (Axop)isachannel. The simplest example of a channel has the

xeQy
form Ay (p) = UpU* where U is a unitary operator on H. Letting U/ (H) be the group of
unitary operators on H, we have that A; = I and Ay, 1, = Ay, Ay, forall Uy, Uy € U(H).
In particular, if we have a symmetry group G C U (H) for the system, then U — Ay, U € G,
gives a symmetry representation of G. For a finite set ()7, a (finite) instrument with outcome-
space Q)7 is a set of operations Z = {Z,: x € Q)7 } satisfying C; = Z I, € C(H) [1-3,11].

x€Qg
Defining Zx = ), I, for X C )7, we see that X — Zx is an operation-valued measure on
xeX
H that we also call an instrument. We denote the set of instruments on H by In (H). We say

that Z € In (H) measures A € O(H) if Q4 = Q7 and:

Po(Ax) = tr [Zx(p)] 1)

forevery p € S(H), X C Q4. There is a unique A € O(H) that Z measures and we write
A=1T][1,211]. ForZ,J € In(H), we define the product instrument with outcome space
QI X Qj by

(Z0T)(xy)(0) = TylLx(p)]

for every p € S(H). We also define the conditioned instrument with outcome-space Q) 7 by

(T1D)y= ) (ZoT)xy = FylCz(p)]

xeQr
We conclude that:
(ZoT)alp) = ), Ty(Zx(p))
(xy)en
forall A C Q7 x Q)7 and:
(T 1 Tx(p) = ¥ Fy(C2(p))
yey

forall Y C Q7 [8-10].

A finite measurement model (MM) is a 5-tuple M = (H,K,n,v,F) where H, K are
finite-dimensional Hilbert spaces called the base and probe systems, respectively, 7 € S(K)
is an initial probe state, v € C(H ® K) is a channel describing the measurement interaction
between the base and probe systems, and F € O(K) is the probe (or meter) observable [1,2,12].
We say that M measures the model instrument M € In (H) where M is the unique instru-
ment satisfying:

—

Mx(p) = tri[v(p @) (I ® Fx)] @)
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forallp € S(H), X C Qf. In (2), trg is the partial trace over K [2,3]. We also say that M
measures the model observable M/,

We thus have three levels of abstraction. At the basic level is an observable A which
is a measurement whose outcome probabilities tr (0Ay) are determined by the state p of
the system. At the next level is an instrument Z. We think of 7 as an apparatus that can be
employed to measure an observable 7. Although Tis unique, there are many instruments
that can be used to measure an observable. Moreover, 7 gives more information than
7 because, depending on the outcome x (or event X), Z updates the input state p to the
output partial state Z,(p) (or Zx(p)). At the highest level is a measurement model M that
measures a unique model instrument M and a unique model observable M. Again,
there are many MMs that measure any instrument or observable and M contains more
detailed information on how the measurement is performed.

3. System Parts

We begin by discussing parts of systems at the three levels considered in Section 2.
We then show how parts can be used to define coexistence at these levels and even between
levels. We also show that coexistence is equivalent to simultaneous measurability.

An element at one of the three levels discussed in Section 2 is called an entity. The three
levels are said to be the types 1, 2 and 3, respectively. The concept of an entity being part of
another entity was originally introduced in [12,13]. If A, B € O(H), we say that A is part of
B (and write A — B) if there exists a surjection f: (0 — ()4 such that Ay = B -1 (x) for all
x € Q4. We then write A = f(B). It follows that Ax = B1(x) forall X € Q4 and that:

Ax =Y (By: fly) € X) ®

IfZ,J € In(H), wesay that Z is part of J (and write Z — J) if there exists a surjection
f: Qg — Qg such that I, = J; 1, forall x € Q7. We then write 7 = f(J) and an
equation analogous to (3) holds. For MMs My = (H,K,n,v,F;) and My = (H,K,n,v, F),
we say that M is part of M, (and write M; — M) if F; — F,. It follows that F; = f(F,)
and we write M = f(M3). We can also define “part of” for entities of different types.
An observable A € O(H) is part of T € In (H) (written A — ) if A — 7 and A is part of
M (written A — M) if A — M which is equivalent to A — M”". Finally, we say that Z is
part of M (writtenZ — M)if 7 — M. Two entities a and B are equivalent (written o = )
if« — Band B — a. It is easy to check that = is an equivalence relation and that « =
if and only if « = f(B) for f a bijection. Our first result summarizes properties possessed
by “part of”. Some of these properties have been verified in [13], however, we give the full
proof for completeness.

Theorem 1. (a) If a, B are of types 2 or 3 and & — B, then & — B; (b) f(Z) = f(T)"
and f(M) = f(M); (c) If o, B, are of the same type and & = g(B), B (7), then
a = (gof)(y) (d) The relation — is a partial order to within equivalence; (e) If a and B are of
different types and & — B, then & = B where p; — B.

Proof. (a) LetZ,J € In(H) with Z — J. Then, there exists a surjection f: Q7 — Qg
such that Z = f(J). We now show that Z = f(J ). Indeed, for any p € S(H), x € Q7 we
have that:

~

tr(pZs) = tr[Zulp)] = tr [Tpr( (0)| = tr [pTr() | = e [pF(T )]

Hence, 7 = f(J)soZ — J. Let My = (H,K,5,v,F), Ma(H,K,5,v,F,) be MMs
where Fi = f(F). Then, for any p € S(H), x € Qf, we have that:

Mix(p) = trlv(p @) (1@ F)l = tri[v(p @) (1 ® Fypagy)]
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= My 1) (0) = F(Ma)

Hence, M = f(./f/l\z) so My — Mo. If T — M, then T — M. As before, T — M
soZ — M.

(b) This was proved in (a). (c) We prove the result for observables A, B, C and the
result for instruments and MMs is similar. We have that Ax = B,-1(,) and By = Cg-1()-
Since g: Qp — Q4 and f: Oc — Op, we have that go f: Q¢ — (4. Hence:

Ar = Bg-1() = Cp1(41(2)) = Cigop) i)

Hence, A = (go f)(C). (d) We only need to prove thatif x — g and § — 7, then
a — 7. If o, B, 7y are of the same type, the « — 7 follows from (c). Suppose A, B € O(H),
Z cIn(H)and A — B, B— Z. Then, A — B — Z and these are the same type so A —
and hence, A — 7. Suppose A € O(H) Z,J € In(H) and A -+ 7,7 — J. Then, A—T
and Z — J. By (a), we have 7 — J. Since A,Z, J have the same type, A — J and hence,
A — J.Suppose that A — T and Z — M. Then, A — ZandZ — M. By (a) Z — M
so A — ZTand Z — M™". Since these are the same type, we have that A — M"" so
A — M. Similar reasoning holds for the cases Z -+ J — M and Z — M; — M.

() IfA € OH), T € In(H) and A — 7, then A — 7Zso A = f(I) for some
surjection f: Q7 — Qu. By (b), we have that f(Z 7) = f(I)" so letting T; = f(I) we
have that A = f(Z)" = Z;. Hence, I — Z. If A — M, then A — M"". By (b),
A= f(MM) = [f(/(/l\)}A Letting Z = f(M M), wehave that A = 7,7 — M — M.

If Z — M, thenZ — M. By (b) T = f(M") = f(M)". Letting Z; = f(M), we have that
7= Il and Z; > M. O

For an entity &, we denote its set of parts by @ = {f: B — a}. We say that a set A of
entities coexist if A C 7 for some entity a. A coexistent set 4 C 7 is thought of as being
simultaneously measured by «. A related concept is that of joint measurability [14]. We say
that observables A’ € O(H) with outcome sets Q);, i = 1,2, ..., n are jointly measurable with
joint observable B € O(H) if Qp = (1 x - -+ x O, and for all x; € Q); we have:

AifZ{B(xl ..... i, xn>¢xj697'f7“} @

We interpret A as being the ith marginal of B as in classical probability theory [8,9,12].
Similar definitions can be made for the joint measurability of instruments and MMs.

Theorem 2. A set of observables Al € O(H),i=1,2,...,nis jointly measurable if and only if
the A' coexists.

Proof. If {Ai: i=1,2,...,n} arejointly measurable, there exists a joint observable B €
O(H) satisfying (4). Defining f;: Qp — Qi by

fi(xl/---/xi,...,xn) = X;

fori =1,2,...,n, thenby (4), we have that A;i = Bfi—l(xi) forall x; € Q). Hence, A’ = fi(B),

i=1,2,...,n 50 { A’} coexist. Conversely, suppose that { A’: i =1,2,...,n} coexist so
there exists an observable C € O(H) such that Al € CN,’, i=1,2,...,n. We then have
surjections f;: Q¢ — Q4. such that Al = fi(C),i=1,2,...,n. Define Qp = Oy x - -- x Qy,
a surjection h: Qc — Qpby h(y) = (f1(y),..., fu(y)) and let B=h(C). Fori=1,2,...,n,
we obtain:

Al =Cpyy = Z{Cy: fiy) = xi}
_Z{C W) =A{x1,. X ) xj € Q) f £}
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=Y {Cy: h (X1, Xy xn): X € Q,j #0}
= Z{Chfl(xl,...,x,v,..‘,m: X €0 #i}
~ Z{h(@ (etrin) X € Oy 1
—Z{ i xJEQ],]#z}
Thus, (4) holds so { A’} are jointly measurable. [

Theorem 2 also holds for instruments and MMs. An important property of coexistent
entities is that they have joint probability distributions ®, for all p € S(H). For example,
if A,B € O(H) coexist, then A = f(C), B = g(C) for some C € O(H). Then, for any
X C Oy, Y C Qp, the joint probability becomes:

y(Ax,By) =tr[p Y {Coiz € FHX) N M }] = tr]pCra g1

As another example, if A,B — Z, then A,B — TsoA = f(f), B = g(f) for
surjections f, g. We then obtain:

®,(Ax, By) = tr [Pfffl(X)mgfl(Y)] =tr [Iffl(X)ﬂg*m (p)]

We can continue this for many coexistent entities. Moreover, the entities do not need
to be of the same type. For instance, suppose A,Z — J where A = f(J ) and Z = g(7).
Then, we have that:

@, (Ax, Iy) = @, [f(j)xrg(J)Y} = [jffl(X)/Jgfl(Y)]
=t [T (g1 1) (0

For A € O(H), we define the probability distribution CD;? (X) =tr(pAx) forall X C Qy,
p € S(H). In a similar way, if Z € In(H), we define CID%(X) = tr[Zx(p)] and if M is a
MM, then ®)1(X) = @(X).

Lemma 1. If « is an entity and f: Qu — Q) is a surjection, then ®f(®) “o fL

Proof. We give the proof for A € O(H) and the proof for other entities is similar. For x €
Qy, p € S(H) we obtain:

®) M (x) = tr[pf(A)] = tr [pAf o] =t [pZ{Ay fy) = x}]
= LAt (pAy): f) =x} = L{@f 0): f) =«
=[] = cb;;‘ of (x)

The result now follows. [

We now consider sequential products of observables.

Theorem 3. If A,B € O(H) and h: Qp — Q) is a surjection, then A, (B | A) and A o h(B) are
parts of A o B.

Proof. Defining f: Q4 x Qp — Q4 by f(x,y) = x we have that:

f(A0B)x = (A0B)p1(y =Y {(A0B) ) f1,2) =%} = L (A0 B)yy

zeQp



Symmetry 2021, 13,1031

7 of 19

- ZAXOBZ:AXO:l:AX
zeQp

Thus, A = f(AoB)so A — AoB. Defining g: Q4 x Qp — Qpby g(x,y) =y
we obtain:

g(AoB)y = (AoB), 1, =2{(A 0 B)(xz): §(%,2) = y} = Y (AoB)yy

xeQy
xeQy

Hence, (B| A) =g(AoB)so(B|A) — AoB. Defining u: Q4 x Qp — Q4 x Qby
u(x,y) = (x,h(y)) we have that:
[u(A©B)](xy) = (A0 B)y1(xy) = (A0 B) (1)) = Ax 0 Byagy)

= Ay oh(B)y = [Aoh(B)] ()

It follows that Ao h(B) = u(A o B). Hence, Aoh(B) = AoB. O

Some results analogous to Theorem 3 hold for other entities.

Example 1. We consider the simplest nontrivial example of a sequential product A o B of ob-
servables. Let A = {ag,a1}, B = {bo, b1} be binary (diatomic) observables. Then, Q.p =
{0,1} x {0,1} and:

AoB={agobya;oby,agoby,aiobr}

Except in trivial cases, A o B has precisely the following nine parts to within equivalence:
AoB,{agoby, a1 +agobi},{a;oby,a0+ajobi}, {agoby, a1 +agoby}

{ayoby, a0 +ay o by}, {ag o by +ay o by,ag o by +ay obi}, {ag, a1}
{ago by +ayoby,a;obg+agobr}, {1}

Notice that the sixth of the parts is (B | A) and the seventh is A as required by Theorem 3.
Each of the parts is a function of A o B. The parts listed correspond to the following functions
£i:{0,1} x {0,1} — {1,2,3,4},i =1,2,...,9 (Table 1). O

Table 1. Function values.

Function (0,0) (0,1) (1,0) (1,1)
fi 1 2 3 4
f 1 2 2 2
f 2 2 1 2
fa 2 1 2 2
fs 2 2 2 1
fo 1 2 1 2
fr 1 1 2 2
fs 1 2 2 1
fo 1 1 1 1

Example 2. Similarly to Example 1, for the two binary instruments T = {Zo,I1 }, T = {Jo, J1},
we have the instrument Z o J with Q7,7 = {0,1} x {0,1} and:

ToJ ={ZooJo,TroJo,Zoo J1,T10o J1}
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The nine parts of T o J to within equivalence are:

IO j,{zoojo,z-o Ojl +Il OC]},{Il OjO/Il Ojl +Ioocj}
{Zoo J1,Zoo To+Z10Cs}, {10 J1,Z10 Ty +ZooCs},{Cz 0 Jp,Cr 0 T1}
{ZooCyq,Z10Cq}, {Zoo T+ Lo J1,ZioJo+Zoo J1},{C10o7}

As in Example 1, the sixth part is (J | I), however, unlike the observable case, the seventh
part is not L. In fact, unlike that case, T is not a part of (Z o J). O

If A € O(H), the corresponding Liiders instrument L4 € In (H) is defined by Q4 =
04 and L4(p) = AY?pAY? for all p € S(H). It follows that [15]:

LR(p) = 1 AYV?pA?

xeX

forall p € S(H), X C Qu. It is easy to check that (£4)" = A. Hence, for B € O(H),
we have that B — £ if and only if B — A.

Theorem 4. (a) £LA°B = £A o LB if and only if AxB, = B,Ax forall x € Qu, y € Qp;
(b) (LABYN = (LA 0 LB)N = Ao B; (c) An observable C satisfies C — L4 o LB if and only if
C— AoB.

Proof. (a) Forallp € S(H), (x,y) € Q4 x Qp we have that:
(L4 0 L%) () (0) = L3 (L2(0)) = £5(AY20AY?) = B2AYpAY?BY? (5)
On the other hand:

(L2 () () = (A0 B)Y2 p(A0 B)I/2) = (Ay o B)/2p(Ay 0 By)'V?
— (Ach/szA}c/2>l/ZP(A}C/ZByA}C/2>l/2 (6)
If AxBy = By Ay, we obtain:

(EAOB)(x,y) (P) _ (AxBy)l/ZP(AxBy)l/z _ B;/ZA}C/ZPA}(/ZB;/Z
= (‘CA O‘CB)(x,y) (P)

so that £4°B = £4 o LB. Conversely, if £L4°B = £4 o L5, letting p = 1 1 where n = dim H,
we obtain from (5) and (6) that:

By o Ay = B2 AB}/> = AY?B,A/* = A, 0 B,
It follows that ByAxy = AyxBy forall x € Qy4,y € Qg [7]. (b) We already pointed out
that (£4°B)" = A o B. To show that (£4 o £B)" = A o B, applying (5) gives:

tr[p(£4 0 £8), ) | = tr [(£4 0 £9) ) (0)] = tr (0AY/2B,AL2)

tr (pAyoBy) =tr [p(A o B)(x,y)}
Hence, (L4 o LB)" = Ao B. (c) This follows from (b) and Theorem 1(a). []

Example 3. We saw from Theorem 4(b) that (L4 o LBYN = (L) o (LB)". We now show
that (Z o J)" # T o J in general. Let 6, € S(H) and A,B € O(H). The instruments
Ty(p) = tr (0Ax)é and Jy(p) = tr (0By)y are called trivial instruments with observables A, B
and states 0, 7y, respectively, [2]. We have that:
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tr (pZs) = tr[Zx(p)] = tr [tr (0A+)d] = tr (pAy)
Hence, T = A and similarly 7 = B. For all p € S(H) we obtain:
t[o(To T)yy] = o[(To )y (0)] = 0[T(Telp))] = [Ty (tr (042)9)]
= tr (pAx)tr [Jy(8)] = tr (0Ax)tr [tr (6B,)7]
= tr (0Ax)tr (6By) (7)
On the other hand: L
tr [pIx o jy] =tr (0Ayx o By) (8)
_ Since the right hand sides of (7) and (8) are different in general, we conclude that (Z o J )N #£
ZoJ. O

We saw in Theorem 4(a) that £4°B £ £4 o £B, in general. The following lemma
shows they can differ in a striking way.

Lemma 2. If Ax = |¢x) (¢x| and B, = |9y ){(ipy| are atomic observables on H, then for all p €

S(H), there exist numbers Ay, (p) € [0,1] with ¥ Axy(p) = 1 such that Eé{oﬁ (0) = Axy(p) Ax
Xy !

and (L4 o EB)(W) (p) = Axy(p)By forall (x,y) € Qa x Q.
Proof. For all p € S(H) we have that:
(L% 0 L)y (p) = L5 (£L()) = ByAxp AsBy
= [9x)(y] |62) Pxlolp) (@l [9y) (W
= [(fx )" (92,09} By

Since:
AxByAs = 192) (@] |9y) 9y [02) (0x] = [P, )| Ax
we obtain:
(AxByAx)'? = [(¢x, 9y)| Ax
Hence:

(ﬁAOB)(x,y) (p) = (AxByAX)l/zp(AxByAX)l/z = |<¢x/ ¢y>|2<¢x/P¢x>Ax

Letting Axy, (p) = (¢, ¢y) ‘2<¢x,p<px>, the result follows. [

4. Composite Systems

Let H; and H; be Hilbert spaces with dim Hy = ny and dim Hp = n,. If Hj, H, repre-
sent quantum systems, we call H = H; ® Hj a composite quantum system. For a € £(H),
we define the reduced effects a' € £(Hy),a> € £(H,) by a® = n% tro(a), a® = n% tri(a). We
view a' to be the effect a as measured in a system i = 1,2. The map a ~ a' is a surjective
effect algebra morphism from £ (H) onto £(H;) and similarly for a + a? [6,7]. Conversely,
ifae E(Hy),beE(Hy), thena®b € E(H) and:

(a®b)! = % tro(a®b) = nlz tr (b)a
Similarly, (a ® b)? = n% tr (a)b. It follows that:

1o 231 _ 1 2\,1
(@' ®a”)' = ;- tr(a*)a
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and

1o 22 _ 1 1,2
(a8 ®a%)" = ;-tr(a)a

An effecta € E(H) is factorized if a = b® c for b € £(Hy), c € E(Hy) [2].

Lemma 3. Ifa € £(H) with a # 0, then a is factorized if and only if:

_ i
~ tr(a)
Proof. If (9) holds, then a is factorized. Conversely, suppose a is factorized witha = b ® c,
b€ E(Hy), c € E(Hy). Then,al = niztr (c)b and a> = n%tr (b)c. Hence, b = 2. a' and

tr(c)
c= trn(lh) a%. We conclude that:

at @ a? )

nn nn
g = M2 12 M

) 7" T )

adwa® O

Corollary 1. Ifa € £(H), then a = a' ® a® ifand only ifa = O ora = 1.

Proof. If 2 = 0 or a = 1, then clearly a = a' ® a®>. Conversely, if a = a! ® a2, then by
Lemma 3,4 = 0 or tr (a) = nyny. In the latter case, a = 1. O

An effect is indecomposable if it has the form a = Ab where 0 < A <1 and b is an atom.

Theorem 5. Let a € £(H) be an atom a = Py where H = Hy ® Hy: (a) a is factorized if and
only if a' and a® are indecomposable; (b) We can arrange the nonzero eigenvalues a1, as, . . ., &y
ofa1 and the nonzero eigenvalues B1, B2, ..., Bn ofa2 so that a; = % Bi,i=1,2,...,n. Hence,

if n1 = ny, then the eigenvalues of a' and a? are identical.

m

Proof. The unit vector ¢ € H has a Schmidt decomposition ¢ = )} Aj; @ ¢;, A; > 0,
i=1

Yy )\iz = 1. We have that:

a =[P}l = [ A @ o) (LA ® 5 = L Aijls @ i) (9 @ ¢
L
=Y A (] © |¢i) (9]

ij
Hence:

al = ;b tra(a) = 5o Y Aidjtea ([ (gy| © 1) (9y])
ij

= 55 LAl (9] = 5 Yo ATPy, (10)
i

and similarly:
a? = ,}7 Y AP, (11)

Now a is factorized if and only if ¢ is factorized which is equivalent to m = 1 and

P = yn ® ¢1. Applying (10) and (11), we conclude that a is factorized if and only if
1

al = L A3Py, and a* = n% A3Pp,, in which case a' and 4? are indecomposable. This

2
completes the proof of (a). To prove (b), we see from (10), (11) that the eigenvalues of al, a?

).
are q; = niz A?and B; = nll A?. 1t follows that a; = Z—; Bi. O
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If A € O(H; ® Hy) we define the reduced observables A' € O(H,), A2 € O(H,) by
={Al:xeQu} and A% = {A3: x € Q4 }. Note that A'(A?) is indeed an observ-
able because:

Z A}C: Z %trz(A tr2< Z A ) :%ztrZ(ll@lZ):ll

xeQy xeQy xeQy

Lemmad4. If A € O(H; ® Hp) and p; € S(Hy), then:

Al
cI)P qDPl ®1p /1y

Proof. For X C ()4 we have that:

4 (X) = tr (1 A}) = tr |1k tro(Ax) | = L trprtrs(Ax)]
= Lt [Ax(or ©12)] = tr [ (01 ® £ 12) Ax| = Ppyen,/m (X)
The result now follows. O

In a similar way:
A2 -
q> cI>11 /n1®p2

For A € O(H;), we define the A-random measure on Q4 by
A 1 A
pAX) = fr(Ax) = o (3 Ax) = 1), (X)

forall X C Q4. Thus, u4 is the distribution of A in the random state 1, /n. If A; € O(H),
Ay € O(Hy), we define the composite observable:

B(x,y) =A1x® A2,y € O(H1 & Hz)

In this case, Qg = O 4, X Qu, and for Z C g, we have that:

Hence, Bxyy = A1, x ® Ay y.

Lemma5. BY , = yAZ(Y)ALX and B% ., = 1 (X)Ayy.

’

Proof. Forx € Q4,, y € Qa, we obtain:

B%x,y) = n%trz[B( y)} tI‘z(A1x®A2y) (AZy)Alx
Hence:

By = = tr(Agy)Arx = u™(Y) Arx
The second equation is similar. [

A transition probability from O to (O isamap v: O x Oy — [0, 1] satisfying Y- vy, =1
yey
for all x € (1. (The matrix [I/xy] is called a stochastic matrix.) Let A € O(H;) with outcome-

space ()1 and let v be a transition probability from ()4 to ). Then, (v+ A), = ZQ VyyAx
xel)

is an observable on H; with outcome-space (), called a post-processing of A from (); to
0 [12]. If we also have B € O(H,) with outcome-space ()3 and y a transition probability
from )3 to ()4, we can form the post-processing y « B.
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Theorem 6. (a) (v + A) ® (4 = B) € O(H; ® Hy) with outcome-space Qy x Q4 and is a
post-processing a + (A @ B) from Oy x Qg to Oy x Qy where a((x,7), (y,s)) = Vaypirs; (b) If
A€ O(H @ H,), then (v+ Al =ve+Aland (v+ A)? = v+ A2

Proof. (a) Themap a: (31 X Q3 — )y x ()4 is a transition probability because &(( >
0 and:

x7),(y,5))

Z X((xr)(ys) = vay.urs =1
(y,5)€EMx Oy ys

Moreover, (v + A) @ (i » B) € O(H; ® Hy) with outcome-space () x )y and we
have that:

[(veA)@ (- B)](ys = (v A)y @ (u-B)s

= ( E nyAx> ® ( Z ,UrsBr>
xe reQ)s
= Z 2 ny,ursAx® B,

xe reQ
= ;“«x,r),(y,s))f‘x ® B, =[x+ (A®B)]y)

Hence, (v+A)® (p+B) =a+ (A® B). (b) This follows from:

1
(ve A); = (vayAx> = nl*z tro (vayAx> = ,%2 vaytTZ(Ax)
X X X
= ZnyA}c =(v- Al)y
x

That (v + A)? = v+ A% is similar. [

We have seen in Theorem 2 that coexistence is equivalent to joint measurability. This is
used in the next theorem [13].

Theorem 7. (a) If A1, B1 € O(Hy) coexist with joint observable C1 and Ay, By coexist with
joint observable Cy, then A1 ® Aj, By ® By coexist with joint observable C = C1 @ Cy; (b) If
A, B € O(H; ® Hy) coexist with joint observable C, then A', B coexist with joint observable C*
and A2, B2 coexist with joint observable 2.

Proof. (a) We write Cy () for (x,y) € Qa, x Qp, and Cy (s for (x',y') € Qu, x
Qp,. Then:
Clepary) = Clin © oy

and we have that:

(Z) Cluyary) = Zyl Chixy) @ 2 Co ) = Aty @ Ag e = (A1 @ A) (01
vy y

Moreover:

Z) Clayay) = ;Cl,(x,y) ®) Coxy) = Biy @By = (B1 @ Ba) )
x/

(2, x

and the result follows. (b) Forall (x,y) € Q4 x Qp, we obtain:

1

_ 1
- Etrz

Ay =

Zc(x/y)l - Z{nlz tr (C(x,y))]
y y

Z C(x,y)
y
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_ 1
=L Cley)
Y
Similarly, B; =3, C%x ) SO Al, B! coexist with joint observable C!. The result for
A2 B?issimilar. O

For an instrument Z € In (H; ® Hy) on the composite system, the reduced instrument
on system 1 is defined by [9,10]

Ti(01) = 5 tra[Ze(p1 @ 1))
for all p; € S(Hy), x € Q7. Similarly:
I (p1) = - tr1[Ze(11 ® p2)]
forall p; € S(Hp), x € Q7.
Theorem 8. (Z1)" = (Z)! and (1?)" = (T )~
Proof. For all p; € S(Hy), we have that:
tr [pl(f)}(} =Lu [pltrz(f)x] = Lu [(pl @12)@}
= Lt [Lupr © 1)) = tr [ZHor)| = tr [p2(Z1)7]
We conclude that (Z1)" = (Z)! and similarly, (Z2)" = (Z)2. O
For 7 € In (H;) we define the Z-random measure on Q7 by
pE(X) = - tr[Tx(1h)]

ForZ; € In(Hy), Z» € In(H;) we define J = 71 ® Z, € In (H; ® Hp) with outcome-
space Qz; x Oz, by J(y ) = T1,x ® Ipy. It is easy to check that 7 is indeed an instrument.

Theorem 9. Let J = 7; ® I € In(H; ® Hp). (a) j(lx,y) (01) = w2(y)I1x(p1) for all
p1 € S(Hi)and T2 (02) = W7 (x)Tay (2) for all p € S(Hy). (0) (L1 © L) = 11 © I,

Proof. (a) Forall p; € S(H;) we have that:
Tl (1) = 7= tra Mx,y) (01 ® 12)] = tr2[T1x @ Doy (p ® 1)]

(xy)
= o tra[T1a(01) @ Toy(12)] = 5 tr [Toy(12)] Zix(01)
= 12(y)Tix(01)

Similarly, j(ley) (p2) = wh(x)Ioy(p2) for all p; € S(H,). (b) Forall p; € S(Hy),
02 € S(H) we have that:

tr [pl ®p2(T1 ® Iz)fw)} = tr[T1,, © oy (01 ® p2)] = tr[Z1x(p1) ® Toy(p2)]
= tl‘[Il,x (pl)]tl‘ [IZ,y (PZ)] = tr [p1f1,x} tr {PZfZ,y}

= tr [pl ®p2(T1x ® fz,y)}

and the result follows. O
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A Kraus instrument is an instrument of the form Z,(p) = SxpS} where ) SiS, =1,
X

x € Q7. The operators Sy are called Kraus operators for Z [5].

Lemma 6. Let 7y € In(Hy), Io € In(Hy) be Kraus instruments with operators Sy, S2,,
respectively. (a) J = Iy ® I is a Kraus instrument with operators Sy, ® Spy; (b) J L 72 are
Kraus instruments with operators:

" 1/2
T(x,y) = [% tr (SZ,ySZ,y)} Sl,x

1 * 172
Ry = [rTl tr(sl,xsl,x)} S2y
Proof. (a) Forall p; € S(Hy), p2 € S(Hz) we have that:

Tixy)(P1 @ p2) = (L1,x X Do) (01 @ p2) = L1,x(p1) ® Loy (p2)
= 5140151 x ® S2y0253,
= 51x ® Sa(01 ®02)571, ® S;,

and the result follows. (b) For p € S(H;) we obtain:

Ty (01) = 7t [Toy(12) | i (01) = 5 t1(S24455,) 51,4017 ¢

This can be considered to be a Kraus instrument with operators T(, ;) given above.
The result for J2 is similar. [

Notice that a Liiders instrument defined by £ (p1) = AV 2p1 AY? for all p1 € S(Hy)
is a particular case of a Kraus instrument with operators A}/ 2 [15].

Corollary 2. Let A € O(Hy), B € O(H,): (a) L © L = cﬂf@?, (b) (L @ LP)! /:(ny)

where C = 111—2 tr (By) Ay and (L4 ® E’yg) = E?x/y) where D = @ tr (Ax)By.

We say that a Kraus instrument 7 € In (H; ® Hj) with operators Ry is factorized if
Ry = Sy ® Ty for all x € Q7. We conjecture that if Z € In (H; ® H,) is Kraus, then Z! and
72 need not be Kraus. However, we do have the following result.

Lemma 7. IfZ € In (H; ® Hy) is Kraus and factorized, then I and I? are Kraus.
Proof. If the operators R, for Z satisfy Ry = Sy ® Ty, then for all p; € S(H;), we have that:

Iy(p1) = n%tl‘z[zx(Pl ®1p)] = nl 2[Re(p1 ® 12)R}]
= (S © Tu(01 ©12)S5 © Ty
= o tr2(520185 @ TuTy) = o tr (To ) Sxp1 Sy
1/2
Hence, 7! is Kraus with operators {nl—z tr (TxT;)] Sy. Similarly, 72 is Kraus with
1/2
operators [n% tr(Sij;)} Ty.

We do not know if the converse of Lemma 7 holds. We now consider trivial instru-
ments (see Example 3).

Lemma 8. Let 77 € In (Hy), Z; € In (Hy) be trivial instruments with:

Tix(p1) = tr(p1Ax)a, Tpy(p2) = tr (02By)B



Symmetry 2021, 13,1031

15 0of 19

(@) 7y ® I € In(Hy ® Hy) is trivial with observable A ® B and state a @ B (b) (I; ® Ip)},
(Th ® I,)? are trivial with observables uB (y) A, u (x)B, and states w, B, respectively.

Proof. (a) Forall (x,y) € Qz, x Qz,, p1 € S(Hy), p2 € S(Hz), we have that:

(T1 ® Ip) (x) (1 ® p2) = T1,x(p1) ® Lo y(p2) = tr (p1Ax)a @ tr (02By) B
tr (01 Ax)tr (02By)a @ B = tr (01Ax ® p2By)a ® B
=tr (01 ®P2A® B(y,))a® B

The result now follows. (b) This follows from:

(Th ®I2)%x,y) (p1) = nl 12[Z1x @ Ipy (01 @ 12)] = n% tra[Zhx(01) © Ipy(12)]
= 5 1 [T2y(12)] 1, (01) = 755 tr [tr (12By) B tr (01Ax)a
& tr (By)tr (01 Ay )a = tr [91;4 (y)A }vc

and similarly:
(L@ L)}, ) (02) = tr [p2n (0)By|B O

Lemma 9. Let 7 € In (H; ® Hy) be trivial with T, (p) = tr (0Ay)a. (a) I, I? are trivial with
observables AL, A% and states tr(w), tr1(a), respectively; (b) Letting J = I' ® I? we have
that J is trivial with observable A' @ A? and state tr,(a) ® tr(«). Moreover, j(lx g = T} and

\7(2x’y) = 1Ij forall (x,y) € Q.
Proof. (a) Forall p; € S(Hp) and x € Q)7, we have that:

Iy (p1) = o tra[Ze(o1 @ 12)] = o tra{tr [(p1 © 12) Ay}
=5t @ 12)A Jtri(a) = o trltro(Ax)pi]tro(a)

tr
= tr [p1 & tra(A0)|tra(a) = tr(p1A})tra(w)

Similarly, Z2(py) = tr (02A2)tr1(a) so the result follows. (b) This result follows from
Lemma 8(b). O

We now consider MMs for composite systems. A single probe MM on H = H; ® Hj
has the form M = (H, K, 1,v, F) as defined before. As discussed earlier, M € In (H) is the
instrument measured by M. Then, M! € In (H;) and for p; € S(H;), we obtain:

—

Milpr) = & tro[Ma(pr ©15)]
= {trk V(e ® L @ 1) (L @ L @ F)l} (12)
We have a similar expression for M2 € 1In (Hy).
Corresponding to M, we define the reduced MM My = (Hy, K, 5,v1, F) where 11 €
S(H; ® K) is given by
vi(o1 @1) = - tra[v(p © 1 @7)]

We then have for p; € S(Hj) that:

Mix(p1) = trg[vi(pr @ 17)(11 @ Fy)]
= - tr{tra V(o ® L ®@y))(1h ® F)} (13)
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Similarly, we define M, = (Hy, K, 11,1, F) and an analogous formula for M ». Notice
that (12) and (13) are quite similar and they are essentially an interchange of the two partial
traces. We now show that they coincide.

Theorem 10. (a) Let Hy, Hy, H3 be finite-dimensional Hilbert spaces and let A € L(H; ® Hy ®
H3), B € ,C(Hg) Then:

troftr3(A(ly ® 12 ® B))] = tr3[(tr2(A)) (11 @ B)] (14)
(b) M\l = M\1 and M\Z = M\z.
Proof. (a) First suppose that A = A1 ® Ay ® Az is factorized. We then obtain:

traftr3(A(l; ® 1, ® B))] = traftr3 (A1 ® Ay ® A3(1; ® 1, ® B))]
= trptr3(A; ® Ay ® A3B)]
= trp[A; ® Astr (A3B)] = tr (A3B)tra(A; ® Ap)
= tr (A3B)tr (A2) A1 = tr (A)tr3(A; ® A3B)
= tr3[tr (A2) (A1 ® A3)(1; ® B)]
= tr3[(tra(A;1 ® Ay ® A3))(1; ® B)]
= tr3[(tr2(A)) (1, ® B)]

Hence, (14) holds when A is factorized. Since any A € £(H; ® Hy ® H3) is a linear
combination of factorized operators, (14) holds in general. (b) Letting A = v(p1 ® 1, ®17),
B = Fy and K = Hj in (14), we conclude that (12) and (13) coincide. Hence, M! = M;

—

and similarly, M2 = M,. O

We considered single probe composite MMs. We now briefly discuss general com-
posite MMs. Let M; = (H;, K;, 15, v, F;), i = 1,2 be two MMs. Define the unitary swap
operator [2]:

U: H ®@Hy®K; ® Ky - H @ K1 ® Hh ® Kp
by
U1 @ @Y1 @¢ha) = 1@ 1 @2 @ ¢
We now define the channel v; ® 1, € C(H; ® H, ® K1 ® Kp) by
V1 @va(01 @ p2 @11 @ 112) = U [vi (1 @ 172) @ va(po2 @ 112)]U (15)
The composite of My and M is declared to be:
M=Mi@M;p=(H ®Hy, K1 ®Kp, 11 @ 2,11 V2, F; @ F)
For p € S(H; ® Hp), we have that:
M\(x,y) (0) = trgor, (V1 @12(e @M @) (11 @12 @ Fi @ Fy)] (16)
The next result shows that M has desirable properties.

Theorem 11. (a) For p = p1 ® p2 € S(H; ® Hy) we have:

o~

My (p) = Mix(p1) ® May(p2)



Symmetry 2021, 13,1031

17 of 19

(b) definin MY and M? in the usual way, we obtain:
8 Y,

o~

M%x,y) (p1) = 3 tr [M\Z,yOZ)]M\l,x(Pl)
and:

Me, ) (02) = - tr [/\71,;&11)} Moy (p2)

fOT’ all 01 € S(Hl), 02 € S(Hz)

Proof. (a) Applying (15) and (16) we obtain:

—

Mz (P)
= trg ek, (U v1(01 @ 1) @ va(o2 X 112) U(11 @ 12 @ Fy @ Fry)]
= trgeK, [V1(01 © 1) @ 12(02 @ 112) U(11 @13 @ Fyx @ B, )U¥]
=trgtrg, [Vi(o1 @ 1) @ 1(p2 @ 12) (11 @ Fiy @1, @ )]
=tri,tri,[vi(o1 @71) (11 @ Fix) Q202 @ 112) (12 @ Fpy)]
= M\l,x (01) ® M\Z,y (02)

(b) For p; € S(H;) we have that:

M%x,y) (p1) = nl—z tro [M\(x,y) (1 ® 12)} = nl—z tro [M\l,x(Pl) ® ./T/l\z,y(lz)}
= &t [Ny (12) | Mia(pr)

The expression for M? is similar. [

5. Concluding Remarks

In this article, we only considered finite-dimensional Hilbert spaces. One reason for
this was to avoid various measure theoretic details and thus greatly simplify the exposition.
A second reason was that the direction of quantum investigations has largely changed
over the last twenty years. This modern research is mainly concerned with more practical
matters involving quantum computation and information theory [2-4,13]. Although it is
restrictive to only consider finite-dimensional Hilbert spaces, the resulting structures are
general enough to include these modern theories. Nevertheless, with more work, many
of our results extend to the infinite-dimensional case. For example, in this situation, an
observable is defined as an effect-valued measure A: B(R) — £(H), where B(R) is the
collection of Borel subsets of R [1-3]. If B: B(R) — £(H) is another observable, we can
define their sequential product A o B: B(R?) — £(H) by

AoB(X xY) = A(X)oB(Y) (17)

for all X,Y € B(R). Some measure theoretic details are required to show that A o B
as defined in (17) for product sets X x Y extends to an effect-valued measure on B(RR?).
In a similar way, we define an instrument as an operation-valued measure on B(R). Just
as we did before, an instrument Z measures a unique observable Z. Moreover, it is
straightforward to define measurement models for infinite-dimensional Hilbert spaces.
One can define parts of observables in a natural way and employing measure theory,
Theorem 1 extends to infinite-dimensions. We leave it to the reader to check which other
theorems extend.

We now summarize the main results of this article. The basic concept of our work is
an effect a € £(H). An effect represents the simplest type of experiment in which the result
of a measurement is either yes or no (also called true or false). An example would be to
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flip a switch: a light either goes on or does not go on. An observable A corresponds to a
more complicated experiment that has a finite number of possible outcomes x € (4. If a
measurement of A results in outcome x, then the effect Ay is true (has answer yes) and
otherwise Ay is false (has answer no). If our underlying physical system is in a state p €
S(H), then the probability that a measurement of A results in outcome x is given by Born’s
rule tr (0Ay). Various physical apparatuses may be employed to measure an observable A.
The most common of these is Z = {Zy: x € Q 4} where Zy: S(H) — S(H) is a completely
positive linear map. We say that Z measures the observable A if tr [Z(p)] = tr (0Ax). Thus,
7 and A have the same probability distribution. However, Z gives more information
than its unique measured observable 7 = A because Z determines the updated state
Z(p)/tr (0Ax) when A has outcome x.

Finally, we have the concept of a finite measurement model (MM) given by
M = (H,K,1,v,F). In this case, H is the Hilbert space describing the system being ob-
served and K is the Hilbert space describing the measuring apparatus which is in the
initial state 7 € S(K). In order to perform the measurement, the two systems interact,
which is described by the tensor product H ® K and a channel v on H ® K. The initial
state p € S(H) of the observed system combines with # to form the state p @7 € H® K.
This state is sent through the channel v and the probe observable F € O(K) is applied to
give a measurement outcome. The model M measures a unique instrument MeIn (H)
given by

Mx(p) = triv(p@n)(1 @ F)]

and a unique observable M2 € O(H).

We defined a function A = f(B) of an observable B and call A a part of B. We can then
think of A as being obtained from B by piecing together parts of B. This concept is extended
to parts of instruments and MM'’s. Theorem 1 shows that parts are preserved under mea-
surements. For example, f(Z ) = f(Z)" for all instruments Z and f(M ) = f(M)" for all
MM'’s M. We then consider the coexistence of observables and Theorem 2 shows that ob-
servables coexist if and only if they are jointly measurable. We next introduce the concepts
of sequential products A o B and conditioning (B | A) of observables A,B € O(H). We
interpret A o B as the observable obtained by first measuring A and then measuring B and
(B | A) as the observable B conditioned on first measuring the observable A. Theorem 3
shows that A, (B | A) and A o f(B) are parts of A o B. Sequential products of instruments
are also discussed. For an observable A € O(H), we consider the corresponding Liiders
instrument £4 € In (H). Theorem 4 shows that £4°8 = £4 o £8 if and only if A and B
commute. Moreover, (£4°B)" = A o B and C is a part of £4°8 if and only if C is a part of
AoB.

Section 4 considers composite systems H = Hy ® Hyp. If a € £(H), we define the
reduced effects a' € £(Hy), a*> € £(H,), where a' is thought of as the effect as measured in
the system H;, i = 1,2. This concept is extended to the reduced observables A’ € O(H;),
i =1,2 for A € O(Hy ® Hy). Theorem 6 proves results concerning post-processing
for composite systems and Theorem 7 shows that coexistence is preserved on taking
tensor products and under reducing observables. Reduced instruments Z' € In (H;),
i=1,2,forZ € In(H; ® Hy) are also defined and Theorems 8 and 9 show (among other
things) that (Z1)" = (Z)', (Z%)" = (Z)? and () ® T,)" = T; ® I,. Finally, we consider
MM’s for composite systems. A single probe MM on H = Hj ® Hj has the usual form
M = (H,K,,v,F). Then, for p; € S(H;), we obtain M ! € In (H;) given by

Mi(pr) = it tro{trk[n(p1 ® 1@ 1) (11 © 1 @ Fo)]} (18)

where n; = dim Hy. There is a similar expression for M2 € In (Hy). Corresponding to
M, we define the reduced MM given by M1 = (Hy,K,n,v1,F) where v; € S(H; ® K) is
given by

vi(or @1) = - trav(or ® 12 @ 7))
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We think of M; as the MM M as measured by the H; system. We then obtain:
Mi(p1) = 2 tric{tra[v(or @ 1 @ )] (1 ® F)} (19)

Similarly, we define M, = (Hy, K, 17,1, F) and obtain an analogous formula for M\z.
Now, M 1 and M , essentially represent the same object and (18), (19) are quite similar.
In fact, Theorem 10 shows that they coincide. This paper closes with a definition of a
general composite MM and Theorem 11 shows that this definition has desirable properties.
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