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Abstract: In this paper, using weight functions as well as employing various techniques from real
analysis, we establish a few equivalent conditions of two kinds of Hardy-type integral inequalities
with nonhomogeneous kernel. To prove our results, we also deduce a few equivalent conditions of
two kinds of Hardy-type integral inequalities with a homogeneous kernel in the form of applications.
We additionally consider operator expressions. Analytic inequalities of this nature and especially
the techniques involved have far reaching applications in various areas in which symmetry plays a
prominent role, including aspects of physics and engineering.
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1. Introduction

In 1925, by introducing one pair of conjugate exponents (p, q), Hardy [1] established a
well-known extension of Hilbert’s integral inequality as follows.
Hp>1,5+1=1,f(x)8(y) >0,

0</ fP(x)dx < co and 0</ g1(y)dy < oo,
0 0

I dedy < e (/Om f ”<x>dx) % ( I gw)dy) Lo

where the constant factor

then:

m is the best possible.

Inequalities (1) as well as Hilbert’s integral inequality (for p = g = 21in (1), cf. [2]) are
important in analysis and its applications (cf. [3,4]).

Almost ten years later, in 1934, Hardy et al. proved an extension of (1) with the
general homogeneous kernel of degree —1 as k1 (x,y) (cf. [3], Theorem 319). The following
Hilbert-type integral inequality with the general nonhomogeneous kernel was established.

Ifh(u) > 0,¢(c) = [y h(u)u”du € Ry, then:
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/0°° /Oooh(x]/)f(x)g(y)dxdy
<o) ([ p(")dx);(./omgw)dy);f @

where the constant factor ¢( %) is the best possible (cf. [3], Theorem 350).
In 1998, by introducing an independent parameter A > 0, Yang proved an extension
of Hilbert’s integral inequality with the kernel Gt (cf. [5,6]). In 2004, by introducing

another pair of con]ugate exponents (7,s), Yang [7] was able to estabish an extension of (1)
with the kernel ——— ()\ > 0). In the paper [8], a further extension of (1) was proved along

with the result of the paper [5] with the kernel . Several papers (cf. [9-14]) provided

(y)

some extensions of (1) with parameters. In 2009, Yang presented the following extension
of (1) (cf. [15,16]).

If A1+ Ay = A € R = (—00,0), k)(x,y) is a non-negative homogeneous function of
degree —A, satisfying:

ka(ux, uy) = u=ky(x,y) (u,x,y>0),

and: -
k) = [k Dt du € Ry = (0,00),
JO

then we have:

/000 /Ooo ka(x,y)f(x)g(y)dxdy
) k<A1)</O N ) </ y11=ha)= g”(y)d]/>, @)

where the constant factor k()Ll) is the best possible.
For A =1,k)(x,y) = 7 LA, = %, (3) reduces to (1). The following extension
of (2) was proven:

x+y )\1

/Ooo /Oooh(xy)f (x)g(y)dxdy
< 4’((7)</0 xP(1=0) “LfP(x)d ) (/ yql o) gq(y)dy>1/ @)

where the constant factor ¢ (o) is the best possible (cf. [17]).

For o = %, (4) reduces to (2).

Some equivalent inequalities of (3) and (4) are considered in [16]. In 2013, Yang [17]
also studied the equivalency between (3) and (4) by adding a condition. In 2017, Hong [18]
proved an equivalent condition between (3) and a few parameters. Some similar results
were obtained in [19-28].

Remark 1 (cf. [17]). If h(xy) = O, for xy > 1, then:

1
#(0) = [ (T du = ¢1(0) € Ry,

and (4) reduces to the following Hardy-type integral inequality with nonhomogeneous kernel:
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/0 ) 8(y) ( /O % h(xy)f (x)dx> dy

< ¢i(0) ( /0 " yp-o)-1gp (x)dx> : ( /Ooo Yyt ed (y)dy> %, (5)

where the constant factor ¢1 (o) is the best possible.
Ifh(xy) = 0, for xy < 1, then:

(o) = /;oh(u)u”*ldu =¢y(0) € Ry,

and (4) reduces to the following kind of Hardy-type integral inequality with nonhomogeneous kernel:

| sw) ( /- h(xy)f(x)dx) y

< o) ([Tt ) ([Tt tga) ©)

where the constant factor ¢, () is the best possible.

In this paper, using weight functions as well as employing various techniques from
real analysis, we establish a few equivalent conditions of two kinds of Hardy-type integral
inequalities with the nonhomogeneous kernel:

| In xy|P
) +1 (B>-1,A>0).

To prove our results, we also deduce a few equivalent conditions of two kinds of
Hardy-type integral inequalities with a homogeneous kernel in the form of applications.
We additionally consider operator expressions. Analytic inequalities of this nature and
especially the techniques involved have far reaching applications in various areas in which
symmetry plays a prominent role, including aspects of physics and engineering.

2. Two Lemmas
For B > —1,A > 0, we set

_|Inulf
T

h(u) :

(u>0).

For o > 0, by the Lebesgue term-by-term integration theorem, we derive that:

1 1 (—Inu)f
. — oc—1 _ ) o1
ki(o) _/0 h(u)u du—/o A1 Y du
1 (o]
= /(—lnu)ﬁ Z(—l)kuk)‘“’*ldu
0 k=0
1 0
_ —Ilnu B u2i/\ _u(Zi-‘rl)?\ uo’—ldu
| (=) P )

= Z/ (_mu)ﬁ(uzm_u(21+1))x)u¢771du
i=07/0

— i(—l)k /01(—1nu)ﬁu“+‘771du.

k=0
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Setting v = (kA + o) (— Inu) in the above integral, we obtain:
00 (_1)k /oo B
k = —_— Fe=d
1(0) kgo(k/\—l—a)ls“.o vPe~do

- M) e, ”

where: -
[(n):= / o1 e %dv (7 > 0)
0
stands for the gamma function and:

k

£(s,0) = é (1(:31)5 (Re(s), a > 0),

which is a function very well known for its applications in analytic number theory.
ForO0 <o <A, u=A—0>0,settingv = %, by (7), we obtain that:

ko(o) @ = /100h(u)u‘7_1du
- [ [ G
= a1ty =l e ro ®)
In the sequel , we assume that p > 1,% + % =109, €R.

Lemma 1. If B > —1,0,A > 0, there exists a constant My, such that for any non-negative
measurable functions f(x) and g(y) in (0, c0), the following inequality:

| sw) l | ; m f(x)dx] ay
< M |:/0°° xp(l—tr)—lfp(x)dx] % |:/O°° yq(l—al)—lgq(y)dy] % o

holds true. Then, we have 01 = o, and My > k1(0).

1
o —0

xg+ﬁ710<x<l 0,0<y<1
X) = ¢ =, = 1 ,
fu(x) { 0,x>1 gn(y) y(rl o 1,y21

Proof. If o4 > o, then forn >

(n € N), we set the following two functions:

and deduce that:

1

]1 = |:/O xp(1_0>_1f1f(x)dx] ! |:/0 yq(l—(fl)—ng(y)dy} q —n

Setting u = xy, we obtain:
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_/ (/} |1n)xy| 0 )
-l )

® la—o)—1- / —lnu)? Wl
/1 Yy 'dy u)‘—l—l U,

and then by (9), we have:

© lnu 1
(o1-0)- 1~ / Sl
/1 Y y u)‘—i-l modu

= L < MiJ1 = Min < oo.

Since (67 — ) — 1 > 0, it follows that:

\/;00 y(g’l—o')—%—ldy = 00.

By (10), in view of:

1(— p
/ (Elnu? Wy > 0,
o ut+1

we deduce that co < oo, which is a contradiction.

. o (n € N), we set the following two functions:

~ 0,0<x<1 - g'l_i'_Ln_l

o ox >1 0,y>1

and obtain:

1

Ji = [/O x”(l_”_lﬁ’f(X)dX] ' Uo y”(l_‘“)_lﬂ(y)dy} p—

Setting u = xy, we obtain:

n ,3
[ sl

1
*© x (—lnxy) ffl-&-qi—l o—L 1
- AZMAY) Aty i1y
/1 l/o (xy))‘+1y Y *

- /Oo (0= =51y /1 ‘(_Lu)ﬁuﬁ*%*ldu,
1 o ut+1

and then by Fubini’s theorem and (9), we have:

/ U (%] 7*71d / lnu 0’1+qln71du
1 ur 1

N A v [Inxy|Pfu(x)
= Il—/o 8n(y)l/0 (xy))‘—l-l dx

Since (¢ —07) — 1 > 0, it follows that:
/Oo 2T =51y = oo,
1

By (11), in view of the fact that

dy < MlTl = Mli’l.

(10)

(11)
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1(_ B
/ 7( Inu) uaﬁ‘%"*ldu >0,
o ut+1

we obtain that co < oo, which is a contradiction.
Hence, we conclude that o = 0.
For 01 = 0, we reduce (11) as follows:

1 (Cinu)P
Mlz/ P esdio1y, (12)
o ut+1

Since:

_ B &
{ ( Aln u) ua+;nl}
ut+1 1
is non-negative and increasing in (0, 1], by Levi’s theorem, we derive that:

L (—Inu)p 1
M; > lim (/\ﬂu”‘?" Yiu
n—o Jo ur +1

! (= lnu)ﬁ ot -1
= /()rzh—r>rc}o A q du—kl((f).

This completes the proof of the lemma. [

Lemma 2. If B > —1,0 < 0 < A, there exists a constant My, such that for any non-negative
measurable functions f(x) and g(y) in (0, c0), the following inequality:

/Ooo 8(y) [/; Mf (XW] dy
< Mz[/o PO (x)d ] [/ yit-at gq(y)dy1 (13)

holds true. Then, we have 04 = o, and My > k(o).

5, (n € N), we set two functions fu(x) and g, (y) as in

Proof. If o4 < o, then for n >
Lemma 1, and derive that:

L7

1

= | [Tt ma] | [Tt o] =

Setting u = xy, we obtain:

- [& [/w ““)xy' fulx )dx]dy

1| e (Inxy)P +A-1
= 1y v
NV et T
1 00 B 1
_ (1—0)+1-1 / (Inu) o—2—1
/0 Y 9y L w1 o,

and then by (13), we deduce that:

/ Loy /°° (Inu)f o t1,
0 1

= L < MJ; = Myn < oo, (14)
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Since (01 — 0) + £ <0, it follows that:

/1 y(0170)+%*1dy — 0.
0

By (14), in view of

© (lnu)f ,_1_
/ i?i)lua pr 1du>0,
1

we have oo < 0o, which is a Contradiction
— (n € N), we set two sequences of f;(x) and g,(y) as in

Lemma 1, and obtain:

1

h= [/0 xp(lg)lf?’lj(x)dx] ’ |:/0 yq(lﬁ)lgz(y)dy} q o

Setting u = xy, we obtain:

—/ fulx [/w |ln)xy+|18 (y)dy}dx

— © (Inxy)P o1 } 1_q

B ./0 [/} () +17 vy x dx

= / 0' (%1 +*—1d / lnu 0'1 ‘%n_ldu
ut + " ¢

and then, by Fubini’s theorem and (13), we have:

/ (0= + =10, / 1;‘“ 4 ’?L"ildu
u +1

[e ] [e ] 1 n
— L= /0 an(y) Vl Wﬁle dy < MaJ; = Myn. (15)

Since (¢ — 07) + 1 <0, it follows that
1
/ x5 "1y — oo,
0
By (15), in view of the fact that:

© (Inu)f o1
/ S?i)lual_fn_ldu>0,

we have co < oo, which is a contradiction.
Hence, we conclude the fact that o7 = .
For 01 = 0, we reduce (15) as follows:

© (lnu)f ,_1_
Mzz/l iA +)1 u’ gy, (16)

Since:
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is non-negative and increasing in [1, ), still by Levi’s theorem, we have:

2 (nu)f 1y
Moo= i)y a0
o B
_ / lim (Inu)
1 n—oo u/\ +1

This completes the proof of the Lemma. [

W gy = ko (o).

3. Main Results and Corollaries

Theorem 1. If B > —1,0,A > 0, then the following conditions are equivalent.
(i) There exists a constant My, such that for any f(x) > 0, satisfying:

0< /Ooo P17 (x)dx < oo,

we have the following Hardy-type integral inequality of the first kind with nonhomogeneous kernel:

1
Ry R L
< Nh{éwxﬂlg)lfﬂxﬁh}; (17)
(ii) There exists a constant My, such that for any f(x),g(y) > 0, satisfying:
0< /Ooo xPA=)=1 P (x)dx < 00 and 0 < /Ooo y11=00=160(y)dy < oo,

we have the following inequality:

« v |Inxylf
e Ag@ﬂﬁy“‘”fuw%@

(xy)* +1
1
q

< Ah{wa”“”*JﬂT@dﬁp{Awy““”“*gﬂywy : (18)

(iii) o1 = 0.
If Condition (iii) holds, then My > kq(c') and the constant factor:
r(B+1)

Mi = ki(0) =~ e B+ 1,

g
T

in (17) and (18) is the best possible.

Proof. (i) = (ii). By Holder’s inequality (cf. [29,30]), we obtain:

[ = léw[y“;QA;(!;;?fzf(wdx]<y;“gQ0>dy

]{Awyﬂlﬂ“*JgﬂyﬁW}f (19)

IN

Then by (17), we have (18).
(ii) = (iii). By Lemma 1, we have 07 = 0.
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(iii) = (7). Setting u = xy, we obtain the following weight function:

1
v |InxylP
wi(oy) = = y”/oy (Ly)/\yllxa Ldx
U(=nuP

By Holder’s inequality with weight and (20), for y € (0, o), we have:
1 P
v |InxylP
[/0 (xy)* + /B
v B [yle=1)/p (1] P
_ /J [ Inxy|P |y £(x) x Jx
0o ()t +1|xle-1)/q yle-1/p

/; [Iny P yff—lfwx)dx[ /; [Inxy|? x”—ldxrl
0 o |(

IN

(xy)* +1 x(e=Dp/q xy)r — 1| ylo=Da/p

o—1

1
- 11 ]Pt v |InxylPy
= |wi(o,y)y =91 /O G e e (e

oc—1

fP(x)dx. (21)

1
v B
— p—1,,—po+1 [Y |1nx]/| Y
(k1 ()" 'y /0 [(xy)* — 1] x@1r/q

If (21) takes the form of equality for some y € (0, ), then (cf. [30]) there exist constants
A and B, such that they are not all zero and:

o—1 o—1

AL 1)

Lo Dp/q ae. in Ry.

pr— Bi
ylo=a/p
We suppose that A # 0 (otherwise B = A = 0). It follows that:

xp(lfv)*lfp(x) - yq(lftT)E

a.e. in R
Ax +

which contradicts the fact that:
0< / xPA=0) =1 4P (x)dx < oo.
0

Hence, (21) takes the form of strict inequality.
For 01 = o, by (21) and Fubini’s theorem, we obtain:

1 ol i |Inxylf o-1 7
talo))? {/0 [/o (Ly)Ayl e p<x)dx] i }

1 ol r1 |InxylP -1 ,
- (kl(”»q{/o Vo (lxy)iy+|1x<ay1><p1>dy]fp(")dx}

1
P

—
A

= ko) [T anlo o o]

1
P

= k(o) {/Ooo xp(lg)lfp(x)dx}

Setting My > ki (o), (17) follows.
Therefore, Condition (i), Condition (ii) and Condition (iii) are equivalent.
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When Condition (iii) is satisfied, if there exists a constant factor M; < k; (U), such
that (18) is valid, then by Lemma 1 we have M; > ki(0). Then, the constant factor
M; = ki(0) in (18) is the best possible. The constant factor M; = kq(0) in (17) is still
the best possible. Otherwise, by (19) (for o7 = 0), we can conclude that the constant factor
M; = kq (o) in (18) is not the best possible. [

Setting y = +, G(Y) = Y*~2g(%), 41 = A — 07 in Theorem 1, then replacing Y (resp.
G(Y)) by y (resp. g(v)), we derive the following Corollary.

Corollary 1. If § > —1,0,A > 0, then the following conditions are equivalent.
(i) There exists a constant My, such that for any f(x) > 0, satisfying:

0< /oo xPA=D=1 P (x)dx < oo,
0

we have the following Hardy-type inequality of the first kind with homogeneous kernel:

1
el g )
< M {/Ooo xp(lg)lfp(x)dx] % (22)
(ii) There exists a constant My, such that for any f(x),g(y) > 0, satisfying:
0< /Ooo xPA=O =P (x)dx < oo and 0 < /OOO Y11= =1l (y)dy < oo,

we have the following inequality:

/Ooog(y) [/Oyﬂn(x/y)ﬁ (x)dx] dy

xh +yh
< Ml[/o (1001 p () } [/ y10-1)= gq(y)dy ! (23)

(iii) py = p.
If Condition (iii) holds, then we have My > kq(c'), and the constant My = kq (o) in (22) and
(23) is the best possible.

Similarly, we obtain the following weight function:

© lnx Byo—

e lnﬁu 1
= [ = ka(o)(y > 0),

and then in view of Lemma 2 and in a similar manner, we obtain the following theorem:

Theorem 2. If B > —1,0 < 0 = A — u < A, then the following conditions are equivalent.
(i) There exists a constant My, such that for any f(x) > 0, satisfying:

0< /Ooo P11 P (x)dx < oo,
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we have the following Hardy-type inequality of the second kind with the nonhomogeneous kernel:

® 1| [ |InxylP AL
U [ o) )

1
P

< M, [/m xp(l_”)_lf’”(x)dx] . (24)
0
(ii) There exists a constant My, such that for any f(x),g(y) > 0, satisfying:
0< /oo P12 (x)dx < o0 and 0 < /oo y11=0)=1e0()dy < oo,
0 0

we have the following inequality:

. © | Inxyl?
/0 g(y)l/}/ (xy)mf(x)dx]dl/

1o 1
< M { / N (X)dx] ' [ / yq“"l“gq(y)dy} B (25)
0 0
(iii) o1 = 0.
If Condition (iii) holds, then we have My > ky(0'), and the constant factor:

Mo =kao) = "BV (g 1) k)

in (24) and (25) is the best possible.

Setting: . .
y=v G(Y) = YA2g<Y), i =A—0

in Theorem 2, then replacing Y (resp. G(Y)) by y (resp. g(v)), we derive the follow-
ing Corollary.

Corollary 2. If § > —1,0 < 0 = A — u < A, then the following conditions are equivalent.
(i) There exists a constant My, such that for any f(x) > 0, satisfying:

0< /000 xPA=0) 1P (x)dx < oo,

we have the following Hardy-type inequality of the second kind with homogeneous kernel:

([ [ s g )
< M, [/Ooo x”(l_”)_lf”(x)dx} %; (26)

(ii) There exists a constant My, such that for any f(x),g(y) > 0, satisfying

0< /0 xPA=)=1¢P(x)dx < 00 and 0 < /0 Y11= =10 (1) dy < co,
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we have the following inequality:

/Ooog(y) [ /yoo [In(x/y) 1P (x)dx] dy

XAyt
< Mz[/o O () } [./(;myq(l"“)‘lgq(y)dy g 27)

(iii) pq = y.
If Condition (iii) holds, then we have My > ky(0), and the constant My = k(o) = kq(pt)
in (26) and (27) is the best possible.

4. Operator Expressions

Foro,A > 0,y = A — 0, we set the following functions:

q)(x) = xp(l—(T)—ll lP(y) — yq(l—o')—l,(l)(y) — yq(l_y)_ll

and:
PP (y) =yP Lo P (y) =y (xy € Ry).

Define the following real normed linear spaces:

Lpp(Ry) = {f5 1 fllp.p := (/OOO (p(x)|f(x)|pdx> P < 00},

Ly(R,) = { Nsllaw = [ vlst quy>1<oo},
LoolRe) = { Ngloo = ([ 000 I”dy>l<oo},
Lypr(R:) = { e = ([0 P >|de)1<oo}
Loys(Re) = { Abllgr = ([ 00 >de)1<oo}

(a) In view of Theorem 1 (setting o1 = ), for f € Ly 4(R ), setting:

S—

1 n B
)= [ s ) (v € R,

by (17), we have:

llygir = | [0 P 0)y] " < Ml1F < 0 @

Definition 1. Define a Hardy-type integral operator of the first kind with the nonhomogeneous
kernel: a
TV ¢ Lyg(Ri) = L, iy (Ry)

as follows.
Forany f € Ly,»(R+), there exists a unique representation:

TV f = €L, 0 (Ry),
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satisfying Tl(l)f(y) = h(y), forany y € Ry

In view of (28), it follows that:
||T @ =|lh <M
1 f||p,1pl*l’ || 1||p,1p1*l7 — 1Hf||Pr(P’

and then the operator Tl(l) is bounded satisfying

)

T _

HTl(l)H = sup M < 1
f(#0)ELyp(Ry) 1 £11p.e

If we define the formal inner product of Tl(l) f and g as follows:

ol ry |Inxyl
[ I llylf(x)dX] (),

(Tfl)ffg) = / (xy)* +1

0
then we can rewrite Theorem 1 as follows.
Theorem 3. For § > —1,0,A > 0, the following conditions are equivalent.

(i) There exists a constant My, such that for any f(x) > 0, f € Lpo(Ry), [|f]|p,e > 0, we
have the following inequality:

T Fll v < Mil|fllpg- (29)

(ii) There exists a constant My, such that forany f(x),g(y) >0, f € Ly ¢(R4), g € Lgp(R4),
1 f1lp,0 11811, > 0, we have the following inequality:

(11V£,8) < Mullfllpollglgsp- (30)
We also have that HTl(l) || = k(o) < M.

(b) In view of Corollary 1 (setting y1q = p), for f € Ly (R4 ), considering the function:

Y | In(x/y)|P
)= [ O  fax (e v,
by (22), we have:
- %
allygir = | [T 0P| < Ml < . @1

Definition 2. Define a Hardy-type integral operator of the first kind with the homogeneous kernel:

2
TPt Lpg(Ry) = Ly p(R4)

as follows.
Forany f € Ly,»(R), there exists a unique representation:

TP f=h €L, (Ry),

satisfying Tl(z)f(y) = hy(y), forany y € Ry.

In view of (31), it follows that:
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2
HT1( )f||p,¢1—f’ = [|h2ll, p1-» < Mal|fllp,e/

and then the operator Tl(z) is bounded satisfying:

(2)
T _
7” 1 f||p’¢l ! < M;j.

T2 =
! 1711 =
f(#0)€Lp,p(R4) [22%

If we define the formal inner product of Tl(z) f and g as follows:

©o n B
1Pr9 = 7| [ SR W swa,

then we can rewrite Corollary 1 as follows.
Corollary 3. For § > —1,0,A > 0, the following conditions are equivalent.

(i) There exists a constant My, such that for any f(x) >0, f € Ly, (Ry), |[f||p,e > 0, we
have the following inequality:

T Fll v < Millfllpg- (32)

(ii) There exists a constant My, such that forany f(x),g(y) >0, f € Lpo(Ry), 8 € Lgp (Ry),
1 f11p.¢: 11811g,6 > 0, we have the following inequality:

2
(TP £,8) < Myl|fllpolIglas (33)
We still have || T\?)|| = ki (¢) < M.

(c) In view of Theorem 2 (setting o1 = ), for f € Ly,»(R ), considering the function:

© |lnxy|?
i) = [ v e Ry
by (24), we have:
s = | [0 P @H W] < Ml < 30

(A. Raigorodskii)
Definition 3. Define a Hardy-type integral operator of the second kind with the nonhomoge-

neous kernel: @
TZ : LP;(P(R+) — Lp,q]l—p(R+)

as follows.
Forany f € L, »(Ry), there exists a unique representation:

TV f = Hi€ L, (R,
satisfying Tz(l)f(y) = Hy(y), foranyy € Ry.
In view of (34), it follows that:

1
TS Fllpytv = |l r < Mallfll g,
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and then the operator 12(1) is bounded satisfying:
(1)
I _
le(l)“— sup || 2 f||p’¢1p

—= - PY < M.
f(F0)ELp,p(R+) ||f||p<p

If we define the formal inner product of Tz(l) f and g as follows.

(Tz(l)f,g) ::/0 [/1 Mf(x)dx]g(y)d%

then we can rewrite Theorem 2 as follows.
Theorem 4. For B > —1,0 < 0 = A — u < A, the following conditions are equivalent.

(i) There exists a constant My, such that for any f(x) > 0, f € Lpo(Ry), |[f]|p,e > 0, we
have the following inequality:

TS 1l g r < Mal |- (35)

(ii) There exists a constant My, such that forany f(x),g(y) > 0,f € Lyo(Ry),8 € Lgy (Ry),
1 f1lp,0 118]lg,p > 0, we have the following inequality:

(TV£,8) < Mol llpglIgllgy- (36)
We still have ||T2(1)|| =ky(0) < Ms.

(d) In view of Corollary 2 (setting 1 = p), for f € L, (R4 ), considering the function:

o ] B
)= [ g v < R,
by (26), we have:
Il = | [P @G| < Ml < @)

Definition 4. Define a Hardy-type integral operator of the second kind with the homogeneous kernel:

2
Tz( ) Lpp(Ry) — Lp,(rl)l*l’(R-‘r)

as follows.
Forany f € Ly »(R), there exists a unique representation:

TV f=Hy €L, ,(Ry),
satisfying Tz(z)f(y) = Hy(y), foranyy € Ry.
In view of (37), it follows that:

2
TS 1l g1r = 1ol g0 < Mal|fllpg,
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(2)

and then the operator T,” is bounded satisfying.

2)

—= PP < M,.
f(F0)ELp,p(R+) ||f||p<p

If we define the formal inner product of T f and g as follows:

119 [ [T EE ] gt

Cxh gyt
then we can rewrite Corollary 2 as follows.

Corollary 4. For f > —1,0 < 0 = A — u < A, the following conditions are equivalent.
(i) There exists a constant My, such that for any f(x) > 0, f € Lp(R), |[f]]p,e > 0, we
have the following inequality:

Y 1], g0 < Mallf]

(ii) There exists a constant My, such that for any f(x),g(y) > 0, f € Ly (Ry), g €
Loy (Ry), |If] ' '

g (38)

p.ps

(T2£,8) < Mo |fllplI8!lo- (39)

We still have || TS?|| = ky(¢) = ky(u) < My,
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