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Abstract: In this note, we discuss symmetric brackets on skew-symmetric algebroids associated
with metric or symplectic structures. Given a pseudo-Riemannian metric structure, we describe
the symmetric brackets induced by connections with totally skew-symmetric torsion in the language
of Lie derivatives and differentials of functions. We formulate a generalization of the fundamental
theorem of Riemannian geometry. In particular, we obtain an explicit formula of the Levi-Civita
connection. We also present some symmetric brackets on almost Hermitian manifolds and discuss
the first canonical Hermitian connection. Given a symplectic structure, we describe symplectic
connections using symmetric brackets. We define a symmetric bracket of smooth functions on skew-
symmetric algebroids with the metric structure and show that it has properties analogous to the Lie
bracket of Hamiltonian vector fields on symplectic manifolds.
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Observe that the symmetric product (X : Y)v = VxY + VyX satisfies the Leibniz
rule (X : Y)Y = £(X: Y)YV + X(f)Y and

VxY = L([X Y]+ (X:)Y) + 1TV (X, Y)

for X,Y € T(TM), f € C*(M), and where TV denote the torsion of V. Thus, the symmetric
product induced by V is a summand of the connection. Our goal is to examine symmetric
brackets for connections. In particular, the area of our interest is the discovery of explicit
forms of symmetric brackets. Torsion-free connections, such as the Levi-Civita connection
or symplectic connections, can be described completely by suitable symmetric brackets.
The Levi-Civita connection is the basis of many constructions of linear connections; therefore,
the symmetric bracket of this connection will be one of the first objects of our interest. We will
also give examples of symmetric products that define symplectic connections.

Linear connections are the subject of geometric problems not only in geometric struc-
tures on a tangent bundle to a differential manifold but also in others such as Lie algebroids,
in particular Lie algebras, or more general structures such as anchored vector bundles with
skew-symmetric brackets. Therefore, our general discussion of symmetric brackets related
to linear connections is in the framework of skew-symmetric algebroids.

An anchored vector bundle (A, 04) over a manifold M is a vector bundle A over M
equipped with a homomorphism of vector bundles ¢4 : A — TM over the identity, which
is called an anchor. If, additionally, in the space I'(A) of smooth sections of A we have R-
bilinear skew-symmetric mapping [+, ] : T(A) x I'(A) — I'(A) associated with the anchor
with the following derivation law

(X, f-Y]=f-[XY]+(eaoX)(f)-Y ©)

for X,Y € T(A), f € C®(M), wesay that (A, 04, [-,-]) is a skew-symmetric algebroid over M.

If the anchor preserves [-, -] and the Lie bracket [-, -], of vector fields on M, i.e.,
040X, Y] =[0a0X,040Y]p for X,Y € T(A), a skew-symmetric algebroid is an almost
Lie algebroid. Any skew-symmetric algebroid in which [+, -] satisfies the Jacobi identity is a
Lie algebroid in the sense of Pradines, who discovered them as infinitesimal parts of differ-
entiable groupoids [6] (for the general theory of Lie algebroids, we refer to the Mackenzie
monographs [7,8]). Thus, Lie algebroids are simultaneous generalizations of integrable
distributions on the one hand and Lie algebras on the other. Anchored vector bundles,
in particular almost Lie algebroids, are studied by Marcela Popescu and Paul Popescu,
among others, in [9-12] and recently in [13], in which the Chern character for almost
Lie algebroids is considered. However, the concept of skew-symmetric algebroids was
introduced by Kosmann-Schwarzbach and Magri in [14] on the level of finitely gener-
ated projective modules over commutative and associative algebras with unit and under
the name pre-Lie algebroids. Skew-symmetric algebroids (under the same name pre-Lie
algebroids) were examined by Grabowski and Urbarnski in [15,16], where a concept of
general algebroids, which have an important role in analytical mechanics, was also intro-
duced. Using general algebroids instead of Lie algebroids, one can describe a larger family
of systems, both in the Lagrangian and Hamiltonian formalisms [17]. In this paper, we use
the terminology of skew-symmetric algebroid which comes from de Leén, Marrero, and
de Diego in [18], in which linear almost Poisson structures (also discussed in [14-16]) are
applied to nonholonomic mechanical systems.

Given an anchored vector bundle, we can associate a connection. Given a skew-
symmetric algebroid, we can associate a connection with a torsion. An A-connection in a vector
bundle E — M is an R-bilinear map V : T'(A) x I'(E) — I'(E) with the following properties:

Vix(u) = f-Vx(u),
Vx(f-u) = f-Vxu)+(eaoX)(f) u
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forany X € T(A), f € C®(M), u € T(E). The torsion of an A-connection V in A is the ten-
sor TV € T(A2A* ® A) defined by TV(X,Y) = VxY — VyX — [X,Y] for X,Y € T(A).
We say that an A-connection is torsion-free if its torsion equals zero.

In the article [19] by Enrietti, Fino, and Vezzoni, the connections on Lie algebras,
understood precisely as anchored bundles with skew-symmetric brackets, are examined.
Such research motivates the indication of the properties of connections on more general
structures involving both Lie algebras and differential manifolds.

An important algebraic structure that provides further motivations for the study of connec-
tions on skew-symmetric algebroids is the special algebroid structure determined by an almost
complex manifold. Namely, an almost complex structure | : TM — TM on 2n-dimensional
manifold M defines a new skew-symmetric bracket [X, Y]/ = [JX, Y] + [X, Y] — J[X, Y] giv-
ing a skew-symmetric algebroid structure in TM with | as an anchor (cf. [14]). The fulfillment
of Jacobi’s identity by the bracket [-, -]/ is equivalent to the integrability of J. Thus, structures
of skew-symmetric algebroids naturally appear in geometric problems.

We now describe the sections of this paper. In Section 2, we discuss the substitution op-
erator, the Lie derivative operator, and the exterior derivative operator on the general
structure of a skew-symmetric algebroid. We also consider the symmetrized covariant
derivative d° determined by a connection. Symmetrized covariant derivatives depend
on symmetric products designated by the connection. In Section 3, we extend the concept of
symmetric brackets to anchored bundles and the associated symmetric Lie derivative and
d® to the whole tensor bundle. We note that 4° satisfy the Cartan-type formulas analogous
to those on exterior forms. The primary goal of Section 4 is to obtain the explicit formula
for the symmetric bracket defined by the metric connection. As a result, we obtain an ex-
plicit formula for a symmetric bracket defined by a connection with totally skew-symmetric
torsion. Section 5 deals with metric connections on skew-symmetric algebroids with an
additional symmetric bracket. We show that the condition for connections with totally
skew-symmetric torsion to be compatible with the metric is that the (alternating) Lie deriva-
tive of the metric should be equal to the minus of the symmetric Lie derivative of the metric.
We also extend the fundamental theorem of Riemannian geometry to skew-symmetric
algebroids equipped with a metric structure. In a particular case, this theorem implies
the existence of the only torsion-free connection compatible with the metric, which is called
the Levi-Civita connection associated with the metric. In consequence, we give an explicit
formula for a metric connection with totally skew-symmetric torsion using the language
of symmetric product. To describe this symmetric product, we use the Lie derivative and
the exterior derivative operator induced by the structure of the skew-symmetric algebroid
and their symmetric counterparts.

In Section 6, we consider an almost Hermitian structure and some symmetric brackets
associated with connections that are compatible with the metric structure and the almost
complex structure. We consider two structures of the skew-symmetric algebroid in the al-
most Hermitian manifold (M, g, J). The first structure is the tangent bundle with the iden-
tity as an anchor and with the Lie bracket of vector fields. The second skew-symmetric
algebroid structure TM/ induced by the almost complex structure ], where ] is the anchor
and the bracket is associated with the Nijenhuis tensor, was introduced in [14]. We also
discuss the first canonical Hermitian connection V and obtain a formula for V in the case
of nearly Kahler manifolds using the properties of symmetric brackets. Moreover, we show
the dependence of the Bismut connection in Hermitian manifolds on the structure of the
skew-symmetric algebroid TM/. The torsion of this connection depends on the exterior
differential of the Kahler form in TM/.

Section 7 deals with symplectic connections on skew-symmetric algebroids addi-
tionally equipped with a symplectic form. A symplectic connection as a torsion-free
connection is determined completely by a skew-symmetric bracket in a given algebroid
and some symmetric brackets. Finding symmetric brackets that define symmetric con-
nections is our goal. We use the idea of constructing symplectic connections noticed by
Tondeur in [20] and by Bieliavsky, Cahen, Gutt, Rawnsley, and Schwachhofer in [21].
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We show that this idea leads to connections that are determined by the affine sum of two
symmetric brackets. The first of them is a symmetric bracket for a certain initial torsion-free
connection VY, while the second is a symmetric bracket of the connection, which is a dual
to VO with respect to the symplectic form. In addition to general considerations, we con-
sider symplectic connections on symplectic manifolds and on skew-symmetric algebras,
which contain the family of symplectic Lie algebras. We give an example of the symplectic
connection on a 4-dimensional symplectic Lie algebra tyt, being the double direct product
of 2-dimensional non-abelian Lie algebra r, = aff(R) of the group of affine transforma-
tions of the real line (cf. [22,23]). We note that the symmetric bracket associated with this
symplectic connection defines a structure of Jordan algebra in vyt).

Motivations for the considerations in Section 8 come from Poisson geometry, in partic-
ular from symplectic geometry. In a given Poisson manifold, the Lie bracket of Hamiltonian
vector fields is the Hamiltonian vector field defined by the Poisson bracket of smooth
functions. We show that the analogical property holds on skew-symmetric algebroids over
a manifold M with a metric g for the symmetric bracket (-, VEC defined by the Levi-Civita
connection associated with g. We define a symmetric bracket (-, -) : C®(M) x C*(M) —
C®(M) of smooth functions on M, which has the property that (grad f : grad h)'¢ =
grad(f,h) for f,h € C®(M). We consider in particular the case of a symplectic manifold
where we introduce a symmetric bracket in the algebra of Hamiltonian vector fields and
show that it has analogous properties to the Lie bracket of Hamiltonian vector fields.

2. The Exterior Derivative Operator and the Symmetrized Covariant Derivative

Let (A, 04, -]) be a skew-symmetric algebroid over a manifold M. The substitution
operator ix : [(®F A*) — T(®"! A*) for X € T(A) is defined by

(ix0) (X, ..o, Xp1) = 0(X, X1, o0, Xp1)

for € T(®A*), X, X1,..., X1 € T(A).
The (alternating) Lie derivative L% : I(®"A*) = T(®" A*) for X € T(A) is defined by

(L% (X1, ..., Xi) = (04 0 X)(Q(Xq, ..., Xy)) —

Tt

QXy,.. ., XX, ., Xe)

1

for O € T(®"A*), Xy,..., Xx € T(A). Notice that L (1) € T(NA*)ify € T(N\A*).
Moreover, let V : T(A) x I'(A) — T'(A) be an A-connection in A. We define the A-
connection V in the dual bundle in a classical way by the following formula

(Vxw)Y = (ga 0 X)(w(Y)) — w(VxY)

forw € T(A¥), X,Y € T(A). Next, by the Leibniz rule, we extend this connection to the A-
connection in the whole tensor bundle @ A*, which will also be denoted by V. Then, for
e T(QA*), X, Xy,..., X € T(A),

M-

(Vx0) (X1, Xi) = (@a 0 X)(0( X1, -, X)) = ) 0(Xa ..., VxXj, ..., Xg).

j=1

Now, we define the operator V : T(®F A*) — I'(Q! A*) by

(v€><X1/ X3... er-‘rl) = (Vxlg) (XZ/ ceey Xk-‘rl)‘
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We recall that the exterior derivative operator on the skew-symmetric algebroid
(A, 04,[]) is defined by

k+1 . ~
@n)(X1, ..., Xep1) = )—_t,(—1)]+1(pAoXj)<17(X1,...Xj...,Xk_H)) 4)

—_

.

Z(—l)i+j71([Xi,X]'],Xl,...Xi...Xj...,Xk_H)

i<j

fory € T(AKA*), X1,..., X1 € T(A). Associated with a skew-symmetric algebroid
(A,04,[]) is the Jacobiator Jac(. : T(A) x T(A) x I(A) — T(A) of the bracket [-, -]
given by

Jacy, (X, Y, 2) = [[X,Y],2] + (12, X), Y] +[[Y, 2] X]
for X,Y,Z € T(A). If the bracket [-, -] satisfies the Jacobi identity, i.e., ]ac[,,‘] =0,d%0
d* = 0 (discussed in [24]). If V is torsion-free A-connection in A, then d* can be written

as the alternation of the operator V (cf. [2]), ie., d® = (k+1) - (AltoV) on T(AF A*),
where Alt is the alternator given by (Alt{)(Xy,...,Xx) = & L sgno C(Xo(1yr s Xo (k)
‘oes

TESK
for { € T(®F A*). Equivalently,
. k+1 j+1 -~
(@) (X1, Xi) = & (1) (vqu) (Xl,...xj...,xkﬂ)
]:

forn € T(AXA*), X1,..., Xps1 € T(A).
Here, we recall the classical Cartan’s formulas:

Lemma 1. Forany X,Y € T(A),
(@) L% =ixd"+d"ix and
(b) Ly —ivLYy = ifxy-

The symmetrized covariant derivative is
@ = (k+1)-(SymoV) : T(S*A*) — T(SF1A%)

which is the symmetrization of V up to a constant on the symmetric power bundle, where
Sym is the symmetrizer defined by (Sym{)(Xy,..., X)) = & ¥ C(Xo(1)r- - Xo(r)) for
‘o c Sk

{ € T(®" A*). Equivalently,

(@) (X1, Xyy1) = I]cg (VX,W) (Xlr- ' -er+1) @)

fory € T(SkA*), X1,...,Xi41 € T(A). We recall that d° in the case of tangent bundles
was introduced by Sampson in [3], in which a symmetric version of Chern’s theorem was
proved. This mapping on tangent bundles was discussed in [1], in which a Frolicher—
Nijenhuis bracket for vector-valued symmetric tensors was also discussed and in [25],
in which the Dirac-type operator on symmetric tensors was considered. One can check that
fory € T(SKA*), Xy,..., Xj1q € T(A), the following Koszul-type formula holds:

k+1 -~
@) (X1, X)) = L (pao X)) (01X, Rjoo, Xes))

j=1

- Z:‘U(<Xi : Xj>V,X1,...f(i...)?j...,xkﬂ),
i<j
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where (X : Y)Y = VxY + VyX for X,Y € T(A). This shape of d° in the case A = TM was
discovered by Heydari, Boroojerdian, and Peyghan in [1]. The symmetric R-bilinear form

(-: )V iT(A) xT(A) — T(A), (X:Y)V =VxY+VyX

is called the symmetric product or the symmetric bracket induced by the A-connection V.
The symmetric product in the case A = TM was first introduced by Crouch in [26].
However, the symmetric product for Lie algebroids was first considered in the context of
control systems by Cortés and Martinez in [27]. Observe that

(X f )Y =f(X:Y)V + (a0 X)(f) Y

forall X,Y € T(A)and f € C®(M). Therefore, (- : -) satisfies the Leibniz-kind rule.
We add that Lewis in [28] gives some interesting geometrical interpretation of the symmet-
ric product associated with the geodesically invariant property of a distribution. We say
that a smooth distribution D on a manifold M with an affine connection VT is geodesically
invariant if for every geodesic ¢ : I — M satisfying the property ¢’(s) € D) for some
s € I, wehave ('(s) € D) for every s € I. Lewis proved in [28] that a distribu-
tion D on a manifold M equipped with an affine connection V™ is geodesically invariant
if and only if the symmetric product induced by V™ is closed under D.

3. Symmetric Bracket. Symmetric Lie Derivative

In this section, we introduce the concepts of a symmetric bracket and the related
mapping d° and the symmetric Lie derivative defined on the whole tensor bundle of a given
skew-symmetric algebroid. Implemented operators satisfy the Cartan properties analogous
to those fulfilled by the exterior derivative and the Lie derivative.

Let (A,04,[, ]) be a skew-symmetric algebroid over a manifold M. A symmetric
bracket on the anchored vector bundle (A, 04) is an R-bilinear symmetric mapping

(+:):T(A) xT(A) = T(A)
satisfying the following Leibniz-kind rule:
(X2 fY) = f(X:Y) + (ea 0 X) ()Y
for X,Y € T(A), f € C%®(M). Let us assume that the skew-symmetric algebroid

(A,04,[-]) is equipped with a symmetric bracket (- : -) : T(A) x '(A) — I'(A).
We define d° : T(®" A*) — T(®"*! A*) on the whole tensor bundle by

k+1 _
(@0)(Xy,..., Xp1) = ,El(PA°Xj)<Q(X1,~-Xj..-,Xk+1))
]:

- 'Z'Q(Xl,...f(i...,<X,- : Xj>,...,Xk+1)
1<J

forQ e T(®"A*), Xq,...,Xp41 € T(A). We denote the restriction of d° to the symmetric
power bundle S(A) by the same symbol.
The symmetric Lie derivative L5 : (@ A*) - I(®F A*) for X € T(A) is defined by

(E%Q)(Xl,,Xk) = (QAOX)(Q(Xl,,Xk)) — ilﬂ(Xl,...,O( : Xi>/'-'er>

for Q € T(®"A*), Xy,...,X) € T(A). Notice that the image L5 (¢) of a symmetric tensor
@ is also a symmetric tensor.

By using definitions, one can prove that the symmetric Lie derivative satisfies the fol-
lowing Cartan’s identities analogous to these Cartan identities on exterior forms:
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Lemma 2. Forany X,Y € T'(A),
(@ L% = i X‘ds - dsi;‘( and
(b) Liiy —iyL = L(X:y)-

Moreover, the symmetric Lie derivative has the following properties:

Lemma 3. For f € C*(M), X € T'(A), w € T(A*), we have

(@) Ljyw=f-Lyw— (ixw)-df and

®) Lx(f-w) = f-Lyw+ (eao X)(f) - w.

4. The Symmetric Brackets Induced by Connections Associated with a
Metric Structure

Let (A, 04, [, -]) be a skew-symmetric algebroid over a manifold M equipped with
a pseudo-Riemannian metric g € T(S?A*) in the vector bundle A and an A-connection V
in A. Let (-: '>V be the symmetric product induced by V and 4° the symmetrized co-
variant derivative. A connection V on is said to be compatible with the metric g if Vg = 0.
The pseudo-Riemannian metric defines two homomorphisms of vector bundles

b: A— A¥, A" — A

by
(X)) =ixg gli(w) X) =w(X)

for X € T(A), w € T(A*), respectively. For any X € T'(A), the 1-form ixg = g(X, -) will
be denoted, briefly, by X”.
We say that V is a connection with totally skew-symmetric torsion with respect to a pseudo-

Riemannian metric g if the tensor T¢ € F(®3 A*) given by

T8(X,Y,Z) = g(TV(X,Y),Z)
for X,Y,Z € T(A),isa3-formon A, ie, T8 € T(A> A*).
Theorem 1. Let X,Z € T(A). Then,

g(VxX,Z) = g((LyX —3d(g(X, X)), Z) — g(TV (X, Z),X)
+(VQ)(Z, X, X) — 3(d°8) (X, X, Z).

In particular, if V is a connection with totally skew-symmetric torsion compatible with g, then
VxX = §(L5X" = 3d"(3(X, X)), (6)
Proof. Let X,Z € T(A). First, observe that
(@8)(X, X, Z) = 2(Vg)(X, X, Z) + (V8)(Z, X, X).
Therefore, we have

(V§)(Z, X, X) = 3(d8)(X, X, Z) = (V&) (Z, X, X) - (V§)(X, X, Z).
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Next, observe that

Ve)(Z,X,X) - (Vg)(X, X, Z)

Vz8)(X, X) — (Vxg)(X,Z)

04(2)(8(X, X)) —8(VzX, X) —0a(X)(8(X,2)) + 8(VxX,Z) + (X, VxZ)
A(Z)(g(X, X))+ g(VxZ — VzX — [X,Z],X)

—QA(X) (8(X,2)) +g([X,Z], X) +g(VxX, Z).

)A NI= Nl= =
—~~

/-\/'\

Since
04(2)(8(X, X)) = d*(g(X, X))(Z) = g(4(d"(8(X, X))), Z)
and

(£5%°)(2) = 0a(X)(3(X, 7)) — 8(X, X, Z]),

we have

(V8)(2,X,X) — (V8)(X, X, 2)
#(3(X,X))(Z) +8(T7(X,2), X) - (£5X°) (2) +8(VxX, 2).

1
2
1
2

Moreover, if V is a metric connection with totally skew-symmetric torsion, then Vg =0,
d°¢ =0,and
8(TV(X,2),X) = —3(TV(X,X),Z) =0,

and, in consequence, we obtain (6). This completes the proof. [

Applying Theorem 1, we have

Theorem 2. Let X,Y,Z € T(A) and let (X : Y)V be the symmetric bracket of sections induced
by V. Then,

(XY, 2) = LYY +L4X° —d'(g(X,Y))), Z) )
—8(TV(X,2),Y) = g(TV(Y, Z), X)
+2(Vg)(Z,X,Y) — (d°¢)(X,Y, Z).
Proof. Using the following polarization formula
(X:Y)Y = Vxy(X+Y) = VxX — VyY
and Theorem 1, we obtain
g(X:Y)V,2) = gli(Ly(X+Y) = 3d"(g(X+Y,X +Y)),2)
—g(TV(X+Y,2), X+Y)+(Vg)(Z X+Y,X+Y)
“H(EH(X+Y, X +Y,2) - g(4(L5X — 34°(3(X, X)), 2)
+g(TV ( ) X) = (V§)(Z, X, X) + 3(d°g)(X, X, Z)
—g(H(LYY” — 3d(3(Y,Y))
+8(TV( 2),Y) = (V)(Z,Y,Y) + 3(d8) (Y, Y, Z).
First, observe that

Loy (X+Y) = LEX = LYY = LY + LYX

and
L (g(X Y, X 4 Y) + b (g(X, X)) + (g (Y, Y) = —d*(g(X, Y)).
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Since g is a symmetric tensor and TV is skew-symmetric, we conclude that
—g(TV(X+Y,Z),X+Y)+g(TV(X,2),X) +g(TV (Y, 2),Y)

is equal to
—8(TV(X,2),Y) = g(T¥ (Y, Z), X).

Moreover,
(VOI(Z X +Y,X+Y) — (V8)(Z X, X) ~ (V§)(Z,Y,Y) = 2(Vg)(Z,X,Y)
and

(d°8)(X, Y, Z) = 3(d°g)(X, Y, Z) + 3(d°g)(Y, X, Z)

1
2
= L(@g) (X +Y,X+Y,2) - L(dg)(X, X, Z) — L(d3)(Y, Y, Z).

Hence, it is clear that some summands of g((X : Y}V, Z) cancel. This establishes (7). [

The formula in Theorem 2 gives an explicit one of symmetric bracket defined by any
metric connection with totally skew-symmetric torsion.

Corollary 1. Let V be any metric A-connection in A with totally skew-symmetric torsion with
respect to a pseudo-Riemannian metric g. Then,

(X Y)Y = 4(LYY" + L4 X — d*(3(X,Y))
for X,Y € T(A).

5. A General Metric Compatibility Condition of Connections with Totally
Skew-Symmetric Torsion. Fundamental Theorem of Pseudo-Riemannian Geometry
and the Levi-Civita Connection

In this section, we consider skew-symmetric algebroids equipped with a metric
structure and additionally with a symmetric bracket. The considerations in the last sec-
tion show that the given skew-symmetric bracket and the metric define a symmetric bracket.
We would like to note here that some properties hold for any given symmetric bracket.
Thus, the discovery of the symmetric bracket leads to receiving new structure. Using
the symmetric bracket setting by the metric, we will show a generalization of the fun-
damental theorem of the Riemannian geometry, which says that for a given metric and
the 2-form () with values in a given algebroid, there is exactly one metric connection
preserving the given metric and whose torsion is equal to (). In particular, we will ob-
tain the form of a metric connection with totally skew-symmetric torsion and a formula
for the Levi-Civita connection.

Let (A, 04, [, -]) be a skew-symmetric algebroid over a manifold M equipped with
a pseudo-Riemannian metric g € T(S?A*) in the vector bundle A and a symmetric bracket
(-:+):T(A) xT(A) — T(A). By definition, we recall that the symmetric bracket is an R-
bilinear symmetric mapping which satisfies the following Leibniz-kind rule:

(X fY) = f(X:Y) + (eac X)(f) Y

for X,Y € T(A), f € C®(M).
Let £° and 4° denote the symmetric Lie derivative and the symmetric covariant
derivative, respectively, and both are induced by (- : -).

Theorem 3. Let V be an A-connection in A with totally skew-symmetric torsion with respect to
a pseudo-Riemannian metric g on A given by

VxY = (X, Y] +(X:Y)) + 3T(X,Y) 8)
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for X,Y € T(A), and some T € T(A\?> A* ® A). Then,

(ixoV)g = 3(L% + LX)g for X € T(A).

Proof. LetX,Y,Z € I'(A).SinceT € T ( /\2 A*® A) is a 2-skew-symmetric tensor with
the property that

(Y, T(X,2)) =¢(T(X,2),Y) = =g(T(X,Y), Z),

we have
(Vxg)(Y,Z) = pa(X)(g(Y,2)) —g(VxY,Z) —g(Y,VxZ)
= ( A(X)(8(Y,2)) = &(IX, Y], Z) — g(Y,[X, Z]))
+3(pa(X)(8(Y,2)) —g((X:Y),Z) —g(Y, (X : Z)))
—38(T(X,Y),Z) — 38(Y, T(X, Z))
= ;(L%g+Lx8)(Y, Z).
O

Hence, we can conclude the following condition on a connection with totally skew-
symmetric torsion to be a metric connection:

Corollary 2. If V is an A-connection with totally skew-symmetric torsion with respect to g given
by (8), then V is metric with respect to g if and only if

%g = —Lkg forany X € T(A).
Now, we recall some properties of the (skew-symmetric) Lie derivative.

Lemma4. For f € C®(M), X € T(A), w € T(A*), we have
@ Liyw=f-Lyw+ (ixw)-d'fand
b) L%(f-w)=f-Lsw+ (a0 X)(f) w
Theorem 4. Given a skew-symmetric algebroid (A, 04, [-,-]), we define
(X:Y):T(A)xT(A) = T(A)
by
(X 1Y) = 4(LEY + LYX —d*(g(X,Y)) )
for X,Y € T(A). Then, (- : -)® is a symmetric bracket that defines the symmetric Lie derivative L
satisfying L8 = —L5g.

Proof. Itisevident that (- : -)° is a symmetric and R-bilinear mapping. Let X, Y, Z € T(A).
Lemma 4 now gives

LY(FY) = FLYY + (0a 0 X)(F)Y
and
LYX" = fLYX +g(X, Y)d"f.

Since

d'(8(X, fY)) = fd*(g(X,Y)) + (X, Y)d"f,
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we conclude that (- : -)° satisfies the Leibniz rule. In consequence, (- : -)° is a symmetric
bracket. Observe that

gUX:Y),2) = ((X:V)°)(2) = (L&Y’ + L4X" — d*(g(X, Y))(Z)
— (040 X)(g(Y,2)) —g(Y,[X,2])
+(0a 0 Y)(8(X,Z)) — g(X,[Y,Z]) — (040 Z)(g(X,Y)).

Similarly,
s(Y,(X:2)°) = (eaoX)(g(Y,2))—3(Z [X,Y])
+(04°2)(8(X,Y)) —8(X,[Z,Y]) = (0a 0 Y)(8(X, Z)).
Therefore,
(L5%8)(Y,Z) = (eaoX)(8(Y,2)) —g((X:Y)",Z) —g(Y,(X:Z))
= 8(Y,[X Z]) +g(X,[Y, Z])
—(0a°X)(8(Y,2)) +g(Z,[X,Y]) +8(X,[Z,Y])
= —(0a°X)(g(Y,Z)) +g([X, Y], Z) +g(Y, [X, Z])
+8(X,[Y, Z] + [Z,Y])
= —(LX%89)(Y,Z) +0.
O

Theorem 3 now yields:

Corollary 3. The torsion-free connection V given by
VxY = 3([X, Y]+ (X : Y)"),

where
(X:Y)* = 8(L%Y + LYX - d'(g(X,Y)) (10)

for X,Y € T(A), is compatible with g.

Now, we show that for the skew-symmetric algebroid structure equipped with addi-
tional pseudometric g, the following generalization of the fundamental theorem of Rieman-
nian geometry holds:

Theorem 5. Let g be a pseudo-Riemannian metric in the vector bundle A and Q € T(N? A* ® A)
be a 2-form on A with values in A. Then, there exists a unique connection V on A compatible with
g such that its torsion tensor equals Q, i.e., Vg = 0and TV = Q, and is given by

VxY = 3([X, Y]+ (X:Y)°) + 1Q(X,Y) + S(X,Y),

where
(X:Y) =LY + LYX —d(3(X,Y)), (11)

and S € T(S?A* ® A) is the symmetric 2-tensor on A with values in A such that
S(58(X,Y),Z)=¢(QXZ,X),Y)+3(QZ,Y),X), for X,Y,ZcT(A).
Proof. Let X,Y € T'(A). Consider the linear connection V¢ given by

VY = (X Y]+ (X)),
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where
(X :Y)° = (LY + LX — d*(g(X,Y)).

Let V be a linear connection compatible with g and with torsion TV = Q. Observe that
VxY = VY +&(X,Y)
for some 2-tensor ® € T(®%*A* ® A) and that
TV(X,Y) = ®(X,Y) — ®(Y, X).

Therefore,
VxY =V§{Y +30Q(X,Y) +S(X,Y),

where S € T(S?A* ® A) is some symmetric tensor. So,
(X:Y)V = (X:Y) +5(X,Y). (12)

This shows at once that S is determined uniquely. Since Vg = 0, Theorem 2 and (12) now
lead to

(XYY +8(X,Y),2) = g((X: V), 2) - g(T7(X, 2),Y) - g(1V (¥, 2), X).
From this and skew-symmetricity of the torsion TV = (), it follows that
8(5(X,Y),Z) =g(Q(Z,X),Y) +5(Q(Z,Y), X).
O

One can immediately see that the result of Theorem 5 allows us to write formulas
of some connections related to the given 2-skew-symmetric form on A with values in A.
In the case, if V is a metric A-connection in the bundle A with torsion T € T(A? A* ®
A) which is totally skew-symmetric with respect to g, we can write the form of this
connection as
VxY = 5([X, Y]+ (X: Y)°) +3T(X,Y),

where (X : Y)® is given in (9).

Given the bundle metric g on A, there is a unique A-connection in A which is torsion-
free and metric-compatible (i.e, TV = 0and Vg = 0). We call such an A-connection the Levi-
Civita connection with respect to g. Of course, the explicit formula of the Levi-Civita
connection compatible with g is written in Corollary 3.

6. Symmetric Brackets on Almost Hermitian Manifolds

In this section, we consider various symmetric brackets induced by the structures
of almost Hermitian manifolds. We would like to show here that symmetric brackets
are related to the symmetrized covariant derivatives and use the observed relationships
to show some classical properties of the first canonical Hermitian connection, in particular
in the case of nearly Kéhler manifolds.

An almost complex structure (M, g, J) defines a skew-symmetric bracket on vector
fields other than the usual Lie bracket of vector fields introducing a new skew-symmetric
algebroid structure TM/ into the tangent bundle. We note the relationship of this structure
with connections compatible with a given Riemannian structure or an almost complex struc-
ture with totally skew-symmetric torsion. We consider the Bismut connection on the Her-
mitian manifold noting that the torsion of this connection depends on the differential d/
of the Kahler form, where d/ is the exterior differential operator in the algebroid TM/.
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Let (M, g,]) be an almost Hermitian manifold, i.e., (M, g) is a 2n-dimensional Rie-
mannian manifold admitting an orthogonal almost complex structure | : TM — TM.
Associated with the structures g and | are the Kihler form Q € T(A\? T*M) given by

Q(X,Y) =g(X,Y) (13)
for X,Y € T(TM) and the Nijenhuis tensor N; € T(A\? T*M @ TM) of ], which is defined by
Ni(X,Y) =TJUX, Y]+ J[X, Y]+ [X, Y] = [JX,]Y]

for X,Y € T(TM).
Kosmann-Schwarzbach and Magri introduced in [14] (cf. also [15]) the bracket [-, a

on TM defined by
[X, Y] = [JX, Y]+ [X,]Y] = JIX,Y]. (14)

One can observe that for any X,Y € I'(TM), we have
Ny (X, Y) = J[X,Y) - [JX,]Y].

Since
[X, YV = FIX YD + (UX) ()Y

for X,Y € T(TM) and f € C*(M), the tangent bundle together with the almost complex
structure | as an anchor and the mapping [, -]/ given in (14) as a skew-symmetric bracket
is a skew-symmetric algebroid, which we denote by TM/. It is obvious that if N; = 0,
then [[X, Y], Z) = —J[[JX,]Y],]Z] for X,Y,Z € T(TM) and so Jacj. (X,Y,Z) =
—JJacy. 1(JX,]Y,]Z) = 0 for X,Y,Z € T(TM). In consequence, if the almost complex

structure ] is integrable, then the skew-symmetric algebroid (TM, ], [-,-]/) is a Lie alge-
broid over M.

Now, we define some symmetric brackets on almost Hermitian manifolds. First,
we note the general properties for any skew-symmetric algebroid structures.

Let (TM, p, [-,-]) be a structure of skew-symmetric algebroid, and let (- : -} be a sym-
metric bracket in this algebroid. By definition,

(X: fY)P = F(X:Y)P + (0o X)(F)Y

for X,Y € T(TM).
We define R-bilinear symmetric operators P°, Q° : T(TM) x I[(TM) — T'(TM),
PXY) = =] (XY + 1Y, X))
and
Q(X,Y) = —J((X: V)" + (Y : JX)F)
for X,Y € T(TM).

Lemma 5. Forany X,Y € T'(TM), f € C®(M), we have

@ P(XfY)=f-P(XY)+(poX)(f)- Y+ (oo ]X)(f) - ]Y and
b) QX fY)=fQXY)+(poX)(f)-Y = (po]X)(f)-]Y.
Proof. Compute directly,

PUXfY) = —J(Xf-TYI+[f Y, ]X])
= —J(f (XY + (o X)(f) JY +f-[Y,JX)" = (po JX)(f) - Y)
= fP(XY)+(poX)(f)- Y+ (poJX)(f) Y
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and

QX f-Y) = —J(UX:f- IV +(f-Y:]X)F)
= —J(f X+ (o X)(f)-JY+f-(Y:JX)P + (po JX)(f)-Y)
= [ Q(XY)+(poX)(f) Y= (poJX)(f) Y.

O

In consequence of Lemma 5, we immediately get the following results.

Theorem 6. The mapping
3P +Q)
is a symmetric bracket in the skew-symmetric algebroid (TM, p, [-,-]°).
Corollary 4. The mapping (- : -) : I (TM) x T'(TM) — I'(TM) given by
(X2 Y) = =37 (X Y]+ 1Y, JX] + $(L5UY) + LY UX) + LY + Ly X))

is a symmetric bracket in the Lie algebroid (TM,IdTpy, |-, -]), where [-, -] is the Lie bracket of vector
fields on M and L® is the Lie derivative on M.

Proof. Let d* be the exterior derivative on manifold M. Taking o = Idry in Theorem 6

and using Theorem 4, we deduce that the formula
(X:¥) = =X+ IX]) = 3 0 ) (L5 (1Y) + Ly X —d"(g(X, X))
—5(ot) (LY’ + LX) — d*(g(X, X))

defines a symmetric bracket in the tangent bundle with Id7p; as an anchor and with
the classical Lie bracket. Since () is a skew-symmetric 2-form on M, it follows that
X, JY)+g(JX,Y) =QY, X))+ Q(Y, X) = 0.

Therefore,

(X:Y) = —3J([X,JY]+[Y,]X])
—3(Jo ) (LXY) + LYUX) + LixY" + Ly X’).

O

Let V be the Levi-Civita connection in (TM, Idrpy, [-, -]) with respect to ¢ determining
the symmetric bracket (- : W, ie.,

VyY = %([X, Y]+ (X : Y)V).

It is obvious that the bracket in Corollary 4 is a totally symmetric part of the connec-
tion V/ : T(TM) x T(TM) — T(TM) defined by

vy = -y (X v+ x: ).

Hence,
VLY = —JVx(JY).

One can observe that the affine sum

V=3(v+v)
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of connections V and V/ is Lichnerowicz’s first canonical Hermitian connection (cf. [29]),
which is compatible with both the metric structure and the almost complex structure.
In fact, since V/] = —VJand (V/g)(X,Y,Z) = (V§)(X,]Y,]Z) for X,Y,Z € T(TM),
we conclude that V] = 0 and V/g = 0, and consequently Vg = %(V +V/)g=o.

We will now consider some further properties of V/ and V. For an A-connection V
on A, we define the operators

d%,d% : T(Q T*M ® TM) — T(QF T*M @ TM)
as the alternation and the symmetrization of V, respectively, i.e., for { € F(®k T*M),

X1,...,Xpy1 € T(TM), we have

a k1 i+1 G
(@90 (X1, Xiy1) = El(—l) (Vx,0)(X1,... X, Xiy1)

and k+1
@50 (X1, X)) = L (VD) (Xt Xi oo, Xig1)-

i=1

We say that an almost Hermitian manifold (M, g, ]) is nearly Kihler if (Vx])Y =
—(Vy])Y for X, Y € T(TM) (cf. [30]). Thus, we have the following lemma.

Lemma 6. An almost Hermitian manifold (M, g, ]) is nearly Kéhler if and only if d3,] = 0.
Moreover, if (M, g, ]) is nearly Kahler, V is a Hermitian connection with totally skew-

symmetric torsion (cf. [31]). B
Now, we compare the symmetric brackets induced by V and V. We will denote

by (- : -}V the symmetric product of V.

Theorem 7. For X,Y € T(TM), we have J((d5,])(X,Y)) = (X : V)V — (X : V)V,
Proof. We first observe that

@)X, Y)

(V)Y + (Vy))X
Vx(JY) + Vy(JX
Vx(JY) + Vy(JX

J(VxY + VyX)

)_
)= (X))

From this equality, we obtain
]
J(@G (X, Y) = TVx(Y) + Ty (JX) + (X : V)Y = (X V)Y +(X: 7)Y
O
Theorem 8. For X,Y € T(TM), we have (X : Y)¥ = (X : Y)Y — LJ((d5])(X, Y)).
Proof. Since V = %(V +v/ ) is an affine sum of connections V and V/,
]
From this result and Theorem 7, we see that
(x:0)Y = Y+ (Y = (@ DX )
= (X:0)Y = (@)X, Y)).
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Since V = % (V +Vv/ ) and V is torsion-free, we have

\va 1 lyJ
TV _ T2V+2V — %TV +

N—
H
<

=11V, (15)
Theorem 9. TV = —J o (d%]).
Proof. Let X,Y € T(TM). Then,
(dy])(X,Y) = (Vx])Y = (Vy])X = Vx(JY) = Vy(JX) — J[X, Y].
Hence,

—J(@GN(X,Y)) = —JVx(JY) = (=]Vy(JX)) + J*[X,Y]
viy—vix—(x,v)=1V(X,Y).

O
Theorem 10. For X,Y € T(TM), we have
2TV(X,Y) = =Nj (X, Y) + (@ ]) (X, JY) = (@ ])(JX, Y).
In particular, if (M, g, ]) is nearly Kihler, then TV — —%N I.
Proof. Let X,Y € I'(TM). Then (e.g., [31] shows the first equality),

=Ni(X,Y) = (VxD]Y = (Vy]X+ (Vix])Y = (Vy])X

= (Vx)JY = (Vy])]JX = (Vy])]X + (d5])(JX, Y)
H(Vx)JY = ([@dg])(X,]Y)
2((VxDJY = (Vy)]X) + (d5]) (X, Y) = (a5 ]) (X, ]Y).

Moreover,
(VDY = (Vy)]JX = —=VxY—]J(Vx(JY))+ VyX+](Vy(]X))
= —J(Vx(JY)) = (=](Vy(JX))) = VxY + VyX
= viy-vix-xy =1V(XY).
It follows that
—Nj(X,Y) = 2TV (X, Y) + (a5 1) X, Y) = (d5]) (X, ]Y).
O

Since V is a totally skew-symmetric connection, Theorems 8 and (15) now lead to
VxY = HX Y]+ (x:n)) +4TV(X,Y) (16)
= (XY + (X)) = J(@))(X,) + 4TV (X,Y)
= VXY = HI(@ DX 0) + TV (XY),
Combining (16) with Lemma 6 and Theorems 9 and 10, we get the following result:
Corollary 5. If (M, g, ]) is nearly Kihler, then d3;] = 0, and in consequence,

V=V-1Jo(dy])=V—§Nj.
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Now, we would like to show the relationship of the Bismut connection [32] with
the structure of the algebroid TM/. The Bismut connection is the unique connection V?
on a complex Hermitian manifold (M, g,]) (J is integrable, i.e., the Nijenhuis tensor
vanishes) with totally skew-symmetric torsion such that VB¢ = 0 and VZ] = 0.

It is proved in (Theorem 10.1 [33]) by Friedrich and Ivanov that a Hermitian connec-
tion V on an almost complex manifold (M, g, ) with totally skew-symmetric torsion exists
if and only if the Nijenhuis tensor is totally skew-symmetric, and if the Nijenhuis ten-
sor is totally skew-symmetric, the unique Hermitian connection with torsion T is given
by V = VL€ + 1T, where V€ is the Levi-Civita connection associated with g and

§(T(X,Y),2) =d(]X,]Y,]Z) + g(N(X,Y), Z)

for X,Y,Z € T(TM). The idea comes from [34] by Gauduchon (cf. also [31]).
We will now show the relation linking the torsion of such a connection with the struc-
ture of the algebroid TM/.

Lemma 7. Let (M, g, ]) be a 2n-dimensional almost Hermitian manifold with the Kihler form Q)
given by (13), X,Y,Z € T(TM). Then,

dQ)(JX,JY,]Z) = (d'Q)(X,Y,Z) + Zlg(NI(X Y),Z),
cyc

where d/ is the exterior derivative operator on the skew-symmetric algebroid (TM, ], [, -]/).
Proof. Let X,Y,Z € T(TM). Since [JX,]Y] = J[X, Y]/ — N;(X,Y), we have

@)X, Y, ]Z) = (JX)(QUX,JY)) - (UY)(QUJY,]Z2)) + (JZ)(Q(JX,]Y))
—Q(JX,JY],]JZ) + [JX,]Z],]Y) = Q([]Y, ] Z], ]X)
= (JX)(QX,Y)) - (UV)(QY,Z)) + (JZ)(Q(X,Y))
-Q(IX, YV, 1Z) + Q(IX, 2], JY) — QY. 2]/, ]X)
+Q(N/(X,Y),]Z) = QAN (X, Z),]Y) + QN (Y, Z),]Y)
= (JX)(QUX,Y)) = (Y, 2)) + (JZ)(Q(X,Y))
—Q([x, Y], Z2) + Q([X, 2]/, Y) — Q([Y, 2]/, X)
+8(Ny(X,Y),Z) — g(Ny(X,Z),Y) + g(N;(Y, Z), X)
= @O)XY,2)+ L gNj(X,Y),2)
cycl
O

As a conclusion, we obtain that the Bismut connection is determined by the Levi-Civita
connection V€ on M with respect to ¢ and is related to d/Q as follows:

g(VEY,7) = ¢(VEY, 2) + L Q) (X, Y, 2).

In view of Theorem 5, we can say that the Bismut connection is the only one connec-
tion with totally skew-symmetric torsion such that its torsion T? satisfies ¢(T?(X,Y), Z) =
(dQ)(X,Y,Z) for X,Y € T(TM).

7. Examples of Symmetric Product Associated with a Symplectic Connection

In this section, we show the existence of a symplectic connection for a skew-symmetric
algebroid equipped with a symplectic form. We base our considerations on this general
framework because we want to apply them to specific cases. Such structures include
symplectic manifolds on the one hand, and symplectic Lie algebras on the other hand,
understood as Lie algebroids with zero anchors. We will show that a symplectic form de-
termines a symplectic connection understood as a linear torsion-free connection preserving
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the symplectic form. We add that the existence of such a connection is not unique. Each
connection with zero torsion is determined by some symmetric brackets. We designate such
brackets and see that the considered examples are related to a certain linear connection and
its dual with respect to the symplectic form. More precisely, the resulting symmetric bracket
is a certain affine combination of two symmetric brackets corresponding to the selected
connection and to its dual connection.

7.1. Some Symplectic Connection on a Skew-symmetric Algebroid with Symplectic Form

Let (A, 04, [, ]) be a skew-symmetric algebroid over a manifold M equipped with
a symplectic form w € T(®?* A*), i.e., a nondegenerated and 2-skew-symmetric form
w on A which is closed with respect to the exterior differential operator d* given in (4).
We define i, : A* = A, w(fw(a),Y) = a(Y), which is an isomorphism with the inverse
map b : A — A* defined by the contraction b, (X) = ixw. We will use the symbol X
to denote ixw for X € T'(A).

A symplectic connection on (A, 04, [+, -], w) is a torsion-free connection V which is com-
patible with w, i.e., Vw = 0.

We find the construction of a symplectic connection on symplectic manifolds primarily
in [20] by Tondeur and its application in [21]. When looking for a symplectic connection,
a good starting point is to take some torsion-free connection V°. When V? is torsion-
free and (- : -)? is the symmetric bracket determined by V?, the construction is to find
a symmetric 2-tensor S € T(S?A* ® A) such that (- : '>O + S is a symmetric product
associated with the connection V we are looking for, which means that

VyY = %([X,Y] +<X:Y>°+5(X,Y)) (17)

(X,Y € T(A)) defines a torsion-free connection compatible with w. This approach uses

the equality Alt(V)(y7) = d*y +d"y, where (dT)(X,Y,Z) = — ¥ U(Tﬁ(X, Y),Z) for any
cycl

A-connection Vin A and 57 € T(A? A*).

Let V° be an A-connection in A with zero torsion, TV" = 0. Our search for a symplectic
connection and its corresponding symmetric bracket will be based on the mentioned
construction (cf. [20,21]) with VY as the initial connection. We take the symmetric tensor
S € T(S?A* ® A) uniquely determined by

w(S(X,Y),Z) = %((vgw) (Y, Z) + (vgw) (X,z))
for X,Y,Z € T(A). Then, (Vxw)(Y,Z) = } Alt(V)(w) = 1d"w = 0 because V is torsion-
free and w is closed. Thus, in fact, the formula in (17) describes a symplectic connection.
We will write S as a linear combination of two symmetric brackets. The first is the symmetric

bracket corresponding to VY, while the second is the symmetric bracket of its dual connection
(V)" with respect to w defined by

w((VO)XY.Z) = (ea o X)(w(Y,Z)) - w(Y,VKZ)
for X,Y € T(A).
Let us denote by (- : -)* the symmetric bracket induced by (V°)*. The key to deter-

mining a symmetric bracket is the result written in the lemma below.

Lemma 8. Let (- : -)" be the symmetric bracket determined by the connection (VO)*. Then,

S(X,Y) = %-(—(X:Y)O—i— (X:Y)*), X,Y € T(A). (18)
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Proof. Let us take an arbitrary X,Y,Z € T(A). The computation goes as follows:

(Vw@)(Y, Z) + (Viw) (X, Z)

= (a0 X)(@(Y,2)) - w(VXY,Z) —w(Y,V%Z)
+(eaoY)(w(X,2)) —w(VYX, Z) — w(X,VYZ)

= —w((X:Y)",2) + (eao X)(w(Y,Z)) - w(Y,VZ)
+(eaoY)(w(X,2)) — w(X,V§Z)

= w(—=(X: V)% 2)+w((V)%Y,Z) + w((VO)i X, Z)

= w(—(X:V%2)+w((X:Y)",2).

O

Now, we can write the formula on the symplectic connection V in the language
of symmetric brackets.

Theorem 11. Forany X,Y € T'(A), one has

VxY = (X Y]+ 5 (X )0+ 3 (X 7)), (19)
where (- : Y and (- : -)* are symmetric brackets determined by VO and (V°)", respectively.
Proof. Combining (17) with (18), we get (19). O

Corollary 6. The symmetric bracket determined by V is some affine sum of symmetric brackets
associated with V° and (V°)", namely

(XY =1.(x:V)+2-(X:Y)" for X,Y € T(A).

Remark 1. The construction of a symplectic connection used here consists in looking
for a € R such that the torsion-free connection given by

VXY:%([X,Y]—f—a-(X:Y)O—i—(l—a)-<X:Y>*) (20)

is compatible with w. Therefore, we will see below why for a = 1 the connection V
is compatible with the symplectic form. For this purpose, let us note some properties
of V', V and the skew-symmetric and corresponding symmetric Lie derivatives written
in the lemma below.

Lemma?9. Leta € Rand £L5°, £5*, and L5 denote the symmetric Lie derivatives determined
by symmetric brackets (- : ), (-2 ), and (- ¥ = a(-: )0+ (1 —a)(- : -)*, respectively. Let
LY be the Lie derivative associated with the skew-symmetric bracket [-,-], X € T(A), and V
be given in (20). Then,

@) Vxw=1(L%+L5)w,

b) L% =alP+(1—a)ly,

(© (ng; + L) w = —=Viw, and

d) (LY - LY )w =3Vw.

Proof. Since V' is torsion-free, VxY = 3 ([X, Y]+ (X : Y)®) for X,Y € T(A). Hence, (a)
and (b) immediately follow. From Lemma 8, it follows that

W(=(X: V) +(X:Y)",2) = (V) (Y, 2) + (V@) (X, 2).
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From this equality and the fact that 4w = 0, one can obtain (c) and (d). O

Properties from Lemma 9 are helpful in determining the relationship between Vw
and V°w, which allows us to notice how important it is for the connection given in (20) to
be compatible with the symplectic form; this is the influence of constant a = % We present
this relationship in the corollary below.

Corollary 7. Vw = -1 . V00,
Proof. Let X € TI'(A). Using successively the properties (a)-(d) from Lemma 9, we get
Vxw = (L' + LY)w
= %(ﬁg’ét + aﬁi;o +(1— a)ﬁgé*)w
F(Lgr + L5 )+ 5L - £ )

= -1 Vi%w+% Viw

2
_ 3a—1 .0
= 7 - Vxw.

O

In Sections 7.2 and 7.3, we give examples of symplectic connections and the corre-
sponding symmetric brackets in two cases: a symplectic manifold and a symplectic algebra
(in particular, a symplectic Lie algebra).

7.2. The Case of Symplectic Manifold

Let (M, w) be a symplectic manifold, i.e., the manifold M is equipped with a nonde-
generated and closed exterior 2-form w on M. The form w is then called a symplectic form
on M. We define f, : T"M — TM, w(#w(a),Y) = a(Y), which is an isomorphism with
the inverse map b, : TM — T*M defined by the contraction b, (X) = ixw. We will use
the symbol X“ to denote ixw for X € T'(TM).

A symplectic connection on (M, w) is a torsion-free connection V which is compatible
with w,ie., Vw = 0.

We use the construction discussed in Section 7.1. We take the Levi-Civita connec-
tion associated with g as a starting connection. Let | : TM — TM be an almost com-
plex structure compatible with w and g be an associated pseudo-Riemannian metric, i.e.,
g(X,Y) = w(X,]Y) for X,Y € T(TM). Let VIC be the Levi-Civita connection induced
by g and (-, '>LC be the symmetric product defined by VLC. Let g : T*M — TM denote
the sharp operator for g, i.e., g(fig(a),Y) = a(Y) fora € T(T*M),Y € T(TM).

We will calculate the dual connection and the symmetric bracket designated by it,
also analogously to the Levi-Civita connection using the Lie derivative and the differential
operator. Let us recall that in the geometry of Hermitian manifolds, a special role is played
by the connection V/ associated with V€ and the almost complex structure by

viy = —](vgf(m) for X,Y € T(TM).

The dual connection (VL¢) " to the Levi-Civita connection is just V/. Indeed, note
that since V€ preserves the metric, we have

w((vLC);y, z) = X(w(Y,Z)) - w(Y,VEZ) = X(3(]Y, Z)) — g(JY, VL Z)
= g(VE(Y),Z2) = w(VE(Y),]Z) = —w(J(V5E(TY)), Z)
= w(VLY,2)

for X,Y,Z € T(TM).
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Let (-: -Y*C and (- : -)/ denote the symmetric brackets determined by V€ and V/,
respectively. Theorem 11 shows immediately that an example of a symplectic connection is
a torsion-free connection V that defines a symmetric bracket, which is the following affine

combination (- : A4 2(.:14),ie,

VY = 2([x Y]+ %-(X:Y}LC+%-<X:Y>])
for X,Y € T(TM). We will now designate the symmetric bracket (- : -)I setting by V/.

Note that using the formula (11) of (- : -)-€
of the connection V/:

we can write explicitly the symmetric bracket

(X:yy = ( + VLG ]X)

]([X JY]+ g (LYY + L3,X° — d(3(X, ]Y))
~31 (v, 7X) + £ (LX) + Lix Y = d*(g(Y, ]X) )
UTX YT+ 1Y, JX]) + gt (LY + LX)
fw

(L35 (0) + £, X))

_1
2
1
2
l
2
_1
2

because g(X,JY) + (g(Y,JX) = w(Y, X) + w(X,Y) = 0, f = —J o g, (JX)" = X%, and
X' = —(JX)“.

Remark 2. When looking for symmetric brackets, we notice that properties written in
Lemmas 4 and 3 imply that one of the brackets is

(X,Y)" = JHa(LEYY + LYY + LYXY + LYXY),

where the symmetric Lie derivative is defined for (-, ~>LC, i.e., for the symmetric product
associated with V€. Observe that (-, -)° is the symmetric product defined by the connec-
tion V' given by

VY = B + L)

for X,Y € T(TM). One can check that V' is actually the Levi-Civita connection associated
with g.

7.3. The Case of Symplectic Skew-symmetric Algebra

We say that (g, [+, -]) is a skew-symmetric algebra if g is a real vector space and [, -] is a bi-
linear skew-symmetric mapping. A skew-symmetric algebra can be regarded as a skew-
symmetric algebroid with a zero anchor. In particular, any finite-dimensional Lie algebra
is such an algebra. We call each skew-symmetric algebra (g, [, -]) together with a bilinear
skew-symmetric nondegenerated closed form w € A“g* a symplectic skew-symmetric al-
gebra. Then, w is said to be a symplectic form on g. A Lie algebra (g, [, -]) endowed with
a symplectic form w is called a symplectic Lie algebra.

Let (g, [-,-]) be a skew-symmetric algebra together with a bilinear skew-symmetric
nondegenerated form w € A2g*. Letad : g — End(g) be the adjoint representation of g,
ie,ady(y) = [x,y] for x,y € g. Our goal is to admit a certain symplectic connection using
the result of Theorem 11. Thus, the starting point is a certain torsion-free connection. As
a starting connection, let us take V0 = % ad. Next, we take the connection V* = % ad”,
where ad” is dual to ad with respect to the symplectic form w. To be more precise, V*
is determined as follows:

w(Viyz) = w(% ad;(y),z) = —lw(y,[x,z])
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for x,y,z € g. Hence, the symmetric bracket (- : )" of % ad” is given by
@t 92) = =3 (@(z39) + @ () ). e
Since (- : ->V0 = 0 holds, Theorem 11, indicates that
Vi =3loyl+ 300y, vy € g (22)

defines a symplectic connection with respect to the symplectic form w. From (21), we con-

clude that

w(Vxy,z) = 30([x,y],2) — gw([z, 2], y) — gw([zy], ) (23)

for x,y,z € g. Using the condition dw = 0, we can rewrite (23) as

w(Vay,2) = —3w(lz,2]y) + j0(lzylx), xyz€ g

Example 1. We will designate a symplectic connection of the symplectic algebra g = t,tp
from [23], where the classification of four dimensional symplectic Lie algebras is given. We
consider a 4-dimensional vector space g with a basis {ej, ey, e3,e3}. Let {el, e2, e, 64} be its
dual basis of g*. We define the skew-symmetric bracket [-,-] : g X g — g satisfying the fol-
lowing rules [e1,e;] = e, [e3,e4] = e4. The Lie algebra defined in this way is isomorphic
to the direct product vy X tp, where t, = aff(R) is 2-dimensional non-abelian Lie algebra
of the group of affine transformations of the real line (cf. [22,23]).

Leta,b,c € R. Take the skew-symmetric bilinear form

w=ae' Ne* +be' Ne®+ce® et e N2 g*.

Note that the determinant of the matrix [w(e;,ej)] of w in the frame B = (ey, e, €3, €3)
is equal to a?c?. It follows that if a # 0 and ¢ # 0, then w is nondegenerate, and in conse-
quence, w is a symplectic form on g. We further assume that a and ¢ are nonzero reals. The
symmetric bracket (- : -)* of  ad* is given by (21). Therefore, one can check that (- : -)*
is fully designated by the following values: ({e1 : e1)")“ = —apr, 5, ({e2: 1)) = § pry
((e3:e3)")” = —cpry p,and ({e4 : e3)")“ = § pry p, where pr, 5 : g — R denotes the frame
B = (e1, 2, ¢3,¢3) dependent projection given by pr; 5(z) = z' if z = Y+, z"e;, and zero
in other cases (e¢; : e]->. Hence,

(e1:e1)" = —e1 — Ley,

(e2:e1)" = —1er, (er:ex)" =0,

(e3:e1)" =0, (e3:e)" =0, (ez:e3)" = %ez —e3,

(eg:e1)" =0, (ea:€) =0, (ea:e3)” = —1eq, (eg 1eq)” =0.

Therefore, a symplectic connection V given in (22) and (23) can be described on vectors
from the frame B as follows:

1 1
Vg] e = —3(61 + %84), v51€2 = 362, Vgl e3 =0, Vg]&; =0,
2
ngel = —362, V82€2 =0, V52€3 =0, V32€4 =0,
Vee1 =0 Ve,er =0 Vees = +(Ley —e3), Veey=1
est1 — Y, e3t2 = U, e3€3 = 3( ;62 —¢€3), e364 = 364,

Vee1 =0, Ve =0, Ve,e3 = —%64, Veeq = 0.
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One can check that ((x 1 y)* : (x 1 x)*)" = <x (Y (x: x>*>*> for x,y € g. This means
that the symmetric bracket (- : -)* satisfies the Jordan identity and thus introduces the struc-
ture of a Jordan algebra into g = t,tp.

Example 2. Let (g, [, -]) be a finite dimensional Lie algebra. In the direct sum h = g & g*,
we consider a structure of algebra with skew-symmetric bracket defined by

[x@®a,yp] =[xy & j(aoad, —poady)

for x,y € g B € g*, and where ad,(x) = [x,y], ie, ad is the adjoint representa-
tion of the Lie algebra g. We recall that any skew-symmetric algebra is a skew-symmetric
algebroid with the zero anchor. So, we have the exterior differential operator 4 : /\k h* —

N1 o* given by (dy)(ar, ..., ax1) = Licj(=1)"y([ai,a],a1,... ;... 3. ax.q) for

’7 € /\kh*/ ai, . "/ak-i,-l S b
We equip h with a nondegenerate skew-symmetric bilinear form w € AZb* defined by

w(x®a,ydp)=aly) - px).

One can verify that dw = 0. Thus, w is a symplectic form in h = g® g*. We would
have to find a symplectic connection in § compatible with w starting from the torsion-free

*
connection V¥ = % ady. Since the connection (V) = (% adb> which is dual with respect
to w is described by

0)* -1 _1 1
w( (7)., weB)z07) = ~talyz - izl - dalny),
it follows that (V°)" and the symmetric bracket (- : -)* of (V°)" are given explicitly by

(V). e B = (ixu) @ (~ieoad, —3poad:),

(x@a:y@p)” =0 (-3)(xoady +poady)

forx,y € g ua, B € g*
The formula given in (22) defines now a symplectic connection V in h, which we can write
as follows:

Viea(y®p) = ilxeayepl+ixea:yap)
= 1lxyl®}(xoad,—poad,) —0® }(xoad, +Boady)
= 3([xyl®(-poady))

forx@wa,ydp € b
We remark that one can also take V! given by Vi, (y® B) = L([x,y]® (xoady))
as a torsion-free initiating connection. One can check that

(xoaiyep)’ = 0@ }(aoady+poady),
. 1
(Vl)x@a(y@ﬁ) — 0@ 5(~woady ~poady),

(x@tx:y@m(vl)*

0® (—acady —poady).

According to Theorem 11, VB = 1[A,B] + (A: B>vl +2(A: B)Wl)', AB € b,
is a symplectic connection in . However V% = V, which means that the procedure
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described in Section 7.1 gives the same symplectic connection for both of the initial torsion-
free connections. In h we have a natural metric ¢ € S?h* given by

g(x®a,ydp) =aly) +p(x)

forx®a,y® B € h. To discover a symplectic connection with respect to w, one can take
the Levi-Civita connection with respect to g as an initial connection. It can be checked
that V is actually the Levi-Civita V¢ connection with respect to g. Thus, the Levi-Civita
connection related to g is also a symplectic connection in h with respect to the symplectic
form w.

8. The Bochner Bracket of Smooth Functions

In this section, given the skew-symmetric algebroid endowed with a metric, we con-
sider a symmetric product (-, -) of smooth functions determined naturally by the metric.
We consider a linear connection V on a given algebroid and examine whether for a symmet-

ric product (- : -)V determined by this connection there is the property (grad f : grad h)v =
grad(f, h) for any smooth functions f, h. Thus, we investigate whether there is an analogous
property that holds for Hamiltonian vector fields on a Poisson manifold. We will see that
this property holds for the connection with totally skew-symmetric torsion. The symmetric
bracket defined by the Levi-Civita connection is essential.

Let (A, 04, [, -]) be a skew-symmetric algebroid over a manifold M equipped with
a pseudo-Riemannian metric ¢ € T'(S?2A*) in the vector bundle A. Moreover, leth : A — A*
and f : A* — A be the musician morphisms induced by g (see the beginning of Section 4).
We extend f to the morphism

f:5(A%) - @ska
k>0

on the whole bundle S(A*) by
HO) (@1, wp) = (- Qffewr, ., wy)

for O € T(SKA*), wy,...,wp € T(A%).
Define the 2-symmetric tensor

G = t(g) € T(s2A),

ie.,
G(w,n) = g(bw, ty),  w, i € T(A7).
By the gradient of a smooth function f € C%(M) with respect to ¢ we mean the section
grad f = 1(d"f) € T(A),

where d” is the exterior derivative operator in the a skew-symmetric algebroid (A, 04, [, -]),
ie, (df)(X)=(eacX)(f) for X € T(A).
Now, define the symmetric bracket on smooth functions

(+,7) : C®(M) x C*(M) — C*(M)

by
(f,h) = G(df,dh) = g(grad f,grad h). (24)

This bracket will be called the Bochner bracket of smooth functions, following Crouch [26].
Observe that (-, -) is a symmetric R-bilinear mapping with the property

(frfa-f3) = fo- (f1, f3) + (1. f2) - f3
forall f1, f2, f3 € C®(M). So, (f1,-) is a derivation for any f; € C®(M).
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We would now like to examine under what conditions the linear connection V de-
fines a symmetric bracket (- : ->V, for which the gradient of the Bochner bracket of smooth
functions defined in (24) is the bracket of the gradients. We notice in the lemma below the re-
lationship of the Lie derivative with the symmetric bracket of functions. These properties are
related to the symmetric bracket defined by the metric connection and given in (11).

Lemma10. If f,h € C®°(M)and X = grad f, Y = grad h, then

HEXY") = 4(d(3(X, ) = £(£yX") = grad(f, h). (25)
Proof. First observe that
(Lx(dh))(2) = X(dh(Z)) — dh([X, 2]) = Z(X(h)) = d(X(h))(Z)
for Z € T(TM). So,
LxY’ =d(X(h)) = d(g(X,Y))
since ¢(X,Y) = g(X,tdh) = (dh)(X). Moreover, by definition, (f,g) = G(df,gh) =
¢(grad f, grad h). Therefore, we have (25). [

As a consequence of the last result and Theorem 5, we obtain the following:

Theorem 12. If V is a metric A-connection in A with totally skew-symmetric torsion with respect
to a pseudo-Riemannian metric g and f,h € C®(M), then

(grad f : grad b)Y = grad(f,h).

Proof. Let f,h € C®(M). Define X = grad f and Y = gradh. By Theorem 5 and
Lemma 10, we have at once that

(grad f : grad b)Y = (X:Y)V
= H(LRY' + LYX0 —dY(g(X,Y))
= grad(f,h)+ grad(f,h) —grad(f, h) = grad(f,h).

O

Corollary 8. The space of all gradients Grad(A, g) together with the restricted symmetric bracket
(-: )€ : Grad(A, g) x Grad(A,g) — Grad (A, g) of the Levi-Civita connection associated with
g forms a symmetric algebra. The multiplication (- : ->L ¢ satisfies

(X : V)€ = f(X: YVEC 1 g(grad f, X)Y
for X,Y € Grad(A,g), f € C®(M).

The Case of Symplectic Manifolds.

Let M continue to be a symplectic manifold with a symplectic form w. Fix an almost
complex structure | : TM — TM compatible with w, i.e., | is a bundle morphism with
J> = —idry and g € T(S?A*) defined by g(X,Y) = w(X,]Y) is a Riemannian metric.
These conditions imply that | : TM — TM is an isometry both with respect to w (we then
say that | is a symplectomorphism) and with respect to g, i.e., w(JX,JY) = w(X,Y) and
g(JX,JY) = g(X,Y) for X,Y € T(TM), respectively. Let §, : T"M — TM and b, :
TM — T*M be the mappings defined at the beginning of Section 7.2 and determined by
the symplectic form w. On the other hand, the maps fig : T*M — TM, g(#¢(a),Y) = a(Y)
and b, : TM — T*M, b, (X) = ixw are determined by the metric g. For any X € T(A),
the forms ixg and ixw will be denoted, briefly, by X* and X¢, respectively.
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For every f € C%(M), there is a corresponding unique vector field Hf € T(TM)
such that

iH fw = df
The vector field Hy is called the Hamiltonian vector field with Hamiltonian function f. The space
of all Hamiltonian vector fields on (M, w) is denoted by XH™(M). Since [X, Y] = Hy x)
for any Hamiltonian vector fields X, Y, 13 (M) is a Lie algebra with the Lie bracket
of vector fields. Let (- : ~>LC be the symmetric bracket determined by the Levi-Civita
connection associated with g.

Let us note that the relations between the symplectic structure, the almost complex
structure, and the metric imply the following identities:

bo=Joto, X' =-(X)°, X¢=(X) (26)
for X,Y € T(TM). From this, we have
grad f = JH;
for f € C*(M).
Forany X,Y € T(TM), we define
(X:Y) =J(X: )

Since (xHam (M) : xHam(M)) ¢ xHam (M) holds, the map (- : -) introduces the struc-
ture of symmetric algebra into the space of Hamiltonian vector fields. From the general
form of the Levi-Civita connection and identities (26), it follows that

(X:Y) = —(Jot)(Lix (V) + Lfy(JX) —d*(g(X,Y))
fo (LYY + L3y X9 — d(w (X, ]Y))

for X,Y € T(TM).

The symmetric bracket of smooth functions introduced at the beginning of this sec-
tion by (24) is connected with the corresponding Hamiltonian vector fields. This rela-
tion is shown in the theorem below.

Theorem 13. Let f,h € C®(M). Then,
(f.h) = w(Hy, JHy). (27)
Theorems 12 and 13 now lead to
(X :Y) = Hyy,jx)

forall X,Y € xHam(M). The obtained property of the symmetric bracket of Hamiltonian
vector fields is a symmetric analogy of the properties of the Lie bracket of such fields because

[X,Y] = H,(v,x)
forall X,Y € xHam(pr).

9. Concluding Remarks

The result obtained in the last section generalizes the result for Riemannian manifolds
and the Levi-Civita connections [26] and shows that the properties analogous to those
for the Hamiltonian vector fields on Poisson manifolds naturally occur for gradients and
symmetric brackets determined by some connections. According to Theorem 2, it is im-
portant to assume that a given connection compatible with the pseudometric has a totally
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skew-symmetric torsion with respect to the metric. However, the symmetric brackets
of such connection are completely determined by the bracket for the Levi-Civita connec-
tion. Examples show that the symmetric bracket associated with a metric connection and
brackets for the dual connections with respect to a given nondegenerate bilinear form have
an important role in the construction of linear connections on various geometric structures
related to skew-symmetric algebroids.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References

1.  Heydari, A.; Boroojerdian, N.; Peyghan, E. A description of derivations of the algebra of symmetric tensors. Arch. Math. 2006, 42,
175-184. Available online: http://emis.icm.edu.pl/journals/AM/06-2/am1369.pdf (accessed on 1 January 2021).

2. Balcerzak B.; Pierzchalski A. Generalized gradients on Lie algebroids. Ann. Glob. Anal. Geom. 2013, 44, 319-337. [CrossRef]

3. Sampson, ].H. On a theorem of Chern. Trans. Am. Math. Soc. 1973, 177, 141-153. [CrossRef]

4.  Stepanov, S.; Tsyganok, I.; Mikes, J. On the Sampson Laplacian. Filomat 2019, 33, 1059-1070. [CrossRef]

5. Mikes, J.; Rovenski, V.; Stepanov, S. E. An example of Lichnerowicz-type Laplacian. Ann. Glob. Anal. Geom. 2020, 58, 19-34.
[CrossRef]

6.  Pradines, J. Théorie de Lie pour les groupi des différentiables, calcul différentiel dans la catégorie des groupides infinitésimaux.
C. R. Acad. Sci. Paris 1967, 264, 245-248.

7. Mackenzie, K.C.H. Lie Groupoids and Lie Algebroids in Differential Geometry; London Mathematical Society Lecture Note Series 124;
Cambridge University Press: Cambridge, UK, 1987.

8.  Mackenzie, K.C.H. General Theory of Lie Groupoids and Lie Algebroids; London Mathematical Society Lecture Note Series 213;
Cambridge University Press: Cambridge, UK, 2005.

9.  Popescu, P. Categories of Modules with Differentials. J. Algebra 1996, 185, 50-73. [CrossRef]

10. Popescu, M.; Popescu, P. Anchored vector bundles and Lie algebroids. In Lie Algebroids and Related Topics; Banach Center Publ.:
Warsaw, Poland, 2001; Volume 54, pp. 51-69. [CrossRef]

11.  Popescu, M.; Popescu, P. Geometric objects defined by almost Lie structures. In Lie Algebroids and Related Topics; Banach Center
Publ.: Warsaw, Poland, 2001; Volume 54, pp. 217-233. [CrossRef]

12.  Popescu, P. On higher order geometry on anchored vector bundles. Cent. Eur. |. Math. 2004, 2, 826-839. [CrossRef]

13.  Popescu, M.; Popescu, P. Almost Lie Algebroids and Characteristic Classes. SIGMA Symmetry Integrability Geom. Methods Appl.
2019, 15, 021. [CrossRef]

14. Kosmann-Schwarzbach, Y.; Magri, F. Poisson-Nijenhuis structures. Ann. Inst. Henri Poincaré Sect. A 1990, 53, 35-81. Available
online: http://www.numdam.org/item?id=AIHPA_1990__53_1_35_0 (accessed on 1 January 2021).

15.  Grabowski, J.; Urbanski, P. Lie algebroids and Poisson-Nijenhuis structures. Rep. Math. Phys. 1997, 40, 195-208. [CrossRef]

16. Grabowski, ].; Urbariski, P. Algebroids—general differential calculi on vector bundles. J. Geom. Phys. 1999, 31, 111-141. [CrossRef]

17. Grabowska, K.; Grabowski; J.; Urbariski, P. Geometrical Mechanics on algebroids. Int. |. Geom. Meth. Mod. Phys. 2006, 3, 559-575.
[CrossRef]

18.  De Le6n, M.; Marrero, ].C.; Martin de Diego, D. Linear almost Poisson structures and Hamilton-Jacobi equation. Applications to
nonholonomic mechanics. J. Geom. Mech. 2010, 2, 159-198. [CrossRef]

19. Enrietti, N.; Fino, A.; Vezzoni, L. Tamed symplectic forms and strong Kéhler with torsion metrics. J. Symplectic Geom. 2012, 10,
203-223. [CrossRef]

20. Tondeur, P. Affine Zusammenhénge auf Mannigfaltigkeiten mit fast-symplectischer Struktur. Comment. Math. Helvetici 1961, 36,
234-244. [CrossRef]

21. Bieliavsky, P; Cahen, M.; Gutt, S.; Rawnsley, J.; Schwachhofer, L. Symplectic connections. Int. |. Geom. Methods Mod. Phys. 2006, 3,
375-420. [CrossRef]

22. Andrada, A.; Barberis, M.L.; Dotti, I.G.; Ovando, G.P. Product structures on four dimensional solvable Lie algebras. Homol.
Homotopy Appl. 2005, 7, 9-37. [CrossRef]

23.  Ovando, G. Complex, symplectic and Kéahler structures on four dimensional Lie groups. Rev. Union Math. Argentina 2004, 45, 55-67.

24. Maxim-Raileanu, L. Cohomology of Lie algebroids. An. Sti. Univ. “Al. I. Cuza” Iagi Sect. I Mat. 1976, 22, 197-199.

25. Balcerzak, B. On the Dirac Type Operators on Symmetric Tensors. In Geometric Methods in Physics XXXVI; Kielanowski, P.,
Odzijewicz, A., Previato, E., Eds.; Trends in Mathematics; Birkhduser: Cham, Switzerland, 2019; pp. 215-222. [CrossRef]

26. Crouch, P. Geometric structures in systems theory. IEEE Proc. D Control Theory Appl. 1981, 128, 242-252. [CrossRef]


http://emis.icm.edu.pl/journals/AM/06-2/am1369.pdf
http://doi.org/10.1007/s10455-013-9368-y
http://dx.doi.org/10.1090/S0002-9947-1973-0317221-7
http://dx.doi.org/10.2298/FIL1904059S
http://dx.doi.org/10.1007/s10455-020-09714-9
http://dx.doi.org/10.1006/jabr.1996.0312
http://dx.doi.org/10.4064/bc54-0-5
http://dx.doi.org/10.4064/bc54-0-12
http://dx.doi.org/10.2478/BF02475980
http://dx.doi.org/10.3842/SIGMA.2019.021
http://www.numdam.org/item?id=AIHPA_1990__53_1_35_0
http://dx.doi.org/10.1016/S0034-4877(97)85916-2
http://dx.doi.org/10.1016/S0393-0440(99)00007-8
http://dx.doi.org/10.1142/S0219887806001259
http://dx.doi.org/10.3934/jgm.2010.2.159
http://dx.doi.org/10.4310/JSG.2012.v10.n2.a3
http://dx.doi.org/10.1007/BF02566901
http://dx.doi.org/10.1142/S021988780600117X
http://dx.doi.org/10.4310/HHA.2005.v7.n1.a2
http://dx.doi.org/10.1007/978-3-030-01156-7-23
http://dx.doi.org/10.1049/ip-d.1981.0051

Symmetry 2021, 13, 1003 28 of 28

27.
28.

29.
30.
31.

32.
33.

34.

Cortés, J.; Martinez, E. Mechanical control systems on Lie algebroids. IMA J. Math. Control Inf. 2004, 21, 457-492. [CrossRef]
Lewis, A.D. Affine connections and distributions with applications to nonholonomic mechanics. Rep. Math. Phys. 1998, 42,
135-164. [CrossRef]

Lichnerowicz, A. Global Theory of Connections and Holonomy Groups; Noordhoff International Pub.: Leiden, The Netherlands, 1976.
Gray, A. Nearly Kéhler manifolds. J. Diff. Geometry 1970, 4, 283-309. [CrossRef]

Agricola, I. The Srni lectures on non-integrable geometries with torsion. Arch. Math. 2006, 42, 5-84. Available online:
https:/ /www.emis.de/journals/ AM/06-S/agricola.pdf (accessed on 1 January 2021).

Bismut, ].-M. A local index theorem for non-Kéhler manifolds. Math. Ann. 1989, 284, 681-699. [CrossRef]

Friedrich, T.; Ivanov, S.S. Parallel spinors and connections with skew-symmetric torsion in string theory. Asian J. Math. 2002, 6,
303-336. [CrossRef]

Gauduchon, P. Hermitian connections and Dirac operators. Boll. Un. Mat. Ital. B (7) 1997, 11, 257-288.


http://dx.doi.org/10.1093/imamci/21.4.457
http://dx.doi.org/10.1016/S0034-4877(98)80008-6
http://dx.doi.org/10.4310/jdg/1214429504
https://www.emis.de/journals/AM/06-S/agricola.pdf
http://dx.doi.org/10.1007/BF01443359
http://dx.doi.org/10.4310/AJM.2002.v6.n2.a5

	Introduction
	The Exterior Derivative Operator and the Symmetrized Covariant Derivative
	Symmetric Bracket. Symmetric Lie Derivative
	The Symmetric Brackets Induced by Connections Associated with a Metric Structure 
	A General Metric Compatibility Condition of Connections with Totally Skew-Symmetric Torsion. Fundamental Theorem of Pseudo-Riemannian Geometry and the Levi-Civita Connection
	Symmetric Brackets on Almost Hermitian Manifolds
	Examples of Symmetric Product Associated with a Symplectic Connection 
	Some Symplectic Connection on a Skew-symmetric Algebroid with Symplectic Form
	The Case of Symplectic Manifold
	The Case of Symplectic Skew-symmetric Algebra

	The Bochner Bracket of Smooth Functions
	Concluding Remarks
	References

