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Abstract: In this paper, we consider conservation laws and exact solutions of the (3+1)-dimensional
modified KdV–Zakharov–Kuznetsov equation. Firstly, we construct conservation laws of the given
equation with the help of the conservation theorem; the developed conservation laws are modified
conservation laws. Then, we obtain exact solutions of the given equation via the (G′/G, 1/G)-
expansion method. The obtained solutions are classified as trigonometric solutions, hyperbolic
solutions and rational solutions. Furthermore, graphical representations of the obtained solutions
are given.
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1. Introduction

Many phenomena in physics and other fields can be modeled by nonlinear partial
differential equations (NPDEs). When we want to understand the physical mechanism
of natural phenomena described by NPDEs, we have to investigate the exact solutions
of these equations [1–4]. Recently, a large number of methods that have been used to
obtain exact solutions of NPDEs have become essential due to the existence of symbolic
computation packages which aid researchers in the investigation of the dynamical behav-
ior and the physical meaning of these solutions. Hirota’s direct method [5–8], the tanh
method [9], the exp-function method [10,11], (G′/G)-expansion method [12,13], the ex-
tended (G′/G)-expansion method [14,15], the extended trial equation method [16], the first
integral method [17], the sine-cosine method [18] and the auxiliary equation method [19]
are among these methods.

Conservation laws have a long history in physics. At the mathematical level, con-
servation laws are associated with the existence of a variational principle which admits
symmetry transformations. This crucial fact was fully acknowledged by Emmy Noether.
There are many different methods for the construction of conservation laws; for example,
the characteristic method, variational approach, symmetry and conservation law relation,
direct construction method, partial Noether approach, Noether approach, multiplier ap-
proach, conservation theorem and semi-implicit and semi-explicit methods [20–29]. In this
work, we consider the conservation theorem.

The conservation theorem was introduced by Ibragimov. This theorem is associated
with Lie symmetries and the formal Lagrangian of a given equation. We can construct the
formal Lagrangian with the multiplication of the new adjoint variable and a given equation.
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Then, we can obtain an adjoint equation with the help of Euler–Lagrange equations. If we
find the solution to the adjoint equation, we can obtain local conservation laws. Each Lie
symmetry of a PDE yields a conservation law. These developed conservation laws can be
trivial or non-trivial [30–35].

In this paper, we consider conservation laws and exact solutions of the (3+1)-dimensional
modified KdV–Zakharov–Kuznetsov equation. We mention that in (3+1)-dimensional equa-
tions, multi-front solutions are described by their spatial structure and by their velocity
composition. The spatial structure is actually composed of (3+1)-dimensional branes. Differ-
ent clusters of fronts propagate at different velocities in certain branes, making them hybrids.
Consequently, (3+1)-dimensional models show reasonable agreement with the movement of
waves and demonstrate the potential to predict their location.

In Section 2, we have presented necessary information. Then, we give preliminaries
about the conservation theorem in Section 2.1. We introduce the formal Lagrangian,
adjoint equation and self-adjointness. Then, a general formula of conservation laws is
given. Secondly, we present the (G′/G, 1/G)-expansion method in Section 2.2. In Section 3,
we apply these methods to the (3+1)-dimensional modified KdV-Zakharov-Kuznetsov
equation. In Section 3.1, we give admitted Lie point symmetries by the given equation; then,
we construct the formal Lagrangian and adjoint equation. We find the solution to the adjoint
equation to obtain the local conservation laws of the (3+1)-dimensional modified KdV-
Zakharov-Kuznetsov equation. In Section 3.2, we obtain exact traveling wave solutions of
the given equation. The obtained solutions are classified as trigonometric function solutions,
hyperbolic function solutions and rational function solutions. In Section 4, conclusions
are given.

2. Fundamental Definitions and Mathematical Concepts
2.1. Information About Conservation Theorem

We consider the k-th order system of partial differential equations in the follow-
ing form:

Fα(x, u, u1, u2, . . . , uk) = 0, (1)

where x = (x1, x2, . . . , xn) are n independent variables, u = (u1, u2, ..., um) are m dependent
variables and uj is j-th order derivation respect to x, j = 1, 2, . . . , k and ij = 1, 2, . . . , n).
Equation (1) admits the following infinitesimal generator:

X = ξ i ∂

∂xi
+ ηα ∂

∂uα
, (2)

where ξ i and ηα are infinitesimal functions, i = 1, 2, . . . , n and α = 1, 2, . . . , m. These
functions contain only functions of dependent and independent variables. The k-th prolon-
gation of the infinitesimal generator is

X(k) = X + η
(1)α
i

∂

∂uα
i
+ . . . + η

(k)α
i1i2 ...ik

∂

∂uα
i1i2 ...ik

, k ≥ 1, (3)

where

η
(1)α
i = Diη

α −
(

Diξ
j
)

uα
j

η
(k)α
i1i2 ...ik

= Dik η
(k−1)α
i1i2 ...ik−1

−
(

Dik ξ j
)

uα
i1i2 ...ik−1 j,

where i, j = 1, 2, . . . , n, α = 1, 2, . . . , m and il = 1, 2, . . . , m for l = 1, 2, . . . , k and Di is the
total derivative operator with respect to xi.

Not every PDE has a Lagrangian, but every PDE has a formal Lagrangian. This formal
Lagrangian can be constructed with

L = vαFα. (4)
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The adjoint equation can be found with the help of Euler–Lagrange equations with
following formula:

F∗α
(

x, u, w, . . . , u(k), w(k)

)
≡ δ(vαFα)

δuα
= 0,

(α = 1, 2, . . . , m)
(5)

where
δ

δuα
is variational derivative with

δ

δuα
=

∂

∂uα
+ ∑

s=0
(−1)sDi1 . . . Dis

∂

∂uα
i1 ...is

.

(α = 1, . . . , m)

The adjoint equation F∗α admits symmetries of the original equation.
If we substitute the formal Lagrangian and infinitesimal functions in the following

formula, we obtain Ti conserved quantities:

Ti = ξ iL + Wα δL
δuα

i
+ ∑

s≥1
Di1 . . . Dis(W

α)
∂

∂uα
i1 ...is

,

(i = 1, . . . , n )

(6)

where Wα = ηα − ξ juα
j is the Lie characteristic function and α = 1, . . . , m. The conserved

quantities involve the arbitrary solutions of the adjoint equation, and thus one obtains an
infinite number of conservation laws for Equation (1) by specifying vα.

If the conserved quantities satisfy the divergence condition

Di

(
Ti
)
= 0, (i = 1, . . . , n), (7)

the conserved quantities are conservation laws of Equation (1) [36–38].

2.2. Description of the (G′/G, 1/G)-Expansion Method

In this subsection, we represent the (G′/G, 1/G)-expansion method to find the exact
solutions of NPDEs step by step [39–41]. Firstly, some preparatory factors are presented.

Assume that we have a second-order linear ordinary differential equation as follows:

G′′(ξ) + λG(ξ) = µ, (8)

and we choose for simplicity

φ = G′/G, γ = 1/G. (9)

From (8) and (9), we get

φ′ = −φ2 + µγ− λ, γ′ = −φγ. (10)

Thus, we have three different cases for the general solution of Equation (8).
Case 1 (trigonometric function solutions) λ > 0: The general solution of Equation (8) is

G(ξ) = C1 sin(
√

λξ) + C2 cos(
√

λξ) +
µ

λ
,

and we have
γ2 =

λ

λ2ρ− µ2 (φ
2 − 2µγ + λ), (11)

where C1 and C2 are arbitrary constants and ρ = C2
1 + C2

2 .
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Case 2 (hyperbolic function solutions) λ < 0: The general solution of Equation (8) is

G(ξ) = C1 sinh(
√
−λξ) + C2 cosh(

√
−λξ) +

µ

λ
,

and we have
γ2 =

−λ

λ2ρ + µ2 (φ
2 − 2µγ + λ), (12)

where C1 and C2 are arbitrary constants and ρ = C2
1 − C2

2 .
Case 3 (rational function solutions) λ = 0: The general solution of Equation (8) is

G(ξ) =
µ

2
ξ2 + C1ξ + C2,

and we have
γ2 =

1
C2

1 − 2µC2
(φ2 − 2µγ), (13)

where C1 and C2 are arbitrary constants.
Then, we suppose that we have an NPDE which is in the following form:

P(u, ut, ux, utt, uxt, uxx, . . .) = 0. (14)

where x and t are independent variables and (14) is a polynomial of u and its partial
derivatives. The main steps of the (G′/G, 1/G)-expansion method can be given as follows:

Step 1. By employing the traveling wave transformation ξ = x + y + z− vt, u(x, y, z, t) =
u(ξ), Equation (14) is transformed into an ordinary differential equation:

P(u,−vu′, u′, v2u′′,−vu′, u′′, . . .) = 0. (15)

Step 2. Then, we suppose that the exact solution of the Equation (15) can be expressed
as follows:

u(ξ) =
N

∑
i=0

aiφ
i +

N

∑
i=1

biφ
i−1γ, (16)

where G = G(ξ) satisfies Equation (8), ai(i = 0, . . . , N), bi(i = 1, . . . , N), v, λ and µ are
constants to be determined later. The positive integer N can be found by considering the
homogeneous balance principle between the highest-order derivatives and the nonlinear
terms in Equation (15).

Step 3. Substituting (16) into Equation (15) along with Equations (10) and (11), (case 1
is taken as an example), the left-hand side of Equation (15) can be turned into a polynomial
in φ and γ. We note that the degree of γ is not larger than one. By equating each coefficient
of this polynomial to zero, we can find an algebraic system of equations in terms of
ai(i = 0, . . . , N), bi(i = 1, . . . , N), v, λ(λ < 0), µ, C1 and C2.

Step 4. We solve the algebraic equations obtained in Step 3 with the aid of the Maple
packet program. Then, by substituting the values of ai(i = 0, . . . , N), bi(i = 1, . . . , N), v, λ, µ,
C1 and C2 obtained into (16), the exact solutions of Equation (15), which is expressed by
the hyperbolic functions, can be verified.

Step 5. Similar to Steps 3 and 4, substituting into Equation (16) into Equation (15)
along with Equations (10) and (12) (or (10) and (13)), the exact solutions of Equation (15)
are expressed by trigonometric functions (or by rational functions) and can be verified.

3. Applications

In this section, we apply the conservation theorem and (G′/G, 1/G)-expansion method
to the (3+1)-dimensional modified KdV-Zakharov-Kuznetsov equation in the follow-
ing form:

ut + βu2ux + uxxx + uxyy + uxzz = 0 (17)
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where β is a nonzero arbitrary constant. This equation is an important class of NLEEs
and arises in theoretical physics and plasma physics as well as fluid dynamics, quantum
mechanics and nonlinear optics to analyze the basic properties of the nonlinear propagation
of many physical phenomena, such as the amplitude and width of solitons, solitary wave
structures and shock wave structures [42].

3.1. Conservation Laws

In this subsection, we use the conservation theorem to obtain conservation laws from
Equation (17). The conservation theorem is deeply associated with Lie symmetry generators
of PDEs, so we should find the Lie symmetry generators of Equation (17). Equation (17)
admits the following six Lie symmetry generators (the set of {X1; X2; X3; X4; X5; X6} is
closed under the Lie bracket):

X1 =
∂

∂t
, X2 =

∂

∂y
, X3 =

∂

∂z
,

X4 =
∂

∂x
, X5 = z

∂

∂y
− y

∂

∂z
,

X6 = x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z
+ 3t

∂

∂t
− u

∂

∂u
.

Now, we can obtain the formal Lagrangian of the given equation by

L = v
(

ut + βu2ux + uxxx + uxyy + uxzz

)
(18)

where v is the adjoint variable. The adjoint equation can be calculated with Formula (5)
and Equation (18) as

F∗ = −βu2vx − vt − vxxx − vxyy − vxzz = 0. (19)

We can see that the adjoint equation is self-adjoint. v = 1 and v = u are solutions of
the adjoint equation. The special form of the conserved quantities formula for Equation (17)
is given by

Tx = Lξx + W
[

∂L
∂ux

+ D2
x

(
∂L

∂uxxx

)
+ D2

y

(
∂L

∂uxyy

)
+ D2

z

(
∂L

∂uxzz

)]

+Dx(W)

[
−Dx

(
∂L

∂uxxx

)]
+ Dy(W)

[
−Dy

(
∂L

∂uxyy

)]

+Dz(W)

[
−Dz

(
∂L

∂uxzz

)]

+D2
x(W)

[
∂L

∂uxxx

]
+ D2

y(W)

[
∂L

∂uxyy

]
+ D2

z(W)

[
∂L

∂uxzz

]
,

(20)

Ty = Lξy + W
[

D2
xy

(
∂L

∂uxyy

)]
+ Dx(W)

[
−Dy

(
∂L

∂uxyy

)]

+Dy(W)

[
−Dx

(
∂L

∂uxyy

)]
+ Dxy(W)

[
∂L

∂uxyy

]
,

(21)
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Tz = Lξz + W
[

D2
xz

(
∂L

∂uxzz

)]
+ Dx(W)

[
−Dz

(
∂L

∂uxzz

)]

+Dz(W)

[
−Dx

(
∂L

∂uxzz

)]
+ Dxz(W)

[
∂L

∂uxzz

]
,

(22)

and

Tt = Lξt + W
[

∂L
∂ut

]
. (23)

Each Lie point symmetry of the given equation gives a conservation law, so we can
construct 12 local conservation laws with v = 1 and v = u.

Case 1: In this case, we use v = 1 to obtain the conservation laws of Equation (17).
(1.1) When X1 = ∂

∂t , we obtain the following conserved quantities:

Tx
1,1 = −βu2ut − uxxt − uyyt − uzzt,

Ty
1,1 = −uxyt,

Tz
1,1 = −uxzt,

Tt
1,1 = −ut.

(24)

If these conserved quantities satisfy the divergence condition, they are trivial conser-
vation laws; otherwise, we must adjust the conserved quantities. In (24), the conserved
quantities do not satisfy the divergence condition.

Dx
(
Tx

1,1
)
+ Dy

(
Ty

1,1

)
+ Dz(Tz

1,1) + Dt
(
Tt

1,1
)
= Dx

(
−uyyt − uzzt

)
. (25)

Thus, the modified conservation laws are

∼
Tx

1,1 = −βu2ut − uxxt,
∼

Ty
1,1 = −uxyt,
∼

Tz
1,1 = −uxzt,
∼

Tt
1,1 = −ut.

(26)

(1.2) When X2 = ∂
∂y , the conserved quantities are

Tx
1,2 = −βu2uy − uxxy − uyyy − uyzz,

Ty
1,2 = ut + βu2ux + uxxx + uxzz,

Tz
1,2 = −uxyz,

Tt
1,2 = −uy.

(27)

The divergence condition Di(Ti) is not equal to zero, but the divergence condition can
be written under the total derivative:

Dx
(
Tx

1,2
)
+ Dy

(
Ty

1,2

)
+ Dz(Tz

1,2) + Dt
(
Tt

1,2
)
= Dx

(
−uyyy − uyzz

)
(28)

The nontrivial conservation laws with some adjustment are given by

∼
Tx

1,2 = −βu2uy − uxxy,
∼

Ty
1,2 = −uxyy,
∼

Tz
1,2 = −uxyz,
∼

Tt
1,2 = −uy.

(29)
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(1.3) If we use X3 = ∂
∂z , we obtain W = −uz; then, the conserved quantities are

Tx
1,3 = −βu2uz − uxxz − uyyz − uzzz,

Ty
1,3 = −uxyz,

Tz
1,3 = ut + βu2ux + uxxx + uxyy,

Tt
1,3 = ut + βu2ux + uxxx + uxyy + uxzz − uz.

(30)

The divergence condition Di(Ti) is different from zero. The divergence condition can
be written under the total derivative with

Dx
(
Tx

1,3
)
+ Dy

(
Ty

1,3

)
+ Dz(Tz

1,3) + Dt
(
Tt

1,3
)
= Dx

(
−uyyz − uzzz

)
. (31)

Then, the modified conservation laws are

∼
Tx

1,3 = −βu2uz − uxxz,
∼

Ty
1,3 = −uxyz,
∼

Tz
1,3 = −uxzz,
∼

Tt
1,3 = −uz.

(32)

(1.4) When X4 = ∂
∂x , the found conserved quantities are given by

Tx
1,4 = ut,

Ty
1,4 = −uxxy,

Tz
1,4 = −uxxz,

Tt
1,4 = −ux.

(33)

These conserved quantities do not satisfy the divergence condition in Equation (7).
We can write the divergence condition with

Dx
(
Tx

1,4
)
+ Dy

(
Ty

1,4

)
+ Dz(Tz

1,4) + Dt
(
Tt

1,4
)
= Dy

(
−uxxy) + Dz(−uxxz

)
. (34)

Then, the found, modified conservation laws are

∼
Tx

1,4 = ut,
∼

Tt
1,4 = −ux,

∼
Ty

1,4 =
∼

Tz
1,4 = 0. (35)

(1.5) If we use X5 = z ∂
∂y − y ∂

∂z , the obtained conserved quantities are

Tx
1,5 = −βu2uyz + βu2uzy− uxxyz + uxxzy,

−uyyyz + uyyzy− uzzyz + uzzzy,
Ty

1,5 = zut + βu2uxz + uxxxz + uxzzz + uxyzy + uxz,
Tz

1,5 = −yut − βu2uxy− yuxxx − yuxyy − zuxyz − uxy,
Tt

1,5 = −yut − yβu2ux − yuxxx − yuxyy − yuxzz − zuy + yuz.

(36)

We can see that the divergence condition Di(Ti) is not equal to zero, but this condition
can be written under the total derivative with

Dx
(
Tx

1,5
)
+ Dy

(
Ty

1,5

)
+ Dz(Tz

1,5) + Dt
(
Tt

1,5
)
= Dx

(
−zuyyy − zuzzy + yuyyz + yuzzz

)
. (37)
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The modified conservation laws are

∼
Tx

1,5 = −βu2uyz + βu2uzy− uxxyz + uxxzy,
∼

Ty
1,5 = −uxyyz + uxyzy + uxz,
∼

Tz
1,5 = yuxzz − zuxyz − uxy,
∼

Tt
1,5 = −zuy + yuz.

(38)

(1.6) When X6 = x ∂
∂x + y ∂

∂y + z ∂
∂z + 3t ∂

∂t − u ∂
∂u , we get W = −u− xux − yuy − zuz −

3tut. From Equations (20)–(23), we obtain the conservation laws as follows:

Tx
1,6 = −z

(
βu2uz + uxxz + uyyz + uzzz

)
− 3uxx

−y
(

βu2uy + uxxy + uyyy + uzzy
)
− 3uyy − βu3

−3t
(

βu2ut + uxxt + uyyt + uzzt
)
− 3uzz + xut,

Ty
1,6 = y

(
ut + βu2ux + uxxx + uxzz

)
− 3uxy − xuxxy − zuxyz − 3tuxyt,

Tz
1,6 = z

(
ut + βu2ux + uxxx + uxyy

)
− 3uxz − xuxxz − yuxyz − 3tuxzt,

Tt
1,6 = z

(
ut + βu2ux + uxxx + uxyy

)
+ zuxzz − u− xux − yuy − zuz − 3tut.

(39)

The divergence condition Di(Ti) is not equal to zero and includes extra terms. These
terms can be absorbed as

Dx

(
Tx

1,6

)
+ Dy

(
Ty

1,6

)
+ Dz(Tz

1,6) + Dt

(
Tt

1,6

)
= Dt

(
−3tuxzz − 3tuxyy

)
+Dy

(
−xuxxy − yuxyy − zuxyz

)
+Dz

(
−xuxxz − yuxyz − zuxzz

)
.

(40)

When v = 1, we obtain the following non-trivial conservation laws:

∼
Tx

1,6 = Tx
1,6,

∼
Ty

1,6 = −3uxy − 3tuxyt,
∼

Tz
1,6 = −3uxz − 3tuxzt,
∼

Tt
1,6 = −u− xux − yuy − zuz − 3t

(
ut − uxzz − uxyy

)
.

(41)

Case 2: In this case, we use v = u to obtain the conservation laws of Equation (17).
(2.1) Using the symmetry generator X1 = ∂

∂t , we obtain the following conserved
vectors:

Tx
2,1 = −ut

(
βu3 + uxx + uyy + uzz

)
+ uxuxt

−u
(
uxxt + uyyt + uzzt

)
+ uzuzt + uyuyt,

Ty
2,1 = −utuxx + uyuxt + uxuyt − uuxyt,

Tz
2,1 = −utuxx + uzuxt + uxuzt − uuxzt,

Tt
2,1 = −uut.

(42)

The divergence condition is different from zero.

4
∑

i=1
Di

(
Ti

2,1

)
= Dx

(
−uuyyt − uuzzt

)
+ Dy

(
−utuxx + uxuty

)
+Dz(uxuzt − utuxx) + Dt

(
uzuxz + uyuxy

)
.

(43)

The modified conservation laws with the help of (43) are
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∼
Tx

2,1 = Tx
2,1 + uuyyt + uuzzt,

∼
Ty

2,1 = Ty
2,1 + utuxx − uxuty,

∼
Tz

2,1 = Tz
2,1 − uxuzt + utuxx,

∼
Tt

2,1 = Tt
2,1 − uzuxz − uyuxy.

(44)

(2.2) When X2 = ∂
∂y , the conserved quantities are

Tx
2,2 = −uy

(
βu3 + uxx + uzz

)
+ uxuxy + uzuyz

−u
(
uxxy + uyyy + uzzy

)
,

Ty
2,2 = u

(
ut + βu2ux + uxxx + uxzz

)
− uyuxx + uyuxy + uxuyy,

Tz
2,2 = −uyuxx + uzuxy + uxuzy − uuxyz,

Tt
2,2 = −uuy.

(45)

The divergence condition can be expressed for these conserved vectors as follows:

4
∑

i=1
Di

(
Ti

2,2

)
= Dx

(
−uuyyy − uuyzz

)
+ Dz

(
−uyuxx + uxuyz

)
+Dy

(
uyuxy + uzuxz − uyuxx + uxuyy

)
.

(46)

Then, the modified conservation laws are given by

∼
Tx

2,2 = Tx
2,2 + uuyyy + uuyzz

∼
Ty

2,2 = −uuxyy − uzuxz
∼

Tz
2,2 = uzuxy − uuxyz
∼

Tt
2,2 = −uuy.

(47)

(2.3) Using the symmetry generator X3 = ∂
∂z , we obtain the following conserved

vectors:

Tx
2,3 = −uz

(
βu3 + uxx + uyy

)
+ uxuxz + uyuyz

−u
(
uxxz + uyyz + uzzz

)
,

Ty
2,3 = −uzuxx + uyuxz + uxuzy − uuxyz,

Tz
2,3 = u

(
ut + βu2ux + uxxx + uxyy

)
− uzuxx + uzuxz + uxuzz,

Tt
2,3 = u

(
ut + βu2ux + uxxx + uxyy + uxzz

)
− uuz.

(48)

We can see that the divergence condition Di(Ti) is not equal to zero as follows:

4
∑

i=1
Di

(
Ti

2,3

)
= Dx

(
−uuyyz

)
+ Dy

(
−uzuxx + uxuyz

)
+Dz

(
uyuxy + uzuxz − uzuxx + uzuxz − uuxzz

)
.

(49)

The modified conservation laws are

∼
Tx

2,3 = Tx
2,3 + uuyyz,

∼
Ty

2,3 = uxzuy − uuxyz,
∼

Tz
2,3 = uzzux − uyuxy − uzuxz,
∼

Tt
2,3 = −uuz.

(50)



Symmetry 2021, 13, 765 10 of 17

(2.4) When X4 = ∂
∂x , the found conserved quantities are given by

Tx
2,4 = uut − uxuyy − uxuzz + uxyuy + uxzuz,

Ty
2,4 = −uxuxx + uyuxx + uxuxy − uuxxy,

Tz
2,4 = −uxuxx + uzuxx + uxuxz − uuxxz,

Tt
2,4 = −uux.

(51)

These conserved quantities do not satisfy the divergence condition in (7). We can
write the divergence condition with

4
∑

i=1
Di

(
Ti

2,4

)
= Dz(−uuxxz) + Dy

(
−uuxxy

)
+Dx

(
2uyuxy + 2uzuxz − uxuxz − uxuxy

)
.

(52)

The modified conservation laws are constructed with the help of (52) as

∼
Tx

2,4 = uut − uxuyy − uxuzz − uxyuy − uxzuz + uxuxz + uxuxy,
∼

Ty
2,4 = −uxuxx + uyuxx + uxuxy,
∼

Tz
2,4 = −uxuxx + uzuxx + uxuxz,
∼

Tt
2,4 = −uux.

(53)

(2.5) If we use X5 = z ∂
∂y − y ∂

∂z and Equation (18), the obtained conserved quantities
are

Tx
2,5 = −zuy

(
βu3 + uxx + uzz

)
+ uy

(
uyyz + uzzz + uxxz

)
+yuz

(
βu3 + uxx + uyy

)
− zu

(
uxxy + uyyy + uyzz

)
+zuxuxy + zuzuzy − yuxuxz − yuyuzy,

Ty
2,5 = uz

(
ut + βu2ux + uxxx + uxzz

)
− zuy

(
uxx − uxy

)
+ uuxz

+yuzuxx − yuyuxz + zuxuyy − yuxuzy − uxuz + yuuxyz,
Tz

2,5 = −uy
(
ut + βu2ux + uxxx + uxyy

)
− u

(
zuxyz + uxy

)
yuz(uxx − uxz) + ux

(
uy + zuyz − yuzz

)
− zuyuxx + zuzuxy,

Tt
2,5 = −uy

(
ut + βu2ux + uxxx + uxyy + uxzz

)
− uzuy + yuuz.

(54)

The divergence condition can be written under the total derivative as

4
∑

i=1
Di

(
Ti

2,5

)
= Dx

(
zuzuzy − 2yuzuzz + 2zuyuyy − zuuyzz − yuyuyz + uyuz

)
+Dy

(
−zuuxyy − zuyuxx + yuzuxx − yuxyuz − uxuz

)
+Dz

(
uyuxzz + uyuxyy − zuyuxx + yuxxuz + zuxuzy

)
.

(55)

The modified conservation laws can be written with

∼
Tx

2,5 = Tx
2,5 − zuzuzy + 2yuzuzz − 2zuyuyy + zuuyzz + yuyuyz − uyuz,

∼
Ty

2,5 = Ty
2,5 + zuuxyy + zuyuxx − yuzuxx + yuxyuz + uxuz,

∼
Tz

2,5 = Tz
2,5 − uyuxzz − uyuxyy + zuyuxx − yuxxuz − zuxuzy,

∼
Tt

2,5 = −uzuy + yuuz.

(56)

3.2. Exact Solutions

The traveling wave transformation

u(x, y, z, t) = u(ξ), ξ = x + y + z− vt, (57)

transforms Equation (17) to the following ordinary differential equation:
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− vu′ + βu2u′ + 3u′′′ = 0. (58)

By integrating Equation (58) with respect to ξ once, we obtain

− vu + β
u3

3
+ 3u′′ + C = 0. (59)

where C is the integration constant. Balancing the highest-order derivative u′′ and the non-
linear term u3 from Equation (59), yields 3N = N + 2 which gives N = 1. So, Equation (16)
takes the following form

u(ξ) = a0 + a1φ + b1γ, (60)

where a0, a1 and b1 are constants to be determined.
Case 1 (Trigonometric function solutions) λ > 0.
With the aid of symbolic computation, substituting Equation (60) into Equation (59)

along with Equations (10) and (11) and collecting coefficients of polynomials of φiγj(i, j =
0, 1, 2, 3), then we find an algebraic system of ρ, µ, λ, β, a0, a1, b0 as follows:

φ3 : βa3
1λ4ρ2+βa3

1µ4−2βa3
1λ2ρµ2

3 − 12a1λ2ρµ2 + 6a1µ4

+βa1b2
1λ3ρ− βa1b2

1λµ2 + 6a1λ4ρ2 = 0,

φ2γ1 : βa2
1b1λ4ρ2 − 12b1λ2ρµ2 +

βb3
1λ3ρ−βb3

1λµ2

3 + 6b1λ4ρ2

+βa2
1b1µ4 + 6b1µ4 − 2βa2

1b1λ2ρµ2 = 0,

φ2γ0 : βa0b2
1λ3ρ− 2βa0a2

1λ2ρµ2 + βa0a2
1λ4ρ2 − 3b1µλ3ρ

+3b1µ3λ− βa0b2
1λµ2 − 2

3 βb3
1λ2µ + βa0a2

1µ4 = 0,

φ1γ1 : 2βa0a1b1λ4ρ2 − 2βa1b2
1λ3µρ− 9a1µλ4ρ2 + 2βa1b2

1λµ3

+18a1µ3λ2ρ + 2βa0a1b1µ4 − 4βa0a1b1λ2ρµ2 − 9a1µ5 = 0,

φ1γ0 : −va1µ4 − 12a1λ3ρµ2 − va1λ4ρ2 + βa2
0a1λ4ρ2 − 2βa2

0a1λ2ρµ2 + 6a1λ5ρ2

−βa1b2
1λ2µ2 + 6a1λµ4 + βa1b2

1λ4ρ + 2va1λ2ρµ2 + βa2
0a1µ4 = 0,

φ0γ1 : −2βa2
0b1λ2ρµ2 − vb1µ4 + 3b1λ5ρ2 − 3b1λµ4 − 2βa0b2

1λ3µρ− vb1λ4ρ2

+βa2
0b1µ4 + βb3

1λ2µ2 +
βb3

1λ4ρ
3 + 2βa0b2

1λµ3 + βa2
0b1λ4ρ2 + 2vb1λ2ρµ2 = 0,

φ0γ0 :
Cλ4ρ2 +

βa3
0µ4+βa3

0λ4ρ2−2βb3
1λ3µ−2βa3

0λ2ρµ2

3 + 3b1µ3λ2 − va0µ4 + 2va0λ2ρµ2

+Cµ4 − 2Cλ2ρµ2 − 3b1µλ4ρ− va0λ4ρ2 + βa0b2
1λ4ρ− βa0b2

1λ2µ2 = 0

The solution of this system gives

a0 = ∓ 9µ

β

√
18(µ2−λ2ρ)

βλ

, a1 = 0, b1 = ±
√

18(µ2−λ2ρ)
βλ ,

v = 3λ(µ2+2λ2ρ)
2(µ2−λ2ρ)

, C = ± 27λ3ρµ

(µ2−λ2ρ)β

√
18(µ2−λ2ρ)

βλ

.

If we substitute these results into Equation (60) along with Equations (9) and (11), we
obtain the periodic solutions of the (3+1)-dimensional modified KdV–Zakharov–Kuznetsov
equation as follows:

u(ξ) = ∓ 9µ

β

√
18(µ2−λ2(C2

1+C2
2))

βλ

±

√
18(µ2−λ2(C2

1+C2
2))

βλ

C1 sin(
√

λξ) + C2 cos(
√

λξ) + µ
λ

, (61)
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where, β 6= 0 and ξ = x + y + z + 3λ(µ2+2λ2(C2
1+C2

2))

2(λ2(C2
1+C2

2)−µ2)
t.

In particular, if we set C1 = 0, C2 6= 0, β < 0 and µ = 0 in Equation (61), then we get
periodic solutions in the following form:

u1(ξ) = ±

√
−18λ2C2

2
βλ

C2
sec(
√

λξ). (62)

However, if we set C1 6= 0, C2 = 0, β < 0 and µ = 0 in Equation (61), then we get
periodic solutions in the following form:

u(ξ) = ±

√
−18λ2C2

1
βλ

C1
cosec(

√
λξ). (63)

The obtained solutions given by (61) and (62) are presented in Figure 1 and Figure 2,
respectively.

Figure 1. Graphical representation of Case 1 for the (3+1)-dimensional modified KdV–Zakharov–
Kuznetsov equation when C1 = C2 = 1, β = 1, µ = 0.5, λ = 0.25 within the interval −10 ≤ x, t ≤ 10.

Figure 2. Graphical representation of Case 1 for the (3+1)-dimensional modified KdV–Zakharov–
Kuznetsov equation when C1 = 0, C2 = 1, β = −1, µ = 0, λ = 0.25 within the interval−10 ≤ x, t ≤ 10.

Case 2 (Hyperbolic function solutions) λ < 0.
Substituting Equation (60) into Equation (59) along with Equations (10)–(12) and

collecting coefficients of polynomials of φiγj(i, j = 0, 1, 2, 3), we obtain an algebraic system
of ρ, µ, λ, β, a0, a1, and b0. Then, we solve these system via the Maple packet program, and
we obtain
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a0 = ∓ 9µ

β

√
18(µ2+λ2ρ)

βλ

, a1 = 0, b1 = ±
√

18(µ2+λ2ρ)
βλ ,

v = 3λ(µ2−2λ2ρ)
2(µ2+λ2ρ)

, C = ± 27λ3ρµ

(µ2+λ2ρ)β

√
18(µ2+λ2ρ)

βλ

.

If we substitute these results into Equation (60) along with Equations (9) and (12), we
obtain the exact solutions of the (3+1)-dimensional modified KdV–Zakharov–Kuznetsov
equation as follows:

u(ξ) = ∓ 9µ

β

√
18(µ2+λ2(C2

1−C2
2))

βλ

±

√
18(µ2+λ2(C2

1−C2
2))

βλ

C1 sinh(
√
−λξ) + C2 cosh(

√
−λξ) + µ

λ

, (64)

where β 6= 0 and ξ = x + y + z + 3λ(µ2−2λ2(C2
1−C2

2))

2(λ2(C2
1−C2

2)+µ2)
t.

In particular, if we set C1 = 0, C2 6= 0, β > 0 and µ = 0 in Equation (64), then we
obtain the solitary wave solutions in the following form:

u(ξ) = ±

√
−18λ2C2

2
βλ

C2
sech(

√
−λξ). (65)

In contrast, if we set C1 6= 0, C2 = 0, β < 0 and µ = 0 in Equation (64), then we obtain
the solitary wave solutions in the following form.

u(ξ) = ±

√
18λ2C2

1
βλ

C1
cosech(

√
−λξ). (66)

The obtained solutions given by (65) and (66) are presented in Figure 3 and Figure 4,
respectively.

Figure 3. Graphical representation of Case 2 for the (3+1)-dimensional modified KdV–Zakharov–
Kuznetsov equation when C1 = 0, C2 = 1, β = −1, µ = −0.5, λ = −0.25 within the interval
−30 ≤ x, t ≤ 30.
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Figure 4. Graphical representation of Case 2 for the (3+1)-dimensional modified KdV–Zakharov–
Kuznetsov equation when C1 = 1, C2 = 0, β = −1, µ = −0.5, λ = −0.25 within the interval
−10 ≤ x, t ≤ 100.

Case 3 (Rational function solutions) λ = 0.
Substituting Equation (60) into Equation (59) along with Equations (10)–(13) and

collecting coefficients of polynomials of φiγj(i, j = 0, 1, 2, 3), we obtain an algebraic system
of ρ, µ, λ, β, a0, a1, b0. Then, we solve these system via the Maple packet program, and we
find the following:

a0 = ∓ 9µ

β

√
18(2µC2−C2

1 )
β

, a1 = 0, b1 = ±
√

18(2µC2−C2
1)

β ,

v = 9µ2

2(2µC2−C2
1)

, C = ± 27µ3

(C2
1−2µC2)β

√
18(2µC2−C2

1 )
β

If we substitute these results into Equation (60) along with Equations (9) and (13), we
obtain the exact solutions of the (3+1)-dimensional modified KdV–Zakharov–Kuznetsov
equation as follows:

u(ξ) = ∓ 9µ

β

√
18(2µC2−C2

1)
β

±

√
18(2µC2−C2

1)
β

µ
2 ξ2 + C1ξ + C2

, (67)

where β 6= 0 and ξ = x + y + z + 9µ2

2(C2
1−2µC2)

t.

In particular, if we set c1 = 0 and c2 6= 0 in Equation (67), then we get the solitary
wave solutions in the following form:

u(ξ) = ∓ 9µ

β
√

36µC2
β

±

√
136µC2

β
µ
2 ξ2 + C2

.

In contrast, if we set c1 6= 0 and c2 = 0 in Equation (67), then we obtain the solitary
wave solutions in the following form:

u(ξ) = ∓ 9µ

β

√
−18C2

1
β

±

√
−18C2

1
β

µ
2 ξ2 + C1ξ

.
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When we compare our solutions with the other solutions in the literature, we can state
that our solutions are new and more extensive than the given results in [43]. Furthermore,
our solutions are comparable with those in [44,45]. We foresee that the obtained results
will be useful for applications in mathematical physics and engineering. All results in this
paper were found and checked with the help of Maple software.

4. Conclusions

In this study, we considered the (3+1)-dimensional modified KdV–Zakharov–Kuznetsov
equation. We used the conservation theorem method to obtain the local conservation laws
of the given equation. We obtained the formal Lagrangian; then, we found the adjoint
equation by applying the formal Lagrangian to the variational derivative. It was seen
that modified KdV–Zakharov–Kuznetsov equation is self adjoint. Using the solution of
the adjoint equation, we obtained 12 modified local conservation laws. The two-variable
(G′/G, 1/G)-expansion method, which was used to obtain exact solutions of NPDEs, can
be considered as a generalization of the original (G′/G)-expansion method. Furthermore,
graphical representation is a significant instrument for communication, and it clearly
presents the solutions to the problems. We plotted solutions of the (3+1)-dimensional
modified KdV–Zakharov–Kuznetsov equation.

We consider that the proposed method can be extended to solve the nonlinear prob-
lems which arise in mathematical physics and the theory of solitons. We successfully
applied this method to the (3+1)-dimensional modified KdV–Zakharov–Kuznetsov equa-
tion. The obtained solutions are classified as trigonometric function solutions, hyperbolic
function solutions and rational function solutions. We foresee that our results will be useful
for applications in mathematical physics and engineering.
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