symmetry

Article

Dense and o-Porous Subsets in Some Families of
Darboux Functions

Gertruda Ivanova *

check for

updates
Citation: Ivanova, G.; Domnik, I.
Dense and o-Porous Subsets in Some
Families of Darboux Functions.
Symmetry 2021, 13, 759. https://
doi.org/10.3390/sym13050759

Academic Editors: Sergei D. Odintsov,
Lorentz JANTSCHI and Stanistawa

Kanas

Received: 19 February 2021
Accepted: 20 April 2021
Published: 27 April 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Irena Domnik

Institute of Exact and Technical Sciences, Pomeranian University in Stupsk, ul. Arciszewskiego 22 d,
76-200 Stupsk, Poland; irena.domnik@apsl.edu.pl
* Correspondence: gertruda.ivanova@apsl.edu.pl

Abstract: G. Ivanova and E. Wagner-Bojakowska shown that the set of Darboux quasi-continuous
functions with nowhere dense set of discontinuity points is dense in the metric space of Darboux
quasi-continuous functions with the supremum metric. We prove that this set also is o-strongly
porous in such space. We obtain the symmetrical result for the family of strong Swiatkowski functions,
i.e., that the family of strong Swiatkowski functions with nowhere dense set of discontinuity points
is dense (thus, “large”) and o-strongly porous (thus, asymmetrically, “small”) in the family of strong
Swiatkowski functions.
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1. Introduction

The studies concerning relationships between subsets in a metric space, also in the case
if it is a space of functions, have been investigated by many mathematicians. The classical
result of this type is the Banach theorem. It is said that the set of nowhere differentiable
functions is residual in the space of continuous functions. The problem of the comparison
of subsets in the space of functions was considered by Grande, Maliszewski, Rosen and
others (see [1-3]).

In this paper, we compare subsets of the family of functions with the Darboux property
in porosity terms. For the first time, the notion of porosity was introduced by Denjoy [4]
and Khinchine [5]. The porosity in spaces of functions was considered in [3,6-8]. Interesting
examples of sets, which are porous, but not strongly porous in function spaces, were
presented by the authors of [6,8].

The family of o-porous sets on the real line forms a o-ideal, which is between the
o-ideal of countable subsets and the c-ideal of meager nullsets.

Examples of subsets simultaneously dense and o-porous in some function spaces were
given by G. Ivanova and E. Wagner-Bojakowska Ivanova [9]. In a similar way, we construct
examples of sets which are dense and o-porous in some subspaces of the space of Darboux
functions.

In this paper, we consider only real-valued functions defined on the real line. Sym-
bols C(f) and D(f) mean sets of continuity and discontinuity points of the function f,
respectively. To simplify our notations, we write:

(a,by = (min{a, b}, max{a,b})

for some a,b € R.
We say that:

1. f is quasi-continuous at a point x ([10]) if for every neighborhood U of x and for every
neighborhood V of f(x) there exists a non-empty open subset G of U such that
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f(G) C V. A function f is quasi-continuous (briefly, f € Q) if it is quasi-continuous at
each point.

2. fisinternally quasi-continuous ([11]) (briefly, f € Q;) if it is quasi-continuous and D(f)
is nowhere dense.

3. f is cliquish at a point x if for every neighborhood U of x and for each ¢ > 0 there
exists a non-empty open subset G of U such that |f(y) — f(z)| < e foreach y,z € G.
A function f is cliquish (briefly, f € Cy) if it is cliquish at each point.

4. f has the strong Swigtkowski property or f is strong Swigtkowski function ([12]) (briefly,
f € Dy) if, for each interval (4,b) C R and for each A € (f(a), f(b)), there exists a
point xg € (a,b) such that f(xg) = A and f is continuous at x.

5. f has the internally strong Swigtkowski property (compare [11]) (briefly, f € Dy;) if it has
the strong Swiatkowski property and D(f) is nowhere dense.

6.  f has the Darboux property (briefly, f € D) if the image of any interval under f is also
an interval.

Clearly, Q C €;. We denote by DQ a family of Darboux quasi-continuous functions.
It is known that Ds & DQ (see, e.g., [2]). Obviously, D;; C Ds, DQ; C DQ. We show that
the second inclusion is proper. Unfortunately, we do not know if there exists a function
feDs \ Dy;.

For further considerations, the following technical lemma is useful. The proof of this
lemma follows from the proof of Theorem 14 in [8].

For f:R - Rand A € R, let

osc(f, 4) = sup{ ()} — inf {(x)}.
x€A xe

Lemma 1. Let f € C;and e > 0. Then, there exist sequences of disjoint intervals {(an, by) fnen
and { (yZ, yzﬂ) Ykez nen, such that:
(i)  foreachn € N
(an,bn) = U [V, via ]
ke
(ii) osc(f, [y,’j,yzﬂ]) < eforeachn € N, k € Z;

(iii)  for each n € N we have lim yi! = by and lim y} = a,; and
k—oc0 k——o0

(iv) the set R\ U,en(an, bn) is contained in D(f) and is nowhere dense.

To compare families in porosity terms, we need some definitions.

Let X be an arbitrary metric space. By B(x, 7) we denote the open ball with center x
and of radius r > 0. Additionally, B(x,0) = @. Fix M C X,x € X and r > 0. Here and
subsequently, let

y(x,r,M) =sup{t >0:3z € X:B(z,t) C B(x,r) \ M}.
Define the porosity of M at x as

p(M, x) = 2limsup 0, M)

r—0t 14

Definition 1 ([13]). The set M C X is

1. porous if p(M, x) > 0 for each x € M;

2. strongly porous if p(M, x) = 1 for each x € M;

3. o-porous if it can be represented as a countable union of porous sets; and

4. o-strongly porous if it can be represented as a countable union of strongly porous sets.

In the proofs, we use the following kinds of function:
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Let I,] be arbitrary intervals. We say that f is an (I,])-left side surjective if
f((infI,t)) = Jforallt € I, t > infl. Analogously, the function f is an (I, J)-right
side surjective if, for each t € I, t < sup I, we obtain f((t,sup I)) = J. The function f is an
(I, ])-bi-surjective function if it is both left and right side surjective (compare [14]).

Lemma 2. For each of the intervals I and |, there exists a function f : I — R which is (I, J)-bi-
surjective and continuous on the interior of 1.

Proof. Letland ] be arbitrary intervals. Fix sequences {al,} nen, {02 Ynen, {ah bnen, {bh bnen
such that al, N\, infI, b}, ' sup] (i.e. {al} decreasing and tending to inf I and {b/} increas-
ing and tending to sup I) a{ < bl, a{, N\ inf ], b{l Ssup ], a{ < b{. Ifinf ] € ], then for each
n € N puta, = inf]. In the opposite case for eachn € N, puta, = afl. Analogously, if
sup J € J, then for each n € N put b, = sup J. In the opposite case for each n € N, put
by = b},

Let us define f : Int(I) — ], where Int(I) is interior of I, in the following way:

an forx € U {aénfl’ bénfl}’
neN
f(x) =1 b, forxe U {a, bs },
neN

linear on [ay,by], [al.q,al], [b},b] 4], n e N.

It is easy to see that f is (Int(I), J)-bi-surjective and continuous. To complete the proof,
forx € {infI,supI} NIputf(x)=a;. O

2. Main Results
Lemma 3. There exists a function f € DQ\ DQ;.

Proof. Let A = {ay,a,,4a3,...,ay,...} be countable and dense subset of R. Fix sequence
{pn }nen of positive real numbers such that ), ; p, < co.
Now we proceed by induction and construct a sequence of functions { f;; } sen-
Let n = 1. We can choose sequences a}( N\ 41 and b,% " a1 such that for each k € N
it holds
bl bl 1 1
k< Vkp1 <01 < fpypp < A

Then, the set
Ay ={a}U U{“irbi}
i=1

is closed, nowhere dense and bounded (sup Ay = a}, inf A; = b}), so the set (bl,al) \ A; is
open and dense in (b1, a}). The set of all middle points of component interval of (b}, al) \ A;
we denote by Bj.

Let us define a function f; as follows

filx) = {0 for x € {a1} U (—o0,b}) U (a}, )

dist(x, A1)
dist(x,zz)(j-di;t(x,Bl) for x € [by,ai] \ {m},

where, for each x € Rand A C R, we have dist(x,A) = inf{|y — x|,y € A}.

Fix I € N. Assume that we define sets Ay, ..., A;_1 and By, ..., Bj_1 and functions
fi,. fi—1. Let us take sequences af( N\, 4; and bf( /" a; such that for every k,i € N and
je{1,2,.,1-1}:

! ! ! I.
1. b < bk+1 <ap<ap g < a;
2. afc #+ a{, af( # ajand ai # b{:; and
3. b #U., b, #ajand b # a.
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Then, the set
1 3 o
w= Ut Ofee})
j=1 i=1
is closed, nowhere dense and bounded, so the set (inf A}, sup A;) \ A; is open and dense in
(inf Aj, sup A;). The set of all middle points of component interval of (inf A;, sup A;) \ A;

is denoted by B;.
Let us define a function f; as follows

1
0 forx € U {ai} U (—oo, b%) U (a%, oo)
fl(x) - dist(x,4;) l.:l !
Fst(x,A,) st B for x € [inf Aj, sup A/] \iL:Jl{ui}.

l
Let us observe that this function is continuous on R\ {J {4;}.
i=1

Let

f(x) = ilpkfk<x>.

AsR\ A C C(f) and A is countable, f is Baire 1 (i.e., it is the pointwise limit of some
sequence of continuous functions).

We prove that f has the Young property, i.e. for each x( there exist sequences v , xg
and x; N\, xo such that f(xp) = klgr;f(xk) = klgrogf(yk) (see [15]). For this purpose, fix
xg € R. If xy does not belong to A, then f is continuous at this point. It implies the Young
property at xp.

Assume now that xp € A, then there exists n € N with xp = a, and

n—1
f(x0) = ¥ pjfj(x0), where f; is continuous at x for each j € {1,..,n — 1}. Fixk € N. We
j=1

can find §; > 0, & < %, such that, for each x € (xg — &, x0+ &) and j € {1,...,.n — 1},

we have | p;fij(xo0) — p;fi(x) < m—lil)k Asal \ a, and b} " ay, there exists m € N with

al, bl € (xg — Ok, X0 + 6). Put x5 = ak, and yj = b¥,. Then,

) ) n—1 n—1
|f (x0) — f(x)| = Z‘i pifi(xo0) — Zi pifi(xk) Z% pifi(xo) — Z; pifi(xk)
= j= j= j=

n—1 n—1 1 1
< Fi(xo) — pif: —_— =
< ];!P]f](xo) pifi(xe)| < ]; T
analogously we can show that [f(xo) — f(yx)] < $ so yx ' x and
xx \¢ xo and f(xp) = klim flxg) = klim f(yx). Consequently, f has the Young property.
—00 —00

Moreover, f is Baire 1, so f has the Darboux property (see [15]).
Functions fy are quasi-continuous for each k € N, the sequence { fi : k € N} uniformly
converges to f, so f is also quasi-continuous and, finally, f € DQ\ DQ;. O

In the space of functions, we introduce a metric p defined as follows
p(f,g) = min{1,sup{[f(t) —g(t)| : t € R}}.
Theorem 1 ([16]). The set of internally Darboux quasi-continuous functions is dense in (DQ, p).
We prove that this set not only dense, but it is o-strongly porous in (DQ, p).

Theorem 2. The set of internally Darboux quasi-continuous functions is o-strongly porous
in (DQ,p).
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Proof. Let {(rj,q;j) }jen be a sequence of all intervals with rational endpoints. Put

9’}‘ = {f € DQ;: (7'],(]]) - C(f)}

Of course, Ujeny Fj = DQ;. Let us prove that for each j € N the family F; is strongly porous
in DQ. For this purpose, fix j € Nand f € ;. We show that for each r € (0,1) and
¢ € (0,7/4) there exists a function ¢ € DQ such that B(g,7/2 —¢) C B(f,r) \ F;.

Indeed, letr € (0,1) and ¢ € (0,7/4). An interval [a,b] C (r/,q;) can be found that
satisfies the inequality diam(f([a,b])) < 2e. We define a number A

Ao inf{f(x) : x € [a,b]} +sup{f(x):x € [a,b]}
5 ,

and intervals I, J:
a+b r 7
= <”’2)’]_ [4-34+3]
Let g1 be (I, J)-bi-surjective function continuous on I.
We denote 242 by xo. Put

g1(x) forxel
{ f(x) forx ¢ (a,b)\ (IU{xo})

A+% forx = xp.

g(x) =

Clearly, ¢ € D9Q;. Let us show that B(g,7/2 —¢) NF; = @. For this purpose fix a
function h € B(g,r/2 — €). We consider a number § > 0 such that (xg — J,x0 + ) C (a,b).

Now, we prove that / is discontinuous at xj. Indeed, g is (I, J)-bi-surjective, so there
exists x; in the set I N (xg — J, xg + &) with g(x1) = A — 5. Therefore,

h(xo) = h(x) = A+ 5 —p(h,g) = (A= 5 +p(h,g)) =r—20(h,g) > 2

Hence, h((xg — J,x0 + 6)) is not contained in (f(xg) — ¢, f(xg) + €). Therefore, h is
discontinuous at xo and h ¢ F j- It means that

B(g,r/2—-¢e)NJF; = .
Hence,

1WorF) =5

SO
v(f,r,5)
r

p(Fj, f) = 2limsup =1

r—0t

and J; is strongly porous in DQ. Finally, DQ; is o-strongly porous in DQ. [
Theorem 3. The set Dg; is dense in (Ds, p).

Proof. Fix f € Ds; and ¢ > 0. By Lemma 1, there exist sequences of disjoint intervals

{(an,by)}nen and { (yg, y,’zﬂ) }kez nen, having properties (i)—(iv).
Put
= (i), Jf = [inf(F(0) s x € T suplf(x) - x € 1Y,

where I means the closure of I'. For each n € N, k € Z, let us choose (I7!, Ji)-bi-surjective
functions ¢! continuous on I}!. Define the function g as follows

f(x) forx¢ U U I,
ﬂwz{

neNkez

gi(x) forxe U U I}
neENkeZ



Symmetry 2021, 13, 759

6 0f 8

By Lemma 1(ii), we have p(f,g) < &. Now, we prove that g has the strong Swiatkowski
property. Let us take an interval (a,b) C Rsuch that ¢(a) # g(b). Without loss of generality,
assume that g(a) < g(b). Let A € (g(a), g(b)). We consider the following cases:

1. Thereexistn € Nand k € Z such thata, b € I}'.
The function g is continuous on (g, b), so the restriction g|[, ; has the Darboux property.
Hence, there exists x € (a,b) with g(x) = A. Of course, g is continuous at x.

2. Thereexistn € Nand k € Zsuch thata € II', b ¢ I’ and A € ]! (analogously,
there exist n € Nand k € Z such thatb € [', a ¢ [' and A € J'). Then, as g is
(I, J1)-bi-surjective, we can find a point x € (a,y%) with g(x) = A. Clearly, g is
continuous at x.

3. There does not exist n € Nand k € Z such that A € J!' and {a,b} N [}! = @.
If f(a) = g(a), then puta’ = a.
If f(a) # g(a), then we can find n € Nand k € Z such thata € I]'and b ¢ I}'. Put
a' =y, Then,a’ € (a,b) and,as A ¢ !, f(a') = g(a') < A.
If f(b) = g(b), putb’ =b.
If f(b) # g(b), there exist n € Nand k € Z such thata ¢ I[[! and b € I}'. Put b’ = y}..
Then, b’ € (a,b) and,as A & J!, f(V') = g(b') > A.
As f has the strong Swiatkowski property and f(a') # f(b'), with ¥’ € (a',b')
such that x’ € C(f) and f(x’) = A. Thus, we can find n € N and k € Z with
x e ITand y} € (a', 1) (y’,j+1 € (d, b’)). The function g is (I, J}!)-bi-surjective on
I}'. Hence, there exists x € (a,y}) such that g(x) = g(x’) = A (respectively, there
exists x € (yi,,,b) such that g(x) = g(x') = A).
Consequently, we obtain g € Dy;. As p(f,g) < eand g € B(f,2¢) N Dy, the set Dy is

dense in (Ds,p). O

Theorem 4. The set Dy; is o-strongly porous in (Ds, p).

Proof. Analogously, as above, let { (rj, q j) }jen be a sequence of all intervals with rational
endpoints. Assume that
fTr] = {f (S Dsi : (r],q]) C C(f)}

Obviously, Ujen Fj = Dsi. We show that for each j € N the family J; is strongly porous in
Ds.

For this purpose, fix j € N and let f € F;. We prove that for each r € (0,1) and
¢ € (0,r/4) there exists a function ¢ € D such that B(g,7/2 —¢) C B(f,r) \ F;.

Fix r € (0,1) and ¢ € (0,7/4). There exists an interval (a,b) C (7}, qjs satisfying
diam(f([a,b])) < 2e. Put

I=(a,b),] = (A—%,AJr%),

where
Ao inf{f(x) :x € [a,b]} +sup{f(x): x € [a,b]}.
2

Let g1 be (I, ])-bi-surjective function continuous on I. Put

[ f(x) forx ¢ (ab),
8(x) = { £1(x) fgrx € (a,b).

Then, p(f,g) < 5 + & Now, let us show that f € Ds. For this purpose, fix ¢, d
such that f(c) # f(d). Without loss of generality, we can assume that g(c) < g(d). Let

A€ (g(c), g(d)).

Now, we consider the following cases:
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1. (¢, d) C (ab).
The function g is continuous on [c, d], so g (c.d) has the Darboux property. Hence, there
exists x € (c,d) such that g(x) = A. Obviously, g is continuous at x.

2. (a,b) C(c4d).

Then, f(a) = g(a), f(b) = g(b) and, consequently, A € (f(a), f(b)). As f has the

strong Swiatkowski property, there exists x € C(f) N (c,d) such that f(x) = A. If

x ¢ [a,b], then g(x) = f(x) and g is continuous at x. In the case, when x € (a,b],

there exists x’ € (a, x) with g(x’) = f(x) = A and g is continuous at x". If x = 4, then

there exists x” € (x,b) such that g(x") = f(x) = A. Obviously, g is continuous at x.
3. c¢e€ (ab),d¢ (ab). If A € ], then, by virtue of assumption, that g is (I, J)-bi-

surjection, there exists x € (¢,b) NC(g) suchthatg(x) = A. If A ¢ ], then A > sup ], so

A € (f(b), f(d)) and there exists x € (b,d) NC(g) with g(x) = f(x) = A. Analogously,

we prove forc ¢ (a,b),d € (a,b).

As a result, we show that ¢ belongs to D;. Fix now h € B(g, % —¢). Letus take § > 0
with (a,a + ) C (a,b). We prove that & is not continuous at a. Consider ¢, satisfying
inequalities 0 < ¢, < e and x1,x, € (a,a + J) such that sup ] — g(x1) < ¢, and g(x) —
inf | < g;,. Observe that

h(x1) = h(x2) = g(x1) —p(h,g) — (g(x2) +p(h,8)) =
g(x1) —g(x2) —20(h,g) = sup | — e, — (inf] +ep) —2p(h,g) =
r—2e, —20(h,g) >2e—2e =a>0.
We proved that for every 6 > 0 there exist x1, x € (a,a + ¢) such that
h(x1) —h(xp) > a.

It means that / is not continuous at a. Therefore, & is discontinuous on the interval (r]-, q]-)
and, consequently, 1 ¢ F j- Then, we have

B(g,r/2—-¢)NJF; = Q.

Hence, .
v ) =5

and it implies
o . ’)/(f/ v, 3:])
p(Fj, f) = 2limsup —

r—0t

=1.

The set J; is strongly porous in Ds. As a result, Dy; is o-strongly porous in (Ds, p). O
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