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Abstract: A scheme for the generalized Chaplygin gas equation of state is shown by using the
holographic Ricci dark energy. Regression analysis and a chi-square test were performed. A second
order polynomial regression has been established as the relation between the Hubble Parameter and
redshift. It has established a set of parameters that can predict the Equation of State (EoS) parameter.

Keywords: generalized chaplygin gas; holographic Ricci dark energy; regression; chi-square test;
EoS parameter

1. Introduction

It is well documented in the literature that our universe is going through a phase
of late time acceleration [1–9]. In order to explain this late time acceleration, we require
a driving force. An exotic matter that is considered to be responsible for this late time
acceleration is referred to as Dark Energy (DE) [10–12]. DE is currently a mystery of modern
cosmology. Its exact behavior is yet to be fully understood. For a detailed review of DE
see. The cosmological constant is considered to be the simplest candidate of DE. In this
context, it may be noted that DE is characterized by a negative Equation of State (EoS)
parameter w = p/ρ, where p and ρ denote the pressure and energy density of the universe,
respectively. In order for the acceleration to exist, one requires w to be less than −1/3. The
line w = −1 is considered to be the phantom boundary. If for some model w > −1 then it
is called quintessence and if w ≤ −1 then it is called phantom. If the EoS w for a model
gets a transition from quintessence to phantom then it is considered to be a quintom model
for cosmological constant w = −1. Although the cosmological constant is supported by
observations, models with a time varying EoS parameter have also been considered in a
lot of the literature. Such kinds of DE models can be broadly categorized into: (i) Scalar
field models, (ii) holographic models, and (iii) Chaplygin gas models. The present work
intends to statistically explore a reconstruction scheme for generalized Chaplygin gas
(GCG) through Holographic Ricci Dark Energy (HRDE) under the preview of regression
and hypothesis testing. In this context, let us mention about some important works on
GCG. Using the available cosmological data, authors of [13] put constraints on the free
parameters of the new GCG model based on the statistical Markov chain Monte Carlo
method. Reference [14] considered an interaction between cold dark matter and GCG and
constrained the model parameter α. Reference [15] demonstrated an interacting scenario
between GCG and dark matter under the purview of bulk viscosity in f (R, T) gravity
framework. In view of these studies, we have decided to look into a reconstruction scheme
of GCG under holographic setting and through the method of hypothesis testing.

Since the present work contemplates to investigate DE candidates, namely GCG
and HRDE, we need to have a look at the relevant literature. CG is a modified matter
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categorized from the dynamical dark energy model. In general the equation of state
representing CG is given by, p = −B/ρ, where p is the pressure and ρ is the energy density
of the fluid and B is a positive constant. Different extended versions of CG have been
studied in the literature as a DE candidate to interpret the accelerated expansion of the
universe. One interesting property of different versions of CG is that it can unify the early
and later stages of the universe. A generalized version of CG as GCG was proposed in
several references [16,17]. An exotic equation of generalized Chaplygin gas (GCG) has
been deduced as p = −B/ρα, where an additional parameter α is introduced. The model
parameter α can take on values 0 < α ≤ 1. In order to perceive more accurate result the
equation of modified CG (MCG) has been introduced as p = Aρ− B/ρα, where A and B
are positive constants. A modification was proposed for considering A and B as a function
of scale factor a(t).

A model of DE, which is also known as modified holographic Ricci dark energy
(HRDE), is a function of the Hubble parameter and the first derivative with respect to
cosmic time t [18]. HRDE manifests quintom features. The main characteristic of HRDE
is governed by a positive numerical parameter α in the model. This α plays an important
role in determining the evolutionary behavior of the DE. When α < 1/2, the HRDE will
exhibit a quintom like behavior i.e., its equation of state will evolve across the cosmological
constant boundary w = −1 [19]. Observations show that the parameter α is indeed smaller
than 1/2, so the late time evolution of RDE will be really like a phantom energy.

In certain cases, the cosmic coincidence problem comes in the way of parameters of
a quintessence model, so inevitably this model fails to adjust very precisely with certain
observations. This problem demonstrates the reason behind the fact that the vacuum
energy or scalar field dominate the universe for late time acceleration. This problem is
addressed by quintessence models through the evolution of quintessence energy density,
which does not depend on the initial condition. Nevertheless, a fine-tuning of potential
parameters is required in order to make changes in the behavior of quintessence energy
density at epoch of the equality of matter-radiation. This has finally resulted in domination
of dark energy over dark matter leading to late time acceleration of the universe [20,21].

Phantom cosmology is characterized by a kind of future singularity called the ‘big
rip’ [22]. In this context [23] modeled the augmentation of phantom dark energy onto
a black hole. The former study showcased, due to strong negative pressure of phantom
energy the black hole mass will gradually decrease and tend to zero near the big rip where
it will finally disappear. Later studies [24] have shown the dominance of quantum effects
near the big rip and as the consequence the mass of black hole is reduced to a finite value.
Another study [19] has established that there is a possibility of an increase in the mass of a
black hole due to accretion onto which [25].

In the present work we endeavor to generate a reconstruction scheme for generalized
Chaplygin gas EoS with the aim of establishing the relation between the GCG and HRDE.
The regression based method is adopted and the goodness-of-fit is tested to χ2. The rest of
the paper is organized as follows: in Section 2 we have fitted the regression equation with
redshift z as the predictor and Hubble parameter H as the predictand. In the next phase,
i.e., in Section 3, we have considered the generalized Chaplygin gas under the purview of
HRDE and accordingly carried out χ2 test for establishing goodness-of-fit of the prediction
model for H. We have concluded in Section 4.

2. Fitting Regression Equation to the Observational Data

In this section we develop a regression equation with redshift z as a predictor and
Hubble parameter H as the predictand. A regression equation basically describes the
relationship between two variables and in the present study we consider linear as well as
nonlinear regression equation. The regression constants and coefficients are determined
by the method of least squares [26]. For sake of deriving a suitable functional relation
between z and H, we need to find the best possible Regression relation between them. To
evaluate the best fit we will calculate R2, where R2 = SSR

SST . The term SST is an acronym
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for sum of squares total, which mathematically implies the sum of square deviations of
the value of the dependent variables around their mean. SSR stands for the regression
sum of squares and mathematically it implies the sum of square differences between the
regression predictions and the sample mean of the predictand. Details of regression method
are available in [26]. Among the regression relations, whichever gives the highest value of
R2 close to 1, will be considered as the best model. We have tried three models,

H = b0 + b1z (1)

H = b0e(b1z) (2)

H = b0 + b1z + b2z2 (3)

In the above equations, H and z represent the Hubble parameter and redshift, respectively.
Furthermore, b0 represents regression constant and b1, b2 are the regression coefficients
of the respective models. The three models of regression represented by Equations (1)–(3)
are now fit to the data presented in Table 1 and the corresponding R2 is evaluated for each
model. The outcomes are presented in Table 2.

Table 1. Hubble parameter data [27].

z H (z) (km/s/Mpc)

0.07 69
0.09 69
0.12 68.6
0.17 83

0.179 75
0.199 75

0.2 72.9
0.27 77
0.28 88.8

0.352 83
0.38 81.9

0.3802 83
0.4 95

0.4004 77
0.4247 87.1
0.4497 92.8

0.47 89
0.4783 80.9

0.48 97
0.52 90.8

0.593 104
0.61 97.8
0.68 92

0.781 105
0.875 125
0.88 90
0.9 117

1.037 154
1.3 168

1.363 160
1.43 177
1.53 140
1.75 202

1.965 186.5
2.34 223
2.36 227
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Table 2. The three regression models and the corresponding R2.

Regression Model R2

H = b0 + b1z 0.9394
H = b0e(b1z) 0.9246

H = b0 + b1z + b2z2 0.9404

Considering the highest value of R2, the third model i.e., H = b0 + b1z + b2z2 is
considered to be the best model to establish the functional relationship between z and H(z).
In this context we would like to mention that the three regression equations considered here
are linear, exponential, and polynomial types, respectively. These are three important forms
of regression and in all the cases the regression coefficients and the regression constants
have been determined through the method of least squares, where the sum squares of the
errors is minimized by taking partial derivatives with respect to regression coefficients
and constants and then equating to zero. These approaches have been adopted here, and
accordingly, the regression coefficients and constants have been determined. All the models
have been proved to be almost equally efficient through the high value of R2. Four decimal
places have been retained to understand the relative efficiency of the model. Although
the three models have equal efficiency, the model represented by Equation (3) is found to
be more accurate than Equations (1) and (2) and hence considered for subsequent study.
We would like to point out that in Table 1 we have considered the Hubble parameter data
available in [27], where there are some associated errors. In the present work, we intend
to generate a regression-based methodology for correspondence between the generalized
Chaplygin gas (GCG) and holographic Ricci dark energy (HRDE), which is why we have
taken the values and discarded the ± part. This gives the midpoint of the acceptable range
of H for the corresponding z and hence does not violate the acceptable range.

3. Generalized Chaplygin Gas (GCG) in Holographic Ricci Dark Energy
(HRDE) Framework

In this section we consider a correspondence between GCG and HRDE. The HRDE is
a specific form of more generalized Holographic dark energy Nojiri–Odinsov cut-off [28].
The density of HRDE is given by [18]

ρλ = 3c2
(

Ḣ + 2H2
)

, 0 < c2 < 1 (4)

and the GCG is represented by the equation of state [20]

pc = −
(

B
ρα

c

)
(5)

that implies

ρc =

(
− B

pc

) 1
α

(6)

where pc and ρc represent the pressure and density respectively for GCG, 0 < α < 1 and H
is the Hubble parameter. Constraints on B and α are already stated in the previous section.
Hence the EoS parameter wc of GCG takes the form

wc = −
B

ρ1+α
c

(7)

As we are considering a correspondence between GCG and HRDE, we have ργ = ρc. From
this consideration we have

pc = −
B

[3c2(Ḣ + 2H2)]α
(8)
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Based on the equation of state parameter

wc =
pc

ρc
(9)

we intend to express wc in terms of H(Hubble parameter) and its derivatives. The relations
considered here are 3H2 = ρ and ȧ = aH. Subsequently we have

ä = aḢ + Hȧ (10)

and when this is considered in
6

ä
a
= −(ρc + 3pc) (11)

and
ä = aḢ + Hȧ (12)

we obtain

wc = −
(

1 +
2Ḣ
3H2

)
(13)

where, H2 is obtained from observational data presented in Table 1. For Ḣ we consider
Ḣ = − 1

(1+z)3
dH
dz . The dH

dz is computed from the best fit regression equation. If we consider
the limiting case z → −1 we get from Equation (3) that wc → −1. Thus, in the very late
stage, the EoS parameter tends to be −1. However, the limiting case does not give us any
possibility of exit from −1 boundary.

Using the first Friedmann equation we have 3H2 = ρλ, which leads to the solution for
scale factor as

a(t) =

((
−1 + 2c2)(C1 + C2t)

c2

) c2

−1+2c2

(14)

Equation (14) represents the scale factor reconstructed under the purview of HRDE. Now
we consider the conservation equation for GCG:

ρ̇c + 3Hρc

(
1− B

ρ1+α
c

)
= 0 (15)

Solution for the differential Equation (15) gives us reconstructed GCG density as a function
of the scale factor a as:

ρc,reconstructed(a) =
(

1 + a−3(1+α)e(1+α)C3
) 1

1+α (16)

Using Equation (14) in (16) we get the HRDE reconstructed GCG as

ρc,reconstructed =

1 + eC3(1+α)

((−1 + 2c2)(C2 + C1t)
c2

) c2

−1+2c2


−3(1+α)


1

1+α

(17)

Using Equation (14) in the equation a = 1
1+z we can get cosmic time t in terms of redshift z as

t = −
C2 +

c2(1+z)
2− 1

c2

1−2c2

C1
(18)

Using Equation (18) in (16) we can rewrite the HRDE reconstructed GCG density in therm
of z as
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ρc,reconstructed =

1 + eC3(1+α)

((1 + z)2− 1
c2

) c2

−1+2c2

−3(1+α)


1
1+α

(19)

The HRDE reconstructed GCG density is used in Equation (3) through 3H2 = ρc,reconstructed
and the Ḣ is obtained from the regression equation already obtained. This reconstructed
EoS parameter is plotted in Figure 1 for a range of values of α and it is observed that for
the current universe i.e., z = 0, the reconstructed EoS parameter is close to −1 and the EoS
is behaving like a phantom. Furthermore, at a later stage, an exit from −1 boundary is
possible and this indicates termination of phantom-dominated phase of the universe. Also,
we have observed that for higher values of α, the EoS parameter has a higher slope and
reaches the phantom boundary a bit earlier than the lower values.

Figure 1. Evolution of reconstructed wc using Equation (3), where Ḣ has been obtained from the
regression equation and H2 = 1

3 ρc, reconstructed is obtained in Equation (19).

4. Concluding Remarks and Future Developments

The study reported in the previous sections involves a rigorous statistical analysis
of observational Hubble parameter data to understand the cosmology of Chaplygin gas
reconstructed though holographic Ricci dark energy. As the first step we have attempted
to derive a suitable functional relation between Hubble Parameter H and redshift z. In
order to do the same we have tried three regression equations with H as the dependent
variable and z as the independent variable. The three forms of regression involved in this
study are linear, exponential, and second order polynomial, respectively. After deriving the
regression coefficients and constants by the method of least squares, we have computed
the coefficients of determination R2 for all the three models. Although we get R2 > 0.9
for all the three models, the second order polynomial is found to produce the maximum
R2. Hence the best fit functional relationship comes out to be H = b0 + b1z + b2z2 where
b0 = 36, b1 = 26.6973, b2 = 33.4992. It may please be noted that b0, b1, and b2 are
determined by the method of least squares. Details of the method are elaborated in [26].

In the next phase of the study we shall consider the Hubble parameter value based
on the established functional relationship mentioned above. In this phase we consider a
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correspondence between GCG and HRDE. From GCG, we obtain the form of EoS param-
eter wc, which is equated to the reconstructed EoS parameter obtained by considering a
correspondence between the density of HRDE and GCG. In this new form of EoS parameter
we have the parameters c, α and constant B to be determined.

To further proceed we consider the Friedmann’s Equation 3H2 = ρ and this leads to a
differential equation giving a general form of pressure as, p = −3H2 − 2Ḣ. As a natural
consequence we get w = −

(
1 + 2Ḣ

3H2

)
. As H has been established as the function of z we

can easily calculate Ḣ = aH dH
dz

dz
da , where we have the well known relation a = 1/(1 + z).

We carried out the χ2 test to understand the goodness-of-fit of the EoS parameter via a
holographically reconstructed GCG. Here, the form of EoS mentioned above is considered
as the observed value and the EoS parameter obtained by the reconstruction scheme as
the predicted value. By testing χ2 based on the null hypothesis is of goodness-of-fit, we
have carried out the χ2 test for ten sets of values of parameters as reported in Table 3.
It may be noted that for all the ten cases the Pearson correlation coefficient comes out
to be greater than 0.5. Comparing the computed χ2 with tabular values at 5%, 10%,
and 1% levels of significance. It is observed that the reconstructed model fits best to the
observational data for c = 0.5, α = 0.4 and B = 106. Hence we conclude that it is possible
to create an EoS parameter for the GCG reconstructed through HRDE that can fit well
to the observational data. At this juncture, it may be noted that for choice of α, we have
followed the study by Zhang [29], where it was shown that for α < 1

2 , the HRDE has an
equation of state parameter behaving like a quintom i.e., it transitions from quintessence
to phantom. Following the study of [29], we have chosen α to be in the vicinity of 1

2 and
carried out the hypothesis testing accordingly.

Table 3. Results on the observed and predicted Equation of State (EoS). Parameters c, α, and B are
for holographic Ricci Chaplygin gas. The PCC stands for Pearson correlation coefficient between
observed and predicted Equation of State (EoS) parameter. The tabular values with appropriate
degrees of freedom are 22.465 (at 5%), 18.509 (at 10%) and 22.797 (at 1%).

Cases PCC R2 χ2
comp Conclusion on H0

c = 0.45, α = 0.4, B = 106 0.531 0.282 22.933 Accepted at 10% level
c = 0.45, α = 0.8, B = 108 0.528 0.278 68.399 Not accepted
c = 0.45, α = 1.0, B = 109 0.524 0.274 118.481 Not accepted
c = 0.50, α = 0.4, B = 106 0.531 0.282 17.146 Accepted at all levels
c = 0.50, α = 0.8, B = 108 0.528 0.278 46.843 Not accepted
c = 0.50, α = 1.0, B = 109 0.524 0.275 77.761 Not accepted
c = 0.75, α = 0.4, B = 107 0.531 0.282 54.615 Not accepted
c = 0.75, α = 0.8, B = 109 0.528 0.278 108.695 Not accepted
c = 0.75, α = 1.0, B = 1010 0.524 0.275 153.534 Not accepted

In Figure 2 we have plotted the Hubble parameter H against redshift z for the best
fit regression model H = b0 + b1z + b2z2 with the values of the coefficients b1 = 26.6973
b2 = 33.4992 and b0 = 36. We have observed that the evolution of the predicted H is
showing a decreasing pattern with z. In Figure 1 we have a pictorial representation of the
reconstructed EoS parameter wc for a range of values of α with B = 106 and c = 0.5 as
both values have been identified through χ2 test in Table 3. It has been observed in this
figure that the reconstructed wc ≈ −1 at z = 0 i.e., for the current universe. Hence we
can conclude that the model through reconstruction of H through regression is consistent
with observation. It is further observed that the reconstructed wc is staying below −1 and
crossing the phantom boundary after the evolution passes z = 0. Hence we can say that
the reconstructed wc has the possibility of crossing the phantom boundary at a later stage
of the universe. We propose further studies to examine whether we can have state finder
trajectories derived through regression equations to check whether the aforementioned
model can have a significant departure from ΛCDM. In the context of the studies of [30–32]
we should comment on the comparison of our model with ΛCDM. From the expression of
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HRDE reconstructed GCG it is apparent that as z→ −1, the density becomes asymptotic.
This behavior indicates that under this formulation, even without cosmological constant,
we can reproduce ΛCDM cosmology.

-0.5 0.0 0.5 1.0 1.5 2.0

0

50

100

150

200

z

H

Figure 2. Evolution of the Hubble parameter with redshift z based on the regression equations. The
red, green and blue lines correspond to the linear, exponential, and polynomial regression equations,
respectively.

One important point to make for future work worth being mentioned here is that
Markov chain Monte Carlo (MCMC) techniques are now widely used for cosmological
parameter estimation [33]. The current study primarily focuses on hypothesis testing that
involves the chi-square test. The regression parameters have been estimated through the
least square method. The MCMC that involves the generation of chains to sample the
posterior probability distribution obtained following a Bayesian approach can be effective
in estimation of model parameters associated with HRDE reconstructed GCG model. An
extension of this current approach is proposed as future study.

At this juncture let us make some remarks: given the recent discovery of gravitational
waves [34–36]. Ni [34] demonstrated the determination of DE equation, and probing the
inflationary physics using space gravitational wave detectors. Figure 1 shows agreement
of the results presented in [34]. This figure shows that for the current universe, w ≤ −0.9;
this is consistent with the results presented in [34] based on ASTROD-GW mission.
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