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Abstract: To study the influence of the near-fault vertical earthquake, the beam-spring-damper-pier
model is used to simulate the double-span continuous beam bridge. The transient wave function
expansion method and the indirect mode function method are used to calculate the seismic response
of the bridge. The theoretical solutions of the contact force and displacement response of the bridge
under vertical earthquake excitation near-fault are derived. By using piers with three different
heights, the influence of vertical separation on pier-bending failure is analyzed reasonably. The
results show that under the near-fault earthquake action, the split has a certain influence on the pier
failure. Moreover, the stiffness and damping of the bearing have an influence on the pier failure,
and the change of the maximum pier height has different effects. Therefore, for bridges of different
sizes, it is of great significance to select the appropriate stiffness and damping bearings to reduce
pier failure.

Keywords: bridge; near-fault vertical earthquake; multiple separations; bearing stiffness; bearing
damping; bending damage

1. Introduction

As a transportation hub, under the action of an earthquake, the destruction of the
bridge not only destroys the transportation counterparts but also affects the subsequent
post-disaster rescue. Moreover, it is difficult to repair bridges damaged by an earthquake,
which seriously affects early transportation recovery [1,2]. In the past, research on bridge
damage was mainly concentrated in the horizontal direction [3–5], but in recent years,
considering the influence of vertical seismic action on the structure, many scholars at home
and abroad have conducted a lot of research. Vertical seismic action will change the axial
force of the pier, and the increased axial force may cause the pier to be damaged under
compression [6–9]. In view of the possible bending and shear damage caused by the axial
force on the pier, a large number of experiments have been conducted, and it is proposed
that under the action of a vertical earthquake, the fluctuation of the axial force will have an
impact on the pier’s shear performance [10–13]. When the axial force of the bridge pier
decreases or even tensile stress occurs, it will reduce or lose the horizontal shear resistance
of the concrete, causing the shear strength of the pier to weaken. The fluctuation of the
axial force of the pier will also weaken the bending resistance and ductility of the concrete
pier. Under the combined action of horizontal and vertical earthquakes, the pier will be
damaged by bending [10,12,13]. For the main beam, the vertical seismic action will increase
the mid-span bending moment and even cause structural damage [10,14].

In the above studies of the vertical component’s influence on the bridge, the ratio
of the vertical seismic acceleration to the horizontal acceleration is set to not exceed 2/3.
However, with the renewal of seismic monitoring equipment in recent years, more and
more seismic data show that under the action of near-fault earthquakes, the acceleration
amplitude of vertical earthquakes will exceed the limit specified by the code. For example,
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the maximum vertical acceleration recorded by the Northridge earthquake is 1.18 g, and the
ratio of vertical seismic acceleration to horizontal acceleration (V/H) is up to 1.79 [15]. The
peak vertical acceleration on the ground of the Kobe earthquake is twice the peak lateral
acceleration [16]. The 9 seismic record curves of the Wenchuan earthquake in Sichuan
within 20 km from the fault show that the average value of V/H is 0.89 and the maximum
value is 1.2 [17]. The analysis of the vertical acceleration response spectrum of the near-fault
earthquake found that the near-fault earthquake has its unique characteristics and cannot
be roughly treated as 2/3 of the horizontal seismic acceleration [18]. Unlike most building
structures, the span of the bridge is large, and vertical vibration will cause large vertical
deformation of the main girder. Strong vertical seismic excitation may reduce the contact
force of the bridge support [18], resulting in the friction weakening between the main
girder and the bridge pier. The vertical vibration will cause a large vertical deformation
of the main girder. Strong vertical seismic excitation may reduce the contact force of the
bridge support [18], resulting in the friction weakening between the main girder and the
bridge pier. In addition, most bridges in China use plate rubber bearings, and the main
girder is placed directly on the support [19]. The support and the main girder lack a tensile
connection. When the vertical excitation is too strong, the main girder and the pier may be
separated. In the 1989 Loma Prieta earthquake in the United States [20], the highway bridge
collapsed due to the vertical earthquake, and its piers passed through the bridge deck and
stood upright. This type of damage may cause the main girder to be thrown up under the
action of a strong vertical earthquake. When it falls again, it will have a huge collision
force with the pier, causing the pier to penetrate the bridge deck. In addition, collisions
caused by separation may also cause local damage to the bridge. Tanimura et al. believed
that the damage of the support was caused by the high stress caused by the collision with
the bridge support after the bridge span jumped [21]. In addition, the impact caused by
separation may also lead to local damage to the bridge. Tanimura et al. [21] considered that
the damage of the bearing was caused by the high stress caused by the collision between
the girder and the bearing after the main girder jumped.

Most of the previous research is based on the constant contact between the girder and
the pier, ignoring the possible contact-separation-recontact displacement response process
of the pier and girder under the action of the near-fault earthquake. The purpose of this
research is to establish a theoretical method to research the effect of vertical separation of
piers and girders on bridge displacement response. By using the double-span continuous
beam model to simulate the seismic response of the bridge, the transient wave function
is expanded into a series of eigenfunctions [22]. By introducing the indirect wave modal
method [23] to solve the collision force response, the theoretical solution of the vertical and
longitudinal contact force and displacement response of the girder and piers is obtained.
The effect of the pier–beam separation on the longitudinal relative displacement of the
pier–beam is calculated. The influence of pier size on the bending failure of the pier bottom
is also studied.

2. Theoretical Model and Vertical Displacement Calculation

In this study, a double-span continuous girder highway bridge with a low vertical
natural vibration period was selected. The model is shown in Figure 1. The single span of
a continuous girder is L; the cross-sectional area is Ab; the elastic modulus of the section is
Eb; the moment of inertia of the section is Ib. The height of the pier is H; the cross-sectional
area is Ar; the modulus of elasticity of the section is Er; the moment of inertia of the section
is Ir. The density of the main girder and bridge piers are both ρ. The self-weight of the
main girder is set to a uniform load q. The compressive stiffness of the rubber bearing
is Kc; the shear stiffness is Kv. Ignoring that the bearing deformation exceeds the shear
deformation limit, the rubber bearing damping is ζ1, and the vibration damping of the
concrete beam itself is ζ2.
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Figure 1. Double-span continuous beam bridge model.

In the longitudinal direction, D(t) is used to simulate the seismic excitation. The
main girder uses St. Venant rods to simulate axial deformation, and the pier uses the
Bernoulli–Euler beams to simulate bending deformation. In the vertical direction, B(t) is
used to simulate the seismic excitation. The main girder adopts Bernoulli–Euler beam
to simulate bending deformation, and the bridge pier adopts the the St. Venant rod to
simulate axial deformation. In the lateral direction, due to the limitation of some bridge
blocks, the influence of the pier and girder separation condition on the bridge’s lateral
displacement response is ignored. Only the bending failure of the bottom of the pier under
the coupling of longitudinal and vertical is considered.

The model used in this study is a double-span continuous bridge. The calculation
model is shown in Figure 1. The main beam is a prestressed box beam, and the pier is
a double-column circular pier. The length of the main girder L = 38 m. The round lead
high-damping rubber bearing is used between the main girder and the piers. In the vertical
direction, the hysteresis curve of the bearing is long and narrow, ignoring the damping
of the vertical bearing. In the horizontal direction, the damping of the bearing ζ1 equals
20%. In the vertical direction, the stiffness of the bearing is Kc = 2.4× 109 N/m; in the
horizontal direction, the stiffness is Kv = 2.4× 106 N/m. To simplify the calculation, this
study makes the following assumptions:

(1). When the bridge is forced to resonate, the structural force and displacement response
are always calculated by elastic deformation.

(2). During seismic action, there are often stops in the lateral direction. This study only
considers the coupling of vertical and longitudinal seismic activities.

(3). Ignore the difference in the arrival time of the horizontal and vertical seismic waves,
assuming that the earthquakes in both directions are excited at the same time.

(4). The bottom of the abutment and pier is set on the hard rock, and the interaction
between rock and soil is ignored.

(5). The gap between the abutment and girder is ignored.

2.1. Theoretical Solution of Displacement Response of Bridge in Vertical Contact Stage

The wave equations of girder AB and pier CD can be described as the following:

OA : ∂2(Eb Ib∂2Y1(x,t)/∂x2)
∂x2 + ρAb

∂2Y1(x,t)
∂t2 + q = 0

OB : ∂2(Eb Ib∂2Y1(x,t)/∂x2)
∂x2 + ρAb

∂2Y1(x,t)
∂t2 + q = 0

CD : Er Ar
∂2U(ξ,t)

∂2ξ
− ρAr

∂2U(ξ,t)
∂t2 = 0

(1)
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In these equations, Y1(x, t), Y2(x, t) is the deflection of the beam; U(ξ, t) is the axial
displacement of pier.

The boundary condition of bridge displacement is:

Y1(−L, t) = 0, Y2(L, t) = 0, U(0, t) = 0
∂2Y1(−L,t)

∂2x = 0, ∂2Y2(L,t)
∂2x = 0

(2)

and the displacement continuity condition at the middle of the main girder is:

Y1(0, t) = Y2(0, t),
∂Y1(0, t)

∂x
=

∂Y2(0, t)
∂x

,
∂2Y1(0, t)

∂x2 =
∂2Y2(0, t)

∂x2 (3)

The continuity condition of the shear force and displacement between girder, pier,
and support are:

U(H, t)−Y1(0, t) = δ1 = Fc
Kc

= − Er Ar
Kc

∂U(H,t)
∂ξ

Er Ar
∂U(H,t)

∂ξ = Eb Ib(
∂3Y1(0,t)

∂x3 − ∂3Y2(0,t)
∂x3 )

(4)

The vertical displacement field Y(x, t), of the girder can be divided into static displace-
ment Ys, rigid body displacement Yg, and dynamic deformation Yd.

Y(x, t) = Ys(x) + Yg(x, t) + Yd(x, t)
U(ξ, t) = Us(ξ) + Ug(ξ, t) + Ud(ξ, t)

(5)

Dynamic displacement satisfies the wave equation, continuity condition, equilibrium
differential equation, and force boundary condition.

Static displacement of the bridge is as follows:

Y1s(x) = [q(−5L4 + 6L2x2 − x4)− 2Fc(2L3 − x3 − 3x2L)]/24Eb Ib

Y2s(x) = [q(−5L4 + 6L2x2 − x4)− 2Fc(2L3 + x3 − 3x2L)]/24Eb Ib

Us(ξ) = Fcξ/Er Ar

(6)

where Fc is the static contact force between the main girder and the bearing.
The displacement of the rigid body of the bridge is as follows:

Y1g(x, t) = Y2g(x, t) = Ug(ξ, t) = B(t) (7)

The dynamic deformation part of the structure can be expanded as an infinite series
of wave mode products:

Y1d(x, t) =
∞
∑

n=1
ϕnb1(x)qn(t), Y2d(x, t) =

∞
∑

n=1
ϕnb2(x)qn(t)

Ud(ξ, t) =
∞
∑

n=1
ϕnr(ξ)qn(t)

(8)

The equation includes the bending wave function, ϕnb1, ϕnb2, of the girder, the longi-
tudinal wave function, ϕnr, of the pier, and the time function, qn(t).

The wave model function is solved by the characteristic equations. The characteristic
equations of the main girder and pier are, respectively:

OA : a2 ϕnb1
(4)(x)−ωn

2 ϕnb1(x) = 0

OB : a2 ϕnb2
(4)(x)−ωn

2 ϕnb2(x) = 0

CD : c2 ϕnr
(2)(ξ) + ωn

2 ϕnr(ξ) = 0

(9)
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where: ωn(n = 1,2,3, . . . . . .) is the natural frequency of bridge structure, a =
√

Eb Ib/ρAb
is the coefficient related to the beam flexural wave speed, and c =

√
Er/ρ is the rod

phase speed.
Flexural wave modes of the main girder and longitudinal wave of the pier can be

described as:

ϕnb1(x) = A1 sin kbnx + B1 cos kbnx + C1sinhkbnx + D1 cosh kbnx

ϕnb2(x) = A2 sin kbnx + B2 cos kbnx + C2sinhkbnx + D2 cosh kbnx

ϕnr = E1 sin krnξ + F1 cos krnξ

(10)

where kbn and krn are the wave numbers of the flexural wave and longitudinal wave,
respectively. A1, B1, C1, D1, A2, B2, C2, D2, E1, F1 are the coefficients.

The boundary conditions of the characteristic equation are as follows:

ϕnb1(−L) = 0, ϕnb2(L) = 0, ϕnr(0) = 0

ϕ
′′
nb1(−L) = 0, ϕ

′′
nb2(L) = 0

(11)

The continuity conditions of feature direction are as follows:

ϕnb1(0) = ϕnb2(0), ϕ′nb1(0) = ϕ′nb2(0), ϕ
′′
nb1(0) = ϕ

′′
nb2(0)

ϕnb1(0) = ϕnr(H) +
Er Ar ϕ′nr(H)

Kc
, Eb Ib(ϕ

′′′
nb1(0)− ϕ

′′′
nb2(0)) = Er Ar ϕ′nr(H)

(12)

The orthogonal consistency of the bending wave and longitudinal wave can be ob-
tained by Equations (9) and (10):∫ 0

−L
ρAb ϕmb1 ϕnb1dx +

∫ L

0
ρAb ϕmb2 ϕnb2dx +

∫ H

0
ρAr ϕmr ϕnrdξ = δmn (13)

By introducing Equations (11) and (12) into Equation (10), the wave functions of the
bridge structure can be obtained as follows:

ϕnb1(x) = Mn An(− sin kbn(x+L)
cos kbn L + sinhkbn(x+L)

cosh kbn L )

ϕnb2(x) = Mn An(
sin kbn(x−L)

cos kbn L − sinhkbn(x−L)
cosh kbn L )

ϕnr(ξ) = An sin krnξ

(14)

By introducing Equation (14) in Equation (12), one can solve Mn and An.
Through the orthogonality condition, the time function, qn(t), differential equation of

the bridge can be obtained:

ω2
nqn(t) + 2ζωn

.
qn(t) +

..
qn(t) =

..
Qn(t) (15)

By Laplace transformation, qn(t) can be obtained:

qn(t) = e−ζ2ωnt(qn(0) cos ωdt +
.
qn(0)+ζ2ωnqn(0)

ωd
sin ωdt)

+ 1
ωd

∫ t
0 e−ζ2ωnτ

..
Qn(τ) sin(ωd(t− τ))dτ

(16)

In Equation (16), ωd =
√

1− ζ2
2ωn.

2.2. Corresponding Theoretical Solution of Bridge Vertical Separation Stage Displacement

In the separation process, the beam and the rod do not interact and move at their own
characteristic frequencies, ωnb and ωnr, respectively.
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The displacement response of the main girder and pier can be decomposed into static
displacement, rigid displacement, and dynamic deformation, and the main beam does not
need to be decomposed into two segments.

Y(x, t) = Ys(x) + Yg(x, t) + Yd(x, t)

U(ξ, t) = Us(ξ, t) + Ug(ξ, t) + Ud(ξ, t)
(17)

The vertical static displacement and rigid displacement of the bridge structure are as
follows:

Ys(x) = q(−5L4 + 6L2x2 − x4)/24Eb Ib, Us(ξ) = 0
Yg(x, t) = Ug(ξ, t) = B(t)

(18)

The wave equations of girder AB and pier CD can be described as the following equations:

AB : ∂2(Eb Ib∂2Y(x,t)/∂x2)
∂x2 + ρAb

∂2Y(x,t)
∂t2 + q = 0

CD : Er Ar
∂2U(ξ,t)

∂2ξ
− ρAr

∂2U(ξ,t)
∂t2 = 0

(19)

The wave mode functions of the main girder and pier are:

ϕnb(x) = A3 sin kbnx + B3 cos kbnx + C3sinhkbnx + D3 cosh kbnx
ϕnr = E2 sin krnξ + F2 cos krnξ

(20)

where A3, B3, C1, D3, E2, F2 are the coefficients.
The boundary conditions of the characteristic equation are as follows:

ϕnb(−L) = 0, ϕnb(L) = 0, ϕnr(0) = 0

ϕ
′′
nb(−L) = 0, ϕ

′′
nb(L) = 0

(21)

The wave functions of the bridge structure can be obtained as follows:

ϕnb(x) = Anb sin kbn(x + L)

ϕnr(ξ) = Anr sin krnξ
(22)

For the main girder and pier, the wavenumber is:

kbn =
√

ωbn/a = nπ/2L, krn = ωrn/c = (2n− 1)π/2H (23)

Based on the orthogonality of the wave mode function, the coefficient can be obtained as:

Anb = 1/
√

ρAbL, Anr = 2/
√

ρAr H (24)

If the separation contact phenomenon occurs many times, it can be assumed that
t∗ = t− t2k is the time variable of the k-th collision, and t∗ = t− t2k+1 is the time variable
of the k-th separation.

In the k-th separation process, the dynamic displacement responses of the main girder
and pier are as follows:

qnb(t∗) = e−ζ2ωb1t∗(q1b(t+2k+1) cos ωb1t∗ +
.
qn(t

−
2k+1)+ζ2ωb1qnb(0)

ωb1
sin ωb1t∗)

+ 1
ωbd

∫ t∗
t+2k+1

e−ζ2ωbnτ
..
Qbn(τ) sin(ωbd(t∗ − τ))dτ

qnr(t∗) = e−ζ2ωr1t∗(q1r(t+2k+1) cos ωb1t∗ +
.
qn(t

−
2k+1)+ζ2ωr1qnr(0)

ωr1
sin ωr1t∗)

+ 1
ωrd

∫ t∗
t+2k+1

e−ζ2ωrnτ
..
Qrn(τ) sin(ωrd(t∗ − τ))dτ

(25)
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The initial displacement and velocity of the girder and pier structure are considered
only by the first mode. By viewing the residual rate and deformation of the last process,
the contact separation process is solved continuously.

2.3. Corresponding Theoretical Solution of Bridge Vertical Separation Stage Displacement

When the relative displacement between the girder and pier is less than zero, it is con-
sidered that the girder and the pier are in contact again. At the moment of collision contact,
the overall frequency of the bridge cannot be calculated. The use of resonance frequency
calculation will produce large dispersion, and it is difficult to ensure the convergence of the
calculation results. In the vertical impact process, the dynamic deformation after contact
collision is divided into the impact force deformation XF and dynamic wave deformation
Xz. The indirect mode superposition method [23] calculates the structural displacement
under the impact force. Initial contact time is Ys + Yd = Us + Ud = 0. In the subsequent
vertical collision process, the main beam and the bridge pier have no vertical contact force
at the initial moment. In addition, the static displacement of the girder and the pier is zero.
It can be concluded that the dynamic displacement of the bridge at the initial moment is:

Y1d(0, t2k) = Y2d(0, t2k) = Ud(0, t2k) = 0 (26)

The collision displacements of the structure are:

YF =

∞
∑

i=1
ϕnb(0)

.
qbn(t

−
2k)

ωnb
sin ωnbt−

∞
∑

n=1
ϕnb(x)

∫ t∗
t2k

Qnbhnbdτ

UF =

∞
∑

i=1
ϕnr(0)

.
qrn(t

−
2k)

ωnr
sin ωnrt +

∞
∑

n=1
ϕnr(ξ)

∫ t∗
t2k

Qnrhnrdτ

(27)

where Qnb = Fp ϕnb(x0), Qnr = Fp ϕnr(ξ0) is the generalized collision force. x0 and ξ0 are
the coordinates of the collision point of the main beam and pier, respectively. Fp is the
impact force. The positive and negative signs in Equation (26) denote the relationship
between force and displacement direction, respectively.

hnb =
1

Mnbωnb
sin ωnb(t− τ), hnr =

1
Mnrωnr

sin ωnr(t− τ) (28)

where Mnb and Mnr are modal masses.

Mnb =
∫ L

−L
ρAb ϕ2

nb(x)dx, Mnr =
∫ H

0
ρAr ϕ2

nr(ξ)dξ

The impact force, Fp = 0, when the girder and pier are separated. At the impact stage,
the collision force, Fp > 0, displacement response is:

YF(0, t)−UF(H, t) = Fp(t)/Kc (29)

By introducing Equation (26) in Equation (28), the vertical load Fp and the collision
contact part of bridge structure displacement YF and UF can be calculated by using the
step-by-step integration method.

The partial time function of dynamic deformation is as follows:

qn(t) =
1

ωn

∫ t∗

t2k

..
Qn(τ) sin(ωn(t− τ))dτ (30)

The dynamic deformation of the bridge can be expressed as follows:

Yd1 =
∞

∑
n=1

ϕnb1(x)qn(t), Yd2 =
∞

∑
n=1

ϕnb2(x)qn(t), Ud =
∞

∑
n=1

ϕnr(ξ)qn(t) (31)
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3. Numerical Analysis and Calculation

This paper chooses a double-span continuous girder bridge as an example to carry
out research. The bridge uses a prestressed box girder. The pier comprises two circular
concrete columns, and each pier has longitudinal steel bars and annular stirrups. Figure 2
shows the cross-section and detailed dimensions of the bridge.
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Figure 2. Dimensions and details of the bridge elevation and section drawings.

In the vertical direction, the hysteresis curve of the rubber bearing is long and narrow.
To simplify the calculation, the bearing is a spring model with stiffness: Kc = 2.4× 109N/m.
In the longitudinal direction, the bearing is a spring-damping model, where the shear
stiffness is Kv = 2.4× 106N/m, and the damping is ζ1 = 5%. When the bridge elastically
vibrates, the damping of the main girder and pier is set to ζ2 = 5%.

3.1. Effect of Vertical Separation on the Failure of Bridge Piers

Since the longitudinal natural vibration period and vertical natural vibration period
of the bridge are different, three height piers are selected for analysis to more accurately
analyze the influence of the pier and girder separation on the damage of the pier. The
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selection criteria are: Tv > Ts, Tv ≈ Ts, and Tv < Ts. The three height piers selected in this
article are H = 5 m, 10 m, and 15 m.

It is necessary to select the appropriate time step when using the above formula.
The axial wave velocity of the main girder is cb =

√
Eb/ρb = 3503 m/s, and the bending

wave velocity is ab =
√

Eb Ib/ρb Ab = 2697 m/s. The axial wave velocity of the pier is
cr =

√
Er/ρr = 3492 m/s, and the bending wave velocity is ar =

√
Er Ir/ρr Ar = 1060 m/s.

To accurately calculate the displacement of the bridge in the calculation time, the selected
time step must be less than the time required for the bending waves and axial waves to
pass through the girder and pier: ∆t < L/cr = 4.3 × 10−3 s. Hence, time-step increments
of 1.0 × 10−3 s are used for research. Considering the influence of damping on the dis-
placement response of the bridge, the modal number of the bridge structure is selected as
N = 5.

Figure 3 shows the vertical and longitudinal displacement responses of the bridge
under three pier heights when the seismic excitation period T = 0.22 s, take λ = 0.9, and
ignore the arrival time difference between horizontal and vertical waves. When H = 5 m
(Tv > Ts), the girder and the pier are separated seven times in 2 s, and the first separation
occurs at t = 0.436 s. The maximum vertical collision force between the girder and pier is
34.66 MN, which is 2.84 times the static contact force. In the longitudinal direction, the
separation has little effect on the relative displacement of the pier and girder, and the
maximum relative displacement is 2.2 mm regardless of the separation. When Tv > Ts, the
separation of the girder and pier caused by vertical resonance has little effect on the bridge
displacement response.
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Figure 3. Bridge displacement response: (a) The bridge’s vertical displacement and contact force response when H = 5 m; (b) The
relative displacement response of the pier and girder under two conditions when H = 5 m; (c) The bridge’s vertical displacement and
contact force response when H = 10 m; (d) Relative displacement response of pier and girder under two conditions when H = 10 m;
(e) The bridge’s vertical displacement and contact force response when H = 15 m; (f) The relative displacement response of the pier
and girder under two conditions when H = 15 m.

When H = 10 m (Tv ≈ Ts), under the excitation of the seismic excitation period
T = 0.22 s, large resonance effects will be produced in both the vertical and longitudinal
directions. In the vertical direction, the girder and the pier were separated seven times in
2 s, and the first separation occurred at t = 0.456 s. The maximum vertical contact force of
the bridge is 31.04 MN, which is 2.57 times the static contact force. Due to the longitudinal
resonance effect, the maximum relative displacement of the pier and girder increased
significantly. When the separation is considered, the maximum relative displacement is
49.7 mm, and when the split is ignored, the result is 43.9 mm. It can be seen that when
Tv ≈ Ts, the split has little effect on the bridge’s longitudinal displacement response.

When H = 15 m, Tv < Ts. The separation times of the main girder and piers within
2 s are reduced to 5 times, and the initial separation time is t = 0.627 s. The maximum
vertical collision force of the pier girder is 30.88 MN, which is 2.56 times the static force. The
separation in the longitudinal direction has a greater impact on the bridge displacement.
When the separation is neglected, the maximum relative displacement of the pier and girder
is 16.5 mm. When the separation is considered, the maximum is increased to 56.8 mm, an
increase of 244%. Therefore, separation has a more significant impact on the damage of the
bridge when Tv < Ts.

For rubber-bearing bridges, the pier-bending damage is mainly concentrated at the
bottom of the pier. According to the force analysis of the model in Figure 4, it can be
seen that under the action of the near-fault vertical earthquake, the bending damage at
the bottom of the pier is primarily composed of three parts: 1. Abrupt eccentric collision;
2. The shear force of bearing; 3. The forced vibration of bridge pier. The three bending
moments are represented by Mc, Mv, and Mz, respectively.
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When the girder and the bridge pier are not separated, it is assumed that the vertical
contact force of the pier–girder is twice the static contact force. At the same time, due to
the difference in the arrival time of the horizontal and vertical seismic waves, the bending
moment caused by the abrupt eccentric vertical collision is Mc = Fmax × η × ∆d; the
bending moment caused by the bearing shear is Mv = Kv × ∆d× L. The bending moment
caused by the forced vibration of the pier is Mz = Er Ir∂2Ud/∂ξ2, where η is the eccentric
impact amplification factor, which can be calculated as reference [24].

Figure 5a shows the bending failure of the pier bottom under different pier heights.
When H = 5 m, after the girder and pier are separated, the total bending moment at
the bottom of the pier is almost unchanged. However, the vertical separation caused a
substantial increase in the vertical contact force between the girder and the pier, which
reduced the allowable bending moment of the pier, increase the risk of pier damage. When
H = 10 m, Tv ≈ Ts, the longitudinal direction of the pier produces greater resonance.
Although the collision after separation reduces the allowable bending moment of the pier,
since the bending moment at the bottom of the pier greatly exceeds the permissible value,
the separation has little effect on the damage of the pier. When H = 15 m, ignoring the
separation of the bridge, the piers are in a safe interval. When considering separation, the
bending moment at the bottom of the pier is significantly increased due to the change in the
relative longitudinal displacement of the pier girder, and the vertical collision reduces the
allowable bending moment of the pier. The forced vibration of the pier produces bending
moment damage.

Figure 5b shows the changes of various bending moments at the bottom of the piers
at the three pier heights when they are separated or not. When H = 5 m, the relative
longitudinal displacement of the pier–girder is small, and the bending moment at the
bottom of the pier is mainly caused by forced vibration. When H = 10 m, although the
longitudinal relative displacement of the pier–girder increases considerably, the bending
moment at the bottom of the pier is mainly caused by the longitudinal resonance. When
H = 15 m, although the bending moment is mainly due to forced resonance. However,
the separation of the pier girder will increase the relative longitudinal displacement and
vertical collision force. The bending moment generated by the eccentric collision will
aggravate the damage of the pier.
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Figure 5. Bending moment at the bottom of the pier: (a) Total bending moment and an allowable bending moment of the
pier bottom under two periods; (b) The direction and magnitude of various bending moments at the bottom of the pier.

3.2. Influence of Bearing Damping on the Failure of Bridge Piers

Considering the influence of bearing damping on bridge displacement, the damping
range selected in this paper is ζ1 = 5%∼35%. The calculation results in Figure 6 show the
separation of the bridge displacement under different bearing damping. When H = 5 m,
the downward trend of the maximum longitudinal relative displacement under the two
conditions is the same, but the influence of damping on the structure under the separated
condition is lower than under the condition of constant contact. When H = 10 m, whether
separated or not, with the increase of damping, the longitudinal relative displacement of
the pier–girder can be greatly reduced, and the two conditions of the reduction range are
consistent. When H = 15 m, the relative longitudinal displacement of the pier girder de-
creases with the bearing damping increase. Under the separation condition, the maximum
relative displacement was reduced from 56.8 mm to 40.2 mm, reducing by 29.2%. When
considering separation, the ultimate value is reduced from 16.5 mm to 13.8 mm, a decrease
of 16.4%.
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Figure 6. Longitudinal relative displacement of pier–girder under different damping: (a) consider the break of girder pier
when T = 0.22 s; (b) ignore the separation of girder–pier when T = 0.22 s.
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Figure 7 shows the variation of various bending moments at the bottom of the pier
with the bearing’s damping when H = 5 m (Tv > Ts). Under the damping change, the
relative longitudinal displacement of the pier–girder has been kept small, and the bending
moment caused by the vertical force of the girder and the shear force of the bearing at
the bottom of the pier can be ignored. The bending moment generated by the bridge
pier’s forced vibration decreases with the increase of this damping, but the decreasing
trend is different under the two conditions. When the separation is ignored, Mz decreases
monotonously with the rise of the bearing damping. When considering the break, the
previous stage of Mz decreases with the growth of damping. When ζ1 > 15%, the value of
Mz remains stable.
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Figure 7. Bending moment at the bottom of the pier when H = 5 m: (a) changes of various bending moments with damping
under unseparated conditions; (b) changes of various bending moments with damping under separated conditions;
(c) changes of total and allowable bending moment with damping under two conditions.

Figure 7c shows the total and allowable bending moment at the bottom of the pier
under the two conditions. When the break is neglected, the axial force is twice the static
force when calculating the allowable bending moment. When considering separation, the
axial force is the maximum collision force. It can be seen that although damping is less
effective in reducing the total bending moment when considering separation, the piers are
in a safe range in both cases.

When H = 10 m (Tv ≈ Ts), the various bending moments of the pier change with
damping, as shown in Figure 8a,b. Compared with H = 5 m, Mv, and Mc have larger
bending moment amplitudes at the bottom of the pier, but the proportion of the total
bending moment is still low. The damage is mainly due to forced resonance. Figure 8c
shows that the total bending moment at the bottom of the pier has little difference whether
it is separated or not.

When H = 15 m (Tv < Ts), the separation or no separation also greatly influence the
bending moment of the pier bottom due to the different relative displacement of pier and
girder under the two conditions. Figure 9a,b shows that although the bending moments
decrease monotonically with the increase of damping, the bending moments under the
separation condition are significantly higher than those without separation. Figure 9c
shows that when Tv < Ts, the damping has little effect on the flexural failure of the pier.
When the separation is ignored, the pier is in the safe zone. However, when the pier is
separated, the increased relative displacement makes the bending moment at the bottom of
the pier increase significantly. The pier is always in the unsafe range.
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Figure 8. Bending moment at the bottom of the pier when H = 10 m: (a) changes of various bending moments with
damping under unseparated conditions; (b) changes of various bending moments with damping under separate conditions;
(c) changes of total and allowable bending moment with damping under two conditions.
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Figure 9. Bending moment at the bottom of the pier when H = 15 m: (a) changes of various bending moments with
damping under unseparated conditions; (b) changes of various bending moments with damping under separate conditions;
(c) changes of total and allowable bending moment with damping under two conditions.

3.3. Influence of Bearing Stiffness on the Failure of Bridge Piers

The vertical stiffness of the bearing is related to the size and shape of the bearing and
the number and thickness of rubber layers. The range of vertical stiffness is Kc = 1× 109 ∼
3× 109 N/m. The shear stiffness of the bearing is 1/1000 of the vertical stiffness. The
influence of shear stiffness on the longitudinal vibration period is minimal, which is ignored
in this study. In the range of vertical stiffness variation, the vertical natural vibration period
of the bridge is Tv = 0.251 s∼0.232 s, and the content of change is −1.7%∼6.3%. To simplify
the calculation, within the scope of change, this article ignores the influence of the bearing
stiffness on the vertical vibration period.

Figure 10a shows the vertical impact force and longitudinal displacement of the bridge
under different bearing stiffness. At the same bearing stiffness, the higher the pier height,
the lower the vertical impact force. The lower height, the stronger the rigidity of the pier.
In addition, the vertical impact force increases monotonously with the increase of bearing
stiffness at different pier heights. The maximum impact force increases from 32.4 MN to
40.4 MN when H = 5 m, an increase of 30.2%. When H = 10 m and 15 m, the growth rate is
45% and 42.1%, respectively.
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Figure 10. Contact force and displacement response of bridge under different stiffness. (a) The impact force of girder and
pier under different bearing compressive stiffness. (b) The longitudinal relative displacement of girder and pier under
different bearing compression stiffness.

The longitudinal relative displacement of the pier–girder is shown in Figure 10b.
When H = 5 m, the bearing stiffness does not affect the maximum longitudinal relative
displacement of the pier and girder. When H = 10 m, the bearing stiffness has little
influence on the maximum longitudinal relative displacement. In both cases, the maximum
longitudinal relative displacement is always close and does not change much as the bearing
stiffness increases. When H = 15 m and the separation is ignored, the maximum relative
displacement remains stable at a small value. While considering the break, the ultimate
value fluctuates at a larger amplitude, and the value presents an absolute randomness.

Figure 11 shows the trend of various bending moments at the bottom of the pier
under different bearing stiffnesses when H = 5 m (Tv > Ts). Although the vertical impact
force increases with the bearing stiffness increase, each bending moment remains almost
unchanged in the range of variation as the longitudinal relative displacement remains
small. Figure 11b shows that the total pier bottom bending moment has little change. Still,
the increase of the vertical impact force caused by separation will reduce the allowable pier
bottom-bending moment. With the rise in bearing stiffness, the allowable bending moment
of the pier bottom decreases gradually. When the stiffness of the bearing is low, the pier is
in the safety zone. With the increase of the bearing’s stiffness, the total bending moment of
the pier bottom exceeds the allowable bending moment, and the pier is destroyed.

When H = 10 m (Tv ≈ Ts), there is little difference in the relative longitudinal displace-
ment of the pier–girder with or without separation. When the pier and girder are separated,
a greater vertical collision force is generated. This study considers the separation when
calculating the bending moments of the pier bottom. With the increase of the bearing’s
stiffness, the expansion of the vertical collision force causes Mc to increase slowly. The
increase in the shear stiffness of the bearing leads to an increase in Mv. Mz fluctuates in a
small range, and its ratio to the total bending moment is large, which plays a leading role
in the damage of the bridge pier.

Figure 12b shows that when separation is considered, the allowable bending moment
of the pier is lower than when the separation is ignored. Additionally, as the bearing’s
stiffness increases, the increased vertical collision force causes the gap to increase gradually.
However, due to the longitudinal resonance, the pier produces a large bending moment.
The total bending moment of the pier is much larger than the allowable bending moment
in the two cases.
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Figure 11. Bending moment at the bottom of the pier when H = 15 m: (a) changes of various bending moments with bearing
stiffness; (b) changes of total and allowable bending moment with bearing stiffness.

Symmetry 2021, 13, x FOR PEER REVIEW 18 of 20 
 

 

 
Figure 12. Bending moment at the bottom of the pier when H = 10 m: (a) changes of various bending moments with bearing 
stiffness; (b) changes of total and allowable bending moment with bearing stiffness. 

When H = 15 m (𝑇௩ < 𝑇௦), the bending moments of pier bottom under different con-
ditions are shown in Figure 13. The changing trend of  𝑀௩ and 𝑀௖ is the same as that of 
H = 10 m, but the bending moment value is more enormous when separated. When the 
separation is ignored, the  𝑀௭ remains stable at a small amplitude. However, when the 
separation is considered, there is a large fluctuation in the larger amplitude. 

 
Figure 13. Bending moment at the bottom of the pier when H = 15 m: (a) changes of various bending moments with bearing 
stiffness under unseparated conditions; (b) changes of various bending moments with bearing stiffness under separate 
conditions; (c) changes of total and allowable bending moment with bearing stiffness under two conditions. 

When the separation is ignored, the total bending moment and the allowable bending 
moment of the pier are relatively stable, and the pier is always in a safe range. However, 
when the separation is considered. The pier is still in the failure zone in the field of bearing 
stiffness variation. With the increase of the stiffness, the allowable bending moment at the 
bottom of the pier decreases slowly, the total bending moment increases gradually, and 
the damage degree of the pier is aggravated. 

  

1.0 1.5 2.0 2.5 3.0
-1

0

1

2

3

4

5

6

P
i
e
r
 
b
o
t
t
o
m
 
b
e
n
d
i
n
g
 
m
o
m
e
n
t
 
(
M
N

⋅m
)

Bearing stiffness (×109N/m)

 Mz
 Mv
 Mc

1.0 1.5 2.0 2.5 3.0
0

2

4

6

8  Mr(unseparated)
 Mr(separated)
 Mt

T
o
t
a
l
 
a
n
d
 
a
l
l
o
w
a
b
l
e
 
b
e
n
d
i
n
g
 
m
o
m
e
n
t
 
(
M
N

⋅m
)

Bearing stiffness (×109N/m)

1.0 1.5 2.0 2.5 3.0
-0.6

-0.3

0.0

0.3

0.6

0.9

1.2

(a)Various bending moment(unseparated)

Pi
er

 b
ot

to
m

 b
en

di
ng

 m
om

en
t (

M
N

⋅m
)

Bearing stiffness (×109N/m)

 Mz
 Mv
 Mc

1.0 1.5 2.0 2.5 3.0

-1

0

1

2

3

4

(b)Various bending moment(separated)

 Mz
 Mv
 Mc

P
ie

r
 
bo

t
t
om

 
be

n
d
in

g
 
mo

m
en

t
 
(M

N
⋅m
)

Bearing stiffness (×109N/m)
1.0 1.5 2.0 2.5 3.0

2

4

6

(c)Total and allowable bending moment

 Mt(unseparated)   Mt(separated)
 Mr(unseparated)   Mr(separated)

To
ta

l a
nd

 a
llo

w
ab

le
 b

en
di

ng
 m

om
en

t (
M

N
⋅m

)

Bearing stiffness (×109N/m)

Figure 12. Bending moment at the bottom of the pier when H = 10 m: (a) changes of various bending moments with bearing
stiffness; (b) changes of total and allowable bending moment with bearing stiffness.

When H = 15 m (Tv < Ts), the bending moments of pier bottom under different
conditions are shown in Figure 13. The changing trend of Mv and Mc is the same as that
of H = 10 m, but the bending moment value is more enormous when separated. When
the separation is ignored, the Mz remains stable at a small amplitude. However, when the
separation is considered, there is a large fluctuation in the larger amplitude.
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Figure 13. Bending moment at the bottom of the pier when H = 15 m: (a) changes of various bending moments with bearing
stiffness under unseparated conditions; (b) changes of various bending moments with bearing stiffness under separate
conditions; (c) changes of total and allowable bending moment with bearing stiffness under two conditions.

When the separation is ignored, the total bending moment and the allowable bending
moment of the pier are relatively stable, and the pier is always in a safe range. However,
when the separation is considered. The pier is still in the failure zone in the field of bearing
stiffness variation. With the increase of the stiffness, the allowable bending moment at the
bottom of the pier decreases slowly, the total bending moment increases gradually, and the
damage degree of the pier is aggravated.

4. Conclusions

In this paper, the influence of bearing stiffness and damping on pier failure under near-
fault vertical earthquake was considered. Firstly, by establishing a girder-spring-damping-
rod model, using the transient wave function expansion method and the indirect wave
modal function method, the longitudinal and vertical contact force and displacement of the
bridge were derived. By considering the influence of the bearing’s stiffness and dampness
on pier failure under three different pier heights, the effect of structural separation on
bridge failure is proposed. The results of the numerical analysis show that:

1. The influence of the pier and girder split on pier failure is different under different
pier heights. When Tv > Ts and Tv ≈ Ts, the vertical earthquake causes the separation
of the girder and the pier and produces a great impact force, but the separation has
little effect on the longitudinal displacement response of the bridge. When Tv < Ts,
the separation may increase the longitudinal displacement response of the girder and
pier, resulting in the bending failure of the pier.

2. When Tv > Ts and Tv ≈ Ts, the total bending moment at the bottom of the pier
changes little no matter whether it is separated or not, and most of the bending
moment is produced by the forced resonance of the pier. However, the vertical impact
force may reduce the allowable bending moment at the bottom of the pier and cause
or aggravate the damage of the pier. When Tv < Ts, the separation greatly increases
the total bending moment at the bottom of the pier, and the collision also reduces the
allowable bending moment. Therefore, in the three cases, neglecting the structural
separation at Tv < Ts may underestimate the bridge failure.

3. When Tv > Ts, the bearing damping has little effect on reducing the damage of pier.
When Tv ≈ Ts, due to the longitudinal resonance effect, the increased damping can
greatly reduce the bending moment at the bottom of the pier. When Tv < Ts, the
bending moment at the bottom of the pier decreases slowly with the increase of
damping, especially when considering separation. Simply increasing the bearing
damping cannot reduce the damage of the pier.
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4. With the increase of the bearing’s stiffness, the longitudinal relative displacement
of the pier and beam has little change under the three conditions, but the vertical
collision force increases monotonously with the increase of pier stiffness. When
Tv > Ts and Tv ≈ Ts, the total bending moment changes little with the increase of
stiffness and the allowable bending moment decreases gradually, which may cause
or aggravate the pier failure. While Tv < Ts, with the increase of bearing stiffness,
the total bending moment increases gradually, and the allowable bending moment
decreases gradually when considering separation. Compared with the first two cases,
the bearing stiffness has the greatest impact on the pier failure.
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