symmetry

Article

A General Fixed Point Theorem for Mappings Satisfying a
Cyclical Contractive Condition in S-Metric Spaces

Alina-Mihaela Patriciu V**

check for

updates
Citation: Patriciu, A.-M.; Popa, V. A
General Fixed Point Theorem for
Mappings Satisfying a Cyclical
Contractive Condition in S-Metric
Spaces. Symmetry 2021, 13, 638.
https:/ /doi.org/10.3390/sym13040638

Academic Editor: Sun Young Cho

Received: 13 March 2021
Accepted: 9 April 2021
Published: 10 April 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Valeriu Popa >*

1 Department of Mathematics and Computer Sciences, Faculty of Sciences and Environment,

“Dundrea de Jos” University of Galati, 111 Domneasca Street, 800201 Galati, Romania

Department of Mathematics and Informatics, Faculty of Sciences, “Vasile Alecsandri” University of Bacdu,
157 Calea Marasesti, 600115 Bacdu, Romania; vpopa@ub.ro

*  Correspondence: Alina.Patriciu@ugal.ro

1t  The authors contributed equally to this work.

Abstract: In this paper we introduce a new type of implicit relation in S-metric spaces. Our aim is to
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extends several results from the literature.
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1. Introduction

Banach’s contraction principle [1] was extended to a case of cyclical mappings by
Kirk et al. [2].

Many fundamental metrical fixed point theorems are extended to cyclic contractive
mappings in [3], and other results are presented in [4-9] and in other papers.

A new class of generalized metric space, named D-metric spaces, is introduced
in [10,11], by Dhage.

It has been shown, by Mustafa and Sims [12,13], that most of the statements about
fundamental topological structures on D-metric spaces are incorrect. Thus, the authors
introduced the appropriate notion of generalized metrics space, called G-metric space.
In fact, Mustafa, Sims and other authors obtained numerous fixed point results for self
mappings in G-metric spaces. Fixed points for cyclical contractive mappings in G-metric
spaces are stated in [14-16] and in other papers.

Recently, in [17], the authors introduced a new type of generalized metric spaces,
named S-metric spaces, as a “generalization” of G-metric spaces.

In [18], the authors proved that the notion of S-metric space is not a generalization
of G-metric space or vice versa. Hence, the notions of G-metric space and S-metric space
are independent.

The study of cyclical contractive mapping in S-metric spaces is introduced in [19].

By considering a general condition given by an implicit relation, various classical (com-
mon) fixed point theorems in metric spaces have been unified into [20,21]. In [22,23] begins
the study of fixed points for mappings that satisfy an implicit relation in G-metric spaces.

The study of cyclical implicit contractive conditions is initiated in [24] and in G-metric
spaces in [25].

The study of fixed points for mappings satisfying implicit relation in S-metric spaces
is initiated in [26,27].

The purpose of this paper is to prove, using a new type of implicit relation, one
general fixed point theorem for mappings which satisfy a cyclical contractive condition,
thus extending some results from [26,28-31].

Symmetry 2021, 13, 638. https:/ /doi.org/10.3390/sym13040638

https:/ /www.mdpi.com/journal /symmetry


https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-0937-5450
https://doi.org/10.3390/sym13040638
https://doi.org/10.3390/sym13040638
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13040638
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13040638?type=check_update&version=3

Symmetry 2021, 13, 638

20f7

2. Preliminaries

Definition 1 ([17,26]). Let X be a nonempty set. An S-metric on X is a function S : X3 — R
such that:

(Sl):S(x/y/Z) =0 ifﬂnd Oﬂly lfx =y=z
($2):S(x,y,2z) < S(x,x,a)+S(y,y,a)+ S(z,z,a) forall x,y,z,a € X.

The pair (X, S) is called an S-metric space.

Example 1. Let X = Rand S(x,y,z) = |x —z| + |y — z|. Then, S(x,y, z) is an S-metric on R,
which is named the usual S - metric on X.

Lemma 1 ([17]). If S is an S-metric on a nonempty set X, then
S(x,x,y) =S(y,y,x) forall x,y € X.

Definition 2. Let (X, S) be a S-metric space. For r > 0 and x € X we define the open ball with
center in x and radius r, the set

Bs(x,r) ={y € X:S(x,x,y) <r}.

The topology induced by the S-metric is the topology determined by the base of all
open balls in X.

Definition 3.

(a) A sequence {x,} in (X,S) is convergent to x, denoted lim, oo Xy = X OF X, — X,
if S(xp, Xy, x) — 0asn — oco.

(b) A sequence {x,} in (X, S) is a Cauchy sequence if S(Xy, Xn, Xp,) — 0as n,m — oo.

(c) (X,S) is complete if every Cauchy sequence is convergent.

Example 2. (X, S) from Example 1 is complete.

Lemma 2 ([17,26]). Let (X,S) bea S - metric space. If x, — x and y, — y, then S(xn, Xn, Yn) —
S(x,x,y).

Lemma 3 ([17,26]). Let (X,S) bea S - metric space and x, — x. Then limy, ;0 Xy, is unique.

Lemma 4 ([19]). Let (X, S) be a S-metric space and A is a nonempty subset of X. If A is S-closed,
then for all convergent sequence x, to x, x € A.

Definition 4 ([2]). Let (X, d) be a metric space. Let p > 1, p € N be, T a self mapping on X and
{A;}_| nonempty closed subsets of X. The mapping T is said to be cyclical if

T(Al) C Ajt1, i=1,2 .., p, where Aer] = Aj. @)
The following theorems are proved in [3,29].

Theorem 1 ([3]). Let {A;}}_, be nonempty closed subsets of a complete metric space (X, d) and
P 4

f: U Ai = U A satisfying (1) such that
=1 i=1

1=

d(fx, fy) < amax{d(x,y),d(x, fx),d(y, fy),d(y, fx),d(x, fy)} )

forallx € Aj, y € Ajiyq,i=1,2, ..., pand some n € (0, ;) Then f has a unique fixed point
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Theorem 2 ([29]). Let (X,d) be a complete metric space, p € N, {A;}!_, a finite family of
P P

nonempty closed subsets of X and T : J A; — U A; satisfying (1) and
=1 i=1

i=

d(Tx, Ty) < kmax{d(x,y),d(x, ), d(y, Ty), LT > A 1) } )

where k € (0,1), forallx € A;, y € Ajp1, i =1,2, ..., p. Then T has a unique fixed point
p

in N A
=1

1=
3. S-Implicit Relations
Let Fs be the set of all lower semi-continuous functions F : RS — R satisfying the
following conditions:
(Fp): F is nondecreasing in fg;
(Fy): there exists h € [0,1) such that for all u,v > 0, F(u,v,0,1,0,2u +v) < 0 implies

u < hv;
(F3):F(t,t,0,0,¢,t) >0, ¥t > 0.

Example 3. F(t1,...ts) = t; —atyp —bmax{ts, ty, t5,ts}, where a,b > 0and a+ 3b < 1.

(Fy): obvious.

(F;):Letu,v > 0 and F(u,v,v,u,0,2u+v) = u —av —bmax{u,v,2u+v} < 0. Ifu > v,
then u[1 — (a + 3b)] < 0, a contradiction. Hence, u < v, which implies u < hov, where
0<h=a+3b<1.

(F3):F(t,1,0,0,4,t) = t[1 — (a +3b)] > 0, V¢ > 0.

In the following examples, since the proofs are similar, we will omit them.

Example 4. F(t,..., ts) = t] —aty — bty — cty — d max{ts, ts}, where a,b,c,d > 0 and a +
b+c+3d <1

Example 5. F(ty,...,ts) = t1 —aty —dmax{ts, t4} — bts — cts, where a,b,c,d > 0, a+ 3¢ +
d<landa+b+c<1.

Example 6. F(tl,...,t6) =ty —atp — btz — ety — cts — dig —fmaX{tz,t3,t4,t5,t6}, where
a,bcde f>0a+b+e+3d+3f <landa+d+c+f <1

Example 7. F(ty,...,ts) = t1 —a(ts + tg) — bty — cmax{t3, t4}, where a,b,c > 0 and 3a +
b+c< 1

Example 8. F(ty,...,ts) = t; —a(t3 + ts) — bty — cmax{ts, ts}, where a,b,c > 0 and 2a +
b+3c <1

Example 9. F(ty,..., tg) = t1 —amax{ty +t5,t3 + ts} — btp, wherea,b > 0and 4a +b < 1.

Example 10. F(tq,...t5) = t% — t1(aty + btz + cty) — dtste, where a,b,c > 0,a+b+c <1
anda+d < 1.

Example 11. F(t1,...,ts) = t% — atity — btgty — ctste, where a,b,c > 0, a+b < 1 and
a+c<l

Example 12. F(ty,...,t5) = i’ri) — atytyrts — bigtsty — ctztyts — dtytste, wherea,b,c > Oand a +
b<1
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Example 13. F(ty,...,t) = t; — atp — bty — cty — dits — ety, wherea,b,c,d,e > 0,a+b+c+
Be<landa+d+e<1.

1
Example 14. P(t1, cey té) =1t — kmax{tz, t3, t4,1t5, té}, where k € |:0, 3> .

t5 4 tg

Example 15. F(t1,...ts) =t — kmax{tz, ts, t4, }, where k € [0,1).

Remark 1. Examples 10—12 are not of the type of the examples from [18].

4. Main Result
Theorem 3. Let (X, S) be a complete S-metric space and {Ai}f’:1 be a family of nonempty closed

p
subsets of X. Let Y = |J Ajandlet T : Y — Y satisfying
i=1

T(Al') C Ai+1/ i=1,2, ..., b, (4)
where Ay 11 = Ay
If the inequality
S(Tx, Ty, Ty),S(x,y,y),S(x, Tx, Tx), <0 5)
S(y, Ty, Ty),S(y, Tx, Tx),S(x, Ty, Ty) ] —

holds forall x € A;,y € Aj1q,1=1,2, ..., pand F € Fg, then T has a unique fixed point
4

in N A
i=1

1

Proof. Let xy be an arbitrary point of A1. We define x, = Tx,_1, n =1,2,.... By (5) for
x0 € Ayand x1 € Ag, xp 1 =Txp 2 € Ap, xp =Txp 1 € Ap11 = Ay, xp11 =Txp € Ay,

we have

F S(Txp, Tx1, Tx1), S(x0,x1,%1), S(x0, Txo, Tx0), <0
S(xl,Txl,Txl),S(xl,Txo,Txo),S(xo,Txl,Tx1) -

S(xler/xZ)/S(xO/x]/xl)/ S(xO/xlrxl)/ )
F <0. 6
( S(xll X2, xZ)/ 0/ S(XO, X2, xZ) o ( )

By (S2) and Lemma 1 we have

S(xp,x2,x2) = S(x2,x2,x0) < 25(x2,x2,x1) + S(x0, X0, X1)
25(x1,x2,x2) + S(x0, X1, X1).

By (6) and (F;) we obtain

) S(x1/x2/ -xZ)/ S(xO/ xl/xl)/ S(xOI X1, xl)/ <0
S(x1,x2,%2),0,25(x1, X2, x2) + S(x0,x1,x1) ) =

By (F,) we obtain
S(xll X2, x2) S hS(xO/ X1, xl)'

Similarly, we obtain
S(xp-2,%p—1,Xp-1) < hS(xp_3,Xp_2,%p 2).

Again, we get
§(xp-1,%p, Xp) < hS(xp—2,%p-1,%p1)-
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Hence, we have
S(xn, Xp41, Xng1) < hS(xy—1, X0, %) < ... < H"S(x0, X1, %1).

Using (Sy) it follows that {x,} is a Cauchy sequence in X. Since (X, S) is complete,
it follows that x;, is convergent to a point z. Then, the sequence

{xnp+1 S Al, xanrz S AZ/"'/ aner < Ap, n = O, 1,2,...}

P
also converges to z and z € () A;, because by Lemma4,z€ A;, i=1,2, ..., p.
i=1
We have to prove that z is a fixed point of T.
For x = x, and y = z, by (5) we obtain

F S(Txn, Tz, Tz),S(xn,2,2),S(xn, Txn, Txy), <0
S(z,Tz,Tz),S(z, Txn, Txy),S(xn, Tz, TZ) -

ha S(xn+1r TZ/ TZ),S(.X”,Z,Z),S(X”, xn+1rxn+l)/ <0
S(z,Tz,Tz),S(z, Xp41, Xn+1), S(xn, Tz, T2) ’

Letting n tend to infinity, by Lemma 2 we obtain
F(S(z,Tz,12),0,0,5(z,T2z,T72),0,5(z,Tz,Tz)) < 0.
By (F;) we get
F(5(z,2,Tz),0,0,5(z,2,Tz),0,25(z, Tz, Tz)) < 0.

By (F,) we obtain S(z, Tz, Tz) = 0 and by (S7) it follows that z = Tz. Hence, z is a
p
fixed pointand z € (] A;.
=1

=
p
Suppose that there exists another fixed pointz’ € (| A;. By (5) forx =zandy = 2/
i=1

we obtain
E S(Tz,TZ',T2"),S(z,7',2"),5(z, Tz, Tz), <0
S(z/,TZ,TZ'),S(z/,Tz,Tz),S(z, T, Tz') ) =

F(S(z7,7"),5(z7,7"),0,0,5(,22),5(z,2,2")) <0.

By Lemma 1, S(2/,z,z) = S(z,2/,2"). Hence,
F(S(z,7,7),5(z7,7),0,0,5(z,7,7),S(z,7,2)) <0,

a contradiction of (F3) if S(z,2/,z") > 0. Hence, S(z,Z/,z') = 0 and by (S1), z = z’. Hence,

p
z is the unique fixed pointof Tandz € N A;. O
i=1

5. Final Remarks

In this paper, using a new type of implicit relation, we have proved a general fixed
point theorem for mappings that satisfy a cyclical contractive condition. Our result extends
certain results from [26,28-31]:

(i) Theorem 3 and Example 3 extend Corollary 2.21 [26] to cyclical form;

(ii) Theorem 3 and Examples 3-9 extend Theorem 3.1 [28] to cyclical form;

(iii) Theorem 3 and Example 15 extend Theorem 2 to cyclical form in S-metric spaces;

(iv) Theorem 3 and Example 13 extend Corollary 2.19 [26], Theorems 2.3 and 2.4 [30],
Theorems 3.2-3.4 [31] to cyclical form.
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