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Abstract: In this paper we study approximation properties of exponential-type operators for functions
from exponential weighted spaces. We focus on some modifications of these operators and we derive a

new example of such operators. A probabilistic approach for these modifications is also demonstrated.
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1. Introduction

This paper is devoted to determine a new operator, which we call a semi-exponential
operator. The idea comes mainly from papers [1,2], which concern exponential-type
operators and semi-exponential operators. In general, the exponential-type operators,
introduced in [1], are considered an interesting subject for many authors. The authors
examine approximation properties of these operators for functions from different function
spaces. In literature we can also find many modifications of these operators which are
focused on examining the rate of convergence of these modifications compared to initial
exponential-type operators (for example [3-8]). In particular, the truncated version of
exponential-type operators and its modifications are also investigated (for example [9-12]).
As it turns out the truncated operators shall be applied to Computer Aided Geometric
Design. Moreover, the exponential-type operators can be seen in papers connected with
differential equations, also considered in abstract spaces, for example in papers [2,3,13,14].

At the beginning of this paper we recall some basic definitions and expressions,
which we are going to use in the main part of the paper. Later on, we specify the well-
known exponential operators and operators from paper [2] which we call semi-exponential
operators. We bring up the main differences between them. Following papers [1,2] we
derive a new example of the semi-exponential operator. At the end of this paper we
interpret the operator from the probabilistic point of view, similarly to paper [3].

2. Preliminaries

Let —c0 < a < b < 400 and let us denote the space of all real-valued continuous
functions on (a,b) by C((a,b)), and the Banach space of all continuous, bounded functions
on (a,b) endowed with the sup-norm | - ||« by CB((a,b)).

We shall also consider the following closed subspaces of CB((a,b)):

Col(a,0)) = {f € C((a,b)) | lim f(x) =0},
where g € {a,b} and

C.((a,0)) = {f € C((a, b)) | lim f(x) = G},
where G € R. For any positive integer g

vg(x) = e~ for x e (ab)
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is the exponential weight function. The space

Eq={f € C((a,))[vyf € CB((a,b))}

is a Banach space with the norm

Iflly = loofllee for feEg

and
Ey ={f € C((a,b)) |vgf € Co((a,b))}

is a closed subspace of E;. Moreover, for every g > 1 we have
Eo:=CB((a,b)) C E) C Eq C Ej

and
[l <|lle on CB((ab)),

- llg+a < [ llg on Eg
We shall denote by Eeo = U2 Ey-

3. Exponential and Semi-Exponential Operators
In [1] Ismail and May proposed some generalizations of integral operators as follows
b

Su(fit) = [ WO fludu, M
with the normalization condition
b
/ WA, t,u)du =1 )
a
where W(A, t, u) — the kernel of S is a positive function satisfying the following homoge-

nous partial differential equation

P) A
EW()L’ tu) = WW(/\,t,u)(u —t) 3)

for A > 0, p an analytic and positive function on (a, ).
The meaning of the generalization we can detect by investigating papers concerning
approximation process for the well-known operators

e the Gauss-Weierstrass operator for p(t) =1

Sy(fit) = \/Z/Rexp(—/\(u—t)Z/Z)f(u)du, tER,

e the Szdsz-Mirakjan operator for p(t) =t

o k
sifin = L GEA(Y) re o)

e the Bernstein polynomial operator for p(t) = t(1 —t)

sifin =3 (p)ra- () reba
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e the Baskakov operator for p(t) = t(1 + t)

SA(fit)=(1+1t)" i(k<1it>kf<f§> t € (0,00),

e the Post-Widder operator for p(t) = t2

A roo
S/\(f; i’) _ (;\(/)t)) /0 8_(Au/t)u/\_1f(u), te (O, oo),

e the Ismail-May operators for p(t) =t + 1

2
f(u)du, teR,

S ) = /\2)\72 1 t2 —A/2 e Au arctan t
/\(f')*nl—'(}\)( + ) 7006

r(ﬁa +iu))

e and for p(t) = 2132

Sa(fit) =eMVE <f(0) +/\/0°oe’A”/\ﬁu’1/211 (ZA\/ﬂ)f(u)du), t € (0,400).

These examples are exponential-type operators, which means they fulfill the differ-
ential Equation (3) and the normalization condition (2). Moreover, the authors prove that
the two conditions and the generating function p determine uniquely the approximation
operator S,. Let us recall some particular properties of the exponential operators which
are important from the standpoint of this paper.

Lemma 1 (Proposition 2.1 [1]). Let S)(-;t) be an exponential operator. Then for t € (a,b)
we have

(@) Sx(eo;t) = eo(t),

(b)  Sx(er;t) = ei(t),

(©  Silext) =ey(t) + 2,
where e;(t) =t fori € {0,1,2}.

We immediately conclude that operators 5) must preserve linear functions.
In [2] Tyliba and Wachnicki studied a very similar problem we have just mentioned.
They investigated a differential equation with minor changes of the right hand-side of (3),

which means 3

A
ot N0l

for B > 0 and with the same normalization condition

K(A, t,u) K(A, t,u)(u—t) — BK(A, t,u) 4)

/‘bK(/\, bu)du =1 )

and with the previous requirements relating to A, a,b and p = p(t).
From now on we shall call the operators

b
Wa(f;t) = /a KA, £ ) f(u)du

a semi-exponential operators with the kernel K(A, t, ).

The authors prove lemmas and theorems using similar methods as in [1]. In the
paper it is proved that W) are approximation operators for functions f € Eg, there are
also stated some estimates with the same rate of convergence as in [1]. As we can see the
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minor changes in the Equation (3) are the reason why the operators are not retaining linear
functions. In this case we have following

Lemma 2 (Lemma 2.1 [2]). Let W, (+; t) be a semi-exponential operator. Then for t € (a,b) we
have

(a) W/\(EQ,'t) = eg(t),
b)) Wileit) = e (t) + 2L,
(c) Wilext) =ex(t) + P<f>+2ﬁfp<t) 4 By ( S+,

where e;(t) =t fori € {0,1, 2}

Theorem 1 ( [1,2] respectively). Let x € (a,b). If f € Eq and f"(x) exists, then
(@) ref. [1]1imy o A(SA(f5x) — f(x)) = P(X)f”(X)
B rf 2 limy e AW (F53) — F(0) = Bple) /() + 2

If f € C2([c,d]), then the above convergence is umform in any interior interval

[a1,b1] C (c,4).

In general the exact formula for the exponential and semi-exponential operators is
not too obvious. In the case of exponential-type operators we can see the examples at the
beginning of this section. In paper [2] the authors give two examples of semi-exponential
operators. For p(t) = 1 we have the semi-exponential Gauss—Weierstrass operator

i) =3 frow (252

and for p(t) = t we have the semi-exponential Szdsz—Mirakjan operator
Wa(fit) = e +0) 32 BEANE (K
A =k A)
The purpose of this paper is to find more examples of semi-exponential operators and

to look at them from the probabilistic point of view.

4. A New Example of the Semi-Exponential Operator

In this section we shall derive a new example of the semi-exponential operator. The
crucial tool for motivation of our thesis is based on Theorem 3.10 of [2] and its proof. We
shall recall the theorem

Theorem 2. The kernel K(A,t,u) of the semi-exponential operator Wy can be obtained by the
partial differential Equation (4) and the normalization condition (5).

Let K(A, t, u) — the kernel of the semi-exponential opererator W, satisfy (4) and (5) and
p(t) = t? for t € (0,+o00). Notice that the solution of the differential Equation (4) shall be
given in the following form

K(A,t,1) = C(A,u) exp <A /t ”Tzede . ﬁt), ©)

for some ¢ € (0, +00). We define an auxiliary function ¢ as follows

E(A tu) = exp( /\/ d9+ﬁt) (At u).
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and we calculate the partial derivative of the function ¢ with respect to ¢
- oty —
%(/\, t,u) = K(A, f,u)( A=) + ﬁ) exp( / uTzedG + ﬁt)
JC

+aaK(/\tu)exp< /\/ d9—|—[3t)

Now applying the Equation (4) we have

9
5 (A tu) =0,

hence the function ¢ depends only on A and u.
The normalization condition (5) yields

t +oo t
exp ()\ do e ﬁt) /0 exp ()\u / ﬁ) C(A, u)du,
c c

which is equivalent for ¢ = 1 to the following connection

t* exp(Bt) = /0+00 exp(—)\tu)C()t,u)du.

Substituting A =v+1, = § = 44, t = % = V—;l to the relation above, we get

6% —v—1 oo
W =(v+1) /0 exp(—pu)C(v, u)du. )

The left-hand side of the equation above can also be expressed using the Laplace
transform. It means

PVH */Hoexp pu)( ) I,(24/(v+1)Bu)du 8)

for p > 0 and v > —1, where I, is the modified Bessel function of the first kind. When we
compare (7) and (8) we immediately have the expression for C(v, u)

(v+1)u
p

Now we are able to write the explicit formula for the kernel of the operator W, as well
as the formula of the operator itself. Using the connections (6) and (9) we obtain

M) L 2y/ABu)
th exp(Bt) exp()‘T”)

By the definition of the operator W, we have

Clv,u) = <u+1>( )21V(2 (v+1)pu). ©)

KAt u) =

A /+°° (%)% -1 (2y/ABu)
(Bt)

W, (f: ) = /()*“K(A,t,u)f(u)du = o au) Fu)du. (10)

Using the substitution 2,/Apu = k we can get an equivalent formula to the statement

above,
1 400 kz k2
Wy (f;t) = W/o eXp(—w)kAl,\—l(k)f(4ﬁ/\)dk
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5. A Probabilistic Approach to the Semi-Exponential Operators

This section is devoted to demonstrate how we can interpret the semi-exponential
operators in the probabilistic view. In the paper [3] Altomare and Rasa investigate the case
of exponential-type operators. The authors consider the operators for functions from the
following polynomial weighted spaces

Py = {f € C([0,+0)) : wy f € CB([0, +00)}

and
PY = {f € C([0, +o0)) : wy f € Co([0, +00)}

where m > 1 and
1
14 xm
for x > 0is a polynomial weight function. It is easy to observe that P; C E; for every g > 1.
Assume that p is an analytic function on [0, +oc0) and fulfilling the following condition

Wy (x) =

p(x) >0 for x>0 and p(0)=0. (11)

Furthermore we shall assume that there exists a family (11,,x),>1,x>0 of probability
Borel measures on [0, +00) such that

EwC () L'(mux) (12)
n>1,x>0

and the differential equation

d n
a f()mﬂx():p(x)

—+00 +00
| () [ () (13)

is fulfilled for f € Ew, n > 1, x > 0 and B a non-negative real number, as it was assumed in
(4). We consider the Equation (13) in the sense of the theory of generalized functions [15]. If
the assumption (12) is fulfilled, then we can define a sequence of positive linear operators on
E by the following formula

An(fix) = f( )an (). (14)

0

It was shown in [2] that if we take p(x) = x for x > 0, then we have the modified
exponential operator of Szasz-Mirakjan type

An(fix) = trtB) 3 (1 +k/!3)kxkf(k).

k=0 n

In this case

oo n+
My,x = Z —(n+p) %Sk/nr
k=0

where ¢/, denotes the unit mass concentrated at %

An interesting example is the operator which we have just introduced in the previous
section. We take p(x) = x? for x > 0 and we have a semi-exponential operator defined by
(10), it means that

nu

_ n (?) T, 1(2y/nBu)
- L op(m)

u)du.
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Now the measure m,, x is defined by

where A is the Lebesgue measure on [0, +oc0) and
n—-1

() = (5) " exp (<pr =) (1) ba@v/np)

x X npB

I, stands for the modified Bessel function of the first kind. By Definition (14) we have
the following

Remark 1. If f € CB([0, +o0)) then A,(f) € CB([0,+0)) and

[An(F)lloo < 11f oo-

Moreover, if we take the auxiliary function ¢y (t) = t — x for t € [0,+o0) then the
differential Equation (13) and the definition (14) yields
d
Anterfix) = () + D) A i) 4 2 oA (15

for f € Ec, where e;(x) = x'. Using the connection above we can achieve the relations of
Lemma 2 again, for example f € {eg,e1,e2}

Aplep;x) =e(x) + ,Bprgx),

Ap(ey;x) = (el(x) + ‘Bp(x))An(el;x) + p(nx) iAn(el;x)

n dx
o) 4 P iﬁxp(x) ) +nlzp(x);?’(x)
and additionally
An(es;x) = (e1(x) + ﬁpix))An(ez;x) + p(nx) %An(ez} x)

3xp(x) +3px*p(x) N 3Bp*(x) 4+ 3xp?p*(x) 4 3xp(x)p' (x) + p(x)p' (x)

n n2

LBP() +282p2()p' (x) + Bp(p'(x))* + B2p*(x)p" (x) + Bp?p" (x)

n3

=e3(x) +

Notice that the semi-exponential operators A, are well-defined and continuous on

the exponential weight spaces E;. Moreover, || L,|| <1+ @ where K(g) > 0 is a constant
depending only on g.

Lemma 3. Let A, be a semi-exponential operator, ¢, € C®([0,400)) and for all r > 0 (p,(J) =
O(epms1_r) as x — +oo then

(16)

for every m > 1.
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Proof. Let A, be a semi-exponential operator. We use induction on m > 1 to prove the
lemma. By using (15) for m = 1 and m = 2 we have our statement. Now let us suppose
that (16) is true for some m > 2. By using (15) we calculate

An(emi1;x) = (el(x) + ﬁpn(x))An(em;x) + @%An(em;x)

By the induction assumption we derive

X
An(em+1}X) = e (JC) + (Prn+Tl(),

where

p(x)qogn(x) +,3€m(x)P(X) + ,Bp(x)({’m(x)

Pm+1(x) = e1(X)@m (x) +mp(x)em-1(x) + = .

7

and (pfﬁl = O(ey+2—r) as x — +oo. This ends the proof of Lemma 3. O

Now we can claim

Theorem 3. Let An be a semi-exponential operator and for every r > 0 p") = O(ey ¢_,) as
x — +ooande < 5 then

(i)  Au(Eg) C Eq and An(Eg) C ngor every n > 1.
(ii)  Each Ay is continuous from E, into itself and || A, | <1+ @

Proof. Letn > 1,9 > 0and e < % be fixed. By definition of E, for any f € E; we have

FO] < fllge™ t>0.

By linearity and positivity of A, and the definition of the norm in E; we can write

A0(£52)] < A1f53) < g dns2) < 1l 3= 5 Ao

Lemma 3 yields
[An(f;)] < Ifllq Zo -y ( m(x) + (Pmn<X))'
Hence
[e0] m m+€
|Ane(£cx)| <|Iflls (1_|_ Z q.q)eqx)> §||f||q<1+]:14mzoiﬂ(mq~|e_s> )

for some constant M > 0 because ¢,; = O(ey4¢) as x — +o0. If we use d’Alembert’s ratio
test we get the convergence of the series and we can write

Iantri )l < 11 (1+ 542

According to the estimation above we conclude that operators A, are continuous from
E; into itself and || A, || < 1+ @
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To prove the last statement in Theorem 3 we take a function f € EY, and € > 0. From
the definition of the space EY, we have

()] < ee
fort > aj. Let M = sup {|f(t)| : t € [0,a1]}. There exists b; > a; such that
M < ee*

for x > b;. Now we are prepared to write the following estimation for x > by

a
|

An( 1 < [ FOlamet [ 10 < M+ eAn(@x),

By the normalization condition and the previous estimation for A, (e?’; x) we get

n

K
l4ntfi)ly < e(2+ 2)
which proves our assertion in the case f € Eg. O

Remark 2. If we try to use the theorem for the semi-exponential Post—Widder operator it will fail.
It is easy to see that in this case the function p(x) = x* and it does not fulfill the crucial assumption
p = O(e14¢) as x — +oo. On the other hand we recall the semi-exponential Szdsz—Mirakjan
operator for p(x) = x and in this case the assumption is fulfilled.

6. Conclusions

Someone could ask how we apply the new semi-exponential operator we have just
derived. According to the applications of exponential-type operators, it seems to have lots
of them. Now we are going to focus our attention on applying it in the theory of differential
equations. Notice that in this paper we investigate the semi-exponential operators in spaces
E4 which are larger then the spaces P, considered in [3].
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