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1. Introduction and Preliminaries

Suppose Y is a nonempty subset of a Banach space X. A mapping T : Y — Y is called
nonexpansive if |Tx — Ty|| < ||x —y|| and a point z € Y is a fixed point of T if Tz = z.
It is well-known that a nonexpansive mapping need not have a fixed point in a general
Banach space. However, by enriching the space with some geometric properties like
uniform convexity or normal structure, it is possible to have fixed points of nonexpansive
mappings. In 1965, the first existence results for nonexpansive mappings in Banach
spaces was obtained by Browder [1], Gohde [2] and Kirk [3], independently. Since then,
a number of generalizations and extensions of nonexpansive mappings and their results
have been obtained by many authors. Some of the notable extensions and generalizations
of nonexpansive mappings can be found in [4-14] and elsewhere.

In 2008, Suzuki [14] introduced a new class of nonexpansive type mappings known
as mappings satisfying condition (C) and obtained some important fixed point results
for these mappings. We note that, for this class of mappings, the nonexpansiveness
condition need not hold for all points but for a certain point in the domain. Suzuki [14]
also showed that these mappings need not to be continuous unlike the nonexpansive
mappings. We call this class of mappings as Suzuki generalized nonexpansive mapping
(SGNM for short). Garcia-Falset et al. [5] considered a generalization of the SGNM, known
as mappings satisfying condition (E). Pant and Shukla [13] combined the SGNM with
Aoyama and Kohsaka [4] type a-nonexpansive mappings and introduced the notion of
generalized a-nonexpansive mappings. Pandey et al. [12] combined the SGNM with
other type of nonexpansive mappings and introduced a new class of mappings called
a—Reich-Suzuki nonexpansive mappings. They also showed that the class of a—Reich-
Suzuki nonexpansive mappings is contained in the class of mappings satisfying condition
(E). Recently, Atailia et al. [15] combined the SGNM and Hardy and Rogers [16] type
nonexpansive mappings and introduced a new class of mappings called as generalized
contractions of Suzuki type. They obtained some fixed point results for their new class
of nonexpansive type mappings. In this paper, we point out that the class of generalized
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contractions of Suzuki type mappings considered in [15] is contained properly in the class
of a—Reich-Suzuki nonexpansive mappings considered in [12] which is a sub-class of
mappings satisfying condition (E). Moreover, we show that results presented in [15] also
hold for the class of mappings satisfying condition (E). Some non-trivial examples are also
presented to illustrate facts. We also obtain a weak convergence theorem concerning the
trajectory (S({))z>0 of a one parameter semigroup S of mappings satisfying condition
(E). Finally, we consider the Halpern iteration for finding a common fixed point of a
nonexpansive type semigroup and a countable family of mappings satisfying condition (E).
In this way, results in [5,15,17-19] have been extended, generalized and complimented.
Now, we recall some useful notations, definitions and results from the literature. We
denote F(T) as the set of all fixed points of mapping T, ie., F(T) := {z € Y : Tz = z}.
A Banach space X is said to be uniformly convex if, for each ¢ € (0,2] 3 ¢ > 0 such that
x+y

<1-—¢forallx,y € X with ||x]| = |ly]| = 1 and ||x — y|| > &. A Banach space X

is strictly convex if
x+y
2

<1
whenever x,y € X with ||x|| = [ly|| =1, x # y [20].

Theorem 1. [21]. Let X be a uniformly convex Banach space. Then for e,€) > 0and x,y € X
with ||[x —y|| > ¢, ||x]| < Q, |yl < Q, there exists a & > 0 such that

o] < f-s(3)lo

Theorem 2. [20]. Let X be a Banach space. The following conditions are equivalent:

(i) X is strictly convex.
(i) Ifx,ye€ Xand ||x+y| = ||x]| + ||lyll, then x = 0ory = 0 or y = cx for some ¢ > 0.

Definition 1. [22]. A Banach space X satisfies Opial property if, for every weakly convergent
sequence (xy ) with weak limit x € X, it holds that:

liminf ||x, — x|| < liminf ||x, — y||
n—oo n—oo
forally € X with x # y.

A Banach space which have a weakly sequentially continuous duality mapping also
have the Opial property. All finite dimensional Banach spaces and Hilbert spaces have
the Opial property. For p € (1,00), {7 spaces have the Opial property. However, L,
(1 < p < oo, p#2) does not have the Opial property [21].

Definition 2. [23]. Suppose X is Banach space and Y is a nonempty subset of X. Suppose for
every element x € X, there exists a, y € Y such that foranyz € Y,

ly — x|l < l|z — x]|.

Then y is called a metric projection of x onto Y and is denoted by Py (x). If Py(x) exists and
determined uniquely for all x € X, then the mapping Py : X — Y is called the metric projection
ontoY.

Definition 3. [20]. A mapping T : Y — Y is said to be a quasi-nonexpansive if for all x € Y and
z € K(T),
ITx =z < flx 2|
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It is well known that a nonexpansive mapping with a fixed point is quasi-nonexpansive.
However, the converse need not be true.

Definition 4. [14]. Suppose Y is a nonempty subset of a Banach space X. A mapping T : Y —'Y
satisfies condition (C) if

1 . .
5% = Txl[ < |lx —y|| implies [|Tx — Ty|| < [[x — ]|
forallx,y €Y.

Definition 5. [5]. Suppose Y is a nonempty subset of a Banach space X. A mapping T : Y — 'Y
satisfies condition (E, ) on Y if there exists y > 1 such that

[l =Tyl < pllx = Tx[| +[lx = ]|
forall x,y € Y. The mapping T satisfies condition (E) on Y when T satisfies (E,) for some p > 1.

Proposition 1. [5]. Suppose Y is a nonempty subset of a Banach space X and T : Y — Y satisfies
condition (E) with F(T) # @. Then T is quasi-nonexpansive.

Definition 6. [12]. Suppose Y is a nonempty subset of a Banach space X. A mapping T : Y =Y
is said to be a generalized a—Reich—Suzuki nonexpansive mapping if there exists an « € [0,1) such
that

1 N
5% = Txf| < flx — y[| implies || Tx — Ty|| < max{P(x,y), Q(x,y)} )
forall x,y €Y, where
P(x,y) = af|Tx = x[| +af| Ty —y[| + (1 = 2) [ x -y
Qx,y) = & Tx —yll +af| Ty — x| + (1 = 2a)[|x — y].
Definition 7. [15]. Suppose Y is a nonempty convex subset of a Banach space X and T : Y — Y a
mapping. A mapping T, : Y — Y is said to be an a-Krasnosel’skii mapping associated with T if

there exists « € (0,1) such that
Tox = (1 —a)x+aTx

forallx €Y.

Definition 8. [24]. Let Y be a nonempty subset of a Banach space X. A mapping T : Y — Y is
called asymptotically reqular if

lim ||T"x — T"" x| = 0.
n—oo

Theorem 3. (The Schauder fixed point theorem [20]). Let Y be a nonempty compact convex
subset of a Banach space X and a self-mapping T on Y. If T is continuous, then T has a fixed point
inY.

Lemma 1. (Demiclosedness principle). Let Y be a nonempty subset of a Banach space X which has
an Opial property. Let T : Y — Y be a mapping satisfying condition (E). If (x,) is a sequence in Y
such that (x,) converges weakly to x and nh_r)rolo |lxp — Txy|| = O then Tx = x. That is, I — T is

demiclosed at zero.

Proof. The proof directly follows from [5] (Theorem 1). O

Song et al. [19] considered the following mappings:
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Definition 9. [19]. A mapping T : Y — Y is called a-nonexpansive if there is an « < 1 such that
forallx,y €Y

ITx = Tyl < &l Tx =yl + &[Ty — x| + (1 = 2a)[|x — y]l.

Definition 10. [25]. An a-nonexpansive semigroup S = {S({) : { > 0} is called uniformly
asymptotically reqular (or, u.a.r.) if for any positive s and any bounded subset K of D(S),

lim sup [|S(s)(S(2)x) — S(2)x]| = 0.

{0 ek

Definition 11. [19]. A family {S,} of a-nonexpansive mappings is said to be uniformly asymp-
totically reqular if, for any bounded subset K of ﬁl D(Sy) and for each positive integer m,
n=

n—oo

lim sup [|Sp(Spx) — Sux|| = 0.
xeK

2. Previous Results and Discussions
Atailia et al. [15] considered the following type of nonexpansive mappings:

Definition 12. Suppose Y is a subset of a Banach space X. A mapping T : Y — Y is called
generalized contraction of Suzuki type if there exists B € (0,1) and aq, a2, a3 € [0,1] where
wq + 2009 4 203 = 1 such that forall x,y € X,

Bllx — Tx|| < I|x — y| implies || Tx — Ty|| < a[|x — || +ax(llx — T + |y — Ty}
+as(lx = Tyl + ly - Tx])- @

The following proposition illustrates that the mapping considered in Definition 12 is
properly contained in the class of generalized a-Reich-Suzuki nonexpansive mappings.

Proposition 2. Let Y be a subset of a Banach space X. If T : Y — Y is a generalized contraction
of Suzuki type (with B = %) then T is a generalized a—Reich—Suzuki nonexpansive mapping.

Proof. Since T is a generalized contraction of Suzuki type, we have
ITx = Tyl < aallx =yl + az(llx = Tx|[ + lly = Ty[)) +as (| = Ty[[ + [ly — Tx[)). )
We consider the following two cases.
Case () (||Jx — Tx|| + |ly — Ty|l) > (|lx — Ty|| + |ly — Tx||). Then, (3) becomes
1T = Ty|| < aaflx =yl + (a2 +a3) ([|lx = Tx|| + [ly — Ty[)-
Take ay + a3 = a, since a1 + 2ap + 203 = 1, a1 = 1 — 2a, thus the above condition
becomes
ITx = Tyl < allx — Tx|| + ally — Ty + (1 — 20)]x — y]|. @
Case (i) (||x — Tx|| + |ly — Tyl|) < (|lx — Ty|| + |ly — Tx||). Then, (3) reduces to
ITx = Ty < aallx =yl + (a2 + a3) ([lx = Tyl + lly = Tx]).

Again, taking ay 4+ a3 = &, and ay = 1 — 2a, we obtain

|72 = Ty|| < allx — Ty|| + ally — Tx|| + (1 = 2 [ — ]| ©)
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Let

Plxy) = allTx —x[| +af|Ty —yll + (1 — 2a)|[x — y|| and
Qlxy) = aflTx —yll +alTy — x[| + (1 = 2a)|[x — y]|.

Then, in view of (4) and (5), we can conclude that
ITx = Ty|| < max{P(x,y), Q(x,y)}-
Therefore, T : X — X is a generalized a—Reich-Suzuki nonexpansive mapping. [

The following example illustrates that the reverse inclusion need not be true.

Example 1. Suppose X = {(0,0), (1,0), (2,0), (3,0), (4,0),(0,5), (5,4)} is a subset of R? with
norm || - || := [|(x1,x2)|| = |x1| + |x2|. Let T : X — X defined by

T. ( (0,0),(1,0),(2,0),(3,0), (4,0),(0,5), (5,4) )
“\ (0,0),(0,0),(1,0),(2,0),(3,0),(0,0),(0,5) /-

It can be easily seen that, for all x,y € X and « > %,

ITx = Ty|| < max{P(x,y), Qx,y)}.

Thus, T is generalized a—Reich—Suzuki nonexpansive mapping.
However, for x = (4,0) and y = (5,4)

Bllx = Tx|| = p < [lx —y|l = 5,and || Tx — Ty|| = 8.
Now, we have
wr|lx =yl +az(llx = Tl + lly = Tyl)) + as(llx = Tyl| + lly — Tx|[) = 5 — 3az + Sas.
Thus, for all aq,az, a3 € [0,1]
ITx = Tyl > aallx =yl + az([lx = Tx|[ + lly = Ty[}) + as(llx = Ty[| + [ly — Tx])-
Hence T is not a generalized contraction of Suzuki type.

Atailia et al. [15] obtained the following lemma:

Lemma 2. Suppose Y is a nonempty subset of a Banach space X, p € [%, 1) andT:Y = Yisa
generalized contraction of Suzuki type. Then

24 a1 +ap +3as
—Ty|| <
vyl < (2

Yl =Tl + = .
Proposition 3. Suppose Y is a nonempty subset of a Banach space X and T : Y — Y isa
generalized contraction of Suzuki type. Then T satisfies condition (E).

2+wa1+ar+3a3
170(270(3

Proof. If we take y = > 1in Lemma 2, then T satisfies the condition (E). O

The following example ensures that the reverse inclusion may not be true.

2
3

2
Example 2. Suppose X = (RZ,H : H%) with the norm ||(x,y)||% = (): |x; —yj|g> , X =
j=1

(x1,%2),y = (y1,y2) and Y = [—1,1]? be subset of X. Let T : Y — Y be defined by
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(@,xz), x| <1,
T(x1,x2) = § (~1,x2), x; =1,

(1,XQ), X1 = —1.

First, we show that the mapping T satisfies condition (E). For this, the following cases are
considered:

Case (@) p = (x1,x2) and q = (y1,y2) with |x1| < Land |y;| < 1. Then,

ITp = Tqlly < llp —qll3 and,

lp=Tally <llp=Tpls +ITp = Tqlls < llp = Trlls + llp —ql5-

Case (b) |x1| < 1and y; = 1. Then,

2/3
lp = Tally = (I +1P2 4 2 = yo2) 7,

2/3
lp—qlls = (\xl —y1|3/2 + [x2 —yz\S/z)
2
2x1 — |xq]

and [[p = Tplly = |——

. Thus,

Since |x1| <1, y1 =1, we have |x1 + 1| < |x; —y1| +4 ZX%‘XH

lp = Tall < 4llp = Tplls + llp —qll5-
Case () |x1| < 1and y; = —1. Then,
2/3
Ip=Tally = (Il =12+ |2 = aP?) ™,

2/3
lp— ’1”; = (|x1 — ¥+ |xo —]/2|3/2)
le — |X1|

and [lp = Tplly = |——

21 —|xq

> . Thus,

Since |x1| < 1, y1 = —1, we have |x; + 1| < |x; —y1| +4

lp—Talls < 4llp = Tplls +llp —all5-
Case (d) x1 = landy, = 1. Then,
Ip=Tally = (Ju + 1972+ = 122) ™, o= Tplly = v +1
and llp —qlly = (Ju1 — a2 + o~ o?) ™
Since x1 = 1and y; = 1, we have |x1 + 1| < 2|x1 + 1| + |x1 — y1|. Thus,
lp=Tqlly < 2[lp = Tplls +lIp —4ll5-
Case (e) x; = landy; = —1. Then,
Ip=Tally = (I =172+ o = 22) ", = Tplly = +1]

2/3
and [lp—qlly = (Ix1 — a2 + 2 = y22) .
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Since x1 = 1and yy = —1, we have |x1 — 1| < |xq + 1| + |x1 — y1|. Thus,

lp=Tally < llp=Tpl; +Ilp —alls-

Case (f) x1 = 1and |y1| < 1. Then,

20200 and - Tplly = 41

lg —Talls =
Since x1 =1, |y1| < 1, we have ||q — Tq||% <|p-— TpH%. Thus,

lp = Tqlly < llp —qlly +lla—Tally < llp = Tplly +lIp —4ll5-

Case (g) x1 = —1and y; = —1. Then,
lp—Tally = (e~ 1P+ 2 —92P’2) ", flp— Tplly = v 1
and [lp ~qlly = (I 2 + ez — al?) ™.
Since x1 = —land y; = —1, we have |x; — 1| < 2|xy — 1| + |x1 — y1]|. Thus,
lp=Tqlls < 2llp = Tplls +lIp —4ll5-
Case (h) x; = —1and y; = 1. Then,
lp = Taqlls = [x2 = yal, [Ip = Tpll; = |x1 =1
and [lp ~aly = (I 2+ x2 — a*?) ™"
Since x; = —landy; = —1,
lp=Tally < llp=Trlls +llp —al;

Case (i) x; = —1land |y;| < 1. Then,

and [[p = Tpll5 = [x1 —1].

N _ |2y = [l
lo-Taly = |25

Since x1 = —1,|y1| < 1, we have ||qg — Tq||% <|lp— Tp||%. Thus,

lp=Talls <llp—alls +llg = Talls < llp=Trlls +lIp —all;

Therefore, in all the cases, T satisfies condition (E).
Furthermore, if p = (%,x2>, g = (1,x) then B||p — Tp||% = g <p —q||% = %and

ITp — Tglly = 2 and
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wllp—qlly +az2(llp = Tplly + llg = Tally ) +as(llp — Tally + llg — Tpl;)

(27) - )], *"‘2<H (372) = (g) ], #1001~ <—1,x2>|;>
roa(] (3) - v+ - (3, )
- ;a1+“2<i+2> +a3<z+i>

1 9 1 9/1—wmy
= *&1+*<0€2+D¢3) = -1+ —

:0‘1

w

2 4 2 2\ "2
_2_5,
g gt

Therefore, for all aq, 0y, a3 > 0, we have

ITp=Tally > asllp—ally +a2(llp = Tplly + Il — Tally ) +as(llp — Tally + llg = Tpll; ).
Hence T is not a generalized contraction of Suzuki type.

3. a-Krasnosel’skii Type Mappings

We prove some convergence results for mappings satisfying condition (E).

Theorem 4. Let Y be a nonempty convex subset of a uniformly convex Banach space X and a
mapping T : Y — Y satisfies condition (E) with F(T) # @. Then the a-Krasnosel’skii mapping
Ty for a € (0,1) is asymptotically reqular.

Proof. Let yg € Y. For each n € NU {0}, define y, 1 = Tayn. Thus,

Tayn = Ynt1 = (1 — a)yn + Ty
and
Tayn —Yn = Tayn — TalYn—1 = D‘(Tyn - yn)‘
Now, to prove T, is asymptotically regular, it is sufficient to show that liﬁm I Ty, —
n—oo

Yn|| = 0. By Lemma (1) for all xg € F(T), we have
[[x0 = Tynll < |lx0 — yaull, (6)
and
120 = Ynr1ll = lIxo = Tayull = llxo = (1 = a)yn — aTya||
< (1= a)llxo = ynll + allxo = Tyl
= (1= a)l[xo = ynll + allxo — yall
= [lx0 = ynll @

Therefore, the sequence (||xg — yx||) is bounded by 1y = ||xg — yo|. If y», = xo for any
ny € N then from (7), y, — xp asn — 0. If y, # xg for all n € N, take

— / —T
Zn_Mandzn_u (8)

~ xo = wall lxo—yall
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Ifa < % and from (8), we have

X0 = ynsall = llxo = Taynll = [[xo — (1 — &)y — aTya||
= [|x0 — yn + ayn — aTy, — 2axg + 2ax9 + 0y, — &Yy ||
=[|(1—2a)xg — (1 —2a)y, + (2axg — ayy — aTyy)||
< (1 —2a)llx0 = yall + al[2x0 = yn — Tya||

!
+ 2, ||

4
=2 -yl 25 ol @

Using the uniform convexity of the space X with ||z, || < 1, ||z,,]| < 1and ||z, — z,| =
llyn—Tyn|l > 1y —Tyn
lxo—yull = uo

function of €), we obtain

I~ (say) (noting that modulus of convexity, (), is a non-decreasing

n + 2 32— Tyal
Wen Tl - q g A “Imi )
<10 - (10)
From (9) and (10),
n_Tn
o=yl < (210 (L2 2) )b 120 Yo -

(1 (D)),
Ug

Using induction in the above inequality, it follows that

n 7'1" .
%0 = Yusa || < H<1—zo«s<”yfyf”))uo. (11)

j=0 "o

We shall prove that lgn |ITyn — yn|| = 0. On the other hand, consider that || Ty, —
n—oo

Yn|| does not converge to zero. Then, there exists a subsequence (i, ) of (y,) such that
I Tyn, — yn, || converges ton > 0. Since 6(+) € [0,1] is non decreasing and a < 1, we have

1—2a6 (W) € [0,1] for all k € N. Since || Ty, — yn, || — 7 so, for sufficiently large k,
I Tyn, — Y|l > %, from (11), we have

7 (me41)
||x0—ynk+1“ S <1—20(§<2uo>> uo. (12)

Making k — oo, it follows that y,, — x¢. By (6), we get Ty,, — xo and |y, — Ty, || —
0 as k — o0, which is a contradiction.
If o > %, thenl —a < % because a € (0,1). Now,

X0 = Yn+1ll = [lxo — (1 — a)yn — aTyan|
= ||x0 — yn + ayn — aTy, + (2 —2a)xg — (2 — 2a)x0 + Ty — Ty
+aTy, — aTy,||
= |[(2x0 = yn — Tyn) — a(2x0 — Yn — Tyn) + 2a(x0 — Tyn) — (x0 — Tyn) |
< (1—=a)|[2x0 — yn — Tynll + (20 — 1)[[x0 — yal

2tz

<21~ a)xo — gl 2

(20 = 1) [x0 = ynll

and, by the uniform convexity of X, we obtain

|um—wﬂn<(xl—w—am—aw(m”uf%”)+ua—n)uo—ww
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Using induction in the above inequality, we get

o= erall < [T(1-20 - ( P00 )

j=0

Using the similar argument as in the previous case, it can be easily shown that
ITyn — yul|l — 0 as n — oo. Therefore, in both cases, T, is asymptotically regular and this
completes the proof. [

Theorem 5. Suppose Y is a nonempty and closed subset of a Banach space X. Let T : Y — Y bea
mapping satisfying condition (E) with F(T) # @. Then:

(i) F(T)isclosedin Y.

(ii) If the subset Y is convex and space X is strictly convex then F(T) is convex.

(iii) If the subset Y is convex compact and space X is strictly convex. If T is continuous, then,
for any wy € Y, « € (0,1), the a-Krasnosel'skii process (T} (wq)) converges to some
w* € F(T).

Proof. (i) Let (w,) C F(T) such that w, — w € Y as n — oo. Thus, Tw,, = w,, we show
that Tw = w. Since T is quasi-nonexpansive, we get

[lwn = Twl|| < Jwn —w].

This implies that Tw = w and F(T) is closed.
(i) Since X is strictly convex, Y is convex, fix € (0,1) and x,y € F(T) such that x # y,
take w = Bx + (1 — B)y € Y. Since mapping T satisfies condition (E),
[l = Tw|] < [lx = Tx[| + ||lx — w|| = [|x —w].
Similarly,
ly = Twl| < ly — wll.
From strict convexity of X, thereis a y € [0,1] in such a way that Tw = ux + (1 — u)y
(T =pllx =yl = Tx = Tw| < |lx —w[| = (1= B)[lx - yll, (13)
and
pllx =yl = 1Ty = Twl| < [ly — wll = Bllx = y- (14)
From (13) and (14), we obtain

l-uy<1—Band u<B =u=4.

Hence, Tw = w and w € F(T).

(iii) Let us define (wy) by w, = Thwo, wy € Y, where Tywy = (1 — a)wy + aTwy, « € (0,1).
Since Y is compact, then there exists a subsequence (wy, ) of (w;) that converges to
some w* € Y. Since T is continuous, by the Schauder theorem, we have F(T) # @.
Now, we show that w* € F(T). Letyy € F(T)

lwn — yoll = [| Ty wo — yol|
< || T two — yoll = llwn—1 — yol|.

Therefore, (||w, — yol|) is decreasing sequence which bounded below by 0. So, it
converges. Furthermore, since T, is continuous,
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e = yoll = Jim fwn,,, ~ yoll < lim [y s1 ol

p— 1. T —_—
Jim [ Tawn, = yol

I Tew™ = yol|
(1 = @)w” + aTw" — yo| (15)
(1= a)f[w” = yoll + & Tw" = yol-

IN

Since a # 0, it implies that
[w* = yoll < ||Tw* = yol-
Since T is quasi-nonexpansive,
[ Tw™ —yoll < [lw* —yoll-
From the above two equations, we obtain
l[w* = yoll = [|Tw" — yol|. (16)
In addition, from (15), we have

(1 —a)w” +aTw* —yo|
(1—a)|lw* —yol +alTw" — yol| = |w* —yoll-

lw” = yoll

IAIA

This follows that
[(1—a)w* +aTw" —yo| = (1 —a)|w” —yol +al|Tw* —yol|.

Since X is strictly convex, either Tw* — yo = c¢(w* — yp) for some ¢ > 0 or w* = yp.

From (16), it follows that ¢ = 1, then, Tw* = w* and w* € F(T). Since lim, ;e ||wy —

Yo|| exists and (wy, ) converges strongly to w*, (w;,) converges strongly to w* € F(T).
O

Theorem 6. Let Y be a nonempty closed convex subset of a uniformly convex Banach space X and
T :Y — Y a mapping satisfying condition (E) with F(T) # @. Suppose P is the metric projection
from X into F(T). Then, for each x € Y, the sequence (PT"x) converges to some y € F(T).

Proof. Let x € Y, for n,m € N such that n > m. Then
|[PT"x — T"x|| < ||[PT"x — T"x||. (17)
Since PT"x € F(T) for all n € Nand T is quasi-nonexpansive
|PT™x — T"x|| = |PT"x — T(T" )| < || T" 'x — PT™x|.
Therefore, for n > m, it follows that
|IPT"x — T"x|| < ||T™x — PT"x]||. (18)
From (17) and (18), n > m, we get
|PT"x — T"x|| < ||[PT"x — T"x||,

it implies that lim ||[PT"x — T"x|| exists. Take lim ||PT"x — T"x| = 6.
n—oo n—oo
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If § = 0, then, for all ¢ > 0, there exists an integer n¢(¢) such that
IPT"x — T"x|| < Z (19)

for all n > ng. Therefore, if n > m > ny and using (18) and (19), it follows that

|[PT"x — PT™x|| < ||PT"x — PT"x| + ||[PT"x — PT™"x||
< ||PT"x — T"x|| + || T"x — PT™x| + ||[PT"x — T"x||
+||T"x — PT"0x||
< |IPT"x — T"x|| + ||T"x — PT™x| + || PT"x — T"x||

+]|T"0x — PT"0x||
< ELEELE_
= 4 4 4 4 "

Thus, (PT"x) is a Cauchy sequence in F(T), which is closed (by Theorem (5)) and X
is complete, then (PT"x) must converge to a point in F(T). Now, letting § > 0, we claim
that the sequence (PT"x) is a Cauchy sequence in X. On the other hand, there exists an
gy > 0 such that, for every ngy € N, there exists g, sp > ng such that

||[PTx — PT®0x|| > ¢q,

we choose ©g > 0 small enough so that

(9+®0)(1—5(9j0®0>> <0,

and my sufficiently large so that, for all p > my,

0 < || PTVx— T7x| < 6+ Oy,
For this my, there exist p1, p» such that p1, p» > mg and
|PTP1x — PTP2x| > e.
Thus, for pg > max(p1, p2), we have
|PTP1x — TPox|| < ||[PTP1x — TPix|| < 6 + ©p

and
||[PTP2x — TPox|| < ||PTP2x — TP2x|| < 6 + ©y.

Since X is uniformly convex, we get

PTPix 4 PTP2x

6 < |PTPx — TPox| < HZ — TPy ‘
< (9+®0)<1 —5<9j°®0>>
<0

which is a contradiction and it completes the proof. [

4. One Parameter E;, Nonexpansive Semigroup

In this section, first we coin the definition of one parameter E;, nonexpansive semi-
group.
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Definition 13. Suppose Y is a closed and convex subset of a Banach space X and S = {S({) :
¢ > 0} is a family of mappings with domain D(S) = ngD(S(g)) and range R(S), where
>
D(5(Z)),R(S) C Y. Aone parameter E,, nonexpansive semigroup is a family S = {S({) : { > 0}
of mappings satisfying the following conditions:
1. Foreach { >0, S({) is a mapping satisfying condition (E), i.e., there exists y > 1 and for all
x,y € D(S)

12 =S@yll < pllx = SQ@)x[ + [[x =yl (20)
2. S(0)x =xforall x € D(S);
3. S(C+¢&)x=S(Q)-S(C)x forall {,{ > 0and x € D(S).

The weak convergence of trajectories of one parameter semigroups of nonexpansive
mappings was studied by many mathematicians, especially by Baillon [26], Bruck [27],
Pazy [28], Miyadera [29], and Reich [30]. Motivated by the [17] (Theorem 1”) and [18]
(Theorem 3.2), we present our next result. Now, present a weak convergence theorem
concerning the trajectory (5({))¢~0 of a one parameter semigroup S of mappings satisfying
condition (E).

Theorem 7. Suppose Y is a closed convex subset of a uniformly convex Banach space X having
the Opial property. Let S = (S({) : ¢ > 0) be a semigroup of E,-nonexpansive mappings on'Y.
Then, for each x € Y, (5(0)x)¢>0 converges weakly to a common fixed point of S, provided that
(S(C+ B)x — S(£)x) >0 converges strongly to 0 for all B > 0, and (S()x)~ is bounded.

Proof. Since (5({)x);~0 is bounded, there is a subsequence (5({;)x);~o of (S(Z)x)z~0 such
that 5(;)x — u', where {; — oo asi — 0. Since, for all B > 0, (S({ + B)x — S({)x)¢=0
converges strongly to 0, we have that S(g; + ¢)x — u', where {; — co asi — oo for any
¢ > 0. By Opial property, we get

g = lim sup |[S(; +¢ + 0)x —u'|
< lim sup [|S(; +¢ +{)x — S(Q)u'. (21)
Now, by the triangle inequality and (20), we obtain

IS(Zi + &+ 0)x — S(Q)ul|| < |IS(Zi + &+ 2)x — S(Gi + &)x|| + 1S(Zi + &)x — S(D)u'|
<|IS(gi + &+ 2)x — S(Zi +&)x||
+ulIS(2) - S(Zi + &)x — S(Zi + &)x|| + IS(Z; + &)x — u'|
= (u+DIS(Zi+&+)x — S+ &)x[| + [[S(Zi + &)x —u'|.

Thus,
lim sup [[S(G; +¢ +§)x = S(@)u'|| < lim sup(u +1)[[S(Gi + ¢ + §)x = S(&i + &)«
+ Jim sup [|S(Z; + &)x — u.
Since (S({ + B)x — S({)x)=0 converges strongly to 0 for all > 0, we have
lim sup [|S(Z; +¢ +§)x = S()u'|| < lim sup [|S(g; + &)x —u],

and from (21)
el ST¢
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forall ¢, > 0. Thus, (r¢) is a monotone decreasing and convergent to = inf{rz : ¢ > 0}.
If r = 0, then there is a sequence (S(p;)x) with p; — oo, which converges strongly to u.
Furthermore,

Em S(pi+0)x = gm S(Z) - S(pi)x
= lim S(¢)u’ (22)

1—00

for all { > 0. Now, we show that S(p; + {)x — u' as p; — co.
I15(pi + &) — || < IS(pi + O)x = S(po)x]| + S (pi)x — u'|| — 0.

Thus, S(p; + {)x — ut. From (22), it follows that S({)u" = u' for all { > 0. Again, let
r # 0 and assume that, for some ¢ > 0 and o > 0, ||S(Zo)u’ — u'|| > e. We can find an

€1 > 0 such that (r + ¢7) {1 - (5(7;'81 )} < r, where ¢ is the modulus of convexity of the

norm. Choose ¢o > 0 such thatrz s < r+¢; forall { > ¢o. Then,

lim sup [|S(g; +¢ — Go)x —u'| < r+er. (23)
By the triangle inequality and (20), we get
lim sup [[S(; +¢)x = S(Go)u'|| < lim sup [|S(g; +&)x = S(Z; +& = Go)x|
+ lim sup [|S(g; +¢ — o) — S(Go)u"|
< (u-+1) Jim sup [S(G; + )% — (& + &~ Lo)x]
+ lim sup ||S(Z; + & — Go)x —u"||.
Since (S({ + B)x — S({)x)7>0 converges strongly to 0 and by (23), we obtain for all § > &y

lim sup [|S(Z; +&)x = S(Go)u'l| < r+e1. (24)

Since S(¢; + &)x — u' and in view of the Opial property, we get
lim sup [|S(¢; + &)x —ut|| <r+e
1—00

for all { > ¢p. Since X is uniformly convex and X has the Opial property, we have that, for
each ¢ > ¢,

r < lim sup (5 + &)x — uf|
1— 0

s e - (S0 20

coraoi(ri)] <

a contradiction. This implies that u' is a common fixed point of S. Moreover, we claim
that there exists a v € F(S) such that élim Prs)S(g)x = o', where Pr(s) is the metric
— 00

< lim sup
1—00

projection on F(S). From Theorem 5, we see that F(S) is a convex and closed subset of Y,
thus the metric projection Pr(s) is well defined in F(S). Take

o(§+¢) =S¢+ &)x — Prs)S(T+¢)x].
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By the definition of metric projection,

IS(Z+8)x — Pp(s)S(C + E)xll < [[S(T+ 8)x — Pr(s)S(Q)x||-

Since Pr(5)S(¢)x € F(S) and 5(¢) is a mapping satisfying condition (E), we have

I5(C 4 &)x — Prs)S(0)x|| < pl|Pp(5)S(Z)x — S(0) Pr(5)S(E)x[| + [IS(0)x — Prs)S(Z)x||
= [15(2)x = Pp(s)S(0)x[| = o(2). (25)
Therefore, for all §,{ > 0, 0({ + &) < o(Z). This follows that (¢(Z));~0 is monotonically

decreasing and converging to o = inf(c({) : { > 0). Let 0 = 0. Thus, for ¢, > 0, using
triangle inequality and (25), we have

1Pr(s)S(C +6)x — Pp(syS(§)x[| < [|Pps)S(C+&)x — S(T+ &)x|
+[[S( + &)x — Prs)S(O)x||
< IPps)S(§ + &)x — S(T+&)x[l + IS(8)x — Pr(s)S() x|l
=0(0+¢)+0(f)

Since glim o(§) = o = 0, it implies that (Pr(5)S({)x);0 is convergent to some point
—00

o' € F(S) (here F(S) is a closed subset of Y). Again, let ¢ > 0. If (Pg(5)S({)x)>0 does
not converge strongly, then there is a sequence (Pr(s)S({;)x) with i — oo, for given e > 0,
the following holds: forall j,i > 1,j # i,

IPp(5)S(Zj)x — Pp(s)S(8i)x[| = . (26)

We can choose ¢; > 0 such that (o + ¢7) [1 - (5( £ )} < o and { > 0 such that

o+ép

0(f) < o +ep forall { > 7. Now, forall {; > {; > {, we have
0 (Zi) = [IS(Zi)x = Pr(s)S(Gi)x]| < 0 + 2, (27)
o (Zj) = 15(Zj)x — Pp(s)S(gj)x|| < o + &2 (28)
Since {; > ¢; and from (25), we have
15(Zj)x = Pr(s)S(Zi) x|l < 1IS(Zi)x — Pp(s)S(Zi)x]l.
From above inequality and (27), we have
1(Zj)x = Pr(s)S(Zi)x[| < o+ e2. (29)

Since X is uniformly convex and, from (26), (28), and (29), we have that, for all

€]>CIZZ/

o<
- 2

< (0r+e) [1(5(0_112)} <o,

a contradiction. Thus, (Pr(s)S({)x)z>0 converges strongly to some point vt € F(S). Next,

S(g)x — (PF(S)S@J')" + PP(S)S(Ci)x>

we show that (S()x);~o converges weakly to v* = élim Pr(5)S(g)x. We have shown that
—» 00

S(Zi)x — u' where {; — c0asi — o and ut € F(S). If ut # o', then, by the Opial
property, we get
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lim sup |S(Zi)x — o | = lim sup [S(Z;)x — Pr(s) (607
< lim sup [|S(g;)x — ']
1— 00

< lim sup [|S(;)x — |,
i—o0

+

a contradiction. Therefore, u™ = v and this completes the proof. [

In 2018, Song et al. [19] considered the a-nonexpansive mapping semigroups and
obtained a common fixed point of this class of semigroup using the Halpern iteration
process [31]. They considered the one-parameter a-nonexpansive semigroup as follows:

Definition 14. A one-parameter a-nonexpansive semigroup is a family S = {S({) : ¢ > 0} of
mappings with domain D(S) = gmo D(S(()) and range R(S) such that:
>

1. Foreach { > 0, S(Q) is a-nonexpansive, that is, there exists « < 1 and for all x,y € D(S),
15@)x = SQyl < allS(Q)x =yl +al|S(Q)y — x| + (1 = 2a)[lx = yl|;

2. S(0)x =xforallx € D(S);
3. Forall{,s >0and x € D(S), S({+s)x = S({)S(s)x.

Song et al. [19] proved the following lemma:

Lemma 3. Let Y be a convex closed subset of a Hilbert space M. Let T : Y — Y be an «-
nonexpansive mapping. Then, for all x,y € Y, we have

2
17 = Tyl < llr =yl + s ) 1T = 0)

Proposition 4. Suppose Y is a nonempty subset of a Hilbert space M and T : Y — Y is an
a-nonexpansive mapping. Then T satisfies condition (E).

Proof. By the triangle inequality and (30), we get

[l = Tyl| < [lx = Tx|[ + || Tx — Ty|

2|a
< llx = Tl e vl + (ks ) e = T

< + x—Tx|| + ||x —y|.

Take y = (1 + (fl_“l)) ; then, T is a mapping satisfying condition (E). [

The following example demonstrates that the inclusion in the above proposition is
strict.

Example 3. Suppose R is the set of real numbers with the standard norm and Y = [0,4] a subset
of R. Let T : Y — Y defined as
Ty — 0, if x # 4,
3, ifx =4.
First, we show that T satisfies condition (E). We consider three nontrivial cases:
Case (1) x < 3andy = 4. Then

I = Tyll = 113 = x[| < fIx[| + |4 — x|
=[x = Tx|| + [ly — x|.
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Case (2) x > 3andy = 4. Then
I =Tyl = [lx =3[} < 1+ [|4 —«]]
< flxll {14 = x|l
< e =Tl + lly = x[I-
Case (3) Ifx =4,y # 4, then
[l =Tyl = [|4]} < 4[] +[14 = vll
< 4l = Tx[| + [lx — y[l.
Moreover, for x = 3, y = 4 and for any, a < 1

|ITx —Ty|| =3>1+2a =4a+1—2u
= a3 =3[ +afl4 =0 + (1 —24) |4 =3
= aflx = Ty|| +ally — Tx[| + (1 = 2a)[]x - y|.

Hence, T is not an a-nonexpansive considered by Song et al. [19] or in Definition 9.

Remark 1. From proposition 4, we see that the class of a one-parameter a-nonexpansive semigroup
contained in the class of a one-parameter E, nonexpansive semigroup.

Song et al. presented the following theorem as the main result in [19].

Theorem 8. Let Y be a nonempty convex closed subset of a Hilbert space M. Let S = {S({) : { >
0} be the u.a.r. semigroup of a-nonexpansive mappings from Y into itself with F(S) # @. For a
fixed u,xg € Y, and for each n € N the sequence defined by

Xpg1 = Yntb + (1 —vn)S(Zn)xn, (31)

where v, € (0,1), £ > 0 and the following assumptions hold:

lim 1, =0, ) yu = o0, lim £, = co. (32)

n—o0 =1
Then, the sequence (xy,) converges strongly to ut = Pp(syu.

Now, we extend Theorem 8 for the class of one-parameter E,-nonexpansive semi-
groups.

Theorem 9. Let Y and M be defined as in Theorem 8. Let S = {S({) : { > 0} be the u.a.r.
semigroup of E,-nonexpansive mappings from Y into itself with F(S) # @. For a fixed u,xy € Y,
and, for each n € N, the sequence defined by

X1 = Yuu + (1 — 'Yn)s(gn)xnr (33)

where vy, and {y, are the same as in Theorem 8. Then, the sequence (x,) converges strongly to
1.
u = PF(S)“'

Proof. Letv" € F(S). From Proposition 1, we have

IS(@)x = o™l < [|lx ="
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forall x € Y and ¢ > 0. Thus, from (33), we get

lln41 — v+|| = ||yn(u— v+) + (1= 9u)(S(Zn)xn — U+)H
< Yl =0+ (1= 1) IS () xn — 0|
< Yullu = 0" + (1= ) 2 — 0
< max{[u — o™, | xn —0"||}.
Consequently, the sequence (x,) is bounded. Since ||S(Z,)x, — ot < ||x, — o,
the sequence (5({,)x,) is bounded. From (32) and (33), we have

nh_{l;lo %01 = S(Zn)xnll = nlg’fc}o Ynlltt = S(Zn)xn|| = 0. (34)

Let C be a bounded subset of Y containing (x,) and (S({x)x,). Since S = (S({)) is
u.a.r. E;-nonexpansive semigroup and from (32), i.e., nh_r}rgo {n = oo, we have that, for any

E>0,

lim [|S(8)S(Zn)xn — S(Zn)xnl| < lim sup 15(8)S(Zn)x — S(Zn)x|| = 0. (35)
xe

n—oo
Thus, for all ¢ > 0, from the triangle inequality and (20), we get

[xn4+1 = S(Q)xns1ll < lxn1 — S(Cn)xnll + [[S(Cn)xn — S(&)xXn41]|
< A[xns1 = S(Gn)xnll + wllS(Gn)xn — S(E)S(Zn)xull + lxn11 — S(Cn)xnl|
= 2|\xus1 = S(Tn)xnll + plIS(Tn)xn — S(§)S(Tn)xnl|-

From (34) and (35), it implies that, for all § > 0,
nlgl;lo Hxn-i-l - S(é)xn+1 H =0. (36)

Since the sequence (x,) is bounded in Y, it has a subsequence (xn].) such that Xnj = w',

for some w' € Y. Moreover, for all & > 0, from (36),

lim ||x71]' - S(‘:)xﬂjH =0.
j—oo

By the demiclosedness principle for mapping S(&), we have w' € F(S(&)). Since ¢ is
an arbitrary, w" € F(S). From Theorem 5, it implies that F(S) is closed and convex subset
of Y. Therefore, metric projection Pr(s) : M — F(S) is well defined. Now, it remains to

prove that (x,) converges strongly to ut = Pr(syu. The rest of the proof directly follows
from [19] (Theorem 3.3). O

Now, we extend [19] (Theorem 3.4) from a family of u.a.r. x-nonexpansive mappings
to a family of u.a.r. E;-nonexpansive mappings.

Theorem 10. Let Y and M be defined as in Theorem 8. Suppose {S,} is a family of u.a.r. E,-
nonexpansive mappings on Y such that § = 81 F(Sy) # @. For fixed u,xy € Yand n € N,
n=

define the sequence (x,,) by
Xpy1 = YnU + (1 - ')’n)snxn/

where 7y, is same as in Theorem 8. Then, the sequence (x,) converges strongly to ut = Pzu.

Proof. By replacing S({,) and S({) with S, and S, respectively in Theorem 9, we can
easily obtain the desired conclusion. [
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5. Conclusions

In this paper, we showed that the class mapping considered in [15] is properly con-
tained in the class of generalized a—Reich-Suzuki nonexpansive mappings. We also showed
that a generalized contraction of Suzuki type mapping satisfies the condition (E) but not
conversely. Finally, we obtained some new fixed point results for a-Krasnosel’skii mappings
and one parameter nonexpansive type semigroups.
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